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Abstract 

The migration contribution to the current in_free convection is 

evaluated by numerical solution of the appropriate partial differential 

equation's, with the assumption that the Schmidt number is very high. 

Results are presented for the systems Cuso4 - H2so4 - H20 and K3Fe(CN) 6 -

K4Fe(CN) 6 - KOH(NaOH) - H20. 

The migration contribution in CuS04 - H2so4 - H20 is not very 

different from that in forc¢d convection. In all cases, except in the 

unsupported systems, there occurs apparently a density maximum as well as 

a minimum, which leads to a velocity maximum within the diffusion layer. 

In a well-supported ferri-/ferrocyanide system this density inversion is 

strong enough to cause physically implausible results. 

The composition at the electrode and the shear stress were also 

obtained in the course of the computation. 
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MIGRATION IN SUPPORTED ELECTROLYTE SOLUTIONS WITH FREE CONVECTION 

1. INTRODUCTION 

Jan Robert Selman and John Newman 

Inorganic Materials Research Division, 
Lawrence Radiation Laboratory, and 
Department of Chemical Engineering, 
University of California, Berkeley 

·January 1971 

This investigation concerns the contribution which migration, in the 

electric field imposed on an electrolytic solution, makes to the current 

density in free convection, i.e., when stirring of the solution takes 

place exclusively due to density changes in the solution near the 

electrodes. The question is of practical interest when one wants to 

measure diffusional mass transfer of a reacting ion by free convection. 

In that case the electric field contribution should be eliminated as 

much as possible. Usually this is done by adding excess inert (or 

supporting} electrolyte to the solution, thereby lowering the electric 

field. However it remains to be determined how effective this is in 

suppressing migration. For the case of forced convection in various flow 

geometries the migration contribution has been evaluated numerically. 13- 15 •17 •21 

In free convection there is the additional complication that migration of 

non-reacting ions changes the composition and density of the solution 

near the electrodes and thus interacts with the free convection. It is 

even conceivable that it may prevent a stable, laminar velocity profile 

from being attained. 

In this study free convection is considered at a vertical plane 

electrode. The results, however, are also valid with only small 
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modifications to other geometries (except horizontal plates), provided 

8 the Schmidt number of the solution is large. After a brief review of 

migration in electrolytic solutions (section 2), pertinent information 

about free convection at a vertical plate by heat or mass transfer will 

be summarized in section 3. The next sections present the formal treat-

ment of the problem in terms of partial differential equations and a 

numerical method of solution. Current density, shear stress, and 

composition of the solution near the electrode are solved for in a 

few ternary systems: Cuso
4

- H
2
so

4
- H

2
0 (cathodic), K

3
Fe(CN)

6
-

K
4

Fe(CN)
6

- H
2
o (cathodic and anodic); and in the systems K

3
Fe(CN)

6
-

K
4

Fe(CN)
6 

- KOH - H
2
0 and K

3
Fe(CN)

6 
- K

4
Fe(CN)

6 
- NaOH - H20 (cathodic 

and anodic). 

2. MIGRATION IN ELECTROLYTIC SOLUTIONS 

When a potential is applied between conducting plates in an electro-

lytic solution, the resultant change in electrochemical potential of the 

metal ions and electrons in each electrode will lead to a surface reaction 

at the electrode. This reaction may be a deposition or dissolution 

reaction, or a redox reaction involving only species in solution. A 

general expression for the electrode reaction is: 

L 
i 

z. 
S.M. 

1 
-+ ne 

1 1 
(2 .1) 

If the rate of the reaction is not restricted by its kinetic characteristics, 

the electrode reaction is "reversible" and its rate is transport-controlled. 
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The current density by stoichiometry is proportional to the reacting ion 

flux (or fluxes in the case of a redox reaction): 

s.i = - nFN. 
1- -1 

(2.2) 

Therefore, if the driving force of the mass transfer process can 

be expressed in a practical form, e.g~, as a concentration gradient of 

the reacting species near the electrode, or as a concentration difference 

electrode/bulk, one may be able to relate the mass transfer rate in a 

general way to the concentration driving force. This can take the form 

of an effective diffusivity (if the concentration gradient is known): 

N = _0 eff 17c .. 
-i i v 1 

(2. 3) 

or of a l!lass~transfer coefficient (if the concentration difference is 

known): 

N. 
-1 

e b = k. (c. - c.) 
1 1 . 1 . 

However if current measurements are to serve for evaluation, by 

(2. 4) 

analogy, of non-ionic mass transfer or heat transfer, it is desirable 

that the electric field make either a negligible contribution to the 

current or, otherwise, that its contribution be known so that it can be 

accounted for. Furthermore, limiting current curves obtained in complete 

absence of supporting electrolyte frequently will not show a cLearly 

defined plateau. In dilute solutions it is convenient to distinguish 
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various contributions to the flux of ionic species i: 

N; = - CQ.V'c. - c.z.u.pV'~c + vc. 
-1 1 1 111 -1 

(2.5} 

The second term represents the migration in a field of strength E_ = - V~. 

The mobility u. is defined as the average velocity due to a unit force 
1 

per mole (units; e.g., cm2 - mole/joule-sec) and is related to the ionic 
.. . . . 

diffusion coefficient D. by the Nernst-Einstein equation: 
1 

D. = RTu. 
1 1 

(2. 6) 

In the limiting current method of measuring mass transfer coefficients, 

the reacting ion concentration at the electrode is made vanishingly small 

by applying a large potential. Likewise in the present study of free 

convection with migration we shall be concerned with the case where the 

reacting ion concentration at the electrode is zero, there will be, 

according to (5), no direct contribution of the electric field to the 

reacting ion flux at the electrode, except for a binary electrolyte. But 

the electric field does affect the concentration profiles of reacting 

and non-reacting ions and thereby contributes indirectly to the current. 

The evaluation of this contribution implies solving material balances 

for all ionic species: 

ac. 
1 

at= - V'·Ni 
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taking into account that the concentrations everywhere are related by the 

electroneutrality condition: 

(2.8) 

The boundary conditions at the electrode ate given by. (2); s i is zero for 

non-reacting species.· Equation (7) differs from the non-ionic convective 

diffusion equation only in that the flux N. contains a migration contribu­
-1 

tion, -z.u~Fc.V¢. 1 1 1 

There are two cases in which the set of equations (7) and (8) can 

be proven equivalent to a single non-ionic convective diffusion equation: 

ac at·+ v·\/c = (2. 9) 

These cases are that of a·binary electrolyte and that of a minor reacting 

. . . . . 1 . 1 10 spec1es 1n excess 1nert e ectro yte. 

In the case of a binary electrolyte c signifies the salt concentra-

tion; the salt diffusion coefficient D accounts for the migration effect 
s 

and is defined by 

(2 .10) 

or, if (6) is valid, 

D D (z -z ) 
+ - + -

(2.11) 

'·. 

\~~; 
~c,"·i, 
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The physical meaning of this formulation is that in the absence of 

current the salt will diffuse as a single species, due to a balance of 

separating forces (different diffusivities) and mutual attraction in the 

field created by charge separation .. When a current is passed, the current 

. 4 express1on 

i 
--~~ = - (D ~D )VC - (z u -z u )FcV~= -nFv D Vc 
zvF +- ++ -- +s s 

(2.12) 
+ + 

shows that approach of the limiting current causes the field strength in 

the solution near the cathode to become theoretically infinite, correspond-

ing to a forced charge separation. 

In "well-supported" solutions, i.e., solutions with an excess of 

inert electrolyte, the reacting ion is a minor species and the electric 

field strength is low due to the supporting electrolyte concentration. 

Thus not only is the migration flux of the reacting ion zero at the 

electrode, but also away from the electrode it is a small quantity of 

second order. The reacting ion concentration obeys the equation of 

convectivediffusion (9), with D representing the ionic diffusion coef-

ficient. The concentrations of the non-reacting ions and the electric 

field strength near the electrode are determined by the concentration 

profile of the reacting ion. 10 This approximation is valid in the limit 

of vanishingly small reactant concentrations. It is frequently used since 

one likes to measure the limiting current in excess inert electrolyte, in 

spite of the uncertainty about the ionic diffusion coefficient in such 

concentrated electrolyte mixtures. "Supported solutions" have the 
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advantage of high conductivity and of relatively uniform density, viscosity, 

diffusivities and activity coefficients. 

When the composition of the solution is intermediate between a binary 

salt and a well-supported solution, the equations (7) have to include 

the migration contribution: 

ac. . 1 
-- + v·Vc. at 1 

= D. v2 
c. + z. u. FV • (c. Vet>) 

1 1 1 L 1 
(2 .13) 

. 18-20 
and their solution by analytic means is hardly tractabl~ even if 

the velocity~ corresponds to a simple hydrodynamic situation. 13 Newman 

solved (13) numerically for a variety of electrolytic systems in the 

following cases: steady mass transfer to a rotating disk; unsteady mass 

transfer to a growing drop; unsteady mass transfer into a stagnant semi-

infinite fluid; and steady mass transfer in a Nernst (stagnant) diffusion 

layer of finite thickness. The migration effect was expressed as the 

ratio of limiting current IL to the limiting "diffusion current" 10 , 

corresponding to absence of migration, i.e., an excess of supporting 

electrolyte. Values of IL/10 were obtained for a range of compositions 

characterized by the ratio of supporting electrolyte to total electrolyte. 

Only in those cases where the diffusivity of the reacting ion differs 

very much from that of the counter-ion, is there an appreciable difference 

between IL/10 values for the different hydrodynamic situations. This is 

particularly so with H+ as a reacting ion in deposition reactions. Redox 

reactions show only a small migration effect, no more than ten percent, 

and somewhat higher when no supporting electrolyte is present and the 

product ion is also absent in the bulk. 
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The effect of migration on the current to a growing mercury drop was 

. 14 15 
also solved numerically by Okada, Yoshizawa, Hine and Asada. Newman 

showed that the case of migration through laminar diffusion layers 

generally, at high Schmidt numbers, is mathematically identical to that 

of migration to the rotating disk, solved earlier. 1 

In the case of a Nernst diffusion layer the difftisivities of the 

different species drop out of equation (13), if the Nernst-Einstein 

equation (6) is valid. The effect of migration in a stagnant diffusion 

11 layer containing 3 univalent ionic species was first treated by Eucken. 

The IL/ID value for a certain composition depends only on the valence 

of the ions in solution; so does the composition of the s(!lution at the 

electrode. Table 1 lists the maximum IL/ID value and the composition 

of the solution at the electrode for a number of ion combinations which 

occur in deposition reactions, Also shown are the values for the ferri-

cyanide/ferrocyanide redox reaction. These involve besides the valences 

of the ions the ratio of diffusivities of product and reacting ion. The 

calculations leading to these results are given in Appendix E. 

The concept of a stagnant layer, although it is obviously in error, 

has been used frequently to estimate the concentration of supporting 

electrolyte at the electrode. This quantity, which is of secondary 

interest in forced convection, is very important if one wants to 

calculate the density difference which is the driving force for free con­

vection. Recentlt Ravoo28 •52 has applied the stagnant layer model to 

free convection with a centrifugal acceleration.as driving force. In 

this case, as in free convection over a horizontal electrode, the 
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convective velocity cannot be expressed in a simple mathematical form 

and the use of a simplified model is necessary. However, it is clear 

that the stagnant layer model is of limited value since it does not 

distinguish between different patterns of convective velocity and more-

over does not take into account that the diffusion layer thickness 

ought to be a different one for every ion in view of the unequal dif~ 

fusivities. 

Another simplified model which has been applied to free convection 

in order to estimate interfacial electrolyte composition in free con­

vection is that of Wilke, Eisenberg and Tobias. 24 This model is based 

on the assumption that the migration contribution to the current for 

any composition can be excluded. from the total current by using for the 

* reactant flux the expression 

(2.14) 

Likewise it is assumed that the flux of the supporting ion, which is zero 

at the electrode, can be written: 

* 12 This expression \'las apparently first given by Heyrovsky who rejected 

k ' 1 . 11 . h" h t 1 d b 1. t Euc en s ana ys1s, 1n '"' 1c a stagnan ayer was assume , ecause 

did not agr~e with polarographic experiments for the discharge of 

• f c 1 . I 1 . 13 f h hydrogen 1ons rom· HCl- K 1 so ut1ons. Ne\vman s ana ys1s or t e 

growing mercury drop showed good agreement with these same data (see also 

reference 16), thereby removing Heyrovsky's objections to the methods of 

analysis based on the equations of electrolytic mass transfer. 
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it. 
N. - 1 D Vc = 0 

1 - z.F - i i 
1 

(2.15) 

Next the diffusion fluxes (14) and -D.Vc. in (15) are related to th£' 
1 1 

mass transfer rates resulting from concentration differences across the 

diffusion layer. Convection is taken into account by the use of over-

all mass transfer coefficients k for free convection of non-ionic 

components: 

it. 
1 

-- = z. 
1 

D.Vc. 
1 1 

= k.~C-
1 1 

(2.16) 

(2.17) 

since the mass transfer coefficients k in (16) and (17) are related to 

the concentration driving force by, e.g., 

ki L C (llpgL 3)1/ 4 n.- = pVD. 
1 1 

(2.18) 

where Cis supposedly independent of the species, one has from (16), (17) 

and (18): 

(2. 19) 

since ti and tR depend on the composition of the solution by the definition 



t. = 
1 

2 . z. u. c. 
1 1 1 

.,~'z~u.c. 
i...J111 

i 
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and D. is also concentration-dependent, it is necessary to solve for 
1 

6c. in (19) by iteration. 
1 

(2.20) 

It is clea:r that this estimation method is quite general and can be 

applied to forced convection as well as different kinds of free convection. 

The only difference this will cause in (19) is that the exponent of 

DR/ Di will be the same as the power to which the mass transfer coefficient 

k depends on.D in that particular kind of situation. 50 

It is also clear that the expression (17) is equally valid for the 

counter-ion and that the resulting counter-ion concentration at the 

electrode may not satisfy electroneutrality. This difficulty is avoided 

by not using ionic diffusivities D., which are anyway certain only at 
1 

infinite dilution, according to (6). 

Binary electrolyte diffusivities are used, e.g., DCuS0
4 

and DH SO , 
2 4 

instead of ionic diffusivities. The inherent assumption of binary salts 

diffusing without mutual interaction is of course not plausible. 

However, a more immediate objection to this migration model is the 

use of transference numbers in (14) and (15) to distinguish the fraction 

of the current contributed by migration of a certain ion. This use is 

contradicted by the fact that concentration gradients occur near the 

electrode, so that diffusion and migration contributions to the current 

coexist there. In such a situation the use of transference numbers to 

assign migration contributions is meaningless. 10 The use of expression 



-12-

. 12 
(14) can be traced back to its validity in the case of a binary electrolyte. 

With excess supporting electrolyte the error made by using (14) is 

inconspicuous since the transference number of the reacting ion is very 

small, as is the migration contribution to the current. In intermediate 

cases, however, there are no firm grounds for the use of this approxima-

tion. 

For comparison with results of this work, electrolyte compositions 

at the electrode calculated according to the method of Wilke, Tobias 

and Eisenberg are shown in Table 2 for a range of bulk electrolyte com-

positions. Ionic diffusivities at infinite dilution have been used. 

The formulas leading to these results are collected in Appendix F. 

More elaborate attempts to obtain an approximate solution to the 

problem of migration are also necessarily more restricted. Gordon, 

Newman and Tobias 17 treated the rotating disk electrode (for the systems 

K3Fe(CN) 6 - K4Fe(CN) 6 - KOH or NaOH) by assuming a constant potential 

gradient in the diffusion layer. 

A special class of approximate solutions are those using the integral 

method of von Karman and Pohlhausen applied to the diffusion and velocity 

boundary layer. 25 Wagner was the first to apply this method to free 

convection in electrolytic solutions, specifically to the case of Cuso4 

with H2so4 as a supporting electrolyte in large excess. His procedure 

takes into account that the H+-ion diffusion layer extends farther 

into the solution than the Cu++_ion layer. The concentration excess 

of H2so4 at the electrode :ls therefore, at the limiting current, not 1/3 

of the Cuso4 bulk concentration (see Table 1), but: 



3o 
++ 

Cu 

(2. 21) 

The value of 6 depends on the assumed concentration and velocity 

profiles,Wagner approximated the profiles, schematically shown in 

figure 1, by.quadratic expressions: 

u l (1 f-)2 for 0 < y < 0 --= -u v ·max v 

c. - c. 
L)2 1 100 

(1 for y < 0 = -c. - c. o. v 
10 100 1 

(2.22) 

(2.23) 

It was assumed that ov (location of the velocity maximum) coincides with 

0 
Cu++ 

+ 
Ultimately 6 depends only oil the transference number of H in 

·the bulk solution and is found to be 1.41, so that 6cH
2
so/6tCuS0

4 
·= 0.47. 

26 Ibl and Braun applied the integral riu:;thod to free convection at a 

vertical electrode with the boundary condition of uniform current density. 

4 They used the same concentration profiles as Wagner, but replaced the 

velocity :profile by: 

'· u --= 
u max 

2
; [ ( 1 - f-) 2 

for 0 < y < ov (2.24) 
v v 

which has a maximum at y = o /3. v Again o was assumed equal to o 
v Cu++ 

For a solution of Cuso4 with large excess of H
2
so4 E was 1.50. The 

calculation was also made for a solution of 1 M Cuso4 + 1M H2so4 , which 
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. 29 . 
is the composition used in Brenner's exper1ment, where the diffusion 

layer was frozen instantaneously and analyzed after slic ng. Here the 

transference number of the reacting ion cannot be neglecred and (2.21) 

* has to be modified. ~cH SO /~cCuSO was found to be 0.305. Asada, Hine, 
27 2 4 4 

Yoshizawa and Okada applied the integral method to the complex problem 

of finding the current distribution at parallel vertical electrodes in 

a situation intermediate between limiting current (uniform concentration 

at the electrodes) and uniform current density (predominance of ohmic 

drop and kinetic overpotential). They employed cubic polynomials for 

2 
concentration and velocity profiles, and obtained ~cH2so/ ~cCuSO 4 

= 3' 

~ = 2, for a solution of 0.1 M Cuso4 + 1.5 M H2so4 . 

. 26 27 . 
The last two cases ' are not d1rectly comparable to the present 

i.e.' 

work, since they use the constant current boundary condition. The integral 

method, however, does not distinguish between various boundary conditions 

as far as the calculation of ~c /~c is concerndd. supp. react. 

3. FREE CONVECTION 

Flow along a vertical wall as the result of a density gradient 

shows a boundary-layer structure. The pressure in horizmtal planes is 

uniform and constant, equal to the hydrostatic pressure. The convection 

is caused by the difference in density along horizonal planes. The equation 

of motion is then, since 

* This is in good agreement with Brenner's result as quoted by Ibl and 

26 Braun : 0.405; not, however, with the value calculated ·lirectly from 

Brenner's figures 29 3 and 4, namely: 0.72. 
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~.E. ::: -poogx ax 
(3.1) 

au au a2u p-poo 
u- + v- = \) --- gx . ax . ay ay2 poo 

(3. 2) 

where the coordinates are as in figure 1 and the density is supposed to 

be the only variable physical property. 

If the density gradient is caused by the concentration variation 

of dissolved material, the equation of motion is coupled to the equation 

of convective diffusion for species i: 

ac. dC. 
l l 

uax-+v---ay=D 

2 . a c. 
l 

Cly2 
(3. 3) 

The densification can be represented by a linear expression in terms of 

concentration differences: 

p - Poo =: L ai(ci -ciao) Poo 
i 

(3.4) 

If temperature variations are causing thedensity gradient, equation (3) 

is replaced by the convective conduction equation and. (4) by a thermal 

derisification expression. This case is completely analogous to.that of 

free convection due to concentration variations in a binary solution of 

a nonelectrolyte. 

Finally the motion must satisfy continuity: 

au 
- + ax 

av 
Cly = 0 (3. 5) 
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which is a reason for introducing the stream-function l/J defined by 

' v (3.6) 

In the classical solution to the thermal free convection problem, 

2 due to Pohlhausen, here transcribed in terms of concentration variation 

of a single solute, a similarity transformation is introduced: 

I'; = r_E (..!_) 1/4 
3x 

~ 
2 ] 1/4 

where E = (v ) ga c -c 
0 00 

The equation of motion is reduced to 

f"' + ff'' - ~ Cf') 2 
+ e = o 

3 

and the convective diffusion equation to 

8" + Scf8' = 0 

e = 
c - c 

00 

c - c 
0 00 

where primes denote differentiation with respect to z: and Sc is the 

Schmidt number, v/D The boundary conditions: 

u = v = 0, c c at X > 0, y = o· 
0 

, 

u = 0 c = c at X > 0, y -+ oo· , 
00 

, 

·u = 0 , c = c at x = 0, y > 0; 
00 

(3.7) 

(3. 8) 

(3.9) 

(3.10a) 

(3.10b) 

(3.10c) 
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are transformed into: 

f = f' = o. e = 1 at n = 0; (3.1la) 

f' = 0 , e 0 at n = oo. (3.llb) 

The concentration and velocity distribution in the boundary-layer 

follow from the solution to (8) and l9), and are shown in figure 2 for 

various values of the Schmidt number. The thickness of the diffusion 

1/4 layer and of the velocity boundary-layer are proportional to x . 

The quantities of practical interest following from the solution 

of (8) and (9), are the mass transfer to 'the wall and the shear stress 

at the wall: 

T = o,loc 
au 

11aylo 

-o(c -
0 1

3 ga ( c 0.- c 00) 

c ) ' 
00 2 

4v x 

1/4 

e' lo (3.12) 

(3.13) 

Integrating to average flux and shear stress over a length L, one can 

write the result in the form: 

T 
--;--~o--._.- = Bl Gr -1 I 4 
pLga(c -c ) 

0 00 

(3.14) 

(3.15) 
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defined by 
N L avg Nu = ~-""-"""<'"" 

D(c
0 
-c.) 

the Grashof number Gr by: 

I get ( c :- c ) L 
3 1 0 00 

Gr = 
v2 

(3.16) 

(3.17) 

and c1 and B1 are constants which depend only on the value of the Schmidt 

(or Prandtl)number since it appears as a parameter in equation (9). Table 

3 lists some values of c1 and B1 from the literature. 

It is important to realize in which manner the convection profile 

changes when the viscosity of the solution increases and/or the 

diffusivity of the solute decreases, or vice versa, i.e., when the 

Schmidt number increases or decreases. As long as the kinematic viscosity 

v and the diffusivity Dare of the same order of magnitude, the hydro-

dynamic boundary layer will extend approximately the same distance as 

the concentration boundary layer. This is seen in figure 2 where 

velocity and concentration profiles in terms of the classical dimensionless 

variables (7) are plotted for a wide range of Schmidt numbers. 

Now let first the diffusivity become very large compared to the 

viscosity. This applies in practice only to the thermal diffusivity in 

the case of liquid metals, i.e. , 1 iquids with very low Prandtl number 

v/a. Then the thermal boundary layer extends much farther into the 

solution than that part of the hydrodynamic boundary layer in which the 

velocity increases; i.e., the part of the boundary-layer in which the 
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friction at the wall propagates itself is very small compared to the 

complete boundary layer. The larger part of the boundary layer is 

characterized by a balance of buoyancy and inertial terms in the 

equation of motion (2). Figure 2shows that the classical variables 

become inappropriate in this. situation. 

A dimensipnal analysis based on equal importance of all terms in 

the equation of motion (2) would lead to a hydrodynamic boundary-layer 

thickness 8 in accordante with the classical analysis, of the order: 
v 

8 /L ~ Gr-l/4 (3.18) 
v 

where L characterizes the geometry of the problem~ Instead one finds 

from the balance of buoyancy and inertial terms in (2)·and of convective 

and diffusive terms in (3)' that the concentration boundary layer thick­

ness 8c is stretched by Sc -l/2 ~ompared to <\: 

(3.19) 

The appropriate replacement of the mass transfer relation (13) is then 

(3.20) 

values of c2 are also given in Table 3. 

It can be shown9 that in the limit of Sc ~ 0 one should have, from 

matching perturbation expansions: 
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Nu = 0.80051 - 0.43179 Sc 112 
+ O(Sc) 

(GrSc2) l/4 (3.21) 

The first term was first given by te Fevre4 as 0.800544. 

The shear stress at the electrode is determined by the inner viscous 

part of the boundary layer and,therefore,is not affected by stretching 

the coordinate. In the limit of Sc + 0 one has9 

To -1/4 1/2 2/3 
· L 6. ... Gr (1. 21051 - 1.13253 Sc +Q (Sc · ) ] p ·ga. c . . (3 0 22) 

The opposite case, of very small D and large Sc, is the one dealt 

with in ·this investigation since electrolyte solutions are invariably 

characterized by Schmidt numbers above 1000. Here the physical situation 

is that of a very thin diffusion layer, vanishingly small in the limit 

Sc + oo, and a much larger hydrodynamic boundary layer in which the liquid 

is dragged by the buoyancy created near the wall. Figure 2 shows how 

again,the classical variables become inappropriate due to the disparity 

between diffusion layer thickness and extended velocity layer thickness. 

In the extended velocity layer buoyancy plays no role, so that it has 

the character of a forced convection boundary layer with a spatially 

varying slip velocity at the wall. In the wall layer, where the density 

varies, the velocity is determined by a balance of buoyancy and viscous 

stresses, the inertial terms in the equation of motion (2) being 

negligible. 

5 Morgan and Warner have first shown that the appropriate distance 

variable to express the thickness of the wall layer, where the concentration 

.. 
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varies, is 

(3. 23) 

i.e., 1/4 the classical variable z;; is stretched by a factor Sc . As a 

result the mass transfer expression (14) is replaced, in the case of 

high Schmidt number, by: 

Nu = C(GrSc) 1/ 4 
(3.24) 

The shear stress at the electrode is of course involved in the stretching, 

and the relation (15) is replaced by: 

'"[ 

--=--0-...- B (GrSc) -l/ 4 
pLga6c-

Values of C and B from the literature are included in Table 3. 

(3.25) 

Kuiken6 has treated free convection at large Schmidt number by match-

ing perturbation expansions. In the limit of Sc -+ oo he obtained 

Nu = 0.67033- 0.1757 Sc-l/ 2 + 0.0633 Sc-l 
(GrSc) 1/ 4 

+ O(Sc- 312 ) (3. 26) 

4 The first term was first given by Le Fevre as 0.670327. 

For the shear stress he found: 
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T 

---,--....:
0
:...,...... = 0.932833 - 0.346989 Sc-l/2 

+ 0.253707Sc-l 
pLga.l.'.c 

+ 0 (Sc - 312) (3. 27) 

Another result of importance is the value of the constant parallel velocity 

at the outer edge of the inner layer. The parallel velocity, in terms of 

the dimensionless strearnfunction, is 

u = {4ga.l.'.C)l/2 D x a£ 
\3v Dx · an (3. 28) 

where 

n = r; Sc- 114 , f = fSc3/ 4 

i.e., the stretched variables of the inner layer. For f' Kuiken6 found: 
00 

f~ = 0.884522 + 0.58688 Sc-l/2 
+ 0.827052 Sc-l + O(Sc)- 3/ 2 

7 A similar perturbation treatment was given by Roy. 

(3.29) 

The present analysis of migration in electrolytic solutions under 

free convection conditions employs the assumption Sc ~ oo and therefore uses 
. 5 

the stretched variable n introduced by Morganand Warner. In terms of n 

the equations without migration are,.instead of (3.8), (3.9): 

f'" + B = o (3. 30) 

e" + £ B' = o (3.31) 

· .. 
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with the boundary conditions (3.11) except that 

f" = 0 as n = 00 (3. 32) 

This is identical to thezero approximation of the inner problem, leading 

to the main term in the inner expansion .of I and 8, in a perturbation 

treatment along the lines of Kuiken. 6 

In the outer problem the main term of 8, as well as all perturbations 

of 8, are zero; Consequently the equation of motion, in terms of the 

outer variables 

= f(n) Sc- 112 '\; 

n = Sc-1/2 n 

is 
'\; '\;'\; 

f'" + 3ff" 

with the boundary conditions 

'\; 

f' (oo) = 0 

'\;'\; 

2f'f' = 0 

'\; 

f' (0) = f' (co) 

:.. 

(3.33) 

(3. 34) 

(3; 35) . 

In fact the outer problem is completely dete.rmined by the inner problem, 

which makes it unnecessary to solve for .the outer problem in order to get 

the main terms of the inner expansion for f and 8 (taking migration into 

account). 
'\; 

It can be shown that not only is e (~) = 0, but also that the 
n 

matching condition 



implies that 

ft' (00) = 0 
0 
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(3.36) 

(3.37) 

which makes the zero-order inner problem self-sufficient as far as the 

boundary conditions are concerned. 

the analysis given above, as well as the one following which takes 

migration into account, is valid for other geometries besides the vertical 

"" plate. .If in equation (2) the body force is modified as follows (see > 

figure 3) 

p-poo 
-g --sin £ 

Poo 
(3.38) 

then similarity transformations of the same kind as that used by Morgan 

5 and Warner may be applied, provided: 

sin £ 
m 

= ax (3. 39) 

where a and m are arbitrary constants such that a > 0, m ~ 0. Acrivos8 

showed that the transformation for two-dimensional geometries is: 

n = ___13ge'n }'/4 
[ ( . )-4/3 JxC . ) l/3d ] 1/4 S1n£ S1n£ · X 

0 

(3.39a) 

(3.35b) 
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In the limit of high Schmidt numbers this gives again equations (3.30,3.31). 

The constant C in (3.24) is now: 

{3.35c) 

For the axisymmetric case, see reference 8 or 23. 

The addition of supporting electrolyte to a solution does not make 

the free-convection problem directly comparable to that of heat transfer 

and nonelectrolytic mass transfer in a binary fluid because, while it does 

reduce the effect .of ionic migration, the concentration variation of the 

supporting electrolyte affects the density variation to roughly the same 

extent as the reactant and thus influences the velocity profile. Neverthe-

less, it has frequently been assumed that the mass-transfer rate is adequately 

expressed by equation 24. lbl22 •51 has reviewed the experimental work on 

electrolytic free convection and the applicability of equation 24 (see also 

reference· 23). 

Not all experiments in free convection have involved a supporting 

electrolyte and a vertical electrode. 
30 ·. 

Ibl and Muller have used aqueous 

solutions of Cuso4. Schiitz 31 investigated experimentally free-convection 

mass transfer to spheres and horizontal cylinders (see also reference 

23). 

4. ANALYSIS 

The set of equations which determine free convection as a result of 

' concentration variations in electrolytic.solutions near a vertical 

electrode are the following: 



ac. ac. 
1 1 

u--a"X + v ay = 

Ez.c: = 0 
. 1 1 
1 

2 a c. 
D -1 . --2- + 

1 ay 
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a a<I> 
Z.U.F;:;- (c. '\) 

1 1 oy 1 oy 

There is one equation (3) for every solute species in the solution. 

(4 .1) 

(4. 2) 

(4. 3) 

(4.4) 

Denoting the reacting species with subscript R, we have for boundary conditions: 

X > 0, 

X = 0 

X> 0 

y = 0 • 

y ~ 0 l 
y + 00 ~ 

u = v = 

aci 
D. ay-+ 1 

u = 0 

0, c = R cRO 

a <I> s. ocR a <I> z.u.Fc. 1 
ay = - (DRay+ zRuRFcR ;r-) 1 1 1 sR ·. y 

c. = c. 
1 1 00 

Here the electrode reaction is represented by the relation (2.1). 

(4.5) 

(4.6) 

( 4. 7) 

At high Schmidt numbers the inertial terms in (2) are negligible within 

the diffusion layer, so that it reduces to: 

a2
u 

V - 2 = gx Ea. (c. -c. ) ay 1 1 1 00 

i 

( 4. 8) 

while the boundary condition (7) 
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X > 0 ' 
y-+-oo 

' u = 0 

is replaced by: 

X> 0 ' 
y-+-oo 

' 
au 
ay- = 0 

We now introduce the similarity transformation: 

and the dimensionless variables: 

* 

·. cp· = 

e. 
1 

<I> 

RT 

c .. 
1 

Then the equations become 

a. 
f"' = ·""' ....2:. c e.- e. ) 'T ~ 1 100 

D. 
....2:. e'.' + 
DR 1 

z.u.RT 
1 1 

DR 

}:z.e. =O 
. 1 1 
1 

The bar on I will be omitted henceforth. 

(4.9) 

(4.10) 

(4.11) 

(4.12} 

(4.13) 

( 4 .14) 

(4.15) 

(4.16) 
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Here primes denote derivatives with respect to n. 

The boundary conditions become: 

n 0 , f 

D· 
.2.. e' 
DR i 

n-+oo , f" 

f' = 0 

z.u.RT 
1 1 

+ 
DR 

= o , e. 
1 

eR = 8
Ro 

s. 
1 8.¢' =-

1 

= e. 
100 

SR 
(8 I + 

R 

The result of p~imary interest is the current: 

zRuRRT 
e ¢') 

DR R 

Averaged and brought in the form of a Nusselt number, this is: 

i sRL avg 

where GrR :: 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

i.e., the Grashof number referred to the reacting ion densification (a 

partial densification). 

Of interest is also the shear stress at the electrode: 

( 4. 21) 



... 
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Averaged over a length L, this gives 

(4.22) 

Further significant i.riformation is obtained in the form of the parallel 

velocity far from the electrode: 

(4.23) 

Finally the concentrations of the nonreacting ions at the electrode, 8. , 
10 

are objectives of this calculation. 

5. NUMERICAL PROCEDURE 

The equations (41) through (43) form a set of coupled, non-linear 

differential equations with boundary conditions at zero and infinity. These 

equations can be linearized about a trial solution producing a series of 

coupled, linear differential equations. In finite difference form these 

give coupled, tridiagonal matrices which can be solved readily on a high-

32 speed digital computer. · The non-linear problem is then solved by iteration. 

Usually 150 meshpoints were used. 

It _is convenient to have in the finite difference formulation two velocity 

variables instead of f, namely: 

fl - f' (5 .1) 

Tl 
f2 - s fdn (5. 2) 

0 
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This adds another equation to the set (41-43): 

(5. 3) 

In the equation of motion f"' is replaced by fl and in the diffusion equation 

f is replaced by f2· 

The total number of equations is now N + 3, if N is the number of species 

in the solution. The unknown variables are theN species concentrations, f 1 , 

The problem parameters are all in the form of ratios with respect to a 

reacting ion concentration or property (except for the valences): 

8. = c./(cR -cR) 100 l 00 0 

z.u.RT 
l l 

DR 

D. 
l 

= z. -D = z.R~ (using eq. (6)) 
1 R 1 1 

Because of electroneutrality one of the densification coefficients of ionic 

species can be set equal to zero. The total number of parameters is there-

fore 4(N-l). 

It can be expected that the computation will not converge to a solution 

when the conductivity of the solution is very small near the electrode, for 

example, when cupric ions are discharged from a solution with very little 

supporting electrolyte. 
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Appendix Bcontains a reproduction of the actual Fortran program used 

in the computations. 

The physical property parameters used for the various electrolyte 

systems are given in Table 4, and the data on which they are based in Appendix 

D. 

6. RESULTS FOR THE SYSTEM CuS04 - H20. 

As a preliiJlinary check on the accuracy of the numerical method, the 

equations (41) through (43) were solved for the case of discharge of an 

ion from an unsupported electrolyte. This problem is completely analogous 

to that of heat or mass transfer by natural convection at high Prandtl or 

Schmidt nlimber, if the diffusion coefficient (2.10) is used. One has 

then: 

i 
NR = zRF 

N = -s D Vc s s 

and, consequently: 

(1-tR)DR 
= NuR -..,D __ _ 

s 

In the mass transfer expression 

Nu = c ·cGr Sc ) 114 
s s . s s 

(6 .1) 

(6. 2) 

(6.3) 

(6.4) 
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with all dimensionless numbers based on physical properties of the binary 

salt, the constant C is 
s 

D a 
c = c (1-t ) (~)3/4 (~) l/4 

s R R Ds . as 

where CR is the dimensionless flux given in (4.20): 

z u RT 
R R e </>') ciJ3/4 

DR R o 3 

Similarly for the shear stress: 

T 
-:--:~0- = -B (Gr Sc ) -l/ 4 
Lg~p s s s s 

we have: 

where according to (4.22): 

s = c±Jc±J 114f" 
R 5 3 o 

(6.5) 

(6. 6) 

(6.7) 

(6. 8) 

(6.9) 

In the case of the binary salt it is necessary to take the concentration 

at the electrode nonzero since otherwise the field strength near the electrode 

will increase without bounds and the solution will not converge. Furthermore 

it is immaterial what values are chosen for the physical properties, since Cs 

and B do not depend on them. The actual values used can be found in Table 4. s 

Values of C and B were determined for various meshwidths, using 100 s s 

meshpoints, and are collected in Table 5. To obtain an independent estimate 
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of C and B the equations (3.8) and (3.9), for free convection involving s s 

the inertial terms in the equation of motion, were solved for several 

Schmidt numbers, using various meshwidths and field lengths. The values 

estimated by extrapolation are collected in Table 6 and compared with the 

results of Ostrach1 and the perturbation series developed by Kuiken. 6 

The agreement between the asymptoti.c values indicates that the results 

of the numerical procedure are accurate to five significant sigures. On 

the basis of these results a mesh width of approximately 0.06 for 150 

meshpoints was adopted for the calculations on the systems CuS0
4 

- H
2

0 

Figure 3 shows the normalized density and velocity profiles. The 

velocity profile is normalized with respect to 

f' = 0.8845 
<X> 

(see 3. 29) 

When H
2
so

4 
is present in the Cuso

4 
solution, the effect of migration 

is to make the H2so4 concentration at the electrode different from the 

bulk concentration, thereby changing the driving force for the free con-

vection. It is then desirable to use a Grashof number based on total 

density difference 

Gr p 

3 
gl:a. (c. -c. )L 

j 1 1 00 10 - _... __ ---:2~---
\) 

(7. 1) 

instead of the one based on densification due to the reacting ion, GrR 

(see 4.20). This permits a comparison of C in 

·,_ 
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Nu = (7. 2) 

with the constant C found for the binary salt (6.4), where only the reacting 
s 

ion is responsible for densification, and with the general mass-and heat 

transfer expression for free convection: 

Nu = C(Gr Sc) 1/ 4 
p 

(3. 24) 

It is also desirable to refer the shear stress at the electrode to 

the total density difference 

T 
0 

Lgp t a.f).c. = 
. l. l. 
l. 

-B (Gr Sc)-l/4 

The relationship between C and CR' B and BR is then 

B 

(7. 3) 

(7. 4) 

(7. 5) 

The result of interest is now the behavior of current density (C), 

shear stress (B), maximum velocity (f~) and composition of the solution 

(~CH2s04/CCuS04 )~ with an increase of supporting electrolyte concentration. 

This concentration is expressed in r, the ratio of H2so4 to total H2so4 

+ Cuso4• As r + 1 one would expect C and B to approach the values 0.670327 
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and 0.93283, respectively, corresponding to completely diffu$ive mass 

transfer by free convection. _These values are identical to the constants 

C and B , respectively, of the previous section. In figure 4 C and B 
s s 

. -
areplotted normalized with respect to Cs and Bs. Also plotted are f' 

as well as the maximum velocity f' · max 

acid accumulation at the electrode 

(to be discussed below), and the 

flcH
2
so/ccuso

4
· 

The results in figure 4 are based on the assumption that H2so4 is 

·+ -
completely dissociated into H and SO~ ions. The abscissa is not r but 

r 2/ 3, to check whether the stagnant film model does predict the asymptotic 

behavior correctly (see Appendix E). This is not of particular interest 

for the extreme r-+ 1 since C; B and f~ will be linear in r or rl/n. 

(Note, however, that the asymptotic values at r = 1 are not C/C = B/ B = 1 s s 

but appreci~bly less than 1. This anomalous behavior will be discussed 

below.) The more significant limit is r -+ 0, but here the linea:dty is 

not ·verifiable since not enough points are available at low r. The 

numerical solution does not converge below r = 0.09. An arbitrary 

extrapolation to r = 0 has been made, which necessarily contains an 

inflection point (dashed lines). 

The stagnant diffusion model predicts C/Cs = 2 at r = 0, and 

l!CH
2
so/Ccuso

4 
= 0.333 at r = 1. These values are not correct. The con­

vection accumulates more H2so
4 

at the electrode than the stagnant layer 

model (with equal thickness for all ions) would predict. On the other 

hand Cr=O/Cr=l is very close to 2, as predicted. This points to the 

importance of the high diffusivity of H+, which causes the diffusion 

layer thickness of H+ to be greater than that of the other ions. This 
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effect is more important when the H
2
so4 concentration is appreciable, but 

apparently leads only to a higher concentration diffe1ence of H+ ions 

between bulk and electrode, not to a change in gradiert which, in turn, 

would infiuence the reactant flux by electroneutralit). 

Figure 4 shows also the shear stress, which variEs remarkably little 

with composition. This again indicates that whatever changes occur in 

the velocity profile as a result of H+-accumulation nEar the electrode, 

take place away from the electrode. That the changes are quite marked, 

can be seen again in figure 4 where the asymptotic velocity with excess 

supporting electrolyte is only 2/3 of that in a bina1y solution. More-

over a velocity maximum starts appearing when the sup1orting electrolyte 

concentration is increased. The maximum velocity, plctted as f' , is max 

only slightly higher than the a~ymptotic velocity. 

The reason for the velocity maxim~m is again that the H+ profile, 

because of the higher diffusivity, extends farther into the solution, 

and is less steep than, the Cu++ profile. Profiles of the concentration 

differences with respect to the bulk are shown in figure 5. The dif-

ferences are normalized with respect to the reacting ion bulk concentra-

tion. The electrolyte is 99.998 mol% H2so4 , i.e., the velocity maximum 

is most pronounced. 

The velocity maximum (figure 6) is caused by a density minimum 

due to overcompensation of Cu++ deficit by H+ excess over a short range. 

The densification with respect to the bulk is a linear combination of 

C ++ d H+ . f u an excess, w1th the latter having only 0.21 times the weight o 
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the former; SO~ has been arbitrarily assigned zero densification coefficient. 

The density profile which results is qualitatively similar to the SO~ 

profile in 
+ figure 5, which is likewise a linear combination of H 

excess and Cu++ deficit. Figure 7 presents the refractive index profile, 

which has a much less pronounced maximum. 

Since the present treatment of the free convection boundary-layer 

is limited to the inner layer, we should be surprised to see that the 

velocity maximum is located inside the inner layer, instead of being 

identifical with the outer limit of the inner layer.. The velocity profile 

also shows an inflection, as a result of the boundary condition: 

n ·-r oo f" = 0 

Some questions connected with this type of velocity profile will be 

discussed in section 9 (supported ferri/ferrocyanide solutions), where 

the same profile is encountered with a much more pronounced maximum. 

The assumption that HSO~ is completely dissociated is contradicted 

by the rather low value of the dissociation constant K = 0.01 at 25°C. 
HSO-

Figure 8 combines the values of C/Cs for dissociate~ and undissociated 

HSO~ in one graph, which also shows the migration current at a rotating 

disk and at a growing mercury drop. 13 The abscissa here is lr. 

It can be seen that again C/Cs does not extrapolate to 1 as r -+ 1, 

but to a slightly lower value. Compare this with the values for the 

rotating disk and growing mercury drop, which to extrapolate to 1. The 

values of B/Bs are not shown since they are in the same range as those 

for full dissociation and vary just as little with composition. They 

also do not extrapolate to 1 as r-+ 1, but to 0.8343. 
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The asymptotic behavior of C/Cs in free convection migration can 

be understood by comparing the shape ofthe velocity profiles for the 

binary salt and for the well-supported solution. This comparison is 

made in figure 9. Whereas in forced convection the velocity profile 

is independent of migration effect, it is here strongly influenced. In 

particular the formation of a maximum is due to it. The influence of 

densification by itself has been eliminated by introducing the distance 

variable n6P based on total densification at the electrode, 6p : 
0 

and the streamfunction f 6p based on 6p
0

: 

[

Ea. (c. -c. )~ -1/4 
1 1 00 10 f ::; f 

!1p aR(cRoo-cRo) 

I 

(7.6) 

(7. 7) 

The velocity profiles in figure 9 show that the migration influence 

has its effect far from the electrode and not very much on the velocity 

derivative at the electrode, i.e., on the shear stress. An attempt to 

correct for dissimilar velocity profiles, by using the shear stress and 

its known correlation with Gr and Sc in a Leveque type approach, will 
p 

therefore fail. This approach would be based on the assumption that 

the streamfunction f can be approximated by a quadratic expression 

f::; 3bn2 (7.8) 

over the range of n where concentration varies. The equation of convective 
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diffusion (4.15) without migration reduces then to: 

e• + f e• = o. (7.9) 

where e refers to the reactanL 'Using (7. 8) the equation becomes: 

e" + 3br/e• = o (7 .10) 

The solution then would be: 

e•coJ = 

or 

1/3 
b , 

.·' 

where b ca11 be related to the average shear.stress·by 

b = (~) To (4vDL )3/4 = ~(!)3/4 B 
4 ·sllDL 3gcroc 32 3 

. I 

(7 .11) 

(7 .12) 

(7 .13) 

(7.14) 

The value derived for C in this way is 0. 78586, ie •. , 17% too high. 

On the other hand, when the complete velocity profile is known as a 

result of the numerical computation, one can solve (7.9) numerically by 

two integrations: 

e• co) - +1 
(7.15) 
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hence: 

(7.16) 

* C is now the coefficient of diffusive mass transfer cJrresponding to the 

particular f profile. If we then normalize the value5 CR by the value C 

corresponding to each, we do obtain the expected asyrn?totic behavior: 

CR 
--;r--+1 as r-+1 
c 

This can be seen in Table 7, where the most important results of the 

computation are collected. 

Important differences exist between the results obtained on the 

assumption of complete dissociation of HSO~ and those for a system con­

taining HSO~ only. The difference as far as the current is concerned, 

was already evident in figure 8. For the solution composition at the 

electrode the bisulfate model predicts a decrease in H2so4 concentration 

at the electrode instead of an increase. This is illustrated in figure 

13 lOa, where the results for migration at a rotating disk electrode and 

at a growing mercury drop have been sketched in for comparison. Also 

shown are the results of assuming a stagnant ("Nernst") diffusion layer, 

and some values obtained by the method of Wilke, Eisenberg and Tobias 

* (see Table 2 and Appendix F). 

* 

* 

The latter are different from actual excess concentrations reported by 
Wilke, Eisenberg and Tobias24 and by Fenech and TobiasSO(see figure lOb). 
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Since the two models predict very different acid concentrations 

at the electrode, the most direct test of their correctness would be to 

determine the solution composition at the electrode. 29 Brenner long ago 

succeeded in instantaneously freezing the solution surrounding a hollow 

-cathode and cutting slices off the frozen mass in order to analyze them. 

His result (0.72) is not shown in figure 10 but appears to vindicate 

the assumption-of complete dissociation. The freezing method is subject 

to criticism since the freezing, however fast it may occur, could change 

the composition in the very thin diffusion layer. Moreover, only one 

point has been obtained. However, interferometric measurements, which 

would not disturb the composition, have not been reported for free 

convection, so far. Measurements made in stagnant diffusion situations 

21 36 indicate that there is certainly an excess of H
2
so

4 
at the cathode. ' 

One of the difficulties is that the refractive index change depends on 

both Cuso
4 

and H
2
so

4 
concentration. For optical reasons interference 

patterns are hard to interpret at currents close to the limiting current; 

when working below the limiting current an independent measurement 

relating Cuso
4 

and H
2
so

4 
concentration is necessary. 

That the sulfate ino~el is correct, appears to contradict the limited 

dissociation which would follow from the constant: 

K 
HSO~ 

= 
so= 

4 
~a---= O.Ol(at 25°C) 

HSO~ 

reported in the literature. In fact, if this constant is taken into 

account in a computation of migration effects, the results are always 

very close to those for bisulfate only. This can be verified in Table 8, 

which lists the ratio C (partial dissociation)/C(bisulfate only) as a 

function of composition, for the ro:tating disk electrode. 

·/"~ 
~: .. -. .... 
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However, the constant reported in the literature is a thermodynamic 

dissociation constant and is related to the true stoichiometric dissociation 

constant: 

c c 

K' = 

+ = H so4 

HSO~ 
c 
HS0-

4 

by K' = Kf /f f 
- + = HSo4 H so4 

(7.17) 

where fi is the molar activity coefficient of the indicated ionic species. 

Therefore K' can be considered a function of the true ionic strength of 

the solution: 

1 2 
I = -

2 
LCoZ 0 

r 0 1 1 
]. 

where ci is based on the dissociation equilibrium of HSO~o 21 Newman 

recently correlated K' data from Raman spectral anal)sis of H
2
so

4 
solutions 

by the expression: 

In (~) = 
K 

5. 29/I 
r 

1+0.56/I 
r 

(7.18) 

where K = 0. 0104 mole/1 and I is in mole/ I. Figure 11 shows that K' 
r 

varies by 3 orders of magnitude over a range of H2so4 concentrations 

extending from 0 to 3 M. This would adequately explain the location of 

Brenner's datum, since his solution was 1 M Cuso4 + 1 M H2so4 . 
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8. RESULTS FOR Kle(CN) 6 - K4Fe(CN) 6 - H20. 

Although natural convection has been studied more frequently on 

vertical copper electrodes in acidified Cuso4 , there has also been made 

use of supported solutions of ferri- and ferrocyanide. The redox reaction: 

3- ·. .. 4-
Fe(CN)6 + e ~ Fe(CN)6 (8.1) 

has the advantage of not changing the electrode surface, while copper 
. . 

deposition at or near the limiting current leads to an increase in area 

due to dendrite formation, apart from the obvious qualitative change 

which this causes in the structure of the electrode surface .. On the 

other hand, the ferri/ferrocyanide system when supported is at least a 

four-component system, with the additional complications this entails in 

determining physical properties, changes in composition, etc. Also the 

densification in the system is much weaker than in Cuso4, since the excess 

product ion compensates largely for the reactant deficit. Finally, the 

solubility of potassium ferri- and -ferrocyanide is much smaller than 

that of copper sulfate, which means that depletion of the electrolyte 

may be important if catholyte and anolyte are separated by a diaphragm. 

As· a preliminary to the supported ferri-/ferrocyanide system, the 

simple redox reaction (8.1) at a vertical cathode, and at a vertical 

anode, was studied. 

In this system.we cannot expect the migrationcurrent to be important, 

since the presence of a· product ion will always lead to a reduced field 

strength-near the ·electrode. This was already observed in migration 

calculations for ferri-/ferrocyanide reaction at the rotating disk. 13 ·. 
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Figure 12 shows C/C values as a function of the ratio ferri-/ 
s 

ferrocyanide in the bulk. The variation is at most 20%. The solid lines 

are the main results, i.e., those for the physical properties listed in 

Table 4. Two points for the rotating disk are shown also. The dashed line!· 

represent various alternatives where the physical properties have been 

given various arbitrary values. Figure 13 shows the surface concentra-

tions of the product ion for these same situations. Here there is even 

less variation with bulk composition. 

From these fictitious models one can try to make some inferences 

about the relative importance of diffusivity effects, compared to densifica-

tion effects. The stagnant layer model and the rotating disk show 

practically the same values for maximum migration current and for surface 

product concentration. Migration in itself depresses the cathodic current 

and .increases the anodic current. The ratio of importance for both current 

and surface concentration changes due to migration is: 

where 1 is the supporting ion, 3 the reacting ion. If the diffusivities 

are equal, the excess surface concentrations assume values depending on 

the ratio z1/z3 (see Table i), corresponding to electroneutrality with 

K+ concentration uniform. There is no reason for any variation since 

in.the stagnant model the layer thickness is the same for all ions and 

the identical diffusivities preclude changes in the shape of the profiles 

within the layer. The actual values of the diffusivity (D ferricyanide 
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is 21 % greater than D ferrocyanide) compensate partially for the differ-

ence in valence, so that the excess ferricyanide.and the deficit ferro-

cyanide concentrations are-smaller. Table 1 shows that the maximum 

migration contribution to the current (positive or r,egative) corresponds 

quantitatively to the fraction thange in the excess surface concentration. 

The solid lines in· figures 12 and. 13 l.ndicate that the free 

conve'ction generated by the concentration changes at the electrode, leads 

to a small increase in the limiting current, near r = 1 and r = 1, i.e. , a c 

the concentration profiles close to the electrode are steepened, while 
. . 

the excess product concentrations change slightly in opposite directions. 

These effects, however, are all second-order compared to the migration 

~ffect itself. The relative unimportance of free convection interacting 

with migration is evidenced by the fact that it makes very small dif-

ference in C/C or the product concentrations, if we assign equal densifi­s 
' ., . 

cation coefficients to reacting and product ions, although the sign of 

the driving density difference is then reversed! (sEe Table 9) 

It appears that the only significant change occurring in the 

concentration profiles when the bulk composition is varied, is a change 

·in their taOs, i.e. , the distance to which they extend into the solution, 

anda small change in the gradient at the electrode. Figure 14 shows 

the concentration profiles for cathodic and anodic cases in an equimolar 

solution, with actual diffusivities and densificatioil coefficients. 

From figure 12 it can be seen that only the assumption that 

diffusivities of reactant and product ion are equal, leads to a more 

pronounced change in migration current. This must be· due to the fact 

that the difference in diffusivity no longer counteracts the difference 
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in valence, as illustrated earlier in the case of the stagnant layer 

model. However, setting all diffusivities equal, i.e., setting D of K+ 

equal to that of the others and, in effect, lowering it thereby, steepens 

the K+ profiles at the cathode and anode considerably and spreads the 

reactant and product profiles, thereby lowering their gradients at 

the electrode. 

An important conclusion of this study of various physical 

property assumptions is that density differences driving the convection 

in the ferri-/ferrocyanide system are very small, and that a change in 

their sign can reverse the convection velocity without greatly affecting 

the concentration profiles. This is in part illustrated in Table 9, 

where the velocity far from the electrode is practically the same for 

the cases a 1 = a3 and a 1 1 a3; so is the shear stress. The only change 

of significance when a 1 = a3 is assumed and the driving density differ­

ence changes sign, is the appearance of a very inconspicuous maximum in 

the velocity, corresponding to a minimum in the driving density 

difference. Such a minimum was already encountered in the system 

Cuso4 - H2so4 - H2o, where it was attributed to the very much greater 

diffusivity of H+ ions which therefore extend the H+ concentration 

excess far enough into the solution to compensate,at a certain point, 

the density deficit due to Cu++ ions. 

Here we can expect the same to happen when OH- ions are 

added to the solution. However, the distortion of the velocity profile 

will be more drastic since the driving force, 6p/6pR' is relatively smaller 

and the concentration profiles, when no OH is present, are more crowded 

toward the electrode than in the case of CuS04 (figure 14). 
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Table 10 summ~~zes the most important results of the 

9. RESULTS FOR SUPPORTED FERRI-/FERROCYANIDE 

Two·supporting electrolytes were considered: KOH and NaOH. 

The latter, although leading to a five-ion system with consequent 

complications in physical property estimation, has been used as frequently 

h
. f . d . . . . . 37,38 as t e ormer 1n reporte 1nvest1gat1ons. 

Figure IS shows the values of the migration current for 

equimolar ferri-/ferrocyanide solutions with various amounts of KOH 

added. Conspicuous is the deviation of these results from those for 

the rotating disk, indicating a strong dissimilarity of the density profile 

in the supported solution compared to that in a binary solution. This 

dissiniilari ty appears to grow stronger as the amount of KOH is increased. 

Beyond c · /cK+ = 0.85 the cathodic case does not converge. 
OH 

The reason 

for this behavior is plain from figure 16 and, more directly, from 

figure 17, which shows the velocity profiles. There is a velocity 

maximum which at weak concentrations of OH occurs at a fair distance 

from the electrode, approximately comparable to the distance at which 

the maximum.occurs in Cuso4 with excess.H2so4 (see figure 9}. However, 

athigher OH- concentrations the maximum occurs much closer to the 

electrode and at the same time decreases in amplitude. The reason for· 

this is suggested by the profile for c /c += 0.95, which yields a 
OH- K 

converged, but physically inconsistent solution: the veloCity far from 

the electrode has reversed sign. 

Apparently there is with increasing OH- concentration such 

a strong reversal of the density difference at some distance from the 
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electrode, that eventually the velocity has a tendency toward inversion. 

The resulting velocity profile is physically inconsistent since the 

boundary layer model clearly breaks down when reversed flow occurs. 

This situation is only different in degree from the one 

encountered in the case of supported Cuso4. The two cases are compared 

in figure 18, where the normalized density profiles are plotted against 

the dimensionless distance (based on characteristic density difference 

at the electrode). 

It can be shown that for f' (00) to be zero.or negative the 

first moment of the density distribution has to be zero or negative: 

f''' = b.p -+ 

f'' = Jn lY.p dn -+ 

00 

n n 
f' = f J b.p dn dn = 

0 00 

n n 
n J b.p dn + J nlY.pdn = 

n [1
00

: ~P dn - ;~ ~P d~+ 
n 

nf" (O) + J b.p(n + 0 d~ 
0 

00 

f' (oo) = J 
0 

b.pndn 

f
n 

nb.p dn = 
0 

Therefore, the closer to the electrode a reversal of density 

difference occurs, the greater the chance that the asymptotic velocity 

is negative. But even before this happens, the velocity profile may 

have become unstable. It is known from the theory of hydrodynamic 
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instability39 •40 that boundary layers with an inflect-ed velocity profile· 

are inherently less stable with respect to certain low perturbation 

frequencies. It follows that if transition to turbulence takes place in 

supported solutions, being in,juced by ionic mobility differences, it may 

take place at lower Grashof numbers tha~ for regular free convection in 

binary solutions or due to heat transfer. This conclusion should be 
. . - . 

open to experimental verification. 

Unfortunately the experimental evidence on transition in 

free convection is rather confusing. Only in heat transfer experiments 

with air (Pr = 0.7) has a transition region been defined by measuring 

ve1oci:ty and temperature fluctuations. In air the lower limit of the 

. 41 42 transition region is, by agreement" of several expen.menters ' 

9 Gr > 2.10 

below which the laminar relation is valid: 

Nu = 0.472 Gr1/ 4 

An upper limit of transition is: 

above which turbulent heattransfer takes place. In air, if 

8.109 
< Gr < 2.1010 , it appears that: 
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Nu = 0.1 (GrPr) 113 

. 41 45 represents the exper1mental data ' well, but in full turbulence, 

Gr > 2.1010 , there is a better fit with the expression 

Nu = 0.021 (Gr Pr) 0 · 4 

I h f . 45 . h d . h 1" "d n eat trans er exper1ments w1t water an w1t 1qu1 s 

of Pr - 100, the exponent 1/3 seems to be more satisfactory on G~ but Pr 

has a different exponent, 0.43. This points to a dependence on Pr which 

apparently also exists in the transition criterion, since the separation 

10 
between regimes was put at Gr Pr = 4.10 . 

Wilke, Tobias and Eisenberg46 report experiments on dissolu-

tion of organic acids in water, where laminar mass transfer relations 

still hold at Gr Sc = 2 x 1010 . Wagner, 43 in salt dissolution experiments, 

11 observed that the flow was still laminar at Gr Sc = 5 x 10 . 

38 Fouad and Ibl place the transition in acidified Cuso4 

solutions, observed optically, between 2 x lOll < Gr Sc < 4 x 1013 . They 

suggest that there is a separate dependence on Sc. Wilke, Eisenberg and 

Tobias 24 correlate laminar free convection in acidified Cuso4 solutions 

up to Gr Sc = 5 x lOll. 44 Fouad and Gouda report transition in ferri-

cyanide reduction with excess NaOH at Gr Sc = 4.6 x 1011 . 

One can hardly infer that destabilization had taken place 
difference 

in the supported solutions. However, in such solutions the densityjhas 

to be estimated (usually by the method of Wilke, Eisenberg and Tobias
24

), 

which can lead to appreciable errors. 
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Since the inertial terms in the equation.of motion were 

neglected in this analysis it follows that a theoretical treatment of 

instability ~n electrolytic free convection could also simplify the 

unsteady equation of motion, retaining only viscous and buoyancy terms. 

The result would be analogous in form to the so-called viscous solutions 

in forced flow instability, 40 
except for the unknown effect of coupling 

to the diffusion equation. No solutions are available for high Pr free 

convection instability. Gebhart47 .reports the absence, in low Pr free 

convection instability, of a critical layer (corresponding in forced 

flow to the velocity profile inflection) where the disturbance velocity 

equals the Steady velocity. One might conclude therefore, that the 
. . 

velocity profile inflection obtained ih this work does not necessarily 

indicate instability. 

The appearance of velocity profiles which exhibit velocity 

maxima also has implications for the concept of similarity as applied to 

supported solutions in free convection. The analyses in the past have 

utilized .the assumption that similarity variables based on the total 

density difference between electrode and bulk solution will characterize 

the velocity and density profiles for each composition. Clearly this 

single parametEr is not suffiCient if one would want to design a similarity 

transformation that should also encompass the profiles in solutions of 

different composition. Figure 18 shows that there is not oniy a minimum 

density at the electrode, but also a maximum at some qistance into the 

solution. A complete similarity over the range of r would imply that 

the maximum always occur at the same distance from the electrode (in terms 

of the new·variable). This is already contradicted by the absence of a 

density maximum when OH- is absent. 
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Figure 19 shows the surface concentrations with excess KOH. 

It is remarkable how close the values are to those for the rotating disk, 

and how little this similarity is disturbed by the anomaly of the velocity 

profile as the OH- concentration increases. This is another confirmation 

of the earlier statement that what happens close to the electrode is very 

little influenced by the densification, i.e., the specific shape of the 

velocity profile, and more by the relative mobility of the ions, as in a 

stagnant layer model. 

Table 11 gives the main results for the system 

The current and surface concentrations for the system 

K
3

Fe(CN)
6 

- K
4

Fe(CN)
6 

- NaOH - H
2
0 are very similar to those obtained 

with KOH. The values are summarized in Table 12. Figures 20, 21 and 

22 illustrate the results in complete analogy to figures 15, 16 and 19. 

The velocity f~ in figure 21 shows negative, anomalous, values beyond 

c _/(C + + c .) = 0. 75, in the cathodic case. The anodic reaction shows 
OH K Na 

a smooth, converged behavior all the way to c /~ + c ) = 1, but 
OH- K+ Na+ 

the curve of f~, though positive throughout, has an incongrous tail as 

c excess is reached. Figure 22 shows how close the surface concentra-
OH-

tions are to those reported with KOH as supporting electrofyte, and, by 

implication, to those for the rotating disk. 

Finally, figure 23 shows typical concentration profiles in 
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10. ALTERNATIVE PROCEDURE FOR NUMERICAL SOLUTION 

In the computations above, the equation of motion, the 

equations of convective diffusion and the electroneutrality equation 

were solved simultaneously after linearization. This procedure is 

simple and, if it converges, does so fast since convergence is quadratic. 

On the other hand there is no guarantee that convergence will occur, in 

particular when density differences change sign from one iteration to 

the next, as is bound to happen, e.g., in the case of supported ferri-/ 

f~rrocyanide. In some 'of these cases use was made of an alternative 

procedure which is slower to converge but offers more probability of 

convergence since.· it uncouples the equation of motion from the equations 

of convective diffusion. 

First the equations of convective diffusion and the electro-

neutrality equation are solved with an assumed velocity profile of the 

general form: 

(7. 8) 

Upon convergence an improved streamfunction profile is 

computed from the density profile by a triple integration: 

· f'" Cn) = llp C11) (10.1) 

11 
f" C11) = J llp d11 . (10. 2) , . 

()() . 

11 11 
f' C11) = Jo Joo t:,pd11 d11 (10.3) 

11 11 11 
f (11) = Jo Jo foo t:,p d11 d11 d11 (10.4) 
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The new f is inserted in the equations of convective 

z.u.RT 
1 1 

DR 
(8.~')' + f8~ = 0 

1 1 

and the system of equations is solved again, producing a new density 

( 4. 15) 

profile which yields a new velocity profile, etc. Convergence with a 

fixed velocity profile is usually faster than in the completely uncoupled 

procedure, but convergence to a final velocity profile can be very slow. 

Convergence of the velocity profile can be helped by 

adjusting the variables f and n so that they are based on the densifica-

tion at the electrode after every iteration. One assumes then a new 

streamfunction proportional to f: 

(10. 5) 

and a new distance variable 

(10.6) 

The factors A1 and A2 are adjusted so that the current at 

the electrode is numerically the same as in the (f,n) profile: 
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. ci)3/4 8' ·. 
C = · 3 R,o = 

[
EA. (8. . -8. ,)~ l/4 

(4)3/4 8' 
3 R,o 

(f"')l/4 
.. 1 1,0 1, 

1 . 

(-d :-:-~) ~ 1 + -)-· 

. 0 2 

A . =( /1p · )1 I 4 
2 a.R/1 

. cR 

f'" = 
0 

0 

l+ 

It is easy to see that f 1 and t;, are identical, respectively, to f/1p 

and n8P as defined in (7.6) and (7.7). 

The actual program used is reproduced in Appendix C. 

11. FREE CONVECTION WITH UNIFORM FLUX 

The work reported so far concerns free convection under 

(10.7) 

conditions of uniform concentration at the electrode. Another boundary 

condition, of considerable importance in electrochemical systems, is 

49 that of uniform current density at the electrode. Wagner has shown 

that at current densities below approximately 1/3 of the limiting 

current density, there is a substantially uniform distribution of the 



-56-

current over vertical plate electrodes facing each other, as a result of 

kinetic limitations and ohmic drop. 

The equation of convective diffusion and the equation of 

motion were solved for a binary electrolyte, with the condition of 

uniform flux at the electrode. It appears from the literature that this 

has not been done earlier for the case of Sc + 00 • 

The appropriate equations in this case are: 

a3,,, p-poo 
\) .:::_:t. + -- g - 0 

" 3 p X oy oo 

p-poo 
-- = a (c -c ) 

P s s s 00 
00 , 

and the boundary conditions: 

ol/J- ~-oy - - ax - 0 

i:£ = 0 c = c 
2 s ay 

dljJ - 0 c = c 

N = -s 

at s 00 , 

at x ay - s s ,oo 

The appropriate transformation is now: 

dC 
s 

Ds ay at y = 0 

y = 00 

= 0 

(11.1) 

(11.2) 

(11.3) 

(11.4) 

(11. 5) 

(11.6) 

(ll. 7) 



where 

c s 

* Gr = s 

N L s 
cs,oo = o 

s 

g a. N L4 
X S S 

vD 2 
s 

The equations become: 

. d3f 
s --·-·+ . 3 

dn s 

e = o s 

and the boundary conditions: 
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(~)1/5 LGr s . 

at n = o · .. s 

df s 
fs = dn = 0 

s 

at n "' oo s e = o s 

de /dn = -1 s s 

These equations were solved by the method discussed in 

(11.8) 

(11. 9) 

(11.10) 

(11.11) 

(11.12) 

(11.13) 

(11.14) 

section 5. Only (11.12) and one boundary condition in (11.13) are dif-

ferent from the set of equations solved in section 6. 

The results of interest are: 

e co) s (11.15) 
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(11.16) 

Table 13 shows these results in comparison with values 

d b. S d G 48 f . f. . S hm.d b compute · y parrow an regg or 1n1te c 1 t num ers. They agree 

very well with the trend of Sparrow and Gregg's results. 

An attempt can be made to extend this work to supported 

electrolyte solutions under uniform flux conditions. Equation (11.2) is 

then replaced by one equation each for all species: 

a 
z. u. F " (c. Ey) 1 1 oy 1 (11.17) 

where E is the y-component of the electric field in the solution. Further 
y 

one has the electroneutrality condition: 

E z.c. 
1 1 

i 
= 0 

The densification is: 

--= E a. (c.-c. ) . 1 1 100 
1 . 

(11.18) 

(11.19) 

The boundary conditions for the species concentrations are: 

s.i 
1 y nFN. 

1Y 

ac. 
1 = nF(D

1
. ~y - z.u.Fc.E ) 

a 1 1 1 y 

at y = 0 

(11. 20) 



where 

4f6! -
1 
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c. = c. at x = 0 · 
1 1 00 

Assume sirnilari ty. variables as follows: 

RT q 
Ey = FL Qx E(n) ' ' 

c. -c. FD * = sRiyL. (~ll/5 
1 1 oo n R . LGr R 

e. Cn) 
1 

* Gr = -
R 

Then the equations become: 

a. 
f"' -~2 e. = o 

~aR 1 
1 

l: z.e. = 0 

i 1 1 l D. 
f'e. + 2 e'.' 

1 DR_ 1 

z.Q 
1 --x AL 1 ~ 00 1 q+- ' c.£' 

5 (8i£)' + 1~/5 = 0 
· Bx 

and the boundary conditions: 

n = o f = f' = 0 

(11. 21) 

(11. 22) 

(11.23) 

(11.24) 

(11. 25) 

(11.26) 

(11. 27) 

(11.28) 

(11. 29) 

(11. 30) 

(11. 31) 
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DRsi I e~ z.Q q4t c;£ ] I 1 
n = 0 , DisR = · AL x 8i£ + Bxl/5 (11. 32) 

n = ()() e. = 0 f" = 0 (11. 33) 
1 

where 

AL = (.!_ LG. *) 1/5 d B = sR\L (_L)l/5 5 rR an nFD * · 
R · LGrR 

There are 3 tractable cases: 

1. .. ci<<' Bx115 or BL1/ 5 , i.e., long electrodes, dilute solutions, high 

currents, since: 

1 * 1/5 sRi L 
-5 GrR << y nFDREc . 

. 100 
1 

If one sets q = - 1/5 , Q = AL, then: 

* 
·. = RT (LGrR)l/5 

Ey FL 5x £Cn) 

The mass transfer equation becomes: 

I 
4f8. 

1 
f'8. + ~i ~8'.' - z. (8. £)' l = 0 

1 R l 1 1 1 ~ 

and the flux condition: 

e~ 
DisR = 1 

z.e.£ at n = o 
1 1 

(11.34) 

(11.35) 

(11.36) 

(11. 37) 
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Since cRo 
1/5 . = cRoo + Bx 8R(O), and 8i(O) is of order unity, the condition 

implies that cRo is negative, i.e., a physically impossible situation. 

2. ·c~ >> · Bx1/ 5 or BL l/5 , L e., short electrodes, concentrated solutions, 

low currents, since: 

(.!_ G *) 1/5 
S· rR 

If one sets q = 0, _g_ 
LAB 

2 Ez.c. = 1~ then: 
1 1 00 

E y £(n) 

The mass transfer equation becomes: 

4f8~ D.t 1 II - f'e. +-·-e.- z. 
1 DR 1 1 1 

and the flux condition becomes: 

DRs; 
... e~­

DisR = 1 
at 

c. £'] . 100 
2 . = 0 

Ez.c . 
. 1 1 00 
1 . 

n = o 

(11.38) 

(11.39) 

(11.40) 

(11.41) 

This case is valid only under a very restrictive assnnption, 

implying that the current level is far below the limiting current, arid 

that the effect of migration is small to start with (low field strength). 
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3. £ can be eliminated in the case of a binary solution. This was done at 

the beginning of this section, where equations (11.1-11.6) were written 

as for an undissociated solute. The relation with the species equations 

(11.17) is obtained via the definitions: 

e = e /v = e /v (11.42) e + + -

a. = \) a. + \) a. (11.43) 
s + + 

v D + v D + + 
(11. 44) D = s \) + \) + 

Elimination of E leads to the equations: y 

a. 
f'" - 2-e = 0 

a.R e 

D 
4f8' f'8 s e" 0 +- = 

e e DR e 

with boundary conditions: 

n = 0 f = f' = 0 

n = 0 8' 
DR 

= , 
SR(V++V_) e 

n = 00 e = 0 f" e , 

The similarity variables 

in (11.23, 11.25-11.27). 

(11.45) 

(11.46) 

(11.47) 

(~ + ~J (11.48) 

= 0 (11. 49) 

n, f, 8 above are still those defined e 
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To obtain the equations (11.1-11. 6) these variables are 

redefined,· or "stretched", as follows: 

Tls = An 

e = se , 
s e 

f = Cf 
s 

where, e.g., for the cases = 0 s , + = SR' D+ = 

A = 

(11. 50) 

(11. 51) 

(11. 52) 

(11.53) 

(11. 54) 

(11. 55) 



-64-

Table 1. 
(IL/ID) 
current 
model. 

Ratio of maximum limiting current to limiting diffusion current 
and electrolyte composition at the electrode for limiting diffusion 
(6c d /6c t ) according to the Nernst (stagnant) layer supp.,pro. reac. 

reacting 

ion 

Cu++ 

Cu++ 

*Fe (CN)
6 

3 -

*Fe(CN)64-

**Fe(CN) 3-
6 

**Fe(CN) 4-
6 

counter 

ion 

504 
HSO~ 

Cl 

supporting 

ion 

product 

ion 

Fe(CN)
6

4-

4-Fe(CN) 6 

*D /D = 1.2132 ferric. ferroc. 

**D /D = l ferric. ferroc. 
*** Produ(it ion absent in bulk 

2 

3 

2 

6c /6c supp. react. 
(r=l) 

0.333 6cH2S04/6cCuS04 = 
6cH

2
so

4
/ 6ccuso

4 
= 0 

6cKCl/6cHCl = 0.5 

I /I *** 6c /6c L D prod. react. 

0.8389 

l. 2178 

0.90215 

1.1277 

6cferroc. 16cferric. = 0· 843 

6c /6c = 1.207 ferric. ferroc. 

6cferrocJ6cferric. = 0· 80 

6c . j6c - l 25. ferr1c. ferroc. - · 
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Table 2. Supporting electrolyte concentrations in various electr~!ytic 
solutions according to the method of Wilke, Eisenberg ~nd Tobias. * 

AcH so 
CuSO 4-H2SO 

4
-H20 lr 2 4 

cathode 
llCCuS0

4 

at 

0.1 0.0182 

c 0.25 0.0932 
H2so4 0.50 0.2267 r = c +c Cuso4 H2so4 0.75 0.3086 

0.9 0.3385 

1 0.3533 

{lcferro flCferri ** 
K3Fe(CN) 6-K4Fe(CN) 6-H20 r 

flCferri flCferro 

0 2.4203 0.4132 
c 

r = ferro 0.5 0.8696 1.1499 C . +c· 
ferro· ferri 

1.0 0.4062 2.4617 

K3Fe(CN) 6-K4Fe(CN) 6 

llcOH llcOH 
rOH llc . llc ferr1 ferro 

-KOH-H 0 2 

r.= 0.5 0.25 -0.1798 0.1935 

cow 
0.5 -0.3005 0.3101 rOH =--

c + 
K 

0.75 -0.3871 0.3879 

1.0 -0.4523 0.4523 
·.-
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(Table 2. Continued) 

* Salt diffusivities and ionic transference numbers are based on infinite 
silution mobilities (see Table 4). 

** 11c • ('/::,.c ) -l ferr1 ferro 
lie . · . = /1c . . . 

ferro anod1c ferr1 cath 

*** 
/1cOH 

h.cf . err1 
does not agree with the value of 

/1cferro 
11 for r = 0.5 
cf . err1 
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Table 3. Coefficients of mass-transfer and shear stress relations for 
free convection, acco:rding to Ostrach,1 Sparrow and Gregg,3 Le Fevre4 

and Kuiken. 9 

Sc (Pr) Source cl c2 c 81 B 
(Ref.) 

0 4,9 0. 8.00544 L 21051 

0.003 3 0.0425 0. 776 0.1816 1.1566 0.2707 

0.01 11 0.07656 0.7656 0.2421 1.1158 0.3528 

0.03 3 0.1269 0.7327 0.3049 1. 0617 0.4418 

0. 72 1 0.4757 0.5607 0.5165 0.7648 0.7045 

0.733 1 0.4789 0.5594 0.5176 0.7627 0.7057 

1 1 0.5347 0.5347 0.5347 0. 7265 0. 7265 

10 1 1. 1025 0. 3486 0. 6200 0.4743 0.8434 

100 1 2.066 0.2066 0.6532 0.2848 0.9005 

1000 1 3.739 0.1182 0.6649 0.1641 0.9225 

00 4 0.670327 0.932835 

T 
o 81 Gr·. -1/4 ( )-1/4 --=----,.-- = B Gr Sc . pLgallc-
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Table 4. Physical property parameters used for various electrolytic 
systems, at 25°C. 

R. T. s. z. 
~ ~ ~ 1 

H+ 13.0522 0.2139 0 1 

so~ 1. 4925 0 0 -2 

Cu++ 1 1 1 2 

H+ 13.0522 0.2996 0 1 

HSO~ 1. 8657 0 0 -1 

Cu++ 1 1 1 2 

-OH 5.8692 0.2708 0 -1 

Na+ 1.4885 -0.0402 0 1 

4-
Fe(CN) 6 0.8243 1. 3506 1 -4 

K+ 2.1837 0 0 1 

3-
Fe(CN) 6 (reacts) 1 1 -1 -3 

-OH 7.1206 0.2005 0 -1 

Na+ 1.8059 -0.0298 0 1 

3-
Fe(CNJ6 1. 2132 0. 7404 -1 -3 

K+ 2.6492 0 0 1 
-4 Fe(CN) 6 

(reacts) 1 1 1 -4 
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Table 5. Values of Cs and Bs in equations (6.4) and (6.5) depending on 
meshwidth H (100 meshpoints). 

H c B 
s s 

0.02 1. 0788 0.49981 

0.025 0.89344 0.61202 

0.035 0. 72723 0.78763 

0.045 0.68055 0.88267 

0.050 0.67388 0.90603 

0.075 0.67019 0.93245 

0.100 0.67016 0.93296 

0.120* 0.67008 0.93294 

0.140* 0.67001 0.93308 

* 70 meshpoints. 



-69-

Table 6. Values of C5 and B5 in equations (6.4) and (6.5) obtained with 
the complete equation of motion, compared_to literature values. 

Sc c c c B B B 

This Kuiken 6 . 1 
Ostrach · This Kuiken 6 Ostrach 1 

work work 

10 0.6200 0.46582 0.61999 0.84848 0.8434 

100 0.6533 0.65339 0.65323 0.90067 0.9005 

1000 0.6653 0.66484 0.66494 0.92211 0.9225 

Le Fevre 4 Le Fevre 

* oO 0~670327 0.67033 0.670327 0.93283 0.93283 0.932835 

4 
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Table 7. · Principal results for the system CuS0
4-H2so4-H20. 

A. ++ = + 
System Cu -S04-H -H20. (H=O. 0611, NJ=l50) 

r c C /C* B f' f' f~CH so ICc so R 00 max 2 4 u 4 
0. 1.28106 1. 86489 0.97569 0.9675 0 

0.0909 0.98728 1.48050 0.91609 0.8823 0.8852 0.1739 

0.16667 0.90573 1.36961 0.90386 0.8867 0.8538 0.2412 

0.33333 0. 80727 1.23374 0.89064 0.7926 0.8103 0.3234 

0.55556 0.73037 1.12763 0.87964 0.7352 0.7682 0.3879 

0.83333 0.66651 1.04043 0.86882 0.6738 0. 7263 0. 4406 

0.98039 0. 64005 1. 00471 0.86364 0.6443 0.7070 0.4619 

0.99800 0. 63712 1. 00077 0.86304 0.6409 0. 7048 0. 4642 

0. 99980 0.63683 1. 00037 0.86298 0.6405 0.7046 0.4644 

0.99998 0.63680 1.00033 0.86297 0.6405 0.7046 0.4644 

B. 
++ - + 

System Cu -HS04-H -H20. (H=O. 0611, NJ=l50) 

r c C /C* B f' f' f~C /C 
R 00 max H2so

4 
CuS0

4 

0.56250 1.07659 1. 61485 0.91307 0.8734 0.8847 -0.3095 

0.64000 0.89753 1. 37271 0.88724 0. 7782 0.8081 -0.0994 

0.72250 0.79716 1. 23642 0.87092 0.7072 0. 7563 0.0186 

0.81000 0. 72556 1.13955 0.85762 0.6458 0. 7143 0.1014 

0.90250 0.66897 1. 06348 0.84567 0.5897 0.6784 0.1653 

0.98010 0.63043 1.01211 0.83657 0.5467 0.6506 0.2079 

0.99800 0.62176 1.00144 0.83357 0.5291 0.6424 0.2175 

0.99980 0.62157 1.00039 0.83435 0.5363 0.6441 0.2175 

0.99998 0.62149 1.00028 0.83433 0.5362 0.6441 0.2176 
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Table 8. C(partial dissociation)/C(bisulfate only) for the rotating 
disk electrode (K=O.Ol). 

r -c 
H-SO -2 4 

1.5M l.OM 0.5M 

0.95 0.9994 0.9991 0.5M 

0.90 0.9987 0.9980 0.9960 

0.85 0.9976 0.9964 0.9927 

0.80 0.9954 0.9929 0.9852 

0.75 0.9818 0. 9729 0.9505 

r = cH SO /{cH SO +cCuSO ) 
- 2 4 2 4 4 -
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Table 9. Specific density difference electrode/bulk, dimensionless 
velocity far from the electrode, and shear stress in various systems. 

System AC f' f" 
ACR 00 0 

Cuso4-H20 1 0.9675 0.97569 

Cuso4-H2so4-H
2
0 

excess H2so4 0.8952 0.6405 0.86297 

K3Fe(CN) 6-K4Fe(CN) 6-H20 

equimolar 

cathodic a;f.o.,· DID -0.1368 0.335 0.94988 

0.=0., DID 0.1583 0.345 0.93640 

o.'f.o., Dl=D3 -0.0974 0.360 1. 06851 

0.=0., Dl=D2=D3 -0.0805 0.258 0.94904 

anodic o.f.o., DID 0. 1140 0.320 0.95507 

o.=o., Df.D -0.1966 0.375 0.90116 

ala, Dl=D3 0.0910 0.348 1. 054 78 

o.=o., Dl=D2=D3 0. 0745 0.232 0.90991 

K3Fe(CN) 6-K4Fe(CN) 6-KOH-H20 

equimolar, c /c =0.5 
OH- K+ 

cathodic -0.4298 0.6365 0.85743 

anodic 0.3812 0.6713 0.86447 

K3Fe(CN) 6-K4Fe(CN)
6

-NaOH-H
2

0 

equimolar, c0H/(c ++c +)=0.5 
K Na 

cathodic :..0.4230 0.6035 0.84164 

anodic 0.3680 0.6478 0.85216 
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Table 10, Principal results for the system K3Fe (CN) 
6

.,..K
4

Fe (CN) 
6 

-H
2
o 

A. Cathodic reaction. (H=O. 08, NJ ... 150) 
r c C /C* B f' t:.c /t:.c . 

c R 00 ferroc ferr1c 

0.000286 0. 58726 0.86816 0.95211 0.9043 0.8379 

0.1 0.59753 0.88338 0.95154 0.9061 0.8387 

0.25 0.61236 0.90531 0.95081 0.9087 0.8399 

0.5 0.63551 0.93947 0.94988 0.9128 0.8417 

0.15 0.65694 0.97102 0.94923 0.9164 0.8434 

0.9 0.66907 0.98883 0.94894 0.9185 0.8444 

0.9996 0.67683 1.00023 0.94878 0.9198 0.8450 

B. Anodic react:lon. (H='O. 08, NJ=150) 
r c ·c ;c* B f' t:.c . I t:.c a. R . 00 · ferr1.c ferroc 

0.0004 0.79340 1.16384 0.95634 0.9643 1.1922 

0.10 0.78352 1.14976 0.95607 0.9620 1.1930 

0.25 0.76809 L 12774 0.95567 0.9583 1.1943 

0.50 0.74080 1.08870 0.95507 0.9517 1.1966 

0.75 0.71129 1. 04637 0.95459 0.9442 1.1992 

0.90 0.69238 1. 01919 0.95438 0.9392 1.2008 

0. 999714 0.67927 1.00030 0.95427 0.9357 1. 2019 

r = cferricyanide/(cferricyanide+cferrocyanide) c 

r = cferrocyanid/(cferricyanide+cferrocyanide) a 
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Table 11. Principal results for the system K3Fe(CN) 6-K4Fe(CN)
6

-KOH-H20. 

A. Cathodic reaction. (H=0.08, NJ :150) 

c r c CR/C* B f-' b.c b.c - c 00 ferroc -OH OH 

c b.cf - b.cf -K+ err1c err1c 

0 0.5 0.63553 0.93947 0.94992 0. 9130 0.8417 0 

0.1 0.5 0.63167 0.94401 0.93321 0.8587 0.8573 -0.0495 

0.25 0.5 0.62540 0. 95118 0.90735 0.7815 0.8831 -0.1302 

0.50 0.5 0. 61111 0.96447 0.85743 0.6365 0.9352 -0.2889 

0.75 0.5 0.58990 0.98030 0.79692 0.4709 1.0060 -0.4988 

0.80 0.5 0.58390 0.98390 0.78243 0.4295 1.0237 -0.5506 

0.85 0.5 0.57705 0.98768 0.76694 0.3849 1. 0431 -0.6070 

0.90 0.5 not converged 

0.95 0.5 0.51268 0.99624 0.69068 -0.0944 1. 0767 -0.7295 

0.5 0.9 0.62915 0.99363 0.85461 0.6457 0.9419 -0.3033 

0.5 0.75 0.62247 0.98321 0.85520 0.6390 0.9394 -0.2981 

0.5 0.25 0.59868 0.94375 0.86015 0.6361 0.9307 -0.2792 

0.5 0.10 0.59050 0.93023 0.86184 0.6354 0.9278 -0.2731 

B. Anodic reaction. (H=0.08, NJ -150) 

c r c C /C* B f' b.cf . b.c - a R 00 err1c OH OH 

c K+ b.c ferroc b.c ferroc 

0 0.5 0.74080 1. 08870 0.95507 0.9517 1.1966 0 

0.1 0.5 0.72769 1.08104 0.93805 0.8985 1. 1733 0.0591 

0.25 0.5 0.70714 1.06925 0. 91149 - 0. 8161 1.1363 0.1514 

0.50 0.5 0.66997 1.04846 0.86447 0. 6713 1.0682 0.3183 

0.75 0.5 0.62754 1.02565 0.81322 0.5103 0.9892 0.5080 
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Table 11. (Continued) 

* c r c CR/C B f' f::.:.cf . !:J.c 
- a 00 err1c -OH OH 

f::.:.c lie 
c ferroc ferroc 

K+ 

0.80 0.5 0.61810 1. 02078 0.80223 0.4743 0.9719 0.5494 

0.85 0.5 0.60818 1.01580 0.79089 0.4360 0.9539 0.5921 

0.90 0.5 0.59767 1. 01071 o. 77907 0.3945 0.9355 0.6361 

0.95 0.5 0.58633 1.00550 0.76658 0.3482 0.9165 0.6815 

0.9998 0.5 0.57376 1.00023 0.75308 0.2938 0.8972 0.7280 

0.5 0.0004 0.69455 1. 08742 0.86179 0.6764 1. 0583 0.3353 

0.5 0.1 0.69004 1.08026 0.86230 0.6756 1.0601 0.3321 

0.5 0.25 0.68290 L 06893 0.86309 0.6741 1.0630 0.3271 

0.5 0.75 0.65553 1.02571 0.86591 0.6678 1. 0737 0.3089 

0.5 0.9 0.64603 1. 01078 0.86682 0.6653 1.0773 0.3030 

0.5 0.9997 0.63933 1.00027 0.86743 0.6634 1. 0797 0.2989 

r = cferrocyanid/ (cferrocyanide + cferricyanide) c 

r = cferricyanide/(cferrocyanide + cferricyanide) a 
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Table 12. Principal results for the system K3Fe(CN) 6-K4Fe(CN) 6-NaOH-H20. 

A. Cathodic reaction (H=0.08, NJ=l50). 

c t.c 
/:).c t.c - - + 

OH * ferroc OH Na 
r c CR/C B f' 

t.cf . t.cf . t.cf . c +c c 00 

+ + err1c err1c err1c 
K Na 

0 0.5 0.63551 0.93947 0.94988 0.9128 0.8417 0 0 

0.10 0.5 0.63024 0.94373 0.92991 0. 854 7 0.8567 -0.0498 0.0337 

0.25 0.5 0.62143 0.95058 0.89864 0.7649 0.8817 -0.1319 0.0902 

0.50 0.5 0.60323 0.96363 0.84164 0.6035 0.9330 -0.2962 0.2057 

0.75 0.5 0.57577 0.97969 0.77313 0.4034 1.0036 -0.5170 0.3631 

0.80 0.5 not converged 

0.85 0.5 0.51072 0.98850 0.69562 -0.0956 1.0329 -0.6364 0.4128 

0.90 0.5 note converged 

0.95 0.5 0.42693 0.99666 0.65457 -0.3634 1. 0497 -0.7402 0.4310 

0.5 0.9996 0.62482 1.00023 0.83682 0.6054 0.9412 -0.3144 0.2132 

0.5 0.90 0.62086 0.99347 0. 83773 0.6051 0.9397 -0.3109 0. 2118 

0.5 0.75 0.61458 0.98281 0.83915 0.6046 0.9373 -0.3056 0.2096 

0.5 0.25 0.59061 0.94243 0.84429 0.6018 0.9284 -0.2863 0.2016 

0.5 0.10 0.58233 0.92859 0.84598 0.6005 0.9255 -0.2801 0~1989 

0.5 0.000286 0.57649 0.91886 0.84715 0.5995 0.9235 -0.2758 0.1970 
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Table 12. (Continued) 

B. Anodic reaction (H=0.08, NJ>=~150) 

c !'J.c - !'J.c !'J.c - - Na+ OH *- ferroc OH 
r c CR/C B f' 

!'J.cf . !'J.cf . flcf . c +c a 
K+ + err1c err1c err1c 

Na 

0 0.5 0 .. 74080 1. 08870 0.95507 0.9517 1.1966 0 0 

0.10 0.5 0.72659 1. 08143 0.93494 0.8927 1. 1741 0.0594 -0.0380 

0.25 0.5 0.70447 1. 07005 0.90443 0.8031 1.1380 0.1533 -0.1000 

0.50 0.5 - 0.66463 1.04953 0.85216 0.6478 1.0706 0.3260 -0.2197 

0.75 0.5 0.61847 1.02642 0.79611 0.4709 0.9914 0.5258 -0.3658 

0.80 0.5 0.60786 1. 02142 0.78392 0.4289 0.9739 0.5698 -0.3987 

0.85 0.5 0.59642 1.01628 0. 77108 0.3821 0.9559 0.6153 -0.4328 

0.90 0.5 --· - 0.58368 1. 01101 0.75717 0.3269 0.9375 0.6625 -0.4678 

0.95 0.5 0.56837 1. 00561 0.74104 0.2536 0.9190 0. 7112 -0.5027 

0.9998 0.5 0.53574 1. 00018 0. 71002 0.0475 0.9044 0.7608 -0.5259 

0.5 0.9997 0.63366 1.000253 0.8554 0.6398 1.0822 0.3061 -0.2121 

0.5 0.90 0.64044 1. 01101 0.8547 0.6417 1.0797 0.3103 -0.2137 

0.5 0.75 0.65004- 1. 02627 0.8537 0.6442 -1. 0762 0. 3164 - -0.2161 

0.5 0.25 0.67770 1.07045 0.8507 0.6507 1. 0654 0.3350 -0.2230 

0.5 0.10 0.68491 1.08204 0.8498 0.6521 1.0625 0.3400 -0.2249 

0.5 0.0004 0.68946 1.08936 0.8493 0.6529 1. 0606 0.3433 -0.2261 

r = cferrocyanid/(cferrocyanide+cferricyanide) c 

r = cferricyanide/(cferrocyanide+cferricyanide) a 
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Table 13. Dimensionless concentration and shear stress at the electrode 
in free convection with uniform flux condition. 

Sc 0.1 1 10 100 00 

Th1s work 1.14747 
e s,O Ref. 48 1. 7356 1. 3574 1. 2163 1.1697 

This work 0.83789 

cps 0 , Ref. 48 0.65425 0. 72196 0.76962 0.79628 

Note: The values tabulated as 8 (O) and f" (0) in Appendix B of reference 
48 are, in the notation of this report: 

e co) = e -1/5 
s,O Sc 

f" (0) = <P s,O 
Sc3/5 
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Figure 5. Concentration profiles in Cuso4-H2so4-H2o, with H2so4 (fully 
dissociated) in large excess. The concentration excess relative 
to the bulk is shown normalized with respect to reactant bulk 
concentration. 
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Appendix A. Migration in forced and free convection: 

1 . f 1 d d 1" 13 1 corre at1on o se ecte present an ear 1er resu ts. 

AI. System Cuso4-H2so4-H20 (complete dissociation). 

The data (shown in figure 8) are correlated by the expressions 

C/C s 
= a 

0 

b b 1/3 b 2/3 b 
= o + lr + 2r + 3r 

The coefficients are: 

a 
0 

b 
0 

free 
convection 

1.91143 

-0.77174 

-0.71969 

+0. 53115 

0.0043 

-0.00043 

0.22615 

1. 71151 

-1.00993 

0.0059 

rot. 
disk 

1. 88574 

-0.63461 

-0.73990 

0. 49257 

0.0050 

-0.000275 

0.19193 

0.57679 

-0.33885 

0.0025 

growing 
mercury 

drop 

1.83046 

-0.79315 

-0.30667 

0.26987 

0.0024 

-0.00013 

0.29972 

0.53240 

-0.33324 

0.0021 

S.E. = standard error 

r = cH SO /(cH SO + cCuS0
4
) 

2 4 2 4 

Nernst 
layer 

2.00324 

-0.25946 

-1.62904 

0.88836 

0.0064 

-0.001078 

0.08648 

0.54308 

~0.29619 

0.0021 

(A.l) 

(A. 2) 
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System CuS04 - H2so4 - H20 (partial dissociation: 

bisulfate ion undissociated) 

C/C = a + a (2r-1) 112 + a2 (2r-l) 3/2 (A. 3) s 0 1 + a 3 (2r-l) 

~cH2 so4/~cCuS04 = b + b (2r-1) 1/ 2 + b2 (2r-l) + b (2r-1) 3/ 2 (A. 4) 
0 1 3 

rotating growing Nernst 
disk mercury layer 

drop 

a 2.654 2.497 3.000 ·o 

al -3.9525 -3.8216 -3.7573 

a2 +3. 7754 +3.8920 +2.5881 

a3 -1.4818 -1.5726 -0.8323 

SE 0.008 0 .. 010 0.003 

b -0.9997 
0 -0.9996 -0.9998 

bl +2.5270 +2.9069 + 1. 8787 

b2 -2.1062 -2.5427 -1.2942 

b3 +0.7141 +0.9052 +0.4162 

SE 0.003 0.004 0.002 
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The data for free convection (shown by solid lines in Fig. 12) are 

correlated by the expressions: 

C/C 
s 

~c d . /~cR = b + b1r + b2r pro uct 1on o 
2 

where r = r if ferrocyanide reacts (anodic) 
a 

r = rb if ferricyanide reacts (cathodic)· 

Coefficients are: 

anodic cathodic 

a 1. 013425 0.876152 
0 

al 0.196820 0.154181 

a2 -0.026707 -0.020666 

S.E. 0.00016 0.00012 

b 1. 201934 0.837864 
0 

bl -0. 011434 0. 008311 

b2 +0.001656 -0.001198 

S.E. 0.00001 0.00001 

S.E. Standard error 

(A.5) 

(A.6) 
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The data for rotating disk forced convection (shown by solid lines 

in figures 15, 19, 20 and 22) in equimolar ferri-/ferro-cyanide solutions 

are correlated by the expressions 

C/C s 

~c /~c - b + b1R + b R2 
+ b R3 

product ion R - o 2 3 

where R = c /c if KOH is supporting 
OH- K+ 

orR= c /(c + ) if NaOH is supporting. 
- + + 

OH K Na 

Coefficients are: 

(A. 7) 

(A. 8) 

(A.9) 
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Anodic Anodic Cathodic Cathodic 
KOH NaOH KOH NaOH 

a 
0 

1. 091071 0.946226 0.938131 0. 938138 

a1 -0.070615 0.833289 0.044120 0.041739 

a2 -0.010072 -1.58795 -0.005240 -0.005163 

a3 .-0. 010580 0.817698 0.022868 0.025128 

S.E. 0.0002 0.0176 0.0002 0.0002 

b 1.197425· 0.840521 
0 

b1 -0.225883 0.185190 

b2 -0.040879 -0.105595 

b3 -0.051645 0.215589 

S.E. 0.0002 0.0021 

c 
0 

0.000035 0.002036 

c1 0.545220 -0.545496 

c2 0.083316 0.278367 

c3 0.104858 -0.564034 

S.E. 0.0004 0.0057 

S.E. = standard error 
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Appendix B. Fortran program for coupled equations. 

Before linearization of the equations (4.14-16) an auxiliary function 

. h is introduced such that 

h' = f (B.l) 

and f' is for convenience represented by g. Moreover the' concentrations 

in the program are all !eal (dimensioned) concentrations ci but taken 

with respect to the bulk concentration c. : ~c. = c.-c .• 
100 1 1 100 

The set of n equations corresponding to the n variables 

is now, after linearizat]on of the equations of convective diffusion: 

(1) 

(2) 

(i) 

(n) 

where 

(1) 

(2) 

g11 
- T.~c. = 0 

1 1 

g - h" = 0 

R.~c". + h' (~c1~) 0 + (h') ~c~ + Q.R. [~c. (<I>") 
l. 1 0 l. 1 1 l. 0 

Q.R. [(~c.) (<f>") + (~c~) (<I>') ] + (h') (~c~) 
l. 1 l. 0 0 l. 0 0 0 l.. 0 

r z.t.c. = 0 
i l. 1 

Q. == z.u.RT/D. 
l. 1 1 1 

The boundary conditions are, at the electrode: 

g = 0 ., 

h' = 0 ' 

(B.2) 

(B.3) 

(B.4) 

(B,S) 

(B.6) 

(B.7) 



(i) 

(n-1) 

(1) 

(2) 

(i) 
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R. Lk ~ + Q. R. [ L'.c . ( <P 1 
) + c . cj; 1 + ( L'.c . ) cp 1 

] 
1 1 1 1 1 0 1 00 1 0 

s. 
1 t.c~ 

SR 

s. 
_2:. QR(t.cR) <f>' = Q.R.{L'.c.) (<f>') s . 0 1 1 1 0 0 

R . 

The boundary conditions in the bulk are: 

g' = 0 

h = 0 

L'.c. = 0 
1 

Moreover <P is arbitrarily made zero at the last meshpoint. 

(1) 

(2) 

(i) 

(n) 

After finite differencing the set of equations becomes: 

g(j-1) + 2g(j) + g(j+l) - rH
2
T.L'.c. (j) = 0 

. 1 1 
1 

- H
2 

g (j) + h (j -1) - 2h (j ) + h (j + 1) = 0 

--
2
1 

H (L'.c ~) h (j '-1) + ~2
1 

(L'.c ~) h (j + 1) + t.c. (j -1) { R. 
. 1 0 1 0 1 . 1 

+ L'.c. (j) {-2R. + H
2
Q.R. (<f>") } 

1 1 1 1 0 

+L'.c. (j+1) {R. + ~21 (h') + ~21 Q.R. (<f>')} + <f>(j-1) [Q
1
.R

1
. 

1 . 1 0 1. 1 0 

{(t.c.) +c. - .;+~21 (L'.c~) }] + <f>(j) [-2Q.R.{ (t.c.) + 
1 0 100 . 1.0 1 1 1 0 

c. l] + <f>(j+1) [Q.R. { (L'.c.) + c. + -
2
1 H(t.c~)}] 

100" ' - 1 1 1 0 1 00 1 0 · 

== H
2

[Q.R. {(L'.c.} (<f>") + (L'.c~) (<f>')} + (h') (t.c~)] 
1 1 1 0 0 1 0 0 0 1 0 

rz . t.c. (j ) = 0 
. 1 .1 
1 

The boundary conditions at the electrode (j=2) are: 

(8.8) 

(8. 9) 

(8.10) 

(8. ll) 

(8.12) 

(8.13) 

(B.l4) 

(8.15) 

(8.16) 
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(1) g(2) 0 

(2) h(l) = h(3) 

(i) -· 2
1 R.flc. (1} + HQ.R. (<I>') fie. (2) + ;.R2

1 
.fie. (3) 

1 1 1 1 0 1 1 1 

+ 2
1 

QR(flcR) s./sR]- <f>(3) [- ~2 .R. {(fie.) +c.}+ 
0 1 1 1 1 0 lOO 

(n-1) flcR (2) = flcRo . , 

(n) L: z. fie. (2) = 0 
i 1 1 

The boundary conditions at the last meshpoint are: 

(1) g(NJ) = g(NJ-1) 

(2) h (NJ) 0 

(i) 

(n) 

fie. (NJ) = 0 
1 

<f>(NJ) = 0 

(8.17) 

(B.l8) 

(B. 19) 

(B.20) 

(8.21) 

(8.22) 

(8.23) 

(B.24) 

(B.25) 

The set of equations (1) through (n) is now solved for one meshpoint 

after another. At meshpoint j each equation is linear in the following 

unknown variables: 

C(J,l) = g(j) 

C(J,2) = h(j) 

C(J ,K) = flck (j) where k = K-2 

C(J,NMl) = flck(j) 

C (J ,N) = <f> (j) 
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At each point j~ except j=l and j=NJ, there are n equations of the 

N 
2: [A(I,K)C(J-l,K) + B(I,K)C(J,K) + o(I,K)C(J+l,K)] = G(I) (B.26) 

K=l 

The coefficients A(I,K), B(I,K} and D(I,K) are recomputed at every step. 

The first meshpoint is treated as an image point, by substituting equations 

as follows: 

N 
2: [B(I,K)C(l,K) + D(I,K)C(2,K) + X(I,K)C(3,K)] = G(I) 

K=l 

32 Details of the numerical solution procedure are ·given elsewhere. 

(8.27) 

The first iteration is started withan assumed profile for each 

variable .. Usually it suffices to substitute a linear reactant concentra-

tion and a cubic expression for h. 

Further nomenclature in the program: 

BP = H(h') Q(I) = Qi = z.u.RT/D. 
0 l l l 

CP = H(c. ') R(I) = R. = D/DR 1 0 l 

PP = H(<j>') S(I) = s. 
0 l 

PPP = H2 (Q>") T(I) = T. = O./~ 0 l 

CIN( I) =.c. 
100 

z (I) = z. 
l 

N = number of variables 

NJ = number of meshpoints 

JCOUNT = iteration 
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SIGN = sign of density difference 

AK = ~p /p a ~CR 0 00 

AMP = CR 

AMPRHO = C 

00 

n 
-f fdn 

DINT = f e 
0 

dn 
0 

FPIN = f' 
00 

EC(I) = (c. -c. )/(tR -cR) 
10 1 00 00 0 

FDPRO = f" 
0 

STRESS = BR 

STRRHO B 

AMPDIF = c *I I AK 1
114 
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PROGRAM WALL( INPUT.OUTPUT l -- - -- -~--- - ---- -- ----

C P R 0 GRAM FOR NATURAL C 0 NV E C T I 0 N ltJI T H M I G RAT I 0 N ' A T A V E R T I CAL W ALL • 
----DIMENSION C< 150t7l •G(7J tAC7t7) •B<7t7l tDC?, 15) tXC7•7) •CINf 71 tOC 7) ,-

1 R ( 7 l 'S ( 7 l ,z ( 7 l ,-T ( 7 l, EC ( 7 I , YY C 7, 7 l 'TT f 7 l 'E ( 150 !-
COMMON AtBtCtDtGtX,YYtN9NJ ------------------------- ---------------------------

101 FORMAT C9E8-.4l 
- 102 FORMAT C 8X t5E8.4 l ----- -------- --~---- -- --c-- --- --- -- - ---- - -- ·· ··- ------

1 0 3 F 0 R MAT C 1 Hl , 1 0 X , 2 H H = , F 6 • 3 , 6 H . , N J = , I 4 l 
104 FORMAT C 5X,*O*, 7X-,~-R*• 8Xt*T*,---6x;-*Z*,-4X9'~~.-S*/CF8~2,-2F9.4t2F5~1Jl 

105 FORMAT- C30HOTHE NEXT RUN DID NOT CONVERGE! 
106 FORMATC/IH0t3X,*AMPRH6*t3Xt*STRRH0~,3X•* -AK *;3X•*JCOUNT*/F10.6t 

1F9.6,F8.5t,I6l .· - . 
. 107 FORMAT ·( lH·o, 6-X,*C.INF*t7X,*C-ZERO*t8X·-;·*E_C*-/C3Fl2.61) . ---------.---------· 
108 FORMAT (1H0t4Xt*RAMP*t6Xt*RSTR*,5Xt*RDAMP*,6Xt*FPIN*/4F!0.6l 

.. 109 FORMAT C lHO ,3)(, *ONEMT* ;3X; *RSAL T *; 3X 9 *T SALT.* ~-3X-~ * M1P SAL*' 3X, *S T RSAL 
l*t3Xt*FPSAL*t3X,*JCOUNT*/3(X,~7.4l t3C3XtF9.6l•I3l . 
SIGN=-1. $ N=6 $ NJ=150 $ CRO=O. $ H=0.061141 $Nf'.1l=N-1 $~:r-.12=N-2 
READ 102t (Q(IJ,R(IJ,TCIJ•ZUl•S<Il•I=3•NMll $ PR:NT 103, Ht~U 
P R I NT 1 0 4 , C Q C I l , R C I l , T ( I l ' Z C I l ' S C I l ' I = 3 , N M ll $ N J 111 = N J - 1 

99 READ 101t CC!NCilti=3tNM1l $ ~MP=O. $ IF CCININMlJ.EC.Oel STOP 
·----------------DO 14 J::if9Nf $ C (~ i1 1:0.---$ ~cTJ' 3 r:o;--$-CCJ94T=O .--------------------- --

C(Jt2l=(H~C~~2ll**316. $ CCJtNM1!= CINCNM1J*(-1.+1J-2)1C~J-2ll 
14 C C J 'N l =0• 0 $ DO 12 K= 3, NM 1 - ------- -- ------ ----- -----~- -- --- -- -··-- -----

12 TTCK)=H*H*TCKJ/CCIN(NM1!-CROJ S JCOUNT=O 
.. ----98 JCOUNT=JCOUNT+l -------- ----------~-------- ---------·--"--- ----------------------------------------

DO 11 J=l,NJ $DO 1 I=1tN $ GliJ=O.O $DO 1 K=ltN $ YYCI,K!=O.O 
-----------~----l~TJ;-Eo.-n-·xc I ;xr=o~o$--A< I9XT=-o;o- $-Brr;Kr=o.-o-------------- -----------------

1 DCI,KJ=O.O $ IFCJ.EQ.NJJ GO rd 9 $DO 2 K=3tNM1 
C.----- COEFFICIENTS OF ELECTRONEUTRALITY EQUATION~------------~~------~-----------------

2'BCNtKl=Z(Kl $ JJ=J $ IFCJ.EQ.1J JJ=2 $ IFCJ.E0.2.J G~ TO 7 
--- C ---- COEFFICIENTS OF DIFFUSION EOUA T IONs.------~-----'--~----------------------------·· 

BP=CCCJJ+1,·2J-C(JJ-1,2ll/2. $ PP=.CCCJJ+l,NJ-CCJJ-l,I\IJJI2. 
---·---- ---------p P P = C ( J J +1, N H· C ( J J~l, N f::.;-2-.-*CCJ J; r,n--$ -[Ja-- '3-r:! 'N M 1 --------- ---- --~~-------

IFCRCll-BP12 •• GT.OCil*RCil*PP/2.J GO TO 5 $ BCitil=L.O $GO TO 3 
--5 CP=(C(JJ+1•Il-C(JJ-ltir>l2.-$--ACT;-2r:::;;:-CP/2; $ -DrT•2-l'=CP/2~ .. -------------

A( I ti ):::R( I J..,-BP12.-0( I l*R( I J-i::·PP/2. $ BC I til =-2.*R( I l +J( I J-~<R( I J*PPP 
-- - --D ( I, I l =R (I l +BPI 2 • +Q ( I l*R C I l *PP I 2.- -----~----~-------~ ---·----- ----------------- --·-·· 

A( I tNl =O< I l *R U l *( C( JJ, I l-CPI2.+Cl.N( I I l 
--------ln y-;-Nr:·:::.2~*d< Il *R (I 1 *TCCJT9fr+Ci NTI It 

0 C I 'N l =0 C I l *R ( I l *CCC JJ, I l +CP I 2. +C IN ( I l l 
---- --- G-(If=OCil*RCil*(CCJJ,I)*PPP+CP*PP)+BP*CP --

3 CONTINUE 

---------·------------

---c-----------COEFFICIENTS OF EQUATION OF~OTION--A:'JD COUDLfNG EJUATIO"'.-------------
8(2,11=-H*H $ A(l,ll=l. $ B(l,ll=-2. $ 0(1,11=1. $DO 4 K=3,NM1 

4--Bf r.-K l :iTT ( K l *SIGN -$-AT2-,-2T:£T_;-$--BT2tZT=-~z~---s-DT2_9_2 r·=r;- ----
IFCJ.NE.1l GO TO 11 $DO 6 I=l•NMl $DO 6 K=ltN $ X(I,Kl=DCitKl 

----------D CTtK l :s (I tK l -$ B CI ;K l :A <I ;-K,-~------'------~------------------~-------------------'----

6 ACI•Kl=OeO $GO TO 11 
. _( _________ BOUNDARY CONDITIONS -AT--TRE-WACC-;----. -~----:------~- -------

7 BC1•1l=le $ AC2t2l=-l• $ DC2t2l=l. $DO 8 I=3tN:-12$ !\(!tll=-R(II/2. 
----·--sl~-r-;r-,-:a--rt l"*R ·l-I--f*PP-~·$-- or.r,-r-r=RTfT72-. --·---

A<I•Nl=-a<I>•R<IJ*ccc2,IJ+crNcil>12. + 
. ------y- S( 1·1 *O·c NMl .. l *R ( NM1 l *CROI-SC NMlT/2~--------~---,------- -------------

ACitNMll=SCIJ/SCN~Hl/2. $ D(I,NMll=-ACI,NMl) $ DCitN)=-A(I,Nl 
-8 GCil=OCI!*RCil*C(2,Il*PP $ BCNM19NMU=I-; $-GrNM1l=CRO-CINCN~1l 

GO TO 11 
--- _( ______ BOUNDARy- (ON D IT I ON s-- F AR--FR OM--TH r--~~rAC4 _______ _ 

9 AClt1l=l• $ g(1,1)=-1o $DO 10 I=2;N 
-~---------To -13·cr--;n-,;-r.----------



--------------. ---'----------------------=-U2b_::__ ___ _ 

--c----- ACGorffr_H_M_FoR -soCvTN<3 A. s E roFSi M uCT AN Eou s A-LGE sRA!c ___ E au-Arr-oNs _____ -
11 CALL BAND(j) $ AMPO=AMP 

- ----------AMP--;-- -T=3~ i((f-;-r\fM 1 T~16. *CT2t"Nr~H l + 18 o *cC3 9 NMTT:_6 .. *-cT4;-Ni~TT+crs;·fn,11) ---
1 +QCNMll*CRO*C-3e*CC1tN)-10e*CC2tN)+18•*CC3tNl-6e*CC4tNl+C!5tNl )ll 

_______________ f12. --7H--TrcTNTN-M1T~-cRo-r* c 4 .. 13. , **. ts ------------------
rF<AsscAMP-AMPo).,LE.l.oE-sl GO TO 97 $ IFCJCOUNT.LEe12l GO TO 98 ___ P.RfNr-10_5________ --------

c OUTPUT 
97 AK=O. $DO 15K=3-;-NM1-n-~fTKl=CC2,Kl+CINCKl 

_ ECCKl=CC2,KliCCINCNM1l-CR0l 
----------15_A_K;-AK ___ +Yc-Kfic-f 2 ,l<T/TcFfo-c-fN(NMl l > 

FDPRO=C-3o*CC1t~l-10.*CC2t1l+l8o*CC3tll-6.*CC4,ll+CC5t1lli12·1H ------------------ --·- -·s rrfE·s·s·;:-·FoPRO* c-4~ ,3--~--)·-**·;zs*-;-a-----------· -- ------------
______ tf_i~-·~-~~2L_~g __ _-rg 21 _ 

C CONVERSION FOR BINARY SOLUTION 
ONEMT= C-Z(NM2l*R(NM2ll1CZCNM1)-CZCNM2l*RCNM2lll 

-----------------R-SAL·T-: fZTNMi·l·..:z c NM2 l-fTrz-CNMIT/R fNi'.i2l ..:zTNliif2Tf _____ -------------------- ---------
TSALT= 1e-ZtNM1l*TCNM2liZCNM2l 

------------A-MPSADiAMP*ONEMTIRSA[Ttn T SAC. TTRSACT r*~z-5 l 
STRSAL=STRESSITSALT**.75/RSALT**•25 

--------FPSA-c:·;:p-n•Ot s·ALT**~57R5AL 1-*-* e 5 
PRINT 109,0NEMT, RSALT,TSALTtAMPSAL,STRSAL,FPSAL,JCOUNT 

----. -----·-c;o-~ o ----z-2-- ---------

c CONVERSIO~ TO TOTAL DENSITY BASED QUANTITIES 
--- 2T-AMPRHO:AMPlABS CAK) ·tF~Z"-5 

STRRH0=STRESS/ABSCAKJ**•75 
------p-,:~TNt-1cf6--;--A~~PR-H07S-'rRRRO",-.A..,K~\)-J,..C-cJ"illfl'c--_------------------

DINT=O~ $ DO 16 J=3tNJ 
---------r6-D iNr=D INT+EXP c ~c cJ;-2 rT+ExPr~-cc~9Zli--$"-·-crrN"I=UTNT*ExP-cc-cz-,z J J *H*·.;-s --

AMPDIF=C4.13.l**·751ABSCAKl**·25/DINT $ RAMP=AMPRHOI.67032 
------ ---~-RDAMP=-AMPRHO I AMPD IF $ -RSTR=-STRRHOT;--gno8--

FPIN=CCNJ,1JIABSCAKl**e5 
---,PRTI'!l·-ro-8;--RAMP-9RSlR-;R'DAMP-;-Fp-I .--------------------

22 PRINT 107, CCIN!I)~tTTCiltECCil,I=3tNMll 
--- GOI0--99·--$-E~fD------------------------------

SUBROUTINE BAND(J) $ COMMON A,B,c,o,G,x,y,N,NJ 
---'DIMENSION C C 150 t7l ,-G !7 )-;-A f797 ,-,--an-,·7 r·iDTT"t·rs-r,-ET7-;a·ir50TiX rTi7ft __ _ 

1 YC7t7) 
ld1-FOR"".M.AT-c-f5HOb-EtE:RM=OA-t J=, I 41 

IFCJ.GTel) GO TO 6 $ NPl= N+l $DO 2 I=ltN $ DCit2*N+ll=GCil 
-----o-o--2-- ·c=r9N--$--CP N =r+~ ----

2 D(ltLPNl=XCI~Ll $CALL MATINV(Nt2*N+1tOETERMl 
------TFTDETE RM ~- EQ; 0 ;~n --PRTN r-ru-r ,-J---r-----.r$ ~D...-O,..-----r-5--vK-==,_I-,---.-N'.----------------

ECKtNPl,ll=DCKt2*N+l) $ DO 5 L=ltN $ ECKtLtll=-D(K,Ll $ LPN=L+N 
5 -X1 K9Cr·:-;;;;o ( K 9CP N ,--s·""-R ETU R N 
6 IFCJ.GTo2l GO TO 8 $ DO 7 !=1tN $ DO 7 K=I,N $ DO 7 L=l,N 
7· ·o cr·;x r: DC I 9 I( J +ATTiCT*XTC9K'1 
8 IFCJ.LT.NJ) GO TO 11 $ DO 10 I=l,N $ DO 10 L=l,N 

-----~G---r( lJ =G C f) -;;..;·y CT;tT*EC L9NPr-;-:r.;;.;-z-r---s-oo-ro---M":r,--~-------------
10 AC!tl)=AC!tl) + Y(I,Ml*ECMtLtJ-2) 

·-----u·-oo- 12 ·-r=T9N- $ -orTiNPrr=~Grrr $ oo -rz c= ltN"---.,.--.----------
ocr,NPl)=DCI,NP1) + ACitll*ECLtNP1,J-1l $DO 12 K=1,N 

12---a rTii"Kr:::Bfi, K J--+- A CT9CJ *ECL,-K,-.T~-Tr$\:Jtt:c-1'1A-itNvf-N ;Np-!-tDETERM l- --­
IFCDETERM.EQ.O.Ol PRINT 10ltJ $ DO 15 K=l,N $ DO 15 M=l,NP1 

---rs--E CK•M;-Jy:.;.;DTK,Mr $-IF C".J~TI;;RJJ -RETURW-s- oo·TT----x=-riN___ ----
17 C(J,Kl=E(K,NPl,J) $ DO 18 JJ=2,NJ $ M=NJ-JJ+1 $ oa 18 K=l,~ 

ClM9Kl=EC K ,NP19M J-$-D0--18L=1911f 
18 C(MtK)=CCMtKl + ECKtl,Ml*C(M+l,LJ $ DO 19 L=ltN $ DO 19 K=ltN 

------- --19 C C 1 'K l ·:c C 1 'K) . +-- Xft< 9 t} *C ( 3, L·t -$1ETURN- $- END___________ ----------
SUBROUTINE MAT!NVCNtMtDETERM) $ COMMON AtBtCtD 
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-------- ----c- -__,_~-:r;,fATR-IK-lNVERS ION WITH A((OMPANYTNG-SOLUT IbN··oF LINEAR- EQOATIONS·-~,-__~:---
DIM ENS I ON J D Cil , BJ_7 ~ 7 l '-DC 7 d 5 l 'A C 7 ' ?l 'C C 15 0' 7J . -

-~- ···.-- . ·-·------ ---·--DET ERM-;:l~ o·- $-- DO - 1 --r=-1 ;·r..r-----· 
. 1 IDCil=O•O $DO 18 NN=1tN $ BMAX=O.O $DO 6 1=1tN 

--------: _ __; ______ - ---r FCiorr r.-NE-.;or G·o-·-ro·o-$--oo·5--J-='19~C$--rFCI D-c-Jr;NE;;;·o-, --Go ·ro ·c; --------
- IFCABSCB1tt~lleLT.BMAXl GO TO 5 $ BMAX=ABSCS(J,J)) $ IROW=I$JCOL=J 

---- --------5-CONJ fNUE-------~---- . . .. 

6 CONTINUE . 
-------------- ------·-r F c B.MA><r --7' 1, a --- --··· 

7 DETERM=OaO $ RETURN -·-----------· ··· ···------,.a-·-r o c JcoL.,. =-l- $ IF ( JcoL .-Eri;-rR·ow_l _____ Go--··ro ···1-2-- $-- oo---ro----:r=--r-t-N 
SAVE=BCIROWtJl $ BCIROWtJl=B-CJCOL,Jl 

---'----~--------!0 8(JCOL9Jr:sAVE $DO 11 K:T;-M -$--SAVE'=DCTROW9Kr--$OCTROw-;Kr::orJCOL9K) __ _ 
11 DCJCOLtK)=SAVE 

--------:f2-F::r~-O/F3TJ(OL; JCoCJ _$ ___ b0'-l3--J= i9N.------,.----------__:__ __ 
13 8(JCOLtJl=BCJCOLtJl*F $ DO 14 K=1tM 

-- -- - ------- - T4-D C JCOL, K) :i:D C JCOL tK l *F $- bO --18--r:: r-,-~-$-·TF rr-;El1-;-.:TC0LT--Go ·-ro 18 ---------. ---

F=BC!tJCOLl $ DO 16 J=l•N 
---- --------- --------16 ·a·cr-, J f= B CT9J) ·:. -F*B CJCOL9J_)_$ 'DO-T7-K:i:-1 iM ___ _ 

17 DCitKl=DCitKl- F*DCJCOLtKl --------rs-·coN TIN 0 E----$- RET UR N __ $ ____ E N 0 _____ .c.__--'------------

-- -----H+- -- ------+38920+l13o522+0002139+0-+1oooo...;o-------o-;.;;-o 
I 

so4-- -77850+114925o-1oooooo+o-2oooo+o o-o 
· ----~cu++------n 1 s 5o +110 o o o o -11 o o o o o·:.;r+2o o o o·+o+1 noo o+n--· 

010000+3500010+1010000-2 -----------------------------------------------------
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Appendix c. Fortran program for·uncoupled equations: 

The equation of motion (4.14) and the cdupling equation 

h" = g (8.3) 

are eliminated in this procedure. :The only change in the linearized . · 

equations of convective diffusion is the disappearance, in (B.4), of 

the terms h' ct:.<)o and (h')~(t:.c~)o, so that (8.15) takes the form: 

t:.c. (j -1 ){ R. - -ki
2 

(h' } - ;.H
2
1 Q. R. ( ct> 1 

) l. + t:.c. (j ) { -2 R. 
l 1 0 1 1 0 . 1 1 

+ H2Q.R. (4>")} + t:.c.(j+l) {R. + -
2
1 H(h 1

) .~ ~21 .R. (4>')} 
. l 1 0 1 1 0 1 1 0 

+ 4>0-:-l)[Q.R. {(t:.c.) +c. - ;.H2
1 (t:.c~) }] + 

. . l l l 0 1 00 l 0 

ct>UJ [-2Q.R.{ (t:.c.) +c. }] + cl>(j+l)[Q.R.{ (t:.c.) 
. 1 1 1 0 100 . l 1 1 0 

· 1 I 2 
+c. +.;+~2 (t:.c.)}] = H [Q.R.{(t:.c.) Ccl>") 

100 . 1 0 .· l 1 l 0 0 

+ (lk~) (4>') }] (C.l) 
1 0 0 

If the flux at the electrode (AMP in the nomenclature of Appendix B) 

converges in the inner loop, the program calculates by Simpson integration: 

F (J, l) = t:.p/cx.Rt:.cR(n) (C.2) 

F (J ,2) = f" (n) (C.3}-

F(J,3) = f' Cn) = g Cn) , (C.4) 

F (J ,4) -· f CnJ = h 1 CnJ (C.S) 

----~-
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and then adjusts f(n) to f 1 (~) = A1f(n) at every point, after calculating 

the factor A
1

: 

B4 = 1./F (2, 2) = 1/f" = 
0 

Since at any point 

so FF(J) ::: f 1 (~) = F(J,4) *B4 

= ~p (~). one has 
aR~cR 

~P Cn)dndndn = 
aR~cR 

(C. 6) 

This is then used to compute the factor BP for the next iteration 

in the outer loop. The iterations in this loop are counted by KCOUNT. 

Convergence is decided by means of the flux AMP, which first is converted 

back to an n-based derivative in order to be comparable: AMP = AMP * BINV. 

To obtain the shear stress one integrates once: 

e2f9 = A3 (a2f) 0 0 

= A3 f ~p Cn) dn = A4 f ~p(f,;) d~ (C. 7) 
a~2 o 1 an

2 
o 1 oo aR~c 1 oo aR~cR 

R 

so: 

FDPRO = (dz~) = BF * F(2,2) 
an o 

Similarly: FPIN = (:df) = A2 Cf9 
an 

00 
1 a~ oo 

= BF**2*F(NJ ,3) 

In plotting profiles the dimensionless distance E (J) has to be adjusted, 

i.e., effectively a new meshwidth equal to H*BF is adopted. 

The. nomenclature in the program is for the rest essentially the 

same as in that of Appendix B. 



... ------------ _______________ :' _______________ ·--------- ___________ .::_ll4.a.:: _________ ---- ·····- ------- ------------------· 

P~O(]RI\'·1 Wt.LL( I.'~?vr.o;JTo:;rJ · -e:·· ----- i:>Ro~f~;\.:;--f"j;~ ;~Afj,~AL- c:J:~-v{~ rTJ~~Tr.:r--:~"3~<";. T I J,J;-.; T-"AV~X~TcA_C_~~ALL-. ---------
c _ EJY.AJJ;J_.\l _Qf ·i_J.T_ IQf~ Ji~-<_:~1\J?l-!.::;;:> _f..!iQJ_JH Ff_~_Sj_9~L sl~~ T lQf\!;l _________ _ 

J I :•lf:N-> I(.)!~ C( 1 'J J, 71 • G ( 7 l 'A i 7 • 7 l • f3( 7 •? I • D ( l t 15 l • X ( 7 • 7 l • C 1 iH 7 I 'Q ( 7 I ' 
LB.LlL'~J_V_!._Z<_.Il_tl LO_• E_(!_l_I_~_!:__Y_LL!.lt.!_L!_.i_7_l___!!:jJ 5J I ______________ _ 
OI~~~SIJN Fll5J,4l.F~(lS~l 

___________ C0~1~4Q;~_lv..f3..!.C~J-•.G!..~._:C!.•_Lh~-l _______________________ _ 
101 FORMAT (;~8.41 

______ 1_02._ fT~-~·!AT. _ _La_~-· 5.£.<3 ._4_L____ ·------------------
1-j3 FOR:·IAT(1i-Ht1.JX,2Hd=•Foe3t611 t ;~J=ti~l 

___ j_0_4_f0.~-·~1 \I __ _l_~_,..!.'~..!..-I"<..!_~~C( *-'-~.&_• *T ~ _ _9_;_<_,_~~~ i< t4X '~~_L_( F ~.?2_? F_l_~~..!...lli..ill_l ________ _ 
105 FQ;~."IAT ( 50HOT'-lE i~EXT ·RJN [){ J ,'J:JT (8~~'/ERSE I IN:lE~ L-X>i' J 

_____ _1~ C, __ _l~9i3_~1-~_TJ !..l.UQ.! 1.~!-~-~~1r' ~_ti_9 <~- •_~\__• ~- 3 T R~oiO""' 3X' ~- A:< >< t3 X • ~- JCOJ .'J PI F 10 -~·--=6_, ____ _ 
1F9.6tFR.Sti61 . _______ Jn .. .ro;'i:::AL-'_JJ~-·--~\_!_·:.: UP·_.!...l.i!_:_:;;_;I;_xJ* ~-~;' *cc:-..L!)_Q_?~6 > 1 _____ _ 

1 0 a FO:~>IA T ( 1 H J , 4 X , '';~A.-: i' <:- t 6 X , :.' ::;;~ T :~ ,, , 5 ,~ , :· F l)iJ ~ 0 ;:- , C. X , --:-F.:) If'P 14 F 1 0 • 6 I 
_____ j_O_J ___ EQ_i~:,I~_I_L~)}iQJ:-jJ; __ :'_~;:>;_L_B:l!L:) I_~_1_QLS:Jij·vE~G E .L 8~d_L_E;B._ LJQP 

118 FORMATil3Xt7~IC1UNT=ti1J 
_____ J_J9 _EQll:i6JJ_l_:i~-~-f:L_t\__:·1P_:__ 'E !_S ·~~ 9H 'S T .~Rd~= 'E 15.3, 9H 'FP I :-J:.__ , E 15 • 8, 

19Ht AK= ,~15.81 
______ lf~ _ __f)J_i::1A_TJ.J_.)X !}__!__q_Lt_:: ___ ..Lf_LJ_!'_2_, ?]::L!....__3= __ ' F 1 J •.E..!JJ.H ']__I ,'JVE \SF:= ,_tJ.Q_. 6 l _____ _ 

121 FOR~AT(l86Xt 5HIT.= tl2•1Hiti2l 
122 FOR~~TI4~~.21 

------- _____ s_i_G_r~~.:.-1:·--;-~·;6--j;--y~J = T)Qr:-c-Ro= J ~ ~ H = J. o 5 ~ ;~.--a =:~-1 iN • .-12 =•-J-2 

READ l02t (~~ClltRliitTCIItZ(ll•S<Iltl=ltN'-111 1> P~I;\IT 103, HoNJ 
------ ---P~~-fNYio·4·,-~-acri--,,~Til-;-fTf.,-;-ITr-,---;-sTf"),T= 1 ,.-·~i-..,l)""T"NJ:'I1 =.'lJ--l"-------

______ 2l__,q_c_~L' 2 'F X_!_~!~..L~.!ll.CC~-------------------
READ 1J1t (CINIII•I=1tNM11 I AMP=J. i IF ICIN(N~1J.EQ.J.l STO? 

___________ _J)O_L c;_i_=_l.•llL __ 
E ( J I = rl * ( J- 2 I $ F F ( J I = 0 • ~ 3 :<; i i:- ( J - 2 I * :~ 2 !> E X T = EX P ( - EX * ( J - 2 I * H I 

_____ --~_Ll-~t-{~11J. =-EXT *C I iU Nt•11 I 'L :: C J •11 =AA-:t-EX T*C IN ( ~r41 l 
-c1Jt2l=83;~EXPCUH;~i·HI .5 C<Jt3J=C~>·EXPCiiHI'~:·11) li :::<J•4l=CCJt2l 

---"l5_j:_(__,l_,Nl =O.J L.:K_;g.JjJT-=J $ IC·JU:'H=J 1 :~FLAG=1 li ."~FLA:i=J ~ 4\lPJJ=O. 
~a IC0lVH=ICOiJNT+1 

_____ 2_9__.,_J_(·'1.!1NJ.:,Ji:r)U.:-JJ +l_ __ _ 
DO 11 J=1ti~J S DO 1 I=1•N .b Gtll=J.J i DO 1 i<.=1tN ;Ji Ul"ftKJ=J.u-

---- ___ J£L-!• EQ..!l__!_~_(_J_, ;~_I =_1~2~- A< I , K l =G. J :ii ;:i C I , K l =0. J 
1 D(I,:<I,;J.D:; IF(J.EJ.'UI GJ TJ 9 ii ;)J 2 K=ltN'·il 

__ (_ ___ g_;_F F I C I EN T S 0 F C L E ;::_T:..:'-;..:~ 8:::-· ·~·~~F.::.'J-:-:T~R:..::A!!:L::..:I~T~Y.!:-:-.:::.E~:J..::U.::A~T~I~J:-.:-;!.:~ ·~=----::-::---:::-7"-,.--------
2.a(N,Kl=Z(~J :ii JJ=J ~ I~(J.~U.il JJ=2 $ I~(J.EJ.2J GJ TO 7 

--~------QI;FFl<;:_I_f:•'H5_-)_E_i) __ L_fFUSI:}N_E~u~·_,_T::-=-I'::o.J:..:.•~....:.;-=-•-,----~-:-----------------­
BP=FF(JJI~H i D:J 3 1=1•~~1 i CP=(((JJ+1tii-CIJJ-ltllJI2. 

________ PP~ ij:j _ _J_~±l.!~U_:-J:...( JJ-1___,~~...: l I I 2.. .P i·>pp = C C JJ+ 1, .'0 +C I JJ-1, ·~ 1-2 •:..'::-.<'-~~-:--( 7J-:--J...:,'--::Nc-=J=------­
A C I ' I l = '' ( I J - 3? I 2 • - J ( I I ::- ,( ( I l '-<- P PI 2 • ii 3 C I , I I =- 2. • ;:- R C I l + J C I l l< i< ( I J ''" P P? 

-----=D ( I t_U.: ~ C ll..±_V I? • + Q I I I * :< C I l *? P I 2 • 
A C I , N J = Q i II :<-R ( I I ;q CC J J, I l- ;:?-~1~2..;_•..:::+'--:C:--:I:-:;IJ-:-C~I 7J 71 --------------------

_______ _2ii...t.!il?..=2•_3"ill i P'·U l l* ( C (JJ_:..,_._I..!..I..:.+__,C'--'I'--'-;'·"-'OIL-'-1 !....l..:.l. -------­
D(I,NI=JC·I)*Rlil*CCCJJ,II~CPI2•+CINClll 

____ l_ r,c I I =J..LL!.3.1U.U_::_:_LC.L.LJ_d l "'iJP?+C.:>,-<?i-J l 
IFIJ.NE;ll GJ TJ 11 i DO 6 1=1•~~1 ~ 00 6 ~=1,~ ~ XCitKl=Di lt~l 

-----=DCILKI=JCitKI i J( TtKl=~~(~I~·~i<.~l~---------------
6 ACitKI=O.O i GOT~ 11 

_£___B_QUNnA !.F C'1i\IQJ_T I ,);\1 S AT TH-=-=E=--_W::.:..:..oA.:::L.:L:...::•----------'-------
7 DO 8 I=1tNi-12 I PP=(C<3ti'-li-C(1,;·~1112. :i ACitll=-RC!It.:!.------------

_______ _.!.ij_L,__I .L= J ( I I * R < I l :<- P P :ii A ( I ' ;·tJ =- ...i C I l .;- R I I J ~ ( C ( 2 ' I l + C IN C I l l 12 • 
1+3CII*Q(~~ll*R(~Mll*C~01S(~~1112• i 0(Itll=R(Ill2e 
ACI,N:olll=S(iiiSt;l;·ll112. ;£ .J(I,N:·HI=-.;;(I,N:HI-" JIItNJ=-ACftNI 

8 GIII=.:;,(ll*RCII*C(2•fl;r??-" 3(i~.·i1,;~.-HI=l • .b Gi•~··ill=C•~J-CUH~~;-111 
GO TO l1 
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----- ---------· ~----

--- f---- ---i}Oij;-.j;)A~¥ -(");~~)I; I or~S--f-A1--F-~-!-T--iE-..:..J:..L.L. --------· 
9 1)0 1 ·1 T = l , r~ 

---l_D___SLLd.l =-1•·------

------------· 

C ALG0~1Trl~ FOR SOLVI~~ A SET OF SI.~JLTA~EOUS ALGEBRAIC ~QJATIJNS 

__ -----1.~ .. ..CALL .3A~D.LJJ._LA.0:i?Q.:::...A:.:L~-----------------
AMP; (-3.*C(1tN~1l-1~.~CI2tN~1l+1a.§CI3t~Mll-6•~CI4t~~ll+:l5tN~ll 

-----~-:t_J{..!~_1_Ll *C!39.~L=.l~ *l:,j_j. .!.;:tl -1 J. *C I 2 'N l + 1.3 • *C ( 3 'i~ l-6. *C I 4' ;~ l +C I 5 'iJI l l I 
112. /rl /ICIN1~~1l-CR0l*l4.13.)~*•75 

-----L-- -_____ (rl£ C-<.. _.GJNVE~GE.l'iCE..J ~~N.ER...J... )'..1P -- --~.;.._ _____ _ 
IFiA.3SIA\'if"l-A'·POl .LE·1·0::-6l G;) TO 12 5 lt='(JCOJ~T.L:::.lOl GO TJ J9 

---·--- -.:\1FLAG.:::.L ____ ------- ---·---------
12 Pi~ PIT 121, I CO:.JN f tJC.0-ui'H 

__________ .Lf __ L :·tEL AS. Er~. 1 L..23.L·':l L . .LY..__ __ _ 
C CO~?JfE LOCAL JENSITY OIFFE~ENC~ ANJ CONVERSIO~ FACTJ~S 

--------~)0.11-..J=.l.t;\lj ..S ;:: LJ oll:::.:l ... ..S . ..D.:.L..ll.X.=...l..t.~_:_u ____________ _ 
13 FIJt1l=FIJt1l+TIKl*C(J,~l/ICI~I~~ll-C~OI 

---- _______ E..(_!\!J, 2, =.J. .n...0o l4._J =.1, :-u:u _____________ _ 
14 F ( .·~ j -J ' 2 ) = F ( .·~ j- j + 1 • 2 ) + ( F' ( N J- j ' l ) + F ( I~ j- j + 1 ' 1 ) ) ;<HI 2 • 

___ n _______ f l2t1.l ;;:J. __ $ I:J2 t :+L:::_.,i •. ~_f_U_t_3l~::J F I 2...!2_) +r I l '2 l I *rli..L.. 
Fl1t4)=-Fl1•3l::<-i/2. 1 f)v l6 J=.3tNJ 

_______ i:.l J • ~I ;f t J-1, 3 l + t I:.U '2l +F ( J:::.l, lLJ..i<HL2. __________ _ 
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Appendix D: Physical properties used in the numerical solution 

1. System CuS04 - H2so4 - H20 

la. Density at 25°C (g/ml) 

/ 

lb. 

p = 0.99994 + 0.13966 c + 0.059786cH SO Cuso4 2 4 
(0.1) 

Standard error: 0.0005 

Correlation35 based on 26 data in the range 0 ~ cCuSO ~ 0.10 M, 
4 

0.5 ~ cH SO ~ 2.5M 
2 4 

From this aCuSO = 0.13974 R./mole, 
4 

a = 0.059789 R./mole. 
H

2
so

4 
If HSO~ completely dissociated: 

Set a,0= equal zero. Then: 
.s 4 

acu++ = aCuS04; a + = ; aH SO ; and 
· H 2 4 

T :: 1 ; T _ :: 0 ; T = 0. 21393. 
cu++ so; H+ 

If HSO~ not dissociated: 

Ionic 

Set a equal zero. Then: 
HSO~ 

a a + Cu++ H 

T 
Cu++ - 1 ; 

mobilities at 

A = 349.8 
H+ 

A = 50 
HSO~ 

= a a.H+ = ~2so4 
. So: Cuso4 
, 

T - 0 T = 0.29964 
HSO~ 

.+ 
H 

25°C and at infinite d. 1 t. 33,34 1 U lOll 

A1 ++ = 53.6 ; A = 80 
2 Cu ko= 

2 4 

2 (em /0. eq) 
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From this follow the R. values given in Table 4, by way of the relations: 
1 

A. = I z.lu.F
2 

1 1 1 
and D. = RTu. 

1 1 

lc. Refractive index at 25°C. 

n
0 

= 1.33358 + 0.026839 cCuS0
4 

+ 0.00994cH SO 
2 4 

Standard error 0.0001 

(D.2) 

Correlation35 based on data in the range 0 2 cCuSO < 0.1 M, 
4 

0.5 2 cH SO 2 2.5 M. 
2 4 

From this, if HSO~ completely dissociated: 

n = D 1.33358 + 0.026839 c 
Cu++ 

if HSO~ not dissociated: 

n = 
D 

1.33358 + 0.036779 c 
Cu++ 

For Cuso4 - H20 at 25°C: 

n = D . 1.33360 + 0.036553 cCuS0
4 

+ 0.00497 

+ 0.00994 

2. System K3Fe(CN) 6 - K4Fe(CN) 6 - (KOH/NaOH) - H20 

2a. Density at 25°C. (g/ml) 

c 
H+ 

c 
H+ 

p = 0.99946 + 0.19648 (c ( ) + c ) ) K3Fe CN 
6 

K4Fe(CN 6 

+ 0.045266 cKOH 

St.andard error 0. 0011. 

Correlation35 based on 23 data in the range 0.01 2 c 2 0.20 M 

(D.3) 

(D. 4) 

(D. 5) 

(D. 6) 

17 equimolar ferricyanide and ferrocyanide, 0 2 cKOH 2 2 M by Gordon. 

From this a K3Fe(CN)
6 

+ K4Fe(CN) 6 = 0.19659 

aKOH = 0.04529 
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An unequal densification for K3Fe (CN)6 and K4Fe (CN)
6 

is assumed, on 

the basis of a correlation of data measured by Boeffard37 for non-equimolar 

ferri/ferrocyanide solutions with NaOH: 

p = 0.996821 + 0.17168 cK
3

Fe(CN)
6 

+ 0.23182 ~4F~(CN) 6 
+ 0.044374 cNaOH (+ quadratic terms) 

standard error: 0.0004 

(D. 7) 

Correlation based on 32 data in the range 0.01 < c · K
3

Fe(CN)
6 

< 0.2 M, 0.05 < cKie(CN)
6 

< 0.4 M, 1.0 < cNaOH < 2.0 M. 

F:rom this: 

= 0.7404 

Finally therefore, using this ratio: 

a = 0.16727 K
3

Fe(CN)
6 

a = 0.22591 
K

4
Fe (CN)

6 

aKOH = 0.04529· 

The T. values in Table 4 follow from this, assuming 
1 

When NaOH is used instead of KOH, or in addition to KOH, there are 

5 ionic species in solution. If the aK+ is again set equal to zero, 

a + and a _ follow from the values of ~aOH and aKOH" Density correla-
Na .. OH 

tions are available only for K
3
Fe(CN) 6 - K4Fe(CN) 6 ~ NaOH - H2o: 

p = 1.000116 + 0.19356 (c + c ) K3Fe(CN) 6 K4Fe(CN) 6 

+ 0.038535 cNaOH 

Standard error = 0.0013 

Correlation based on data for equimolar Kle(CN) 6 and 

(D. 8) 
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range 0.01 < c < 0.2 M , and 

0 < cNaOH < 2.0 M 
17 , by Gordon. 

From this only the coefficient of cNaOH is used to derive ~aOH 

(with p
0 

= 0.99946; see 2a): ~aOH = 0.03856. 

The densification of the reactants and of KOH in the system K3Fe(CN) 6 -

K4Fe(CN) 6 - KOH - NaOH - H20 is assumed equal to that in the system with­

out NaOH. 

The final ionic densifications are : 

a: (i/mole) 
3 Fe(CN) 6 0.16727 

4-
Fe (CN)6 0.22591 

-OH 0.04529 

Na+ -0.00673 

K+ 0 

Note: The density of the complete solution, containing 5 ionic species, 

is considered linear in the concentration of each. No interactions are 

accounted for. The density of solutions without NaOH or KOH, or both, is 

found simply by omitting the appropriate terms. 

2b. Ionic mobilities at 25°C and at infinite dilution26 (cm2;n eq): 

.Al 3- = 101 .Al 4- = 111 

3Fe(CN) 6 ife(CN) 6 

.A = 73.5 .A = 197.6 .A = 50.1 
K+ OH - + 

Na 

The D. values follow from: 
1 

.A. = I z.lu. F
2 

1 1 1 

and D. = RT u. 
l. l. 
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Appendix E: Migration in stagnant diffusion layers. 

1. Irreversible reactions. 

The equations to be solved are 

2 d<f> del 
zlcl dy + zl dy = 0 (E.l) 

. 2 d<f> dc2 
0 z2c2 dy + z --· = 2 dy 

(E. 2) 

2 d<f> 
dc3 i 

z3c3 dy + z -- = - FD
3 3 dy 

(E. 3) 

= 0 (E. 4) 

where c1 is the concentration of the supporting ion, c2 that of the 

counter ion, c3 that of the reacting ion, while <P is the dimensionless 

potential cl>F The boundary conditions are: 
RT 

y = 0: 

y = o: 

From (1) and (2) 

and by 1ntegrating (3) and using (4), (7), (8): 

<P = 0 

(E.S) 

(E. 6) 

(E. 7) 

(E.8) 

(E. 9) 
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The constant Kin (9) follows from (6): 

Therefore: 

i (y-o) 
FD

3 

At limiting current ¢ ; 

of 

il. 0 
--~m ___ = I 

¢ at y = 
0 

1) 

0' so ¢ can be expressed in terms 
0 

and c1oofc 200. This is only practical if numerical values for z1 ,z2,z3 

(E.lO) 

are substituted as in the following cases. The potential ¢ can then be 
0 

substituted in (9), with c
3 

= 0 at y = 0, to obtain I in terms of c1oclc 200. 

+ - H+) Case lA. z1 = 1, z2 = -1 , z
3 

= 1 (e.g., K, C1 , 

Deno.te c1oofc2oo by r. 
¢0 

From (10): I= 2(e - 1) 

From (9): (I + 2) 2 
= 4r -+ -I = 2 (1 - lr) 

Therefore 

From this: 

il. lm 

2FD
3

c300 
0 

i
1

. ,r =0 
~m -=-----:- = 2 i 1 . ,r=1 
~m 
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As £ = 1 - r + 0 
. 2 

i11·m = il. ' (l +4£ + O(£ )) 1m r=l 
. £ £ . 2 

<I> 0 =. ln (1 - z) :: - 2 + 0(£ ) 

(clO- c )/c =!-!E.+ 6(E2) leo 3oo · 2 2 

Case lB. z = 1 
. 1 

:: -2 + ++ z3 = 2 (e.g., H , SO~ , Cu , 

i.e., H2so4 completely dissociated) 

Denote c1j2c200 by r 
. -<P 2<1> 

From ( 10) : I = r( e .. 0 
- 1) + 2 ( e 0 

- 1) 

-<P 2<1>0 
From (9): I= r(2e' 0 -1) + e - 2 

-<t> 
Therefore e 0 

= (I + 2 + r)/3r + 

(I + 2 + r) 3 = 27 r
2 

+ 

I = -2 ~ r + 3r213 
+ 

i . = -2FD3c3oo (2 + r - 3r2/3)· =.· 
lim 6 1-r 

1/3 where x = r · 

From this 
il. 1m, 
il. . 1m, 

As a - 1 X +.0: 

. ilim = ilim;r=l 

1 
<Po = 3 ln(l -£) 

r=O = 2 
r,;.o 

a2 
3 

(1 + a - 3 + 0 (a ) ) 

£ 2 3 + 0 (£ ) :: -

1 1 2 
(c -c )/2c = - - -3 £ + 0 (£ ) lo · 1 oo 3oo 3 



Case 1C. z = 1 
1 

i.e., H2so4 imdissociated) 
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+ ++ 
(e.g., H, HS04 , Cu 

Denote (c 100 + c300)/(c100 + 2c3oJ = H2S04oc/CH2so4oo + CuS0400) 

by r, so c1oclc 200 = 2r - 1 
-<P <Po 

(2r -
0 1) 1) From (10): 2I = 1)(e - + 3(e -

-<P <Po 
(2r -

0 1) - 3 From (9): 2I = 1)(2e - + 2e 

Therefore 
<Po I + 1 + r -+ e = 2 

2 2 
I + 2I(r + 1) + r 6r + 5 = 0 -+ 

I = ~(r + 1) + 2 l2r - 1-+ 

il. liD = 1 + r 
1 - r 

2 12r - 1 
1 - r 

From this: 

As 

ilim,r=O.S = 3 
ilim,r=1 

T _ 1 - r 1/ 2 -+ 0 

{1 + 4T 2 
+ 0 (T ) } 

<P = ln II - 2£ 
0 

2 
= - £ + 0 (£ ) 

2. Reversible reaction: ternary redox system. 

The equations to be solved are in this case 

2 
= - £ + 0 (£ ) 

* (n=z -z ) 
3 1 

(E.ll) 
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(E.12) 

(E .13) 

(E .14) 

Summing, we have: 

(E .15) 

with the boundary conditions (5) and (6), we can write: 

(E.16) 

or 
z1 · z3 iy 1 1 

(c - c ) (1 - -) + (c
3 

- c
30

)(l - -) =-(- - -) 1 lo z2 z2 . nF 01 03 
(E. 17) 

At the limiting current: 

z1 z3 
(cleo - c1o) (1 - z;-) + c3oo (1 ~ z;-) = io 1 1 

nF C'-o i- -o ) 
l 3 

(E.18) 

Since 

-io c = --3oo nFD3 

corresponds to a diffusion current, we have 

(E.19) 
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independent of r. 

If r -+ 1, iL/i0 -+ 1 and 

03 z3 
c -leo cleo Dl - z2 

= 
c3 

1 
zl 

z2 

In the case of ferricyanide/ferrocyanide: 

A. Equal D's. 

B. 

Cathodic reaction (z1 = -4, z2 = +1, z3 = -3) 

:: 0.80 

Anodic reaction (z
1 

= 

= 1.25 

= +1, z = -4) 
3 

D /D = 1.2132, r-+ 1 ferricyanide ferrocyanide 

Cathodic reaction 

clo - cleo 
= 0.8426 

c3eo 

Anodic reaction 

(E.20) 

(E. 21) 
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To solve for i 1/i0 in the case of equal D we start from: 

c 1 + c2 + c3 = constant = K 

From (E.22) by elimination of c2 with (E.23): 

z
1

K 

c3 = -
z3 -

z3K 
c = 1 z3 - zl 

Then with (E.25): 

or: 

By integration: 

zl 
+ 

zl z3 

z2 -
+ 

z3 -

·-
-

z3 

zl 

z2 

zl c2 

c2 

d<j> i 
2 12 3K] dy = - FD 

1 

(E. 22) 

(E. 23) 

(E. 24) 

(E.25) 

(E. 26) 

(E.27) 

(E.28) 

(E. 29) 

(E.30) 



and at y = 0: 

Also, from (E.23): 
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-z <t> 2 0 
e 

so that -z2<t> = ln ( _
1 

) - ( z K ) 
o z1 z2 c2 

Consequently (E.31) gives: 

or: 

iL 
iD = 

In the limit 

If c = 0 loo 

z2 - z3 z1z3K 

z2 z2(z3 - zl)c3oo 

c >>c loo 3oo this yields 

, 

ln 

io 
FD1 

( z1K ) 
(zl z2)c2oo 

iL/iD = 1. 

In the case of ferricyanide/ferrocyanide: 

cathodic reaction (z
1 

= -4, z2 = 1, z3 = -3) 

iL 16 
--- 4 - 48 1n --15 = 0.902151 iD -

(E. 31) 

(E.32) 

(E.33) 

(E.34) 

(E. 35) 

(E.36) 
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A.nodic reaction (z1 = -3, z2 = 1, z3 = -4): 

16 
5 - 60 1n IS= 1.127689 
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Appendix F; Electrolyte composition according to the method of Wilke, 

Eisenberg, and Tobias. 24 

1. Cuso4 + H2so
4

(completely dissociated)+ 

.i(l - t ++) 
N Cu k = = 

Cu++ 2F 

At limiting current.: 

· 2c 

Define: 

++ 
Cu 00 

' 

D./D 1 Cu++ 

c 
H+ 

.,.---- = r 2c _ 
so-

4 

= ti. /u 1 Cu++ 

++(cc ++ 
Cu u 

- c + H oo 
' 

= R. 
1 

) 

With the help of (2.10), (2.20): 

a. cathodic reaction! 

00 

' 

H20 

) c ++ 
Cu ,0 

i (1 - tf . ) err1 
Nferri = F = kferri (cferri,oo - cferri,O) 

(F .1) 

(F.2) 

(F. 3) 

(F.4) 

(F. 5) 
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i(l - t ) 

Nferro = 
ferro ---=---- = k (t - c ) F ferro ferro,O ferro,oo 

~cferro = -=-
1
_-_t:-f_e~r..;..r_o 

fief . 1 tf ·- .. _ ._ err1 enn 

Define: D /D u /u - R i ferri - ··i - ferri - i 

Then: 

cf -erro 
----~--~----~ • r c ' . + c 
--ferro ferri 

+ r) 
. ferro -- K 

R 
.- K+-

R ferro 
l!.c [R +(3 
llcferri = RK+(3 

+ 9{1 "r)] [if+ 
+ r) + 16rR _ 5 - 3 + 

ferro . R 

b. anodic reaction 

Define: D./D ; I = 1 ferro - ui uf-erro R.; 
1 

-C • 
_-ferri 

------~-~--- = r 
cf- . + cf err1 erro-

Finally: 

3. 

a. 

h.cf . _ err1 
& · ferro 

= ~R K+(4- r) _ + 16 (1 - r)~ [~ 
R (4 - r) + 9rRf . 4 

K+ - err1 

K
3

Fe(CN)
6 

+ K
4

Fe(CN)
6 

+ KOH+ H
2

0 

cathodic reaction 

it 
-·o1-C 

F - = ~OH(cKOH,oo - cKOH,O) ; 

+ 
K 

3/4 

~ 

(F.6) 

(F. 7) 

(F. 8) 

(F. 9) 

(F .10) 
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i(i-tfe:t:ti) 
F = kf · (cf · - cf · 0) err1 err1,oo err1, 

cKOH, 00 - cKOH;O. = 
cf · - cf · 0 err1, 00 err1, 

t 
OH kferri 

1 - tferri kKOH 
= 

( 
t )(D . ) 3/4 , ; _oH- . . .· K3F~ (CN) 6. 

l · tf . . DKOH err1 · 

Equim~lar ferricyanide/ferrocyanide~ 

Define r 0H .. = c /c . - + 
I OH K 

D./Df . = u./uf . = R. 1 err1 1 err1 1 

Finally.J: 

f:.cKOH 
& ferri 

= 

b. anodic reaction. 

Define 

Finally: 

r 0H = c /c ; D./Df .. = u./uf . = OH- K+ 1 err1 1 err1 

f:.c~fJ 
fie ··ferro 

~) 

R •. 
1 

The numerical values used for R. are those given in Appendix D. 
1 

(F .11) 

(F .12) 

(F .13) 

(F .14) 

(F .15) 
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Appendix G.· Notation used in various references on free convection. 

The similarity transformations used by most authors differ from (3.17), 

(4.10) and (4.11) by a constant. Table Gl lists some variants of both the 

classical and the stretched variables, as well .as the resultant forms of 

the equation of motion and the convective diffusion equation. Table G2 

gives the relation between the invariant coefficients c1 (3.14), B1 (3.15), 

C(3.24), B(3.25) and the dimensionless variables defined by various authors. 
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Table Gl. Notations for similarity variables used by various authors. 

Reference Classical variables Stretched variables 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

This work r; = y (2._)1/4. f = 1JIGC~)3/4. 8 1/4 - fo314 ;8 n = z:o ; f = G 4x· • \l 4x • 

7 Roy y f lJIG 1/4 
F = f (3o) 3/ 4 ·<I> n = 

G(4x) 1/ 4 ' 
= 

\1(4~)3/4' 
z: 1 = n(3o) ; 

0 0 0 • 0 

Le Fevre 4 l f = lJIG . r; 1/4 cp f(3o) 3/ 4 ;8 n = 
G(4x) 1/ 4' 

. 3/4'g - n (3o) ; = 
v(4x) · 

Kuiken 6 l . lJIG ·h 1/4 3/4 
ll = g = n = llO" ; f = go ;8 

G(4x)1 / 4 ' \l(4x)3/4"' 

Ostrachl n = y F = lJ!G ·H 
G(4x) 1/ 4; v(4x)3/4' 

Schlichting 2 
n = l. . z; = .ljJG ·8 

G(4x) 1/ 4 ' \l(4x)3/4' 

Morgan & 

Warner 5 

z: 
y f lJ!G z:ol/4; F fo314

;H 
Gxl/4 

= 3/4;h n = = 
4\lx 

Note: 1 .. G 
fv2p ,ll/4 (. 2 ~/4 {, 2 \1/4 

=l£1lpoJ = ~llC}or \ia·lli} . 

and 
\l 

(J = -
D 

\l ~llC ) or-=~ a · k 

2. In the present work the equation of motion is: 

f'" + ff"- ~(f') 2 +8 = 0 
3 

and the equation of convective diffusion: 

of8' + 8" = o 

The classical transformation in all other references leads to: 

f'" + 3ff" 2(f') 2 
+ 8 = o; 

3of8' + 8" = o 
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7 the stretched variables of the· present work, and of Roy, and 
. . . 4 
Le Fevre, lead to: 

f"'+e=o 

In Kuikeri's, 6 and Morgan and Warner's5 work the equation 

of convective diffusion is: 
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Table G2. Conversion factors for dimensionless quantities used by various 

authors. 

Reference .Classical variables Stretched variables 

1. This work c = (~) S/'1f, (0); s = ici) 1/ 4fi, co) 
5 3 

2. Roy 7 c Ct)3/4q,, (O); 4 4 = B = 5(3) l/ 4F" (O) 
0 

3. Le Fevre 4 c = cj) 314e' co); B = _!(4) 1/4 cp" (O) 
5 3 

4. Kuiken6 43/4 5/4 
c =-3-8'(0); B = -

4
- f''(O) 
5 

5. Morgan & 4 
C = 3 H' (0); B = 156 F" (0) 

Warner 5 

6. 1 
cl Ostrach 

43/4 . 
= -

3
- H' (0); 

5/4 
B1 = ;..-- F" (0) 

7. Schlichting 2 
cl 

43/4 
= -3- 8' (0); 

5/4 
s1 = ;..-- z.;" co) 
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NOMENCLATIJRE 

. 
a thermal. diffusivity [cm2/sec] 

a. . activity of species i 
1 

A1 proportionality factor streamfunction (10.5) 

A2 proportionality factor distance variable (10.5) 

b constant in streamfunction expression (7.8) 

B const~nt in 
0

/ Lg (c
0

-c ) = B(GrSc)-l/4 (3.25) 

c 

c 

cl 

c2 

* 

constant in I Lg (c -c ) = B
1
Gr-l/4 (3.15) 

0 0 
. 3 .• 

concentration [mole/em ] 

constant in Nu - C(GrSc) 1/ 4 
(3 .24) 

constant in Nu = ClGrl/4 (3.14) 

constant in Nu = C2
(GrSc2)1 / 4 (3.20) 

C constant C corresponding to diffusive mass transfer only (7.16) 

D di:ffusivity [cm
2
/sec] 

E parameter in similarity variables (3.7)[cm3/ 4] 

f di~nensionless sti'eamfunction (3.7), (4.11) 

f 1 adjustable streamfunction (10.5) 

F Faraday's constant.f96,494 coul/equiv] 

g auxiliary function in numerical computation (Appendix B,C} 
. . 2 

g acceleration of gravity [em/sec ] 

h auxiliary function in numerical computation (Appendix B) 

H mesh·width in numerical computation 

i current density [a/cm
2

] 

Ir true ionic strength [mole/1] 

k mass transfer coefficient [em/sec] 



K 

K' 

L 

M 

n 

N 

p 

Q. 
1 

r 

r a 

r c 

R. 
1 

R 

s. 
1 

t 

t. 
1 

T 

T. 
1 

u 

u. 
1 

v 

X 

y 

z. 
1 
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thermodynamic dissociation constant 

stoichiometric dissociation constant 

length electrode Icrn] 

chemical species in charge-transfer reaction (2.1) 

number of electrons transferred (2.1) 

2 flux [mole/em sec] 

2 pressure [dn/crn ] 

ratio z.u.F/DR 
. 1 1 

dilution ratio cH SO /(cH So + cCuS0
4

) 
. 2 4 2 4 

dilution ratio c /(c + c ) ferricyanide ferricyanide ferrocyanide 

dilution ratio cferrocyanide/(cferricyanide + cferrocyanide) 

ratio D./DR 1 . 

gas constant [erg/mole_ °C] 

number of ions or molecules of species i participating in charge-

transfer reaction (2.1) 

t:l.rne [sec] 

transference number of ionic species i 

absolute temperature [°K] 

' ratio Cl. /a.R 
1 . 

velocity in x direction [em/sec] 

mobility of ionic species i [crn2-rnole/joule-sec] 

velocity in y direction [em/sec] 

distance parallel to electrode [ern] 

distance perpendicular to electrode [ern] 

valence of ionic species i 
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a. densification coefficient of: species i · [1/mole] 
~ 

re-t) gamma function of 4/3 (=0.8934) 

o diffusion layer thickness [em] 

o diffusion layer thickness [em] c 

o. diffusion l.ayer thickness of species i [em] 
~ 

<\ . veiocity boundary· layer thickness [em] 

E angle of inclination with respect to vertical 

r,; dimensionless dis't;ance (3.7) 
?: . 

n diini:msionless dis.tance (3. 28), ( 4 .10) 
-~ . ~-

l; adjustable dimensionless distance {10,5) 

e dimensicm1ess concentration (3. 7) 

ll dynamic viscostiy [g/cm-sec] 

v kinematic viscosity [cm2/sec] 

v. stoichiometric dissociation number of species i 
~ 

p 

T 

.. in binary compound 

density [g/cm3] 
·. 2 

shear stress [dn/cm ] 

dimensionless potential (4.12) 

· potential '[volt] 

2 streamfunction [em /sec] 
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Dimensionless numbers 

Gr 

* Gr 

Nu 

Pr 

Sc 

Grashof number 

Grashof number 

Nusselt ntimber 

Prandtl number 

Schmidt number 

for mtiform concentration= flip~ 3) 

for uniform flux=/r,a.N~4) pv 

~VD kL SRi L 
for mass transfer = (0 ) = FD ( avg _ ) 

n R cRoo cRO 

Subscripts 

0 at the electrode 

00 in the bulk; far from the electrode 

i pertaining to species i 

s pertaining to a binary salt 

R pertaining to reacting species 

+ pertaining to positive ion of binary salt 

pertaining to negative ion of binary salt 

loc local value 

avg averaged value 

~P value based on actual ~P 

Superscripts 

·derivative 

inner variable 

outer variable 

Prescript 

difference between value in bUil< and at electrode 
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