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| ABSTRACT
We present a.series of beautiful, elegant, "simple" and urique
formulaé for.genefal tree amplitudes andvgenefal-loop amplitudes in |
the dual-resQnéncevmodel. In particular, new result,éf multiloop
amplitudeé‘with external reggeons and pure-reggeon multiloop ampl:tudes
are deri&ed, Various_rules ére given for writing dowm %he most:generai
tree amplitudes. and loép amplitudes by simply inspecting'the corre-

sponding Feynman-like diagrams. Simple intuitive interpretations of

various factors in.the formulas are also discussed.
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I. PHILOSOPHY AND MOTIVATION
A Véneziano_formulal incorporates the following three properties
of strong in"cera'c;_cion:2
(aj .AllAits singularities aiise‘froﬁ narrow resonancév
exchanges. |
| (b)ﬁ Reége asymptotic-behavior in all channels.

"(¢) Exact crossing symmetry.

It follows from the properties (a), (b) that such a model must contain

an infinite number of exchanged resonances instead of a finite number.
Consequently, it then follows that the quél-necessarily possesses the

duality property (hence the name "dual resonance model"); because direct

. channel resonance exchanges are supposed not only to dominate the low-

énergy régibn but also to describe the high-energy region, which is
usually'§¢ntrolled by éroés-chanﬁél Regge'poles. Aécordingly,_duality
is a natural consequence of the assumptions (a), (v).

However, the harrOW‘fesonance, in fact Zero-width;_aséumption

although is in consistency.with the experimental fact that all Regge

, trajectdries seem to rise linearly,3 nevertheless clearly violates the

unitarity principle of S-matrix 't:heoryl’L on the other hand; because
unitarity requires branch cuts on the real axis (in the eﬁergy-squared
plane) if above threshold, and.all resonances, having finite widths,
to lie on the second Riemann sheet beneath the cuts. However, since
the dual resonance model'has‘already incorporated almost gllts—matrix
principles,h except uhifarity,bit is natural to hope that suitable

modificgtions made on the model will enable it to satisfy the unitarity



,ﬁrihciple;faﬁQ-will'henee enable‘ohe to obtain a eatlsfactéry-tﬁéory
ofhstrongﬂihteraotion.h’This is_thé motiv&tion hehlnd this thesis.

' fhe:idea:of hhitarizatioﬁ offthe dual reeonance model as
suggested by the factorlzatlon property5 of n-p01nt Veneziano formula,
is to regard the n-po1nt Vene21ano amplltude as the Born (or tree)
amplitude, which-is an approximation6 to a more exact physical
scatterlng amplltude One then attempte to construot, from uhltarity,
the hlgher order multlloop amplltudes, compatlbleé with:the:duality
assumption; In other‘words, the unitarity constraiht.is imposed on
the dﬁal”resonahce model in a_perturbativefway, etrietly in ‘analogy
with the,pertﬁrbatlre'field theory. 'But; there'is one fundamental
importahtloroperty diStinguishing the dual resohanee model from the
‘ perturbative field theory. Namely,‘duality is'assumed6 to be true in
each order of the loop diagrams; therefore all loop amplltudes related
by duality are equal to one another instead of belng added, - as they"
usually are in the field theoretical model. |

tAe we will see later, the outcome of sdch.ah approach is
surprisihgly elegant and slmple : The results are not only mathematlcally
beautlful but also have very simple 1ntu1t1ve 1nterpretat10ns. It
amlght therefore be hoped that they w1ll be useful in the framework of

future‘theory of strong interaction.
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- IT. OUTLINE PRINCIPLES AND SUMMARIZE THE RESULTS
The perturbative-unitarity equation can be mathematically

. stated as follows,

Im f(n) = f*(q-m) f(m), m<n, mmn=1,2,+-
- (2.1)

whéfe f(n).‘isffhe stttéring'amplitﬁde to éﬁh forder in the coupling
constant. Equation (2.1) meaﬁs that the imaginary part of the nth
6fdéf amplitude can be cbnstructed»from the mth and the (n-m)th order
amplifudes. For example, the‘imaginary'part of.thevplanaribox diagram
(Eﬁh 6rdér) can be obtained ffdm two gndlqrder foﬁr-pqint tree diagrams.
In pfinéipié, ohe méj thén use fhe dispersion-réiation'to get the real
part.ofzthe nth order amplitude. 1In piééticé; howeVef, it is more
éohvénient to use Feynman tree theorm7 to get directly the loop ampli-

tudesvthemsélves. The application of the Féynman tree theorm can be

carrieq!out in two steps: (a) cuttings or factorizations, to get
multiply factdrized tree_diagrams; (v) sewings, fo get multiloop dia-
gramé. .To illustrate this‘theorem we again consider the planar box
diagram; The theorem states that we first factofize on the n-point
VeneZianb tree diagram, obtaining a six-point tree diagram with two
adjacentvexcited legs (Fig. 1), and then>seW'the two exclted legs
together by inserting a propagator and integrating over the loop
momentum. ‘We thereby obtain the'planar boxvdiagram.

Similarly, the nonplanar loop diagram can be obtaingd by sewing
two nonadjacent exéited legs together,.as shown in Fig. 9. And the_'
overlaﬁping loop diagram'can be obtéined by seWihg two 6verlappéd vairs

of.excitéd legs, as shown in Fig. 11. Finally, the nonofientable loop .



dlagram is deflned by sew1ﬁg an excited leg with a tw1sted ex01ted leg.
It has already been shown6 that the above—mentloned four types of loops,
namely, the planar 100ps, the'nonplanar loops, the overlapplng loops,
end the nonorientable loops, are the complete set of loops that one can
construct'from‘the_perturbstive;unitarity equation; Eq. (2,1).

‘The construction of amplitudes from simpler amplitudes by

repeafedl&-outtiggrand sewing,-whlch reéresents the main part of thei
work of fhls thesis, results in a series of béautifﬁl,'elegant; and
simple formulas: |

_(a) ﬂmultiplylfactofized tree amplitudes,B:Eq. (h.25),

(b) pure-reggeon tree amplltudes,8 Eq. (L4.27),

(c) multlloop amplltudes9 (of all types), Eqs 5. 35) and j‘
(5.47), , | -

(a): multlloop amplltudes with external reggeons, Eq (6 5), |

(e) pure-reggeon multlloop amplltudes (of. all types) Eq. (6. 7)

‘The last two classes of amplitudes, (a), (e), are the neW'results
of this thesis report. They are presented here for the sake of
completeoess and for suggesting a complete theofy of pure regéeon
calcolus.lo A detailed mathematical-calculation fof the nonplanar
multiloopvamplitude and simple'derivations fherefrom of the overlapping,
the nonorientable, and the planar multiloop amplitodes are given here
to supplement the methods giyen_in the for@er publications.gv’
Most of the formulas in the following are expressed in operator

formalism.ll We briefly review the operator formalism. An infinite

set of four-dimensional harmonic oscillators au n M= 1,2,3,L,
. ) .
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n=1,2,-+i0 1is introducedll to discuss the factorized excited states.

They obey the commutation relations

“ _ : ) ) - 2
T S I | (

Three very useful identities. are

exp(fa) zaTa, = _ZaTa éXp(fza),. S _(;.
. vzaTa exp(faT) = exp(fzaT) faTa, ) - (2.
exp(fa) exp(gal) - ex(eal) exp(fa) emo(f-g). (2.

.2)

%a)
3b)

3c)

It turns o@t more convenient to iﬁtroduce_the coherent state, defined -

by

2) = exp(zal)lo). | (2.

A number of useful properties involving coherént statés are

.h)_

alz) = vz[z), | | ‘ | (2.52a)
:exP(zfaT)|g> ‘= |z' + z),‘ : - - (2.5b)
.XaTa|z> =

Ix2). N o (ese)
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" 'III. NOTATIONS AND THE ALGEERA OF CROSS-RATIOS -
Kikkawa and Sé.to's_notationsl2 will be used throtghout the
whole work. We:Summarizevthe'notations as follows: Let kul be the

i

y n'= 1,2,--Fm be the harmonic
n : g

four-momentum of the ith partigle; a
oscillator operatorsicofreSponding to the ith particle (if it is an

excited reggeon), then

Ikl) = g: g: ) g: ‘ ’
12 0% nZ
{
Ia‘l) = '(8'11:3'21)' 28, K ),
M)y = 0D = (B O (D,
(M')mn B (M',T)nm = (%)5 (-)° (1;11) 4
Ol = Ban
(') = xfahy = ) ol R Y
n_=l : -

(ailx'a‘j) - Z a i'xn avj s

(o™ 3y |a?)

il
~~
[

e,
<
H—gH
b
®
(W8
N

]
o
o}
[uN
NB
=
H
E\/
<
=]
®
g
en

(ai|M+ - T|ad).
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In Appendix A, & set of useful identities is listed.
_ .

COhSider now two sets of N Koba-Nielsen variables wi

and w!, i =1,2,*¢*,N; a cross-ratio defined on the w, set is
i - T2 s » i

(o = W) = )

P(j,k;?,%? .EIFP(wj,wk,%z,wm)_ = (W; '.?m)(wk =i (3.2)
Itiié eas&‘t§ sée,‘from’Eé.,(5.2)3 that
(a) ‘OVS P(j,k,ﬂ,m)-s 1, egcept if 3 ;_ﬁ.
‘v(b) 1 - P(j,k,z;m) = P(3,2,k,m) , : . o (;.5a)

1

fzs;k,z,ET = P(j,k,m,ﬁ),- '.‘ : : (3.3b)

P(k,3,m,8) = P(n,£,k,3) = P(4,m,J,k), (3.3¢)

P(j,k,ﬁ,m) =
P(j:k;ﬂrm)'P(j;k:m:n) = P(J,k,%,n), - (3.3d)
. | I N ‘
: P(j,k,ﬂ,m)' = ' T . (5.36),
‘ l»-'P(j,nCI,k)
(¢) 1f Vo=, W= 0, w, =1, thep
P(j,k,ﬂ{m) = W

and we spéak of wj’-wk’ W, specifying the W frame.

(d) 1f W, =, W =0, w =1 specifies the W frame, and

WS = , wi = 0, wk = 1 specifies the W' frame; then the projective

tfansformation from the W frame to the W' frame is

ho F P(Wé;wg:Wé;Wé) = P'(a:b:c:m)} ' S : '(B-A)‘
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and that from the W' frame to the W frame is

= BOveov,e) = PGk sm). RN CEY ‘
Note that in Eq. (B;h), we use P' to define the cross ratio of the r
W' frame. ' | |

(e) Any cross ratio is invariant under projective transformations

(duality transformatiohs), i.e.,
' _P(p,q,r,s) = P'(p,q,7,8)-. ‘ o (3.6)

It-is this property'thaﬁ gréatly simplifies ﬁhe calculations
and freqﬁéntly enables us to obtain frame—independent, projectively
invariént results. 'As in special relativity, we can always choose a .
partiéﬁlér.convenient:ffdme,'work out the answer, and then generalize
it to a pfojectivély inVariént_form (dual form) by forming the
appropriatéa cross ratios.

‘We now come to the aglebfa of cross ratids. Because, in léter
calculatioh, it-is_always possible to keep the momenta conserved inside
the notatign. ,); we.will assume, from ﬁoﬁ'on, that momenta are aiways
conserved when they appear inside the notation l). Bearing_this‘
assumption in mind, we can always ignore all residue terms, i.e., terms
).

. A typical example of éross-ratio algebra is illuétrated here

due to the contractions of Mt' on |ki

o

"by consgidering a term describihg the coupling of .al reggeon with ¥
the a‘-j reggeon:
. ' ' . 1M
i . . . .. T . j .
Iy = (olexol(a|Py(3) M P(1+1,541,1,5) M P (1)[a”)] ,
. )\.
g

(3-7)



where
P;(§) = P(1,i41,1-1,3), P;(i) = P(3,341,3-1,1),  (5.8)
R Ve o the pepns 1l
and the coherent state lxj) is of the form
g = em | ) (,ly,ladN) o). (5.9)
: y) ' - —
As we Just mentioned, here we assume z:k: = 0. Suppose-now.we

substitute Eq. (3. 9) in Eq. (3 7) and commute a9t to the left by

using Eq. (2.3c), we obtain (omit |xi> for simplicity)

Iy = <oy |exp E: (al IP (3)M_P(i+1,341, 1,3 TP, (1), |x,) o)
| | (3.10)

We can explicitly calculate Eq. (3.10), by writing

A

AR M CARLIE ACH P (3.11)

with '
A _ 1 1 ' s _
Pj(x) = P—J‘m = P(-J,’j“"l,j"l,X) = P(J )j+l)x‘}‘J-l) .. T (3'12)

Substituting Eq. (3.11) in Eq. (3.10), we can explicitly simplify Eq.

(3.10) as follows

1y = {olem] ) (a |?; (M p(i4, 341, 13N T (1)B(z,)|x,) 10
)/

by Eq. (3. 11)]

s favy Dr a1 sin 5 sy Tors sen s1 sy
{05 |exp E: (a"|P, ()M P(i+1,5+1,1,5M_"P(3,3+1,3-1,1)
£ | »

x P(J,J+l,zz,a-l)lk ) los)

Equation (3.13) continued next page . [by Eq. (3.12)]



Equation (3.13) continued -.

1l

(Ojlexp Z (ai’lpi(j)M._P_(i+_1,;+1,i,.j)M_Tp_(j,ju,zz,i)|kz)]|oJ.) _
- [oy Eq. (3.30)]

l -~ = -
L. 2 . P-(J)J+l)"3£:1) v

= (o'];|éxp Z (a IP (.))M P(l+l,,]+l 1,3) — 1.1‘ : |k£)]|oj) ‘
by Eq. (3.1)]

- Olem D (e [y (o) P(1+l,J4l,1,J)P(J,l,zz,:ﬁl)Ik) 0,)

¢ T ~ [by Eq. (3. 3e)]

= <oj|eip [ }: (a?lPi(j)M_ﬁ(J,i;zz,i+l)lkz)]Ioj>

A ‘ : - o - by Egs. . (3.3c) and
- (3.3d)]

S (MR, ()0 - B(3,1,2,,141) 1K, | [0)

R | by Eq. (3.1)]

= (OJ |exp

= (O leXP [y (ailp(i)i"‘i)i'l:j), P(j;zz)i)‘i*'l)lk‘g]lojy
| L [by Ea. (3.32)]

- (0, lexp [}: <ai'lp<i,i,+1,_i-1,z£>|k£>]|oj>' (by Ba. (3.30)]
- E -
= (0 [exp [}: (aillPi<zz)ik£>]|voj>-.‘ v (0]
= <Oj|exp[>; (é l B (yg) )]I | \ '[by ?q. ;(3.1;)](:3-.15) -
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Thisléxémplé7shoﬁid’be'enough'<ﬁo iilﬁstfate hoﬁ the algeb-a of
cross ratio works, However, it is more convenient to'resfore the
coheréﬁt‘staté Ix.>  exp1iéit1y;‘ Thisvcan be done formally by inserting-
exp|[ 2:(k |yz!ajT)] to the right of (O | in Eq. (3. ll), and use Eq.

(2. 3c) to pass it to the rlght we get

- (O$|e§rp {Z (k lyz|a‘]f)]exp [Z (etllPl j Yy ls )}IC ) ‘
- , Sy

- -
1]

£

fie

Goglemitat 2, Ol e | L G |yz|aJT>]|o 3

(O |exp[a |P -l( )laj)]Ix ) .‘ - (3.14)

Comparing'Eq. (3.14) with Eq. (3.7), we conclude the symbollical

'%i:>
M3

_<o|éxp[(aiIPi(J)M;P(i+1,J+1,i,j5M_TPj(i)laj)J

identity (add |a;) back)

Ly = (Olexpl(a'|p,B, 7 )]a?)]

id

e

Ms
xl> . (3.15)
J7r

Since Eq. (3.7) is symmetrical with respect to 1i,j indices, it
ki:>
A

J

‘Note the two symbollically identities Egs. (3.15) and (5.16)

follows that

113

A
J.

(3.16)

(Olexp((a®[2,5,7( )]a?)) (olexp(a'] ( )8, By a?)]

are true only if Ixi),'|xj)' are of the form given by Eq. (3.9). As
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we wiil_seé later, this is inde¢d the.way that we;define8 the factorized
coherent states [see Eg. (h.QO)]; |

But Eqs. (3.15) and (3.16) say something‘more; namely, it is a
proof of thé faétoriiability of the opefator part of the N-reggeon tree
amplitudes'(see Appendix.B also). In fact, they have already béén used
in the planar N—loop'calcdiatioﬁ,’in Ref. 9 (UCRL-QOOSM). vOf course,
Eq. (3.13) ‘is identical to Lévelacelo expression.

The virtue of the cross-ratio algebra is not only that it is
elegant buﬁ also that it frequently yields projectively invariant |

expressions..
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Iv. _MULTI?LYVEACTORIZED TREE'AMPLITubES"
 AND PURE REGGEON TREE AMPLITUDES
.In Ref. 8, we’havekobtained-a set of rules for writiné down the.
mosﬁ'genéfdiiformulas for fhese‘two‘claéSes of ampiitudésb[See Appendix
B, also],v5& simply inspectihg the cofréspondiné.tree diagfams;v ﬁowever,
theféiwe did noﬁ'fuily.invoke the'cross;ratio.algébra; and in deriving
the pure-reggeon ﬁfee amplitude, we remarked that.letting certain momen-
tumvgo ﬁo zero Byzmodifying tﬂe sfectruﬁ'of feleﬁant trajectories to
get the asymmetrical propagator, is not a necessary,procedure.  Here

we would like to use cross-ratio algebra to re-do the multiple factori-

zations and to give a prodf_of the remark mentioned above, by direct . -

factorization. The reader who is interested only in the final answer
may well Skip to Eqs. (4.25) and (4.27).
Let us first write down the dual N-point tree amplitude in the

Koba-Nielsen represenfationq'3 (Fig. 2a)

§$,§ T v, (o, W) o) R (S
where (w1 = i+N)
(W)  =  (wy = w ) = w ), - W) o |
T ' N 0 2(k ? §+1) . . ' O‘o’f%kul
x . ' (Wi - '.wi+ . . (wi = wi+2) .
i=1 . i=1 v
N o Ak ok, | |
% 1 (wy = W) J. (4.2)
i,Jj=1 ' :
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The three var;ables'rwa,w£,wc'vgre fixed and théyvspeéifyﬁthe W frame.

The set of N Variébles wi, i;: 1,2,+++N are ordered, for convehience,
on avcifcie (Fig. 2b). Figﬁfe 2(v) will hereafter_be called the ordering
diagram. - In Eq. (4.2), we assume a trajectory funétioﬁ afs) = oy + Ls;
and for Nr écalar external legs, the bootstrap conditions |

a(k,) = a»5+_%ki2 =0, i=1,2,-+'N, is satisfied.

0
)—%ki-k.
J

’We Can'intgrpret the factor (wi - W J as cofresponding
to lihes directly connecting thé LI leg to the wj leg [if one
inserts sgveral hqles inside the circle of Fig. 2(a), thus obtaining
the multiloop diagram, one then naturaily’expects that these lines

have the freedom to encircle the loops]. Since i £ j in the
: -1k .k

2 :
factors - (wi - wj) 1 J_ the momentum is not conserved, and the
factors ’ :

2.2 2
-0 - - : 1
oy =g ) O )
T i | Vi T Miep

are neceésafy fo guarantee the projective invariance of the whole
ihtegrand in Eq. (L4.1) (they can also easily be-generaliied to loop
amplitudes).

We start by factorizing the N—point tree into M-point and

(N—M+2)-poiht trees. We introduce8 three frames (Fig. 3)5

W.frame: Wy= o, W, o= l)_, wN = O,‘ W, = wi+N (i = 1,2,...1\]),
Y frame: Yy =2 Vyq =1, ¥ = 0, Vi = Vi v(i = 1’2".fM)’.
Z frame: ZM-l = o, Zy = 1, ZN = 0, Zj = ZN-M+2+j (j = M-1,---N),

- (h.3)
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1

the .wi's_ are. related to the v aj

variable t by the equation

oy _
W, =. -2, 21,2, M1,
iy
w P ' A
t o= ==, o oo (b.4)
W =3 y2 -t Zj, j :v M"’,lo.N.

Substituting Eq. (4.4) in Eq. (4.1), we get

(0 |71 e o - . |
Swy <ol Wt | oz, fZN,M+e
(i#M,M-1,1) - J¢(M-1 M N)
[t -as))1 a1
D (1 -t) |
o o Jo ' .
Ml i’k‘ '
(l—y tozy) Y (4.5)
' —l Jj=M : B ,
4 A2 11 . .
where (kM kM+l see o+ kN)». Introduce harmonic oscillator

aM , a T to factorize tHe last factors in Eq. (4.5):

-k, -k,
“ ‘ /1‘1,(1 - ¥; b zy) o

i=1  j=M
| Cem oy
- Oles j[: (i, Iy, 1M £ exp S (&Mz k)| 0). (4.6

i=1 o Lg=M

Substituting Eq. (4.6) in Eq. (4.5), and defining

s and the féctorized propagatoj”~



at) = <o|egg (a1 ) B(&5) G&g a0y |
| | | (B7)
= (0laz] @)y,
we then obtain the single-factorization result
1
<o|G§Y§ <aM) Mg
S M-1 '
v, b, Olexn| 3 (v, I 8)
1£M M-1,1) - o Li=1 -

Wi'th yM= ©, yM—l = l, yl =

_ Ohevcan:umnediately generalize Eq. (4.8) into a general frame
vy = ©, Yy = l; Ve = 0 by simply putting

POLLMLL) = BG), o (w9)

. “
il

hence the singlebfactorized'tree amplitude (Fig. 4) in a general frame

is

' . M-1 -. :
. | ]
<o|GE§§<aM>|xM> M‘“’ () lem| ) (I 1) g

. i=l |

‘ - : v(l#é /°se) : (4.10)

We now proceed to obtain the asymmetrical propagator by direct
' factorization on Eq; (4.10). sSince we are considering,the case of two
dots facing each other (see Fig. 5), welrel&bel ‘yi

i=1,2,--'M by ¥, i -=1,2,..-M, shown in Fig. L. Then Eq. (4.10)

becomes
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1) s ' ' - -
(o G( a x ,
{2y ~ -
/Mdy (x, }<o|exp Z (a° |Pg (1) |k ) Ix s (k.11)
1#1 2,M) '
l#S) :
where - PS(i) = P(s,8-1,S+1,i). We then choose the frame ¥y =
'Yé =1, yy=0 to factorlze Eq (4.11), as indicated by the dotted
line in Fig. 4. We d1v1de y , i=1,2,-+,M into a W frame and a
Vv frame by_ch0031ng- Ve =.w, Vg = 1, Wy = O. and Vg = o, Vg g = 1,
vy = 0, so that
W,
Yi = ;;) i=1,2,-::8,
S y '
= S (4.12)
Is
' _ s oo
ij = W, t Vj’ J = 841, M.

Substituting Eq. (4.12) in (L4.11), we £ina®?

(OIG(l) (as)lxs>

X lew }: (< 7g(1) k) + }:

(x')

(i#s+1,8,1)

y | et t olsp)
0

S+1

1#8)

W5y g41))

(j#s+1,8+2,M)

k
(1-t) G%{wt )a( )»,

S+l

S+lIPS+l(1)Iki);

i=1
(ifs+l)

Equatlon (L. 13) contlnued next page.



Equation  (4.13) continued
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S Z (aS|MP (SllSS+l)M tps+l(3)|k )
' j=s+2
L -t - 'S+l .
sl g fumim)
J=8+2 :
A (4.13)
where P' refers to W frame, P" refers to V frame, i.e.,
o - ‘ C(wy = wy o M w, - W, )
. S S+1 S-1 i
P\ (i) = P{s,s-1,8+41,i) = : : — ’
87 e e Gy m gy = W)
Pyl ) = ‘P'(s'+1,1',s,'_i),- B (4.14)
v ' - (v - v ) (v -V, |
" " . o : _ S+1 M S+2 J
= . . 2 =
PS+1(J) P (S+l’s+ ’M,j) (Vs+i .'-: VM)(VS+1 - V37 >
and
s, = (k +k +oeme 4 ')2
F2 T VB4R S+3 kM ’
R t .8 (4.1
Ry = Z na”la®, (l*-15)1
0=
R _ Z xh aS+lT' S+1
S+l — 4o T m T m
. m=1 .
One then defines
1 2),.8 s+ 1), sa¥,|s
<o|G( ))(a Ihg) = (olofg)(a®,*) v (RS, Rgiprsp) 0L (a5L)) Os+1>
N \ |
= (olefe )l > , (4.16)
(w) M1/
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with

Lol

We thus obtain the second'factorized'tree‘amplitudé'(Fig. 5)

(2) S s+1
<O|G(W)( )Ixs+1:>

S+1
- [T awigy0lew }: (512(0) i)
(i,l_a,b,c). . v
. (iﬁs)
S+l : S o N
+ 'EZ‘ S (1)|k,) + (a%|M P'(s-1,1,8,8+1)M T|aSH)}| S )
S+l i - i N - . >\'
= o o ‘ S+1
w2y . ' T
(1%8 ) . | S (%.19)
Note that in obtaining Eq. (4.19), we have_put,lu in Eq. (4.13),"
1 S+l ’ .
2: t P'+l(J)|k ) - |a”’ )7, | o (4.20) -
Jj=S+2 f - o : ’ _
o Y e . | S ... .S+l
As demonstrated in Eq,-(j.lB), the coupling of a~ with a” 7 term
in the exponent of Eq. (4.19), can be,symbolically“simplified to
S S+l 5'-1 S+l | |
(a |PS S+l( )|a _ |( )Pg S+l| R (thl)

Equations (4.18) and (4.19) afe the deSired proof we menfioned earlier.
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‘We now proceed to- write down the fourth-factorized trees in
the most general configuration, Fig. 6. In Ref. 8 (see Appendix B)
we have derived a set of rules for writing down directly the fourth-

factroized tree amplitude corresponding to Fig. 6:

3]
Ggyg(aa)aayar:a )

| S+1 '
a, {Ys+2 _;__ Z (2R (1)]5;)

0=(at,B, 7,8
1740)
1 . . ]
Oy _ T A \
+ ; ‘_(a IPO(x)M_P(G.Jrl,)d-l,G,A)M__ PK(O)Ia ¥y o, (L.22)
JO’7\-={-O‘:§}Y}6)V ‘ ‘ .
(ofn)
where

Pc(j) o= 'P(G:U".'l’c"l)j): 0 = B,7,0, J = 0,1,°°",8+1, (h°23)

and we haﬁe omitted the cohefent states v|xg>'s, for simplicity.

Oné interesting_interpretation‘emerges frbm the form of Eq.
(h.22). EQuation (h;22).éontains the couplings ofvmomentum k; to
momentum ykj, the éoﬁplings 5f momentum k. ‘to the "internal'
coordinate"l ac, and the couplings of internél coordiﬁate a’ tb the

internal coordinate ah.

As remarked in Sec. III, we can keep momentum conservation {
inside the symbol |) in Eq. (4.22), by using the identity
P_(o + 1) O and Eq. (3.13). Hence the most general form of the

fourth=factorized tree amplltude’(Fig. 6) is
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(aU‘PoﬂJ > +—> _'

o x-ﬁx,B,Y?*)
- (o)

Notice.the form of thevexpression in Eq. (k.2k4) is insenéitivé to the
dot positidﬁs. '(Of‘coﬁrse;'the cross_ratios themselves do depend'on
the dot positions.) | |

The related fourthffactorized.tree'aﬁplitude withdet on- the
'opposiﬁé side, say, of the baa 1eg,_is obtained by simply interchanging -
; -

sl With Yool everywhere in Eq.. (L.2h).

_The generalization of Eq. (4.24) to the Nth-factorized tree
amplitude is triviai; One simply extends the summation over c,x' in
o (b 2&) from {a,B;YjSﬂ: to {a,p,+++,5} (N in number)

1]

aM )
S(r) (e |
e’ : , 9 S+l iV
B /,[~f-‘1/dyi{Ys+2}'exP ;;;E E: (a7 *
(ifa,b,c) o=tla,p, 8 T+ ||k,
' | (i)

+%> RO RIS S (4.25)

. 0—,>\’={a,6, . .’5]
(ofN)

[Again, the expression- in Eq (L. 25) is independent of dot p031t10ns )
The pure. reggeon tree amplltudes can be obtalned in a very

simple way, too. The symmetrical four-reggeonvtree'amplltude is :'
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obtained from Eq (h 24): by 51mply settlng all Koba-Nielsen variables .

assoc1ated w1th scalar external. legs Vanlsh Namely, one simply sets
S+l R
a=1, B = 2, Y=3, &=1U4 2: = }: in Eq. (k.24), hence the
. &0 |
pure four- reggeon tree amplltude (symmetrlcal) is

(8), 1,y . rﬂ’ | ST B

Grod(a"s) = : dyi[Y } exp ' (2Y|P,

0 [ i1 L‘JZ:L; "a‘+1kj>

| | (ifa,b,¢c) U (140 |
o | ._ | o

) (a*Ip; 8,75 )]} (14.26)
i=1 §=1 o : ,
(i#3)

Slmllarly, the symmetrlcal pure N—reggeon tree amplltude is

obtained from Eq. (14.25) by letting a =1, B =2, +++, & =N;

S+1 N .
- 2;. Hence the (symmetrical) N-reggeon tree formula (Fig. 8)

120
is ' _ :
oM aiigy zrr s |t ki)
(a s) = dy (Y} exp (a ‘P
(Y) . | ! | ; ; Nin k, /-
‘ 1#a,b c) (i#3) .
+ % }: Z (aJIP B HOleY)) - | (4.27)
o §=1 i=l . |
(i43)

Following the interpretation after Eq. (4.23), one can regard
a reggeon (or a hadron) as a composite object, which is described not
only by a four-momentum ki-.but also by an infinite number of internal

degrees of freedom anl. One mey further regard k. as the "zero mode"



‘;23; h
of the,hafmonicboscillator modes [actually k, ~'<aoi._ aoif)], heﬁcé ,7
“in the exponent of Eq. (h;27), one can cbﬁbiné the first term with-the

secondvtérﬁ iﬁto,a éingie ﬁerm; Thefefére, the form of the pure' -

N—reggeoﬁ tree amplitude, Eq. (h;27),’strongly suggestskthat one should -
i regard the.spacéstihe degree éf'ffeedom as the zero mode of the infinite
number intErﬁal.degreeS“bf'fiéedom, and should_treat'ail of thém on |

qual'fdoting as a'geﬁeréliéed coordinate or generalized momentum o

describe a reggeon (or a hadron). This indicates‘a theory of third

quantization,t©
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V. GENERAL MULTILOOP AMPLITUDES
In this section we give detailed calculations>(by using cross-
ratio algebra) of the nonplanar multiloop amplitude,9'

9

and thence present

9

very_simplé‘derivations of' planar,” overlapping and nonorientable

multiioop'amplitudes. We then summarize the multiloop calculations

_into a set of rules, which again enable us to write down direcfly any
arbitrafy mﬁltiloop for@nla by sim@ly inspecting the corresponding
multlloop Feynman dlagram |
A. Nonplanar Multiloop Amplltudes
According %o Eq. (4.25) (or Appendix B), we can directly write
down'thé 2Nth factoriied tree amblitudé corresponding to Fig. 9O '

[compare with Eq. (4.25)]:

éi?)(a ,a Y,aS; R a a ’l l d_-y- {YS+2

o S+i - i 'ki

X exp ¢ 2: 2: - a@]Pa. q+l ka.
Lae(d*) i=0 B ] Iy

pe(@) (ik,B)

sl 1Y,

+ "E: ‘ E: aB]PB a ka

' pe(L 1=0 -1 ||k

e (1hop) T F g

S-S DN G 3 X 201" + 3 ) @RIy BT [RY)

o, re () 5L
(o) - (p#d)
Fr R BTORDY BRNCEY
ae(X0) -

de(£)



where

it

| .Pa(i»)ﬂA P(a,a+l,ocfi,i), o as(L9),

(5.2)

P(B,8-1,+1,1), . e() .
The'notéfibns“C§L*j;v Qf ) meénltheISét .{a;r,---gcj,-thevsef
{8,6;-~-,X} fespecti&eiy. ;Each_ibop;is-labeléd:by two iddices; e.g.,
the (aa) lbop is obtainéd'bj*Sewihg the excited o 'leg‘with the B -
leg. We have groupéd, in Eq. (5;1), the indices (aB)é (Yd), -,

(on) aévféferring to'differenf loops, with the total nﬁmbér'of loops
eqﬁal to  N;‘_The'Variable t&B
variabléfcdrresponding to seﬁing the excited O leg Wiﬁh the B leg.

will be defined as the propagator

 We'now-appiyvthe Séwing preécriptions, discussed in-Ref. 9,
simultanéqusly on the N pairs of‘excitéd'legs_ 5@, aB,
.(oB) év(ail N lqops); The prescription_ié as follows:

| (a)  rép1ace | -

"(ga;l - (Z% - Ky M_T[—%—-] 5

e 1 |
o 7 (5.3)
(P = (rg], |
©) o e S
b\-a) = 17‘-5) >=. ' ,XOB), kOC = 'ka) ' aé(i *), B"—(i);

and perform the-folldwihg’integrations
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1T | o - | .
f f [/r/r .. -z(k ) 1 i )ao'lf?”kag}
op ‘as op
ae(E *) _ 0 ae(E *) _ : } '
—

X f”
oze(f*)

We then get the nonpla.na;r'N-_ldop amplitude, denote it by FNL‘(N):'

%
d

>exp -y %“aa’ (5.4)
Cae(E*) o

FNL(N) -

1y . PPN - 1l 2
f f [T -Tdtaﬁ ta;(ka) l (- toca)ao : 2ka:,
oce(A:*) 20 ae(‘&*) - o _ -
X jﬂdy {Ys+2 - | - 65)

where N _
\ “)A((l)(fu!)
dij-— } e -(A*r + *I{C
{5 ) ety + iy
o 2011+ Bty + e + e, e

In Eq. (5.6), we have introduced the N-dimensional vectors in loop

number space:

)

(Pog)» lxm),--.-,lxmb |
Eyg)s [E )',"',onx) cte.
p’r Frp |

The definitions of [Al, [c], [D], _[g), [F) in Eq. (5.6) are

(5-7)

il

E)



",2.7"' |

Y = M7 ———gé——, S : 5. 8a
s " S AT | ©-5)
| o | - R
» o S+1 ' : O
- i=0 ¢ 76 € *; ,
~:1¢<~x;€ ()l
S ek Y8)£(aB)
e e .8b)
- :  ,‘* -.17.'lﬁ o+l
el - C e 1’<>z ’-(B )
~ i=0 8)e(L * o
. [1?é(i ):f*)] ’ . 1rY
-No Tro)4(an)
‘ : , . | (5.8¢)
[_C,]aB,y@ T YO!B Pa.ﬁs-l( )s _ | , ' | (5.84)
_ [D]o‘s,'76 = Y4 By -ﬁr‘l YfST(_ )» [D]ds’!as =0, o - (5.8e)
o Cwa . . | ,
[.A]as.,m = PB Py (), - [A]}as,aﬁ = 0. (5.8fF)

We now can explicitly do the integral of Eq. (5.6) by the principal

axes method.’ We write Eq. (5.6) as
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N -[a] (13-e1”
el ) e [--(M D )
t .

-v%>

m ® wN) |
,K*) (Ff ,X*) | S .
|F) |
El (FI)[GH] < (5.10)

[1]-[c] -[D]

1

s L exp{%
(detnl)? by
where  v | . ’ z _ .
| R Cxl-fel™ o | .
[a] = = [¢]-[H] , (5.11)
mth_'-[DJ o | -
/el o S o | S
(GH] = . I R A (5.12)
a1 et /o o - |

We now calculate Eq. (5.10)'¢rder by order in the [GH] matrix. We

9 s - | -1
the pr tive erator (note Y .
projective operato ( s = Qﬁo‘)

define

=

(5.13)

o Q

X

a6 B

( >(1-,_ _QB“(X) D

and the projective operator correspondlng to encircling the (op) loop:

-1 Aol -1 | _ -1 A | \
RBa = PB QBa Py BBOL = P, QO!B PB. : (5.14)
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From Eq..(5.lh), we~ha§é;_for‘ail_ (ag)éCQA*Jz)’
-1 C S -1 ‘ o . .
RoglVo) = Ygu1 7 _‘Raorl(yowl)’_: Vg o (5.15)

_WithvKs; (5.13) and (5.14), we can easily calculate, from
Eq. (5.8), thé followihg'quantities ahd»obtain'[spmmafions over (73),

(on) are understood]

’Fas.)" = z , ?B Réé '("a >ﬂ ,  (5.16a)
L= -
1£(3 * ' T
;é({,;ﬁ ) | (5>
L7 A (rd)#(aB)
D
| _. Cgn ayl |
;IE'aB?) = Z A (B+l> (5.16b)
D i=0 s
ErCoro) (*) |
| "7 (o) a) |
. B o)
: “ S+1 . (iy*%>
[CJIF.)ds'. = Z ?B R; R; N
: R | |
sEey
1 - o L<%>J (n)A(re)
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s+1 ' ( Y)
. = Y :
[D]lg)aﬁ = Z - By Rgy Ry 5+1

i=0 - o
'l;é('i,i_)."' : . (x>

- roa
. .s+1" | | : (r+1>
s = Z oo Rer |00

. i=0 o B o _
Eﬂxegﬁ : : YL(x>'

- i 7

B ‘5‘{'

UE A °
,,-. - "._(x)

- | S+l - T ’
[C]TI-E)GB = i P R <S+1>'

“(o)A(re) |

From Egs. (5.12) and (5.16) we obtain® the [GH] operator, acting on

| < lF>> |
the vector S e
|E)




(as)#(rs)

[GH]aB-,Y
[c] [D] 2 Rﬁaﬁ25 P RB;RSYPS () \
(aa)#(Ys) ;
[a]. [C];am PPy (g ..BBF%“ o/

. (5.27)
This GH opefator, Eq. (3 17), can also be proved to be appllcable ¢

all higher'order terms. It follows that

+ (n—l) -1 (n-1),
[GH] | PﬁRBa[R 1 Py ( )76 PBRBa[R 1 mPS
o8, s (n-1)~ -
| VPB[R*](n,l)Pﬁ YO P [R* ](n Ly 6YP5( )
v (5.1.8)
where [RY1%7T ..Rf_  with total number of R*

L *E Ty

equal to (n 1) (summlng over all 1ntermed1ate ‘j: s is understood),
and also, in the produce RaaRBY or RBéRSY’ it is implied that

(aB) # (76) -
| The zeroth-order term in Eq. (5.10) can be obtained from Egs.

(5.16a) and (5.16b), with the result

: _ . _ _ _ S+1 v k. k.
I, = ex(E[D)) = " ly; - R (w00 Y
. | (oa)e(:ifsﬁ) : |
S+ ot "ki'kr | ki'kal
- ,T.T/ ViR(v )l © yi-yB ;R (y ) o
X ' o Iy R (v N1V .- ga(y,) | |
s el T () R J

Equation (5.19) continued -
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Equation (5.19) continued -

, A < :
o : Q:jxa j;
i : ¥.. \1 :
- (0B), (), (Y) o -
VD UN T o ses) -
= Ry <;0 ;> ) | .
W dekes ) s

' ,We-thgnvcalculqte the nth-order term in Egq. (5.10), from Egs.

(5.16a), ('5 160), and (5 18), we get

S IF) | |
I, = ex (:(El (Fﬂ:) e (:. ::)
- 12)

S+l " o ( 1) :‘%ki'kj
. ' - . q(n ’ C
(@B)y -+, (15)e(£* D) { e o |
.w-,’..., S)e * 1,:0 :

k. +k

S+1 ' ..

as 4{ e |
(@B),++,(n)  1i=0 - - 52y )
(rsie(x*a:) (AL 0] 8,208 |3y 415

"Equation (5.20) continued



Equation (5.20) continued
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-k,

-

mjézkm } b
R e ] I '
o By i ()00, 4]
' -k, ok |
. [y - [R']ég%)\; R&r(y)J 1Ty
s [R*] (v..) o -
| b “po, o™y "[('Y&)#(GX)_,-] .
/I\_T J(Bﬂ_ |
@), ()
(r'8"), (r)e(d % L) (Y ) _
R ~  3] (T'éq)#(aﬁ)

N :t(nl)l
—R[R] Rey

ek

-k

(

[l
D)

(on

(r'8")£(ap) |

ORI

L .
=[a,8,7",5']

k .
[T) B, Uﬂ\-]

Equation (5.20) continued



,EquationJ(5{Qb)‘continued

o oflpogq(nel),
'Rsa-[R.-.] ’Ra_r ,

H. Yo )
<:.5+l

)  ~':“ Y5l /

e

e

] (n-.l)R-i

= RgylR sY

Vg

AR R 1C)
()

57 o
'_(J

- Ryy[R'] (n-1)g

O

(WA |

-2l

ﬁr'

(r'e: )A(op)
[~ +. -1
Wl
[®]

' (on)#(r8) )

(on)£(19))

o

. .
-1 : k.
#la,e,r,87] VI, 8,0,0)

. o x
_ Z,k[a:B: Y, ] [L.’.S’ o,

-1 ' .
2k[a)B,Y' 3} 6' ] k[ Y’ 8’ O’,)\-]

(5.20)
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‘We note thaﬁ, in Eq.'(5.20);'the operator R* Qecurs in
different orders; hence when we take infinite product over .n, there

9

are infinite many -number of cancellations -on the factors involving the
variables aésociated with the excited legs, i.e., Yor Vg
(OLB) € (i *i) This infinite number of cancellations is necessary,

g (08) e (H*L);

and it is this infinite number of canéellations that lead to the invari-

because: the flnal answer should not depend on Y, Yy

ant points of the loops.
HThe invariant points and the "multiplier” of the projective

operatof R corresponding'to' (aB) ~loops are defined as follows:

po

(2) - Wy g0 () (2)(l Sxy |
‘R, (z) = GB aﬁ oB Qﬁ aB 0<x. <1,
Ra z(l - Xop ) + [x(g)xas éé)] Co="ag
(5.21a)
( l) - xé§)5 o f é;\’ | © (5.21b)
R (22) = #é;), 2 # (g) - . B ' (5.21c)

In Appendii C, we shqﬁ how the infinite number of cancellations actually
lead te the invariant points of thev N ioops. We now combine Egs. |
(B.8) and (B.9) with Eqs. (5.19) and (5.20) and hence obtain the
expression for TI: |

rs L1 ¢ l ‘ r. T v(s.ezj
o (Get[al)? " - e

n=0
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We then separate out all Koba-Nlelsen varlableu Yo yB, (8) ¢ (£*£)

in (Y S+2} of Eq. (5.5) and comblne it with Eq. (5.22), we get the
expressic?n for | {.YS+2 J1: ,
(Yg o1 |
: S+1 4 : o0
- ' 17
(get[al)2 (oB),- -+, (v)e(L *R) i,j=0- n=0

| 1, 3408 * iﬂ
X Gy - = Jég)SY(yj)} /[*~_“_’// ]“]{
=0
o (wk@ﬁﬁ h#i*iﬂ
PO, AT

?Fi) - | 0,1
[R ](n)xcc (15 +1

‘ (07\)#(75)[174(36 “‘f-l
£ 2

kl kY

v; - [R](n) (

>l

. | ‘Eﬁ* *-1)]
x T—T1 11
(a8),(@'g"),**+ n=0
(on), (YS)GQE*X)
' _ - ékoz'krk
iy g™
2) +(n 1 5 2 N
[R%Q.MQ [R%a'w@ (ap)4(a's" )
v(cx)#(rﬁ)
o ke
X 9 (y -y )

B
(as) c;;*:ﬁo

Equation (5.24) continued
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’EQuation (5;éh).cdntiﬁﬁe&;‘.

o . e s
| [R;;wa) SR Ry, - RaawB)J @
- : | : ‘ S : ;%k 2-l
N h‘f'f//.(yd_l- ya)(yd-=ya+l)(y8—l; USRI *
: X '(GB')GI(.Q‘: *£) . (ya-vl' Y1) g1 y5+1) '
T 5,1 v, )Jao’i-
1] g Yo gy~ Yp)
(5.28)

’(yé- ¥, (- ¥,) (v - ¥,)

In order;to”expressfdur final answer in a projective invariant

form, we need to'transformffrom'the set of variables {tdB’ Yor yB,
. , L . : 1 2
ae(L*), Be(d;)} to the new set of variables, {be’ xéB), xéB),

(aB)e(j:*Si)}. The relevant factors, in Egs. (5.24) and (5.5), that

are affected by the transforﬁation, are

.{dt t 1-t.) |
@ B o )
e (L) v | * |
: - ) . . ‘ ) _-l'k 2
L _l _1 ) - 2 .
(77,)2 [-%(y"" F50p) Rﬁa<va>-%a<yﬁ>] |

Jafea¥s) -y R0y

(@)@ *E)
L kB
_ [wa_l-ya)<ya-ya+l>(yﬁ_l-yﬁﬂyﬁ-yﬁﬂ)]

(GB')Q(&( *i) ' | -(yQ'l”-yafl) ‘(YB"l-AyBEL)

-1

01 Y)W Ve )] a3 (3,7 (Ve 7,)

X .
(oB)edxl) ) _, . (5.25)
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In Appendix D, we show how the expression (5.25) is transformed

into
| )1
‘ ans Xas @ 1 - Xaﬁ)e
| (op)e({ *£)
T e @ Ta ) - v)0, - 3)
X op aB AON (2 2
| (ep)e Ci*l’) o~ Yo o
| o) Nt Oy-t
X [y, ‘ Rl)(yeﬂ)]@gﬁ “’@ﬂ) O_. Vo1 ﬁg} Y- l)]< 'yB-j) i
| ["(oas Feallga)l | | Dop Tealp))
(5.26)

Combining Egs. (5.26) and (5.24) with Eq. (5.5), we then get the

nonplanar N-loop amplitude (Fig. 10a)

FNL(N)
-2(k_)-1

f I l [ | ' i e
ac@®) Yy (0B)ed *D) -

| S+1 o | '
] [1 - Xyl f /H/ SACAILSICA

: {R i=0
X 2 Lp Lham,e)]

| dxc%) dx(g? (v, - Vb)% -y )y, - v,)
(%)E(i*i) (l) (2)]2 .
(ap)e(X *Hf) o' " Yop

R (¥ )]<(l)— B,_DO‘ "

ﬁya 1 Rﬁa(y@ﬂ)]( ) 13+1) Yar1 FpatVe-1

1 1
[ éﬁ)-RBawBﬂ)J g R (¥, )]
Equation (5.27) contirued
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‘Equation (5.27) continued:

5 _'  $'+1 R g

[i;é(f,i*,f*-l,i-l)] -

oA

i,3=0 (ae), . ,(m)e(:(*oz’) n=0.
[1,3%-(;( i*)l - [143,n-0]

: :_ ’ t(n) . '%ki'kj .
X o - ®I5)

S : ki.k‘r

S.+l /T\,.]/ /’\“;’/ y;- -[R? ](n) @(2)) v

. X S : ( } ,(07\)’ I o Y [Ri]g))\g( T) ?é(
w-w £ (rs)e(a(’*;() | ) (en)#(re)

- e
7§ z]%;\:“ ' l s n=0
(on), (

e'a?*:ID

i 2 n (2 “r
X {éﬁ) [Ri]én&. m< (l)) ( ) - Ir ]éa m( ))

{2) ++(n) (1 (1) +1(n) CN ?
L A O‘"x"( (oa s
. i c 74 ‘rg
~(5.27)
where - ) _
: : (2) _ L)y () (2), \ S
R (2) = 2% = a@ s i Xg_@)  (o8)el <L)
564 . T - X ) + x(g) x (17 ? T g

o8 _ 0‘5 | ) "(5'.28)
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! , (1 - X{ﬁ})"“; | '_ (5-29)

9,16

and

]

(det[A])-%

(R}
[ﬁ} contains all progective group elements generated by 3&1
(oB)e (gf*:ﬁ), i.e., it contains terms like R&a ;? oo,

n,m = 0,1,2,%¢+,00 {—} is the multiplier of (R}. The symbol
t-(n) . * + . 1,
[R ]BG,ST is dencted for RBG RK0 RSY’ with totalvﬁumber of R™'s
equal to n. The ordering of the variables will be mentioned after

the following interpretations.

: We'interpret9’17 various factors in Egq. (5.27):

(a) The divergent determinant factor

/T~T11.- x{ﬁ}]'u | |

R}
corresponds to all "closed lines" going around the loops. The'linés
are not distinguished by their overall directions or by the points at
which they begin. |
(b) The factors raised to the power ao—l connect successively

the adaacent pairs of ‘external legs, 1nclud1ngthe pairs across the
sewed'pbsitions. These factors, together with
- V) vy - ¥ Iy, - v,) G, - vy) e x
(i) (2)]2 (143) i
*op *op
(op)e (sf*a")

are invariant under projective transformation.

(v

(¢c) The factor - [Rt]ég)ST(y ¥y 3k k' corresponds to all

lines connecting the external leg s with the external leg yj
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and whlch go round the N loéps a total number of n .times_(in eifher
direction). The restrlctlon that Ei # 'Ef' in the product R¢ %i?,
or %-lei , impliesv that .a,‘ l'ing does vnot_ go succeséively round)\the
same loop in opposite directions. The n =0 cdmponent describes the
line connecting the éxterﬁal legév v with yj without surrounding

any of the N ldops.,

(d) The factor _
' -k, *k

‘yi § [Rt]ég,)m@% T
s OO R A NN |
ponore) | (A1)

corresponds. to' all lines connecting the external leg v with the
"center" points xgé), x(g)_ of the -(Y8) loop and which go round the
other loops a total number of n times. The final loop surrounded

must not be. the (v5) loop.

(e) The last factor in Eq. (5.27)

-%kOC.kY
D) A @) [Rf]oa) m( (2)
%55)'[Ri]é?&',xo(%76 (l) [Ri]gna AU(j(2

(a8)4(a's")
(on)=(v®)

cbrresbonds‘to the lines‘COﬁnecting thé (oB) léop Wifh the .(YS)
loop, and gding arouﬁd‘the loops é total ﬁumber of 1 times. The
first loop‘surrouﬁded must not be:the- (a8) 1loop, ‘and the last must
not be the .(v¥d) loop. The n =0 :component describes the iines
directly»coﬂnecting the (op) loop with the (v®) loop without going

around any of the other N-2 loops.
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EQuation (5.27) is very. useful in obtainiﬁg»the overlapping
.and the nonorientabie multiloop ampiitudes,-and also makes it eésier
to discuss the.planar multiloops; we will show fhis in the next
subsection. | |
Howefer,‘the’ofdering of the wvariables in Eq. (5.27) is not.
trénsparentt Recail we startgd from the multiply factorized-tree .
ordering -
| vy __yj,  for J <i. o (5.30)
After sew1ng, we get two new 1dent1tles, Eq. (5.15),

RLy) = Vaur  Rielg) = Y  (5.5)
which, together with the identities Eqé}'(D}Qc-g) in Appendix D enable
us to obtaln the orderlng of the set of varlables {yi, i # (&f,;:*);

éé), x(g), (ap)e(Z. *£)}. We phrase the ordering as following:l8
one slmply replaces, from the original multiply factorized tree ordering;

Eq. (5 30), all Koba-Nlelsen variables associated with excited legs

Yo Vg (aB) (3{'*5{), by the corresponding 1nvar1ant points, i.e.,

(5.31)
v, = ks (@)@ P
We thus oEtain an orderiﬁg diagram Fig. 10b, which is associated with
the nonplanar N-loop amplitude Eq. (5.27).
But, this ordering diagram, Fig. 10b, is incomplete in
describing the range of integfation (we need two more invariant points),

and also suffers the shortcoming that not all external legs are treated
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on equal footing. Consequently, the integrand of Eq. (5.27) is slightly

unsymmetrical with respect to ali external legs. For instance, the .

external legs trapped betﬁeen xé;) and xég), (aB)e(X *L), always

remain trapped, but, by projective invariance or duality of Eq. (5.27),
those'éxternal'legs located between the invariant points of different
but adjacent‘ioops, e.g., cy in Fig. 10b, are free

y5+l? g+2’ " Y—l

to move past invariant points, i.e., the ordering

1) L (2) . .18
yB+l <_xéB) < e <,xéB) 1mplies the ordering,

1) .‘ 2)
o < <) < Roo (g )-

(5.32)
in order to gét tﬁe N-loop forﬁuia inia‘manifestly Symmétrical
fgrm with'reépect to all external legs, and to discués the range. of
integratibﬁ'in a tranéparently symmetrical way, we move, [due to the
pfojective’in?afianée of the integrand in Eq,.(5,27)], all those external
légs, loéatéd befween the iﬁvériant pointé of different bﬁt adjacént

loops, awa& from the region occupied by the invariant points. A'éimple

renumbering yields the new ordering diagram shown in Fig. 10c

Uy = tys+i E‘xg\) <Vg = i Vo1 S.ya_ = xc(zi) < <""yB‘
E'xéé) < yB;l :v..j < ya;l < xu‘E xég) < x&fl < ya_2 s
< S yl‘<~yb‘<~ys+1]. | (5.33%a)
Since the aétion of-vRé; flips legs across the (aB)-loop's invariant
pointsv[Eq. (5.32)], the agﬁion of R = R;i-~-Réé, with total number

of R's equal to N, is to flip legs across all N loops, until we
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regain the original ordering. Hence.if we move the external legs

Yor 't Voq (in Fig. 10c) infinite number of times‘past the N pairs

of invariant points, due to the important inequality Eq. (5.32) and
Egs. (D.2c¢c-g), we will asymptotically approach the two invariant points

. -1
80 Rm) . It

has been showh18 that the invariant points x(l), x(z) lie outside the
- x(l.),

x(l), x(g) of the product'pfojeCtive operator ﬁ = (R

region occupied by the N ,pairs of invariant points, and hence

from the N pair

x(g) divide the external legs variables YO""ya-l

invariant points of the individual R's. It can be shownl8 that the

region occupied by the variables Yor 'Y, and the régions occupied

a-1
y#n . e e s 3
by (Rsa-fiRXU) (yi), i= O,l,-f-,a-l are.d1s301nt (n # 0). As
n —»«, we merely approach the two invariant points x(l), x(g).
Therefore, we can subtract the periodicities due to these disjoint
regions by integrating over only one of them, i.e., integrate one of
the variables ¥,,:: ¥, ;, from Yo-1 to R(yd-l) for instance, where
xx-l lies between x(l) and 'x(g). Exactly similar arguments should

be applied to all those external legs trapped between each individual

pair of invariant points, i.e.,

23 <y S S Vg < Byl ) < x D), for (o) € (R

Consequently, in summary, the ranges of integration corresponding to

the ordering diagram Fig. 10c, is

- () = (1) ;
U, = [x < Yos1 = %o Vg S S Ve \‘Rxo(ys) < Vg

_ (@) W
=XO'}\ < e oo <y __.XaB (y

B 8-1 S Tt S Ve < Rag(Vpg) <y

xég) <=1 < Vgl S 000 SV 2Vg < ﬁ(ya_l) < X(g).]f(‘i'BBb).
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.(The range’bf intégratioh 'Ui is always determlned 1mp11c1tly by U, )

Notlce the complete symmetry between RBa and
R = (Rﬁa--- XU) ‘, meanlng that the distinction between outer and inner
quark loops disappears. To reflect thefsymmetry, the factors raised tb.
the power ao-l in Eq. (5,27) are formed to change to9"
a - | a,-1
S S+ . _ - ( ) 0
/ﬂ/ )0 il 16
' 1714 (1 )_ )
- 1=0 : . [x R(?a—l)]
[1%(;( :i*:i'lyi*,'l)]v
- - N R
| l (Y1 = Raal¥1) vy - ¥5.4)
I B ' ; “ly. - R (y )] B
b . -1
(oB)e@*D) | B PR
) ) 1(a ]_) . : ’
) o 2 0 ) -
Co : ' X N . 1
X I Kop % | | (5.34)
. (0B) e(E *&L) |

If we repidce the expressions (5;3h) and (5.%3b) intb Eq. (5.27), we

- then get tﬁe;cbmpletely symmetrical nonplanar N—loop formula gorrespond-

ing to the ordering diagram Fig. lOé:: |
FNL(N) |

l _=e(k,)-1 5
. <

Ote(gf*) (055) (f*ée)

/T‘T/ ¥) (¥, - ¥ )y, - ¥,)
)(‘/[. ;i[-li__j%/ : : 2a

U, (¥, - ¥g)

w(a b c)J (o) & *&)

Equation (5.35) continued
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Equation'(5.35) cdntinued

/g\/r S+l » -m.._,.w__r/r 00
(1 - X{R}) ) E E ' /rr

i,3=0 (%ﬁ, (ﬂﬂdi*ﬁ) n=0
{uéa,s; (n=0,1i43)

o

3£,

[Ri](n) ( ) -?k kJ
X ga, 73
' (1) ag-1

, qsiﬂr . (y_y )do-l [yg-R(vg )1 7=y, ;)
% R P s xRy, )]
[i;é(sf’,:ﬁ*,;f-l,i*-l)l |

. -1
X /] Yo ja(y@ 1)]<y 5 Vp-1)
- ly,-R (y 17!
(a8)e &*i’) pope
g %(ao_l) : }
_ Xom ¥R | (5.35)
(aB)e@L %) -
where ﬁ:I(RBa--—Rxc)f%. | |
Note that in Eq{'(5.35),vwe have defined [dué to Eq. (5.32)]
Yy, E;_%éé) = Ro(z), 2 £y | (5.362)
vy = oxe) = R, 2, by, (@) )3 (5.360)
and
0 < Xy, < L. - (5.36¢)

( Though the amplitude corresponding to the ordering diagram Fig. 10c

has the advantage of being symmetric in all quark loops, the actual
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calculation is much easier. from thé'N—factorized tree‘in‘the configura-
tion given oy Fig. 10b, or Fig. 9.) |
- B. Overlapping Multiloop Formula

 Ih thié subsoction we give a verylsimpie derivation of the
overloppioé muitiloop.forﬁula from.the nonplanar multiloop formulas
obtained in the previous subsection A. |

.If wo interchange the labeling of the excited B leg with the
excited T leg in Fig. 9, we obtaio Fig. 11. By sewing the op pair
and the 71,8 pair, we then obtain thevovorlapping multiloop‘diaéram.
However, tho>formulas of multiply factorized frees:only depend on
various cross-ratios ossociated with the excited legs, which in turn
only depend on tho posifions of the dots attached to the excited legs.
A comparison of Fig; 9 with Fig. 11 shows clearly that the two‘oonfig—
urationsoFig. 9 and Fig. 11 have idéntioal expressions for the multiply
factorized tree integrands, except for the ofdering of the Koba-Niolson
variableé. - It follows that sewing the configuration in Fig. 11 gives
a multiloop integrand identical to the configuration in Fig. 9. We
therefore conclude that the overlapping multiloog integrand is identical‘
to the nonplanar multiloop integrand of Eq. (5.27); but the ordéring of
¥y and xé%), xéé) are'differént, os already shown in Fig. 11 and
Fig. 9 (tho overlapping loops have overlapped iovariaht points.)

.~ Then, by the projectively invariant nature of the overlapping
multiloop‘integrand [Eq. (5.27)}, we can move those legs "inside" all
loops to the "outside," and so obtaio, after renumbering, the ordering

diagram for overlapping multiloops shown in Fig. 12. Because any
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multioverlapping multiloops can slways be reduced to pairwise overlapping
loops, due to the projective invariance of our multiloop integrand, it
is sufficient in Fig.vl2’only to consider one pair of overlapping loops .

R and R Corresponding to the overlapping loop ordering diagram

1 2°

Fig. 12, the range 6f integration is

- x(®) = (1) = 1) = ()
Up = [/ <ygy =% <yg =X <vgy =% <V
= (2) . (1) _ . , o < (2)
= xy < x < yS-B < Y5-o <2y < R(yS‘B) x\</],
_ - (5.37)
where § 5,3 —lR R-R -l; and x(l), x(g) are the two invariant poiﬁts

2 1271
of R&; Xil), xig) and xél), xég) are the two invariant points of

, respectively. Notice that the product projective operator

-1 -1, s - .
R2 .RlRERl. is the correct projective operator to bring, say, ys_5

across the invariant points [xiz), xég), xl(l), xél)] to the side
‘adjacent. to Yo- This fact also naturally determines the factors raised

to the powef'.a -1 which connect the successively adjacent pair of

0
external legs, it is then giveﬁ by

o -1

s-b A (1) 0 1
/T‘}‘ o1 Jlyg-R(yg_5) =" -y5 ] o, 2. 3(0p1)
i=0 s-3 .

(5.38)
If we replace the last brace in Eq. (5.35) by the expression
.(5.38)5 Eq. (5.33b) by Eq. (5.37), and take the case N = 2 together
with an obvious modification of the indices in Eq. (5.3%5), then we get
the complétely symmetrical overlapping double-loop formula corresbonding

to the overlapping ordering diagram in Fig.. 12.
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C. Nonbrientable Multiloop Formele

Tﬁe.henorientable'lqop-diagram caﬁ‘be constructed from the
muitiply faeterized tree diagram by sewiﬁg'a pair of excited legs with
dots on eppesite sides. éut'two mulfiply-factbrized tree amplitudes
with dots on opp081te sides of one exc1ted leg, say %Ii leg, are
related to each other by the twist operator, or equ1xalently, by 1nter—
changing, say ¥§f+l with v:r l; everywhere in the tree amplltude
It is then clear that the nonorientable multiloop 1ntegrand can be
obtalned from the nonplanar multlloop 1ntegrand in Eq (b 27), by
simply 1nterchang1ng ¥1f+l and ¥;: -1 everywhere in 1t | Undervthis-
1nterchangement, however, the external legs previously trapped between
the two inveriant points xé<), xé%? in‘the nonplanar cese are no
longer COnfined between them. The factors‘raised to the pqwer 'ao-l
then contain_factorsvwhichuconnect variables. associated wifh lines
inside and eutSide the loop. 'Sinee we’have’the'freedom to move out
the externei.legs_lying'befveen x;( xég) .intc the cemplementary

region, we must assign a negative multiplier -é‘Z:'tovthe nonorientable

.loop %;1.” After moving out ‘all externai legs away from the invariant
points ahd rehumbering_them, we obtain the nonorientable ordering
diagram shown‘in Fig. 13. (Again we only consider the nonorientaﬁle
double-leop case;) _The range of integration corresponding to the

nonorientable ordering diagram Fig. 13, is

= (2) G2 - (l) ‘= (2) = (l)
Up = [",_ SVYgp T¥p T SV EXy U SVg X SVgo

@ @ o Aoy (2)
=X X7 S Vg3 S¥5., 2 SV SRlygg) < x77,

(5.39)
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where R = Ré'-gRl-2 is the correct projective operator taking Vg-5

across the nonorientable loops Rl’ R?- to the side adjacent to yo

Thus the factors ralsed to ‘the power ao-l, is

S-l ) (1) | ]
Wy ¥y ) o7t (0" R(ys 3)( ysi) % %f(% Y

(5.40) -
where

z[x(g) ( ) X, 1 - gl) x§2)(1 + Xi)

RE = ,
vl(Z) | ‘ z(1 + Xi) - x§2) X, - x§l) _

i=12, (5.4)

and X > O. _

Hence, if we replace the last brace in Eq (5. 55) by the
expression (5.40), Eq. (5.33b)_by Eq. (5.39), let all Xéi: become -%;i;
and take the case N = 2 together with an obvious modification of the
indices in Eq. (5.35), we have the completely symmetrical nonorientable
double-loép'formula corresppnding to the orderingbdiagram Fig. 13.

D. -Pianar Multiloop Formula

The planar multiloop formula is a particular case of nonplanar
maltiloop. formula, if we let all externai legs inside loops disappear,
i.e., if we set all Koba-Nielsen variables inside the loops vanish.
The planar multiloop ofdering diagram is shown in Fig. 14, which of
v course is a particular cése of Fig. 10c. On examining Fig. 14, it is

friviai to write down the range of integration
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L (2) WL Lo

U, = [x '<%ﬂ'ﬁ <% SN ST S Vseews
= 1) Cex® )y
=" <%mm ¥ SE TS ¥glogg ST SV 29
. A- ‘2 .
< R(yg_pys1) < x )], (5.42)

‘ A— - V-l L Y _l | ey .
vhere R = RN lRN—l Rl ‘ .andvthg»factgrs raised to the power ao-l.

v ' -1
S-2N | A By o )T
oyl | [yy-R(vg. 2N+l)3(x Vs-on)|

(¥;-9341) 17T O

10 'R(ys 2N+l)]

3o o
X [ X xg} . (5.43)
- (o8)e (a?*aﬁ) Y
Agaln, replacing the last brace in Eq. (5 55) by the expression-
(5.43), Eq. (5. 53b) by Eq. (5 42), and the factors ’q\rzl‘— )
9 19 4‘1/(1 - X 4), then we get ‘the t 1 1‘;1fi
gf 3 ge e symmetrical planar N- loop
formula (with an obv1ous modification in the indices).’
E. General Rules for Writing Down Any
Arbitrarily Mixed Multiloop Formula
In this subsection we give a set of rules for writing down any
arbitrarily mixed20 mul£iloop amplitudes by simply examining the corre-
sponding‘ﬁixed multiloop Féynmanjlike diagrdms (they are essentially
equivalent to the corresponding‘brdering diagfams).
Rule 1 | |
Given ény mixedbmultiloop,Feynman diagram, we appeal to duality
and arfange the diagraﬁ sﬁch that

(a) mo loop is allowed to be within another loop,
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(b) ﬂo external-legs'are allowed to be wiﬁhin_qverlapping loops
and nonofientable loops, | |

(c) all external legs not cpnfined’within'nonplanar loops are
bunched together,

(d) no more thaﬁ two loops ever overlap.
I% is because the range of integration is only transparent in this
ﬁarticular configuration, and the Féynman diagram SimultaneouSly repref‘
sents the ordering diagram, the we maké these arrangements (a)-(d).
(It is certainly not necessary fo do so.)
Rule 2

We aésign to each external scalar leé one Koba-Nieléen'variable
V.s 1 % 1,<+°,5, and one incoming four-momentum ki; to each loop
one loop momentum k., and three parameters xé%), %és), Xéf' which
define a projective operator RS((Ré%) corresponding to surrounding
the loop in a clockwise (counter-clockwise) direction. We adopt the
conventién that 0 < %;fv< 1 for planar, nonplanar and overlapping
loops, and %;i is negative for nonorientable loops. |
Rule 3 | |
We integrate ovef all ldop monenta, %;?, all multipliers %;E’

all invariant points x(l), xéé) and all external leg variables Yy

i=1,-++,8; i.e., we perform the integrations

0o [ o e

(Z) u (&)

1£a b. c)

X E E dx(l) dx(g)(y - ) ¥y - yc)tyc - ya‘), (5-“*5
. (;() _
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where yé, yé, yé -are ecy.fhreehfiked variebleeateken out from the set
of jariables [yi?' i ; 1,-++,8; %é%) fé?) all ;f] The ordering
diagrah, ﬁhich determines ﬁg in the expression (5.4k4), is similar
to the rearranged multiloop Feynman diagram, provided we assign Jf
éi) to the p01nts formlng the loop %2: with the main tree, and x(l),
(?) to the points separating the "outside" external legs.from the
region Qccupled by the loops, as shown 1n-F1g, 15 for example, (Ul is
implicitly determined from U, ) | B
Rule h,'. -
~ The mixed multiloop inteérand consisté of

(a). the linear dependence factors (see Rule 5),

(b) the factors ralsed to the power ao-l which connect the |
successively adjacent pairsvof external legs, and their forms depend
on the ordering diagrams (see Rule 6),

(¢) the divergent determinantal factors correspondicg to the closed
curves-shrfounding.the loops, see Rule 7, and | |

(a) 'ﬁhe momentum-dependent factors correéponding to open curves
surrounding the loops (see Rule 8).

Rile o .

The linear dependence factors are: for each planar loop Jii
a factor (1 - %;f)’ for each nonplaner or overlapping loop, a factor
-(l - X;f) 3 and for each nonorientable 1oop 215 a factor (1 + lf;zl)
Rule 6 ' ' v

The adjacent pair of external legs Vi and y. %l contributes

a.-1

a factcrvi(y. -v...) O ' . Each pair of external legs, for example,

i+l
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the yé a and the y legs in Fig. 15 that are adJacent to xél) and
xg ), contrlbutes a factor '

o o yas-l

S L) ‘
. [x5 - RB(ym)J

Similar factors correspond to the pair adjacent to the invariant points
x(l)5 x(2) of the product projective operator ﬁ; The product projec- -
tive operatdr R is 6btained by examining how one leg bf the adjacént
pair moves past all ldops. When it passes (in counterclockwise
direction) a planar or a nonplanar loop ;f, it acquire a factor %i%;
when it pasées an overlapping pair of loops in the sequence-;f ,;?',
. ‘ . -1 -1 . .
then it acquires a factor , R, R ,,R,: and when it passes (in
| Wy N
counterclockwise direction) a nonorientable loop ;ﬁ, it acquires a
factor %i?. For example, the prodﬁct projective operator ﬁ in Fig.
PN S -1 -1 -1 -1 -1, . '
15 is R = R7 R6 lR5R6R5 th lR3 lRE lRl . There also occur extra
projectively invariant factors which come from the Jacobian transforma-
tion? from the sewing configuration (e.g., Fig. 10b) to the symmetrical
configuration (e.g., Fig. 10c). They are, for each planar or nonplanar
2(a0-l) . o
loop Jﬁ-, a factor Xf - s for each nonorientable or overlapping
o -1
loop ;f’ a factor ng , and for (each) product proaectlve operator

2(a -1)
R a factor (XR) . Hence, for the example corresponding to

| 3o, l)
Fig. 15, the factors are X3th 2X62X72XR

Rule 7

The divergent factors, corresponding to the set of closed

curves surrounding the loops, are



' o ' © =55 ; : |
®) P | o
'where'.Xtﬁ} ~are the multipliers of_the projective group elements
generated by g (for all.'étj.'such thet cyélic permutations and

inverse of cycllc permutations of the elements are omitted.

Rule,8.

:Theemomentumsdependent fectors, corresponding tevthe set of
open cur&es surreunding'the loqps, i.e., the curves connecting the
externai leg ¥ .to the external leg yJ.; the curves connecting the
externvav,l..leglbyi te the'"centere" x(l) ég) of the loops 5{'S§»
and the curves coﬁﬁecting the "eenter" l xé?) of the loop 3 to

the "center" &fpl,), x(2) of the lo;opé. The factors are.

-3 | |
. - 1k, -k,
/r-._ 0/—]/ {yi-[Ri]é;l,)i, (vy)1 = ¢

i,je all externals ?i;---,gf’e(jz) n=0

i€ all externals

i [R*Js?’;w‘e’ R
Ri](n) ( " _ o
a< s( &AL

yi-[

Equation (5:46) continued
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| | -3k, K,
1 z813) (;(2?,. HOR Jég) e fj?,. K

O[5 ](n7 {o\((?')" (2)_[31:];(;')’ (f')

L&
" I"'

| (5.46)
_where [Ri-]é(f?) , = Iéi(_ «+«R% |, with total number of RS( " equal to
LR T e e £
n, and it is implied that F # £’ in the product R Rp. or lR .
| & ES=4
: We end thls sectlon by 1llustrat1ng the rules 1-8 in a general
example_cons1st1ng of two planar loops Rl and R2, two nonplanar
loops’ R3- and. R&, one pair of overlapping loops R5 and R6, and
one nonorientable loop R7, as shown in Fig. 15. We then write down

the answer

FML(7) :

i
- x[% T /dex‘”

1£a b sC)
_ . -l
(v, - vp) oy =¥ ), - v,) ‘ ’ (1 - x5
(®)

Equation (5.47) continued
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X -x)a- x2>'<14-*_x‘3>?<1,- %)% - )20 - %)%+ [x])?

- S 1/, ,, Ry (7)1 ‘1)-y> ot
‘ (y y+1) O' £+1 :
AL et [xg)%(ymn

1=
(144,m,8)

2(oc -1)

X {xl 5 5xux5 X6 . XR}

¥ a.-1 a -1
x{[ymﬂ'%(ys)](xh -¥g) ° {[yl-R(yz)](x(l)-yz) 9

[y Ry ()] - VR [
3k, -k,
’/T//l\T /D/ y; - [&° 11(0) aﬁ’(y P
‘ ,J—l :' =0 _

"")7 (n=0, 1#3)

' . -k, -k ’
B . 1 5{7”
e | ks ]s(f) <:3
-_.-:z%g';ae" [l GG

i F L Tr _

n=0 _
€l,2,

& ey :,t";é;t"w

_% R,
x{) [R*](“ (x «-1219) LG )1 A

mévN [Ri](n FAOR ) [Rf](n) i -
&4 £ (i L <0 (5.47)

with



= [x(g) < X'gl) < X,_(zg) ( xél) < xél) < Xég) < xég) < xlsl).(

| - <y ) < x(®
S¥g S¥gy S0t SV < Rg) <7 <

(1)
)% .

y e ee eme ) < 5B ) (2)
éiym < Ym_l < < y2+l <’R5(ym) < x5 | < xg , <‘x2 <

< X§l) < x{e) < x(l) < YZ S.yé-i <ty < ﬁ(yé) < x(g)].
' - (5.48)
The formula, Eq. (5.47), isvmaﬁifestly projectively invariant,
hence, ény formulas related by Quality to the feynmaﬁ diagram of Fig.
15, can'aiéb be directly written down. In fact, the only modifications
are the ranges of integratiéns and the factors raised to the power

Go—l.
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VI;I'MULTiFACTORiZATICNS ON TﬁE MULTILOOPS AND THE»'

| PURE REGGEON MﬁLTILOOP AMPLiTUDES

Théée two classes of amplitudes are the new resultsvof this
thesis..wbrk.21 Since their dérivations are very simiiar to Sec. V,
we will nét give the detailed calculatiéns but shall only oﬁfline
briefly how various new factors are obtained; Again, in‘thé end one
can intuitively interpref thesé new factors in a similar way to Sec. V.

| A. Loop Amplitudes ﬁith External Reggeons |

bﬁe.simplvaay'to bbtain.the multilpop ampiitudes with some.of
exterﬁal légs excited, is to sew; in Eq. (5.1), M pairs of excited
legs with M < N. We therefore.séparate out, in Eq. (5.1),‘those
' factors which eventually'toriespondntb multiloops.from-those which

represent the excited legs. Hence we write Eq. (5.1)-&5

(oN ‘ | . ‘ ( 5( ) ‘a(kt)
er (ol g
s+l o |
ol + 3 Y IRER )
i=0> ) t,t'e(T)

X el Y (M 3O+ ) (PIRB HO)1Y), (6.)
oe(L*) | - pe(X) | -

fte(T) : ' te(T)

where [L] is identical to the integrand of Eq. (5.1), except N is
replaced by M. ~The notation (T) indicates all unsewed excited legs.

We note that the last exponentvfactors in Egq. (6fl)vsimply contribute



-60_

extra terms of 2: P [Pt (')]Iat) to the |E_) of Eq. (5.8b),
' te(T) P : op

and extra terms of }: [A = )]Iat) to the |F_.) of Eq.
te(T) Yop % S »

(5.8¢c). Consequeﬁtly, all calciilations from Eq. (5.8) g0 thfough
exactly tQ Eg. (5.18); From Eq. (6.1), we calculate the integrand

. ‘ o0 : ) -
after sewing, i.e., I E“;L in’ and, using the fo;lowing symbolic

identities
SN a -1 -1
s B0 - OB g v, (@2
A o oo -l -1 -1 | |
P, BBa P () = «( )Pt , Rw Ps-, .(6.2b)
R B 7N - (e, ¥ (3,),  (6.0)

Bat tf3a

where vy is the Koba-Nielsen varigble, and Eqs. (6.2a) and (6.2b)
‘are understood to be sandwiched between (atl and '{as).' We find
again that two sets of an infinite number of cancellations occur

beautifully in the operator part; and result in

t'e(T) ;Zi"";(ﬁeczf)

() 51 )]a)

&
> S
th) >;1 Z,- ;( L, L i (L, L%)
&2

Equation (6.3) continued
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. '_[ﬁgﬁimm R |
D “e ‘2)::> g
(o2, | WA iy . > (6)
E ot
N '-kz*' |
“where [Iioopj is given'by Eq. (5.22), with N - M. Combining Eq.

(6.3) with the first brace in Eq. (6.1), and then combining it with
[L], we finally get the answer for the multiloop amplitude with T

excited reggeons, 'corresxibnding to the ordering diagram Fig. 10b

w00 - J(. )57y 0fE EE: > ::>

n=0 t t'e(T) all;E
(n=0,t4t) <)

X legnt1) L 2301

- o | | | «(2)
+ » | o i [ ](n) ;(»
tg%;) £§;~;;;::::>;f ‘a?“eer’) o ;{ Jf )

. ¥ iz S E (a® 2, (& ](;(I});(’(l )
(b5 L

- te(T) n=0 al1¥& 1;4(5(,;{*)
Xn-* >
i "%
_ : -oc(kt)|
,'(yt—l = yt)(yt = y-t.,.l)J ‘ ‘ ;

e(Z) (i£t, n—O)
Wy = Vi) '4J JR - (6.4)

X |
- te(T) L |
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where [F](5 o7) is given by Eq. (5.27), with M loops, and x( ;),
&
( ) are .the two 1nvar1ant points of the loop 'Rl’ It should b
pointed out that only the last factors raised to the power -oz(kt)

and the factors raised to the power dy-1 in {F}( are sensitive

o _ 5.27)
to the ordering of the external legs. ' Again, it is trivial to move all
legs awé.y_from the region occupied by-v'the invariant points, therevy
obtaining an amplitu_de corresponding to the ordering diagr_am' Fig. 10c.

For simplicity, we first assume that all external legs adjacent to> all

invariant points in Fig. 10c are not excited, then the amplitude is

. ' | - -a(<,)
(T) vy - | (Voop = ¥) Ty = vp )| ®
FNL .(M) = {F](5.55) ﬁ LR

te(T)

» : ® . v ! .“.
X {exp 5 Z 2 }__ (a,tht[R*J;\(/“)f Br()]at)

n=0 t,t'e(T) allZ

(n=0 t#t') _e(;f)

i > > J(a|p[31;16€<1>1k>

n=0." te(T) allg“( 1#({ £
X

(n=0,ift)
| | R - Y
T . ' Yy vy k "y
Z 5. > REERS LI | Rl (9
. ‘b-e(T) n=0 ( ‘f dﬁ\" | . X f :{){ . ) :f ".*
£ g s
(6.5)

where (F](“)‘ 55) is given by Eq. (5.35), with M loops, and i{ ,

zi* are 'the two inivrar.iantvpoints of the loop %



-63-

A simple interpretation of the last brace in Eq. (6.5) again
emerges |

(a) The first terms (in the exponent)
700 87"

IP [R Ny

descrlbes all llnes which connect the reggeon at ,Qith the feggeon
at" (ﬁot1ce t could be equal to t', for n # 0) and which eﬁcircle
the M loops a total number of n tlmes
(b) The second terms
(a®[p,[r*1(2) f« lk,)
descrlbe all llnes which connect the reggeon at with thé external
scalar.leg vy and wh1ch_enc1rcle_§he M loops a tétal number of n
timeé. . o | |
(¢) The last termé_'; _ |
‘ Y_pnx %
(a°[pytrt1 ) R I |
v |k ,
LITL (g

'k

describe ‘the lines éonnecting the reggeon at witﬁ the "center" of
the lopp 5("and whidh encircle the M loops a ‘total number of n
times. | |

(d) - The factors raised to the power -a(kt), derend on ﬁhe ordering
of the ?articles. They appear here because, for excited legs,
O‘+ % k 2»% 0. 1In the case that two éxcited‘legs are adjacent
to.the:two invariant’pdinﬁs; for iﬁstahce, if ¥y _and_‘yB;l are
.excited and adjacent to xéé), x( ) in Fig. 10c, then thevcbrresponding

a(kt)’s o

factor should be



-

o ‘ ) _a(k l) - . o ) -d(k - )
» -[Raa(ys-l)*ya+%](yd+1'§a+2) Mo (yB-E:XB-l)(YB-l_xéé) B-1
R v ) - ¥ | (v . - x\L)
BB 1 a+2 (YB-Z‘_ o " 1 (6.6)

Furthermore,lif thé two ddts associated with two excited legs "face"
each other,'then we need an asymmetrical propagator; similar to Eq.
(1.18). - R

It should be observed that all the new factors appearing in
Eq. (6.5), as compared with Eq. (5.35), are ihsensitive fo'the ordering
diégrams.  Consequently, tﬁe'planar; ovérlapping aﬁdinonorientable
'multiloop:diagrams Qith arbitrarf number of excited external legs can
again be discussed as in the previous'section. ’In short, they are

distinguished only by the expressions for {r} which have

(5.35)”
already beeh explained in Sec. V (A-E).

| B. The Pure Reggeoﬁ Multiloop Ampiiﬁudes

, © The way to obtain this class of amplitudes is simple. One.

simply puté all Koba-Nielsen variables, in Eq. (6.5), ‘associated with.
external‘scﬁlar legs vanish. In this limit, however, there are
extra factors similar to Eg. (6}6) aﬁpear for each loop, in addition
to the factdrs raised to the powef 41(kt). Hence; the pure T-reggeon

nonplanar multiloop amplitude corresponding to the ordering diagram

Fig. 10c is (Fig. 16)

//‘N-_M*~// ' _a(kt)
! ' ’ Yy V)Y ,)

P - | @) |
FNL (M) ‘ F ‘5.35) *te(T) Yyt_l - yt+l)

t# L *1, L -1)

Equation (6.7) continued



- Equation (6.7)i¢qn£inué&5uﬁf ij3;;'j

o _ k)
- T Bao gy )y NG Vo) | aL
Xae(om . ‘[Rﬁa(yﬁ— )-’ywi_;
e (L e
: : y-alk, )
. p-1
)( (yﬁe l)(:) (l)) -
(v (l))
B-2" "o
~ (k) ( -oz(k )
[R(y,, )yO](yO W7 e al)(y )y e
[R(y l) yl o | S : (yd-é‘"x(]'))
T N 1 | | /\—l
_v expl= E: ::>> [ :} |P [R ( )la
. - n=0 t,t'e(T) dil\ﬂ _ Of Sf
L G @)
-l S > LG IP r*12) S (@)l)
n=0 te(T) alldf 1#(¢( %)
| (L) (i) |
- 1 o A o ) yi" k—ﬂ” W
L (n) HIE
.‘ + te(ﬂ$ .;:::::::; :ﬁn ;;; (a iP [r- {;f ;P " . )
Awhére (F }(5 55). 1s‘the 1nteérand of Eq (5 5), but.with no external

scalar legs. Agaﬂn, the formg of the err6351oﬁ of" the whole 1ntpgrand
in Eq; (6.7) 1sA1ndependenu'ol dot p031t10ps. When two dots of
'adjécéhtvlegs faée éaéﬁ oth¢r5 an asymmetricélfpfbpagator'siqilar to
"Eq. (4.18) is.required.

N
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Equation (6.7) applies equally well to planar, overlapping,
and'nonorientable multiloops, provided we modify thé expression of
{F'}(5'55> according to previous Sec. V (A-E). [The factors
' "{+++} in Eq. (5.7) should be omitted, however. ] Again, one
ae(L*) o
pe(¥£)
can give a set of rules for writing dowh any mixed multiloop amplitudes

with any number of excited external legs. Since this is_fairiy obvious,

we will not elaborate here.



-67-

VII. CONCLUSTONS
In this thesis we have presented_éxseries of béaﬁtiful, éiegaﬁt,
and Vsimbiéﬁ formulas of_genérai tree émplitudes and general multiloop
amplitudes'iﬁ therdqal resonancé ﬁodei.. Vérious rules ha&e been given
‘fof writingldown direéfiy thé formulas.corresponding to the Feynman-like
tree or lpéﬁadiagrams. -interpretations.of the fdrmulas also emerge in
very si;éle ways. And.the eésential point of tﬁis épproach is that the
formulas,afé'mathematically uqique and exact.
_The remaining problems are:
(a) elimination of the divergent determinant féctors;
(5) 'exﬁlicit épmmation of subsets of multiloop diagrams to see if
it is indeed unitarized,
(¢) ‘incorporation of internal symmetrieé beyong the Born terms
(after'ghésts are eliminated).

None of thése problems have been solved, however.
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 APPENDIX A. USEFUL IDENTITIES

then we have the following set of identities

T
M+Mr

MM

.M+xM_

.
M, (1 - x)M_

The identities‘in#olving the twist_opérator'areb

(am_
M_T|a)

(k|a)

(k|x|a)

o

Il

.

M,

+
M_,”j
MO,
1l 1
1-x M, 1T 1/x’
. 1 v
(l '_X) M-l _.lx;

M (?l - £)M Tx.

(2],
%),

-(kl;),'

~[D) + Q- 0[E)

(1,H™ a T;T,

: exp(aT]M_‘a) :;

(A.1).

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

(A.llj

(a.12)

(A.13)
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0, (1)

_ exp(aT]k) : exp(aT|M_ - i[a) B, - (A.1k)

it

QaT(-§) : exp(aflM;T - I)|a) : exp(alk). . “ | (A.15)
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APPENDIX B. RULES FOR WRITING DOWN MULTTPLY
| fACTORIZED'TREE f‘ORMULA8
Rule 1
Wéfassign.to.each'leg (Scalar or excited lev).oné Koba-Nielsen

variable Y ; i =’1,2;---;s, and an 1ncom1ng four -momentum k
Correspondlng to each ex01téd leg, we assign one destruction. (creation)
operator au}n (a ", n), where u is space-time 1ndlces, U :.1,2,5,L,
n is the excited harmonic oscillator mode in question, n = 1,2,+¢.,0,
and the'supgrscript e coincides with fhe labeling of the Koba-Nielsen:
variables, d < S. | |
Rule 2

‘ $h¢ scalar parﬁ of the multiply factorized tree is the
'ordinary Koba-Nielsen repfeséntation15.of the S-point dual amﬁlitude,
i.e., Eqé. (4.1) and (4.2). We dencte 1t .byv fgdy.l{Ys]..
Rule 3 | | |

 The opérator part of the multiply factoriZe@ tree consists of

the scalar products aarki‘ and aa‘aﬁ. It is
o s -
Olesad " 3 |P “lPaPB,‘l_<'>|aB>>A|ws>
Py i1 a+1 » a B<S -
o5 (i) (64) )
- . (B.1)

where the cross ratio Pa(i)[PB(i)] is defined on the a(B) excited
leg, suCh‘that the first variable in the cross ratio is ¥y (yB), the
second variable is the variable behind the dot attached to the a (B)

leg, the third variable is the variable in front of the dot attached to
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the o (B) leg, and the fourth variable is yi,-'The-thation Pa[a t 1]
here means that if the second variable in the cross ratio is Yol

(yd-l)’ then the fourth varlgble is also vy, (ya-l)‘ i.e.,

Pd[a + 1] = O for all cases. We include it to ensure conservation of
momentum in |). The notation P, $ "1 has been explained in Egs.

B
(3.10-14), 1If PB(x)_E P(B,p-1,B+1,x), then

N 'S -y, R _ »
B =y, - — B, a2
1 - x(..é.__.ﬂ_‘i.> |
. Jp-1 ~ y5+-1 _
and if PB é.P(B,3+l,B-l,x) then
P Y Y
Fa RONE Vg1 ~ ‘ﬁ+§ = S U - (B3)
‘ 1 -'x<:—+é————§:2;;)
Vg1 ~ Yp-1
Rule L | |

" When two excited legs are adjaéent and thevtﬁo dots'attached“to
them féce each other, e.g., Fig. 5, then we need an asymmretrical’
propagator,.e.g., Eq. (4.18) with weq = PS+1(S -1). In all other

cases no modification of the'ordinary propagation is required.
Rule 5
The two amplitudes with the dot on thevbpposite sides of one

excited leg, say the y_ leg, are related to each other by the twist

(04
operator Q+(-ka,aa), or equivalently, by the interchange of Yol
with Yy-1 everywhere in Eq. (B.l1). The only additional complication

to this rule is the case stated in Rule 4, where we need an asymmetrical

pPropagatey,
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' APPEND]’X) C' INFINITE NUMBER OF CANCELLATIONS ON y
We - show how the 1nf1n1te number of cancellations 1nvolv1ng
yot ‘beautifully occur, and enable us to pass' from Eq (5.20) to Eq.
(5.22) We flrst con51der the factors ralsed to the power -ki'k‘r in .
~ Eq. (5.20). They are

7 (e£) =. Yi [Ri]ég+ic)1( al o RS [Rﬁég)m(ys)v
N S T |v-r *J(n) R
pa,»s (on)A(re) 1 2For(Ve) [(v8)#(on)+]
[Ri]f(sg))m sr(yr)] ' o l(.c 1
X [R ](n) ( : A
kit [(18)4(0.) -]

Using the restriction that ;{ $L 71 in the product o R;Q;-, or

o

R‘i ;ﬁ',,"we can write Eq. (C.1) as follows i

;(eé) s [Ri]é§+ig( v) v -[R*lég)xa(yg) 3,1 &

2 ly)
vy Ry IR

(v,)

o : )xc z o
T (n-1 N
(yY) yi-[R.] e Rxo(yx)‘

v, -l )

y, -5 ) R ()

For 'vn‘= 0, we have, f;c‘bm Ea. (5.19),

(e£) _ v..._.._é_____.y"—Ri bry) iRy y) AR
vy RE (v 5) yi—R;(ys) i 7Yy

P (m)#(aa)

t ‘ »v '. . ’ ) . ) . '
) yi-RBa(YT) R R5 (vg) AR . o (e.3)
v’ (v.)  v.-RIM(r) iy . |
i pats i ‘ST“Y_




=Tk

Take the infinite product over .n, we get, from Egs. (C.2) and (C.3),

((e8) | /rrl(ez) I RS TS
. n=0 '

{y [R*J}%Hiz,( ) yif[Rt](N)Rxc;(yx)'

lim ’
X gl g ](N+1)(y6) ¥, - Wy )

B, AO , o o
v L e, )} -
1 Y1 Y5 lim {1 — Poe [(o)#£(¥8),-] N (c.1)
| N— o { [R “o

iy (N+1) ,
' ]Ba M’(yg}[(ox)% 18),+]

Aga_iri, using the restriction that rd £ in the product R Ra%,,

we can write the two limiting factors in Eq. (C.4) as ~

-[R*](N+l) - :{ -(r¥ ](N+l) )}
{yi B‘”“( )ﬁaxm-l | apolir ()4(r8)

| + (N) : f (N+l) V |
- {y[R o Tort? )}m#(m [rer (y)} -
and ) ' :
-r¥ (L) ¢ >} - [t ) ) |
{yl BoAT 8 1y 4 (v5); 4] T a1 )
v (v -(rE1E g7l { -(N+1) (o, )] (c.6)
X %’1 I A (02)4(75) \,y Y j | |

’ 2 . o .
But, it can be provecf that, if N - o, the expression

[R™ Jégzw( )
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is independent of z. -HenCe, Eqs._(C;ﬁ) and (C.6) are equal to

".-[R*J"” (<2)> -, .
:ﬂ/{yl RIS (o) (1) | en

and

n=0

- gm) LaN) - R
-[®¥] . : .8
/‘\f{ B0, A0 }(cx);é(m) T (c | )

respectiVely; where

Rey(z) - X%)}' o x(g)
Bg?(zé) = x§§); 2 4 x(l)

are the two inVériant points of R Substituting (C;?)vand_(C.B)

5Y”*
in Eq. (C;h);vwe get

B L
T SRS [R*1<n> ) @9
n= BT (o) (vs) |

Similariy, those factors in.Eq. (5. 20) which are raised to the power

-k kY’ can be shown to be equal to

I_(u) B T/(M) ___/H/

W) @), ((1)) )t ]én&, X0<<e>)1

A < 28 S, )
2 €D l) £( (2
[R® ]Bna, XO()@) X5, ,[R ]Bna,’xc@m J ocfs);é(oc " ) ,
(on)£(rs) .
Equatlon (C lO) contlnued
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 Equation (C.10) continued

)( /r\ ] {(ya-yg)(y@-yr)]

| | G50 7J
L (B), (re)e( LB ey

-1 -1 . ; : .
Ba(ya)fRBa(,yB)_ .Rﬁa(ya)'RBa(ys)J . (c.10)

R
| ~ | 1,
(o) el f ) [ Yo Re(g) Y3 Ron (V)

Hence Eq. (5.22) follows.



APPENDIX D. THE JACOBIAN CALCULATIONS
The transform&tion from the éet '(tdB"yd’ yB} to the new set

(1) &)y
Kag? *ag" 7 %)

show ‘here how Eq. (5.25) is trahsformed into Eq. (5.26).

"is one. of the most complicated calculations. We

We need a set of 1dentit1es connecting the old set of Jarlables
to the_new:set of variables. We express Réé, Eq. (5 lh), as [us1ng
(5.13), (5.2) and (B.2)] |

2525, 1) = (V¥ VgV n®)

_ plgtye ,(D.1
fea*) B Ba (Z') 2(1 - a) + (ay, a1 " Vo) (P-2)
_ whefe _f- -; | .
a =' %‘gi&T d, t = Py _ q (D.2a)
o vy - )(y yﬁ_l--) _ A
¢4 = (y - Vo1 )(yB+ " Vg . (D'db)

Compaie Eq_f(D.l) with the standard form Eq. (5.21), we obtain the set

of identities

-a) - ‘Q -vx;é), (p.20)
yé—'ayBJrl = <(2) (;é é‘;) . | | ~ (p.2a)
V¥ = YouVpn® = ﬂx(%) (’2)(1'-‘}((;;), | | (D.2f)

a'p



o é(y' ')(y' "'y> 3 !
b= [ X %I% (% ] S - (D-2e)
: OLB OﬂB O&B ’ ‘ ’

From Egs. (D‘.,2vd') and (D.2e), we can derive the identity .

| (2) oyl (1)
. 0B 0@043
RCIN (:;12) ey o
: Jop 043 *ap . , : _(D.5a)

=T @) _ x L (D)
v 4y (aﬁ a5 Top )
B+l a+l\ _(2): (17

068058 "o

With the following further identities

. 7 (2)_, (1) «(2)
Vo = Rw(yaﬂ)x - Jpakon Top 2) (S - aﬁ)
. B+l(l " Xop )+ %g XO!B | Xop (D.}b)

- X _
GO - x < OIS

YB % ,Réé(Yd+l) l (2) \l) ’
a+l(l - ) + %8 ons %8
(D.3c)
- z' (2) _ 4 (1) (1) (2) _xE
R (2) = GCO‘B. X ) - G - %) ,(D.34)
pa . z(1 - Xt ) + x(g) x* (I) '
-7 Yo op qﬁ *op
R (2) - x(® L@

po op £ / , |
Ri' (z) - x,(l) : Xaﬁ 215 - o (DfBG)
Ba .

g B
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(1) : o -;<2)' | : |
(y) . Ba(ye) b o)

r’}m l(y) T T - m w6, -x(z)

one can show that the expressmn (5. 25) is equal to (only con31der one

"~ loop):
ax dx<l) (2) a(taﬁ’ yoz’ yg) 'ao'.'zl'k‘av’r (a - d)2,,
s 0B 6( é;) (27) : ad

N ‘lal(y V) 7y T )7,
X.[(_v )<v RS s e i |

- .-lk _
gl ' e
(Vo) Ry (y ) Baglg) - Bplyg)| (b.1)
y - R Ty) o 1) ) )
'a - yB - Roq (g )v
Now we specla.lle to the fra.me (%) _xég). 0. Then Rﬁa -—>XiB
2 ' :
and ya = C(xé)’ yb = l, y"c = Xéﬁ), SO that
-  —-) 1,
v . 1
C @l afs_ Yo+l
R 4 A,—) | (H ’
Ya = *up Ypa
Y8 7 Tog Yom - - :

Hence the expression (D.l4) reduces to '
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PCO N ot
X ldx s Tldx o ] (1) ,[(yd-l X s f3+l)(y " XopVpor))
Y =%
Xé§)=o
R E S
%o ox7ta - T e

ap

The calculation of the Jacobian factor [J] is rather complicated. But

it giveégi'_
- | | X
A xm ne) (- %] -1
op? Top * % > ap
Subsﬁitufing Eq. (D.7) in (D.6), we obtain
‘ @ () ) 5 -z(ka)-l
Wop Lo " Iax, e 711 - X0)" X
- , S - -l ' |
X [ - X y5+1)(yd+1 - Xy yB;l)J B (0.8)

9

We then uniquely generalize’ the expressioﬁ (D.8) to a general frame,

it is

| (1) (2) 'ﬂ(k ) 1 2 (g -yb)(yb?y ) (¥ -vy)
Tog d"as op” Xop - %) O
¥ [yd ’?l)(y@+1)][xé5)'yg+l] {E ol (a?(y )][Xaal'yﬁ—lil
GB ) R5a<ys+1)] Lot aﬁ Ba(ya-l)] (_J |
| | | D.9).

Hence the expression (5.26) follows.
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FIGURE CAPTIONS

' Feynman tree theorem for planar box diagram.

»(a)' N-point amplitude with scalar legs.

(b) N-point tree ordering ciagram.

Single factorization.

_Change the Y frame to the Y' frame for second

factorization.

Asymptotic propagatér case (for',aS+l»'leg).

. Fourth-factorized tree diagram.

Four-reggeon tree amplitude (symmetrical).

Neréggeon tree amplitude (symmetrical).

. 2Nth-factorized tree diagran. (for nonplanar loops).

(a) Nonplanar N-loop amplitude with external scalar legs.

(b) Partial ordering diagram, which is mimic to 2Nth-

-

~ factorized tree ordering.

(c) Nonplanar N-loop prdering diagram.

ggﬁh-factorized'treevdiagram (for overlapping loops).

Overlapping double-loop ordering diagiam,

Nonorientable double-loop ordering diasgram.

Planar N-loop ordering diagram.
Mixed multiloop Feynman diagram, also simultaneously repre-
sents mixed multiloop ordering diagram.

Nonplanar M-loop diagram with all external legs excited.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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