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_Abstraéﬁ
The migration contfibﬁtién'fb'thé Curfent in;free éonvéction is
evaluated by numerlcal solutlon of the apprOprlate partlal dlfferentlal
equatlons.-wlth the assumptlon that the Schmldt number is very hlgh
Results are presented for the systems CuSO4 - H SO4 - H 0 and K Fe(CN)6
KgFe (@) - 'KOH(NaOH) - H,0. . . |

The m1grat1on contrlbutlon in CuSO - H2804 -"Hzo is not very

different from that ip_forcedvconvection. In all cases, except in the

unsuppgrfed systems, there-OCCurs_apparently a density maximum as well as
a minimum,LWhich leads to a velocity maximum within the diffusion layer.

In-a well-supportéd ferrij/ferrOCYanidé'system this_density inversion is

strong enough to-cause}physically iﬁplausible_fesulté.

The composition afvthe electrode -and the shear stress were also

obtained in the course of the computation.
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1. INTﬁODQCTIONv'

'This inﬁestigation concerns the ééﬁtribution which migration, in the
electric field imposed on an éléctrolytié solution, makes to the current
density in freé conveétion, i.e;, when stirring of tﬁe solution takes

place exclusively due to density changes in the solution near the

" electrodes. The question is of practical interest when one wants to
‘measure diffusional mass transfer of a reacting ion by free convection.

In that case the electric field contribution should be eliminated as

much as prSible. Usually this is done by adding excess inert (or
supporting) electrolyte to the solution, thereby lowering the electric
field. However it remains to be determined how effective this is in
suppressing migration. For the case of forced convection in various flow

. . . S . 13-15,17,21
geometries the migration contribution has been evaluated numerically.

In free convection there is the additional complication that migration of

noh-reacting ions changes the composition and density of the solution

near the electrodes and thus interacts with the free convection._ It is

even cohéeivable that it mayvpreVent a stable, laminar velocity profile
from being attained.
In this study free convection is considered at a vertical plane

electrode. The results, however, are also valid with only small



modifications to other geometries (except horizontal plates), provided
the Schmidt number of the solution is large.8 After a brief review of
migration in electrolytic solutions (section 2}, pertinent iﬂformation
about free convection at a vertical plate by heat or mass transfer will
be summarized in section 3. The next sections present the formal treat-
- ment .of the problem in terms of partial differential équations and a
numerical method of soiution. Current density, shear stress, and
compositioh of the solution near the electrode are solved for in a

few ternary systems: CuSO, - H,SO, - HZO (cathodic), K3Fe(CN)6 -

4 2774
K4Fe(CN)6 - H20 (cathodic and anodic); and in the systems KSFe(CN)6 -
K4Fe(CN)6 - kKod - H20 and KSFe(CN)6 —‘K4Fe(CN)6 ~ NaOH - HZO (cathodic

and anodic).

2. MIGRATION IN ELECTROLYTIC SOLUTIONS ‘

When a potential is applied betweenvconducting plates in an electro-
lytic solution, the resultant change in electrochemical potential of the
metal ions and electrons in each electrode wili 1ead to a surface reaction
at the electrode. This reaction may be a deposition or dissolution
reaction, or a redox reaction involviﬁg only species in solution. A

general expression for the electrode reaction is:

} : . i -
SiMi + ne . | (2.1)

If the rate of the reaction is not restricted by its kinetic characteristics,

the electrode reaction is ''reversible" and its rate is transport-controlled.



‘The current density by stoichiometry is proportional to the reacting ion

flux (or fluxes in the case of a redox reaction):
v | | U s.i= < nRN, " o 2.2)
. 5i kN, : : (2.2)

Therefore, if the dfiving foxde.qf the;mﬁss transfer process can
be expressed in a préctical'form, e.gf,vasta concentratibn gfadiéﬁt.of
the reacting sbecies near the_electrode, or as a concentration difference
electrode/bﬁlk,-dne may be-abie;to relate the mass transfer rate in a
general way to .the coﬁcehtration;driving force. This can take the form

of an efféctive diffusivity (if the concentration gradient is khown):
= -D . Yci» , . . | (2.3)

or of a maSSLtransfer'cqefficient (if the concentration difference is

khown):'.
o e b ' L ‘
N o= k(e - ci)>v . (2.4)

However if current measurements'are_to serve for evaluatién, by
analogy,'of non-ionic mass transfer or heat tranéfer,»it is desirable_
> that the electric field make either a negligible contribution:to the
current or;vbtherwise, that its éoﬁtribution be kﬁown SO that'it can be:
accouﬁted for. Furthermore,'limiting curfent;curves obtained in cOmpJete
absence of supporting electrolyte ffequently wiil not.éhow a cLearlyn,:‘

definedbplateau. In dilute solutions it is convenient to distinguish =



various contributions to the flux of ionic species i:

Nj = - DyVey - czuFVe e, (2.5)
The second term représents the migration in a field of strength E = - V&,
Thé'mbbilify~ui is defined as the average velocity due to a unit force

~ per mole (units, e.g., cmz,— mole/joule-sec) and is related to the ionic

diffusion coefficient bi by the Nernst-Einstein equation:li
D, = RTu, . | | (2.6)

In the limiting current hethodvof'measuring mass transfer cogfficients,
the reacting ion concentration at the electrode is made vanishingly small
by applying a large potential. Likewise in the present study of free
convection with migration we shall be concerned with the case where the
reacting ion cdncentration at the electrode is zero,.there will be,

according‘to (5); no direct contribution. of the electric field to the

reacting ion flux at the electrode, except'fbrra binary eleétrolyte. But

the electric field does affect thevcdncentration profiles of reacting

and non-reacting ionsvénd thereby contributés indirectly to the current.
The evaluation of this contribution impiies solving materiai balances

for all ionic species:

= = - V-N, , ‘ (2.7)



taking into ec§ount that the cbneehtratidns'efef&ﬁhere a?e’reléted by_the-

electroneutrality condition:

e E ?ici = 01> o _ . 1[._. : “ (2.8) :

The boundary condltlons at the electrode are glven by (2), s' is zero for
non-reactlng species. Equatlon (7) dlffers from the non-ioni¢ convective
diffusion equation only in that the flux gi*cbntains'a migration'contribu~
tion, -z.u.Fc.Vo.
iti i . _
There are two cases -in which the set of equatiohs (7) and (8) can

-be proven equivalent to a single non-ionic convective diffusion equation:

1e - o S
5{ + V- Vc _ DVAc . . o e». | (2.9)

These cases are that of a ‘binary electrolyte and that of a mlnor reactlng
10

spe01es in excess 1nert electrolyte
In the case of a blnary electrolyte ¢ Signifies_the salt concentra-
tion; the salt diffusion coefficient Ds accounts for the migration effeet

and is defined by
zu, D - z.up

+ + - - : ' -

or, if (6) is valid,

DD(z—Z) - ' o
D = z.D, —Z_D_ | - e




The physical meaning,of'this'formulation is that in the absence of

current the salt will diffuse as a single species, dué to a balance of
separating forces (different diffusivities) and mutual attraction in the
field created by charge separation. When a current is passed, the current

. 4
expression

i+v4F = - (D+~D-)VC - (z+u+-z_u_)FcV¢= —nF\)+DchS (2.12)
shows that approach of the limiting current causes the field strength in

the solution near the cathode to become theoretically infinite, correspond-

ing to a forced charge separation.

In "well—supportéd" solutions, i.e., solutions with an excess of

inert electrolyte, the reacting ion is a minor species and the electric

field stréngth.is low due to the supporting electrolyte concentration.
Thus not only is the migration flux of the reactihg ion zero at the
electrode, but also away from the electrbdevit is é small quantity of
second ordef. The reacting ion concentration obeys the equation of
convective diffusion (9), with D representing the ionic diffusion coef-
ficient. The concenfrations of the non-reacting ions. and the electric
field stréngth ﬁear the electrode are determined by the concentration
profile of the reacting ion.10 This approximation is valid in the limit
of vanishingly small reactant concentrations. It is frequently used since:
one likes to measure the limiting current in excess inert electrolyte, in
spite of the uncertainty about the ionic diffusion coefficient in such

concentrated electrolyte mixtures. "Supported solutions" have the



advantage of high conductivity and of relativeiy»Unifofm density, viscbsity,

diffusivities and activity coefficients.

When the composition -of the solution is intermediate between a binary

salt and a wellrsupported solution, the equations (7) have to include

the migrationvcontributionfv

+
<
<
¢}
1]

D'ivzciv.f 2 V- (c70) ' o (2.13)
and their solution by analytic means is hardly tractable}g_zo even if

the VelocitYiX‘cbrresponds to avéimple hydrodynamic situation. Newman13
solved (13)inumeritally for:a'variety'of electfolytic systems in the
following_cases:_steadynmass transfer to a retating disk; unsteady mass
transfer to a growing drop;'unsteady mass transfer inte a stagnant semi-
infinite:finid; and steady mass transfer in a Nernst (stagnant) diffusion |
layer_of.finite thickness;_ The migfetion effect was expressed as the
ratio Of'iimiting current I, to the limiting "diffusion current" I,
corresponding'to absence_df migration,,i.e., an.excessvof supporting
electrolyfe. Values of IL/ID wefe:obtained for a range of compositions
characterize& by the ratio of supporting electrolyteito total electrolyte.
Only inithose eases where the diffusivity of the”reacting ion differs

very much from that of the counter-ion, is there an appreC1ab1e difference

between IL/I values for the different hydrodynamic situations.  This. is

. 5 . + . . L .
particularly so with H as a reacting ion in dep051t10n reactions. Redox
reactions show only a small migration effect, no more than ten percent
and somewhat higher when no supporting electrolyte is present and the

product ion is also absent in the bulk.



The effect of migration on-thé current to a grbwing mercury drop was
alsp sblved numerically by_Okada, Yoshizawa, Hine éﬁd Asada.14 ‘Newmaﬁ
showed that the ﬁase of migration through.laminar diffusion layers
generally, at high Schmidt numbers, is mathematically identical to that
of migration fo the rotating &isk, solved earlier.!

In the case of a Neinsf diffusion layer the diffusivities of the

different species drop out of'equation (13), if the Nernst-Einstein

equation (6) is valid. The effect of migration in a stagnant diffuéion
layer containingVS uhivalenf ionic speciés was first treéted by Eucken.
The IL/ID value for a certain composition depends only on the valence

of the ions in solution; so does the coﬁpbsitioh of the solution at the
electrode. Table 1 lists the maximum I,/1, value and the composition
of the solution at the electrode for a number of ion combinations which
occur in déposition reactions. Also shown are the values for the ferri-
cyahide/ferrotyaﬁidé redox reaction. These involve besides the valences
of the ions the ratio.of diffusivities of.produét and reacting ion. The
calculations leading to these results are given in Appendix E.

The concept of a stagnaht layer, although it ié obviously in error,
has been used frequently to estimate the concentration of supporting
electrolyte at the electrode. This quantity, which is of secondary
‘interest in forced convection, is very important if one wants to
célculatq the density difference which is the driving force for free con-
vection. = Recently Ravoozs’52 has applied the stagnant layer model to
. free convection with a centrifugal acceleration as driving force. In

this case, as in free convection over a horizontal electrode, the



- convective velocity cannot be expressed in a simple mathematical form

and the use of a simplified model is necessary. However, it is clear

that the stagnant layer model is of limited value since it does not

~distinguish between different patterns of convective velocity and more-

over does not take into account that the diffusion layer thickness
ought to’be‘a different oné for every ion in view of the uneqﬁal dif- .
fusivities.

Anéther simplified model thch has been applied to free convection

in order to estimate interfacial electrolyte composition in free con-

‘vection is that of Wilke, Eisenberg and Tobias.24 This model is based

on the assumption that the migration contribution to the current for

any composition can be excluded from the total current by using for the

*
reactant flux the expression

' i(1-tp) : ,
Np = - = DVep (2.14)

Likewise it is assumed that the flux of the supporting ion, which is zero

at the electrode,; can be written:

*This_expreSSion was apparently first given by Heyrovsky12 whorrejected
Eucken's analysis,11 in which a stagnant layer was éssumed, because it
did not agree with polarographic exﬁeriments for the discharge of
hydrogen ions from HC1-KCl solutions. Newman's analysis13 for the
growing mercury drop showed good agreement with these same data (see also
reference 16), thereby removing Heyrovsky's objections to the methods of

analysis based on the equations of electrolytic mass transfer.
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it.

N - |
N, = o D;Ve, =0 . (2.15)

Next the diffusion fluxeéA(14) and -DiV§i in (15) are related to the
mass transfer rates reSulting from concentration differences across the
diffusion layer. Convection is takeﬁ into account by the ﬁse of over-
all mass_fransfer ¢0efficients'k for free convection of non-ionic

components:

i(1-tp) A .

- = - DRVCR = kRACR' s - (2.16)
it, :
—= = D.Vc. = k.Ac. . - (2.17)
z: 11 11 _ '

since the mass transfer coefficients“k in (16) and (17) are related to

the concentration driving force by, e.g.,

K.L 3\1/4
1 _ o flegl Y . , (2.18)
Di ov[& .

where C is supposedly independent of the species, one has from (16), (17)

and (18):

e NG e W b A (2.19)
Acy zi(l—tR) Dy ,

since t, and tr depend on the compositioh of the solution by the definition



211~

7 ziuici\ S ‘
t, = —21 31 : , (2.20)

i
2
z.u.c.
111

i

and D, is alébTcdncentration;dépendeht, it’is.necéSSAry_to.sqlve for
Aci in (19) by itefation.

it is ciéar that this estimaﬁidn method is.quite general and can be
applied tb forced con?éction'as well as diffefent kindé of free cénvection.
The only difference this will cause in (19) is'thap thé exponent of |
DR/[H will be the same as the power to which the massvtfénsfer coefficient
kvdependsboh\D in that particu1ér kind of situation}so |

It is also clear.thai thé expréssion (l7j is'equaliy valid for the
cdunter—ioh and_tﬁaf the'resulting'counfef—ion éonéentration at the
electrode ﬁay-notvsatisfy elécfréheutrality. This diffiéulty is- avoided
by not‘usiﬁg ionic diffusivities Di; which are'ahyﬁay certain only at
infinite dilution, according td_(éj. |

| Binéry_eiectrolyte diffgsivifies aré used, e.g., DCuSO4 and DHZSQ4,

instead of ionic diffusivities. The inherent aSsumption'of binary salts-
diffusing.without mutual'ihteréction is of course not plausible. _

However, a mofe”iﬁmediaté objection to this migration model is the
use of transference numbers in t14) ahd (15) to'digtinguish‘the fraction
of the ;ufrept contributed‘By_migration of a certain ioﬁ. ThiS'uée is
contradictéd by fhe fact that éoncentratioﬁ gradients occur near the
' electrode,.so that diffusion and migration contributions‘to the curfent

coexist there. In such a situation the use of transference numbers to

. . ) ) ) . L 10 K : X
assign migration contributions is meaningless. The use of expression
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(14) can be tfaced back to its validity in the case of a binai‘y'electrolyt-e.12
With éxceéé supporting ele;trolyte the error made by using (14) is
inconspicuous since the transference'number of the reacting ion is very
small, as is the'migration contribution to the current. Inrintermediate
cases, however, there are no firm grounds for the use of this approxima-
tion. |

Fof comparison with results of this work, electrolyte compositions
at the electrode calculated according to the method of Wilke, Tobias
and Eiseﬁbefg are shown in Table 2 for a fange of bulk electrolyte com-
positions. Ionic diffusivities at infinite dilution have been used.
The formulés leading fé'these results are collected in Appendix F.

More elaborate attempts to obtain an approximate solution to the
problem of migration are also necessarily more restricted. Gordon,

Newman and Tobiasl7'treated the rotating disk electrode (for the systems

KSFe(CN)6 - k4Fe(CN)6 - KOH or NaOH) by assuming a constant potential
gradieht in the diffusion layer. |

A special class of approximate solutions are those usingvthe integral
method of von Karman and Pohlhausen applied to the diffusion and velocity
5oundary layer, Wagner25 was the first to apply this method to free
convectiqn_in electrolytic solutionms, Qpecifiqally to the case pf C-uSO4
with HZSO4 as a supporting electrolyte in large excess. His procedure
takes into account that the H'-ion diffusion layer extends farther
into the solution than the Cu' -ion layer. The concentratibn excess
of H,SO, at the electrode'ié therefore, at the limiting current, not 1/3

2774
of the CuSO4 bulk concentration (see Table 1), but:
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S

+
H

’ i 1
Ac /Ac == A= -
H2804 CUSO4 | 3 736 o

- (2.21)
Cu ‘ '

The value of A depends on the'éssuméd'thCéntratibn and velbcityv
pquiles,waghér approiiméted thé.pfbfiles; schematically shown in

fiéufe i,_by.quadratic expfeéSiOnsf'

(1 -19% for0<y< 6 i (2.22)
‘max %— : - - . '
Ci:- ci‘.ob ' y |2 ' ' . . .
"= (1‘7 ET): for y < GV . : (2.23)
io i i o S

It was assumed thatléV (location of the velocity maximum) coincides with

§. e 'Ultimately A'dependS'only'on the"transferenée'number of H in
Cu

" the bulk solutlon and is found to be .l. 41, so that Ac, /0¢ . .. = 0.47.

HZSO4 Cu 804

: Ibl-ar_ﬂd'Braun26 applled the integral method to ‘free ‘convection at a
vertical-eiectrode with the boundary condition of uniform current density.
They used the same concentration’ proflles as Wagner, but replaced the

velocity prof11e by

=531 giq foro<y<s S (2.29)
max_. v V. .

which has a maximum at y = ¢ /3. Again 6'<waé assumed equal to & e

Cu

" with large ‘excess of H,50, '€ was 1.50. 'The

calculatlon was also made for a solution of 1M CuSO + 1M HZSO4, whiéh

For a solutlon of CuSOo
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is the composition used in Brenner's experiment, 9 where the diffusion
layer was frozen instanténeousiy and analyzed after slic ng. Here the
transference number of the reacting ion cannot be neglected and (2.21)

. .
has to be modified. A was found to be 0.385. Asada, Hine,

c /Ac
HZSO4 CuSO4>

Yoshizawa and Ckadaz7 applied the integral method to the complex problem
of’finding the current.distribution af parallel vertical electrodes in

a situation intermediate_between limiting current (uniform concentration
at the'électrodes) and uniform current density (prgdominance of ohmic
drop and kinetic overpotential). They employed cubic polynomials for

concentratlonvand velocity profiles, and obtained AcH 804/AcCuSO =3, 1i.e.,

_ S ™ 4
A = 2, for a solution of 0.1 M CuSO4 + 1.5 M H,SO

2774
The last two case526’27

are not directly comparable to the present
work, since they use the constant current boundary condition. The integral
method, however, does not distinguish between various boundary conditions

as far as the calculation of Ac /hc is concernad.

supp.’  react.

3. FREE CONVECTION
| Flow along a verfical wall as the result of a density gradient
shows a boundary-layer structure. Therpressure in horizontal planes is
uniform and constant, equal to the hydrostatic pressure. The convection
‘is caused by the differencevin density along hori£0n31 planes{ The equation

of motion is then, since

* . - .
This is in good agreement with Brenner's result as quoted by Ibl and
Braun26: 0.405; not, however, with the value calculated .directly from

Brenner's figure529 3 and 4, namely: 0.72.



_._vls_.

9P . .
Bx Poofy
a2 P-P,, : o |
LIV L R I (3.2
o dx dy - "Byzr- X P, - )

where theréoordinafés are as in figure 1 and thé denéify iS*supppsed to
be the only variable physical property.

If the density gradiénttis caused by the concentration variation
of‘dissolved material,.fﬁé équafion-of motioﬁ'is coupled'to the equation
of convective diffusion’ for species i@l | |

éc. ac, a‘c

. 1
U==——++ V —— =D

3% (3.3)

The densification can be represented by a linear expression in terms of

concentration differences:

| ‘_b_ - p,o;,-:_z ogi,(ci-ci;o)_pm B
S ,i - S
If tempéfafﬁre:variations are causing_the;dehéity:gradiehf, equation (3)
is replaéed'byrthe-convecti?e conduction edﬁation éhd,(4) by a thermal
»dénsificatidn‘expression. This.case'is'completely anaiogous to that of
'free-coﬁvéétiéﬁvdue”to concentration variatidns in a binary solutionjof
a nonelecfroiyte.w | | |

Fiﬁally the motion must satisfy continuity;

, - o 3.
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which is a reason for introducing the stream-function Y defined by

3y el . | (3.6)

In the classical solution to the thermal free convection problem,
due to Pohlhausén,z here transcribed in terms of concentration variation

of a single solute, a similarity transformation is introduced:

1/4 ' c-c
Yy (4 /4 . _ 3 YE | 5 _ ®
C_E(Sx) ,f—(4x S ,(3.;0_%o (3.7)

v2 : 1/4
where E =|—r—-r———
gafe -c)

' Thevequation of:mbtion:is reduted té'
}f"' + £ -% £)°% +0 = 0 - |  (3.8)
and the cohyective diffusion equation'to
| ’Q“ ; Scf6'>= 0 : | (3.9)

where primes denote differentiation with respect to ¢ and Sc is the

Schmidt number, v/D . The boundary conditions:
u=v=0,c=c atx>0,y=0; - (3.10a)
u=0 , C =bc°° at x > 0, y » o« ' (3.10b)
u=290 , c=c_atx=0,y>0; ' " (3.10c¢)
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are transformed into:

f=f=0,6=1 atn

1
o
-
~
W

3.11a)

f'' =0 . 5, 6=0 gt:nv= ®. S (3.11b)

Tﬁe éonéentratidﬁ and Vglocity distribution in‘the boundafy—layer
follow from the solution.to'CS) éﬁd k9), aﬁd-are shown in figure 2 for
various values of the Schmidt number. The fhickneSS‘of the diffpsion
Alayer and of the velocity bbundéryflayer afg’proportionai to x1/4;

The quantities.ofipractical'inferest following from the solution

of (8) and (9), are the mass transfér to the wall and the shear stress

at the wall:
v 3¢ o 3gq(co-cw) 1/4. . » |
= - _— - - ' o — - ! .
Nlpc D By 3 _D(co c.) 4v2x )  ¢', »(3_12)
: 1/4 :
R T 4 3/4 : , _
To,loc T Way| T MR (ealeome )T B (3.15)

3

Integratihg'to average flux and shear stress over a length L, one can

write the reéult'in the fbrm:,

et L Gasy

Nu = Ql

To o a-l/4

A< " P (5.15)
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Here the Nusselt number Nu is defined by
N_ L
avg o )
Nu = ——=—~ ; .
D(c-c,) _ (3.16)

the-Grashof.number'Gr by:

3
gafc e )L

Y

and Clvavnd'-B1 are constants which depend only on the value of the Schmidt
(or Prandtl)number since it appears as a parameter in equation (9). Table

3 lists some values of Cl and B, from the literature.

It is impdrtant to realize in which‘manner the édnveétion prbfile
changes when.the viscosity of the solution inéreasés and/or the
diffusivity of the solute decreases; or vice versa, i.e.,‘when the
Schmidt numbér increases or decreases. As long as the kinematic viscosity
v and the diffusivity D are of the samé drder of magnitﬁde, the hydro-
dynamic boundary layer will extend appfoximately the same distance as
the-concentratioﬁ boundary layer. This is seen in figure 2 where
velocity and concentration profiles in terms of the classical dimensionless
variables (7) are plotted for a wide range of Schmidt numbers.

Now let first the diffusivity become very large compared to the
viscosity. This applies in practice only to the thermal diffusivity in
the case of liquid metals, i.e., liquids with very low Prandtl number
v/a. Then the thermal boundary layer extends much farther into the
solution than that part of thé hydrodynamic boundary layer in which the

velocity increases; i.e., the part of the boundary-layer in which the
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friction at>the wall propagates itself is.véry small:éompared'to the
compiete bouﬁdary layer. The larger part of the boundary‘layer‘is
characterized bf a:baiéhce.of buoyancy and ine?tial-téfhéfin:thev.
éﬁﬁatidﬁ.éf‘motion (2). Figﬁié 2 shows that fhergléssicél vériab1¢§ 
’béﬁomé inapﬁropfiatevin tHiSnSifﬁéfidn{:h o

A diﬁénsipnal 4nalysi$ based on équai imbortanée éf éll terms in
;the:equatién of motion (2)'wou1d>1ead.tp a hydrodynamic boundary-layer

thickness 6v_ in accordance with the classical analysis, of the order:
---‘.fsv/L'x'Grf1/4 | . | o (3.18)

where:L charaétérizes-the geoﬁetry of the problem;u Instead one finds

from thé balance of buoyancy and_ihertial terms in (2) and of convective

and diffusive terms in (3) that the concentration boundary layer thick-
| L 1/2 | | |

ness 8. is'stretéhed by Sc” ébmpared to 8 ¢

S8 /L SIANSE I o (3.19)
The.appropriété re§1acement of1thé massjtransfer relation (13) ié-then

Nu = Cz(Gf-Sézjl/é.i ;_", IR . o ©(3.20)

values of C, are also'giveh'in Table 3.

2

It can be shown9 that in the 1limit of Sc > 0 oné‘should héve, from .

matching perturbation expansions::
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/2 4 o(se) (3.21)

—‘—ﬂ‘z——lﬁ = 0.80051 - 0.43179 Sc
(GrsSc™)™" : 7

The first term was first given by Le Fevre' as 0.800544.
The shear stress at the electrode is determined by the inner viscous
part of the boundary layervand;therefore,is not affected by stretching

the coordinate. In the limit of Sc ~ 0 one has®

"VB"I}J;'STA'E" Gr—ll/é[l.2_1>051 —1.1;3253.vvsc_1/2 ,+,_o(Sc2/3)] , . (3. 22)

The opposite case, of very small D and largé Sc, is the one dealt
with in'thié investigafibﬁ'since electrolyte‘sblutiqns are invariébly
characterized by Schmidt numbers above IOOO. Here the physical situation
is that of a very thin diffusion layer, vanishingly sméll in the limit
Sc > », and a much larger hydrodynamic.boundafy layer in which thé liquid
is draggéd_by the'buOYancy‘Created near.the wall; Figure'Z shows how
again,thé classical variables become inappropriate due to the diéparity
between diffusion layer thickness and extended velocity layer thickness.
In the extended velocity layer buoyancy plays no role, so that it has
the chafacter of a foréed convection boundary layer with a spatially
varying slip velocity at ‘the wall. In the wall layer, wherevthé density
varies, the velocify is determined by a‘balance.of buoyancy and viscous
stresses, the inertial terﬁs in the equation of motioh'(Z) being
negligible.

‘Mdfgéh and Warﬁer5 have first shown that the appropriate distance

variable to express the thickness of the wall layer, where the concentration
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. varies, is

6 /L ner s/

"se ) - (3.23)

i.e., the-classical;variable q_isvstretched.by a fact@r Sc1/4. .As a .

result*the'mass transfer expression (14) is replaced; in. the case:of

high thmidt_number,'by:
Nu = c(Grse)tt L ; — (3.24)

The shear'stress at the electrode is of course involved in.the stretching,

and the relation (15) is replaced by:

T , : ,
= B(Grse) M4 N . (3.25)

- —
‘pLgodc

Values of :.C and B from the literature are included in Table 3.
Kuikené-has treated free conveétipn at 1arge Séhmidt number by match-

ing perturbation expansibns. In the limit of Sc + ® he obtained

~ Nu
- (GrSc)

1/2 1

77 * 0}67033 - 0;1757 Sc” + 0.0633 Sc_

+ o(Sc-S/z) ;o . o (3.26)

The first term was first given by Le Fevre4las 0.670327 .

For the shear stress he found:
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T
O

v 1/2
" pLgalc

= 0.932833 - 0.346989 Sc 1 1

+ 0.253707Sc”

/2y (3.27)

+ 0(sc”
Another result of importance is the value of the constant parallel velocity
at the outer edge of the inner layer. The parallel velocity, in terms of

the dimensionless streamfunction, is

_ (4goac\1/2 of _
= (%GTTI) 'S px g _ (3.28)
wherev
n==¢g Sc-1/4, f = fScs/4

i.e., the stretched variables of the inner layer. For f; Kuiken6 found:

1/2 | o.827052 sc™! + o(se) ™2 (3.29)

f' = 0.884522 + 0.58688 Sc~
- A similar perturbation treatment was given by-Roy.7
The present analysis of migration in electrolytic solutions under
free convection conditions empIOys the assumption'Sc + « and therefore uses
the stretched variable n introduced by Morgan-and Warner.5 In terms of n

the equations without migratibn»are,-instead of (3.8), (3.9):

f'" + B =0 ; (3.30)

"+ f6' =0 , : (3.31)
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with the bbundary_conditions {3.11) except that
Fr=0asn =« . o (3.32)

This is identical to tﬁe“iero:approximation'éf thé inner piObleﬁ,vleading |
to the ﬁain”term in the inner’éxpansion~of'?iand e,,inia'perturbatioh
treatment alongithe,linés of Kuiken.6

In‘the outer problem the main term of 6, as well as all perturbatiOnsv
of 0, are zero. Consequently the-gquatipn of motion, in'terms of the

outer variables

12 v 12

?(5),=,f(n) S¢ % ;mn=nsc —_— (3.33)
is

" R VI VP '

£roo+ 3ff" - 2 =0 y - : o (3.34)
with the boundary conditions

v ‘ N ' o o

fr(=) =0 , £'(0) = £' () L o (3:35) "

In fact the'oﬁter fréblem;ié,tomfletély aete;miﬁed by the inner problem,
which makes it uﬁneéessary to solve for the outer problem_in_order to get
the main terms of the inner eﬁpansion‘for f and 0 (téking migration into
account). .It can Be.shown that not only is g;(é) = O,.bﬁt.aISO_that the

matching condition
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1/4 , (3.36)

- -1/4 k ] n o
lim  Sc f(m) = 1im f(nSc )
nre >0
implies that
(=) =0 » (3.37)

which'makes the zero-order iﬁnér problem self-sufficient as far as the
boundary cénditibns_are concerﬁéd.

Tﬁe analysis given>above, as well as the one following which takes
migration into account, is valid for other geometries besides the vertical
plate. If in equation (2) the body force is modified as follows (see 7
figure Sj | |

P-Py : .
sin € (3.38)

then similarity transformations of the same kind as that used by Morgan

and WarnersAmay be applied, provided:

ax™ ; | | (3.39)

sin €

where a and m are arbitrary constants such that a > 0, m > 0. Acrivos

showed that the transformation for two-dimensional geometries is:

y(SoaAc )1/4
4vD

-4/3 .x

(o]

(3.39a)

[(sing) (sine)l-/sdx]l/4

o | a/7 X 3/4_
Y= %(—-5——-3 Ac)”“ Dsin e[ (sine) 4/3 5, (sine)/3dx] Fm) (3.35b)
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In the limit of highchhmidt numbers this gives again'equations (3.30,3.31).

The constant C in (3.24) is now:
oL s e | |
C[ffj (sing) Cdx]”" , (3.35¢)
- . o ) ) : v ) . i . : : N . - .o S N

For the axisymmetric.Casé, see:refeféﬁCe-S.qr 23,

The addition éf supporting'eléctrolyte to a solution does ﬁot make
thé-free4éqnvéctioh‘prob1em directlyTComparable to that of heat transfer
and nonelectrolytic masS’transfef in a bihary fluid because; while it does
reduce the'effect~of.ionié migration,_the concentrétibn.variation_of the
supporting electrolyte affects the density vafiétioﬁ’to roughly the same
extent as the reactant and thus influences tﬁe velocity profiie. Neverthe-»
less, it has frequently been assumed that the mass-tranéfer rate is adequately
expressed by equation 24, Ib122,’51 haé feviewéd the expérimental work on
electrofyfic free édnvection'and:thé abplicability of equation 24 (see also
referéﬁce'ZS). | | .

Not all éxperimenfs in free conveétionvhave involved a supporting
.electrolyté'and a vertical electréde. Ibl and Mullér30 have used aqueous

solutions of CuSO Schﬁtzsl investigated experimentally free-convection

. 4 )
mass transfer to spheres and horizontal cylinders (see also reference

23).

4. ANALYSIS
The set of equatibns which determine free convection as a result of
concentration variations in electrolytic solutions near a vertical

electrode are the following:
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u v .
du . v _ . 4.1
% 3y - 0 ; - (-1

u : 3u 2%
Uax tVay T Vo2 T &Gl *-2)

| y© T |
2 : '
9c. - oc. 9°¢c.
i i_ “i 9 .. 9% .

Uax tVay T D 3y° *2iUFgy (65 5y) ’ (4.3)
Z:Zici 5 0 . (4.4)
1 ) .

There is_oﬁe”équation (3) for every solute species in the solutijon.

Denoting the reacting species with subscript R, we have for boundary conditions:

x >‘0, y =0, wus=v=0,cy=cp (4.5)
ac. S ac
i ¢ - i "R 9%, .
Dl W + ziutii W = °s—l;- (DR 'ZW— + 'zRuRFCR W) M
x=0 , y>0 | (4.6)
. u=90 , c. = Cj_oo .
x>0 , y-»>o 1 (4.7)

Here the electrode reaction is repreSented‘by'the relation (2.1).
At high Schmidt numbers the inertial terms in (2) are negligible within
the diffusion layer, so that it reduces to:

2
9 u

2 = e~ 4.8
o7 8x2ai(ci Ciwd s , | (4.8)

-1

vV

while the boundary condition (7)



X>.0’ )’"°°, u=20 S

is replaced by:

X'>O:v y—*’oo ,3 == =0

We now introduce the similarity transformation:

: g - 1/4
| 38og(Cpacpy) G
n.é'y' ~ 4vD x -

R

- [Beay ey e )] 174,
%-DR,X [‘ R "R .Rq_] M)

',4yDRX'

<=
u

and the dimensioriless variables:

_ ¢
¢= “RT
.Ci-
By e =
© "R "Ro

Then the equations become

Q. .
v | i _
- 1 _ 3 .
£ ? o, P10
Dy . ‘ziuiRT'.'A' -
L an 1) = .
DRei + DR (%¢_)'4-fei 0o .

Zi;ziei =0

* — .
The bar on f willfbe omitted henceforth.

(4.

(4.

(4.

(4.

'(4.

(4.

(4

10)

A1)

12)

13)

14)

15)

.16)
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Here primes denote derivatives with respect to n.

The boundary conditions become:

= = t = —_ )
n=0,f=f=0 , 6 =6 , (4.
D z.u.RT s. z u RT
i 11 1 ' R™R
—9' +-———6,¢' = —— (e + 8 d)')
DR i DR i’ sR R DR R
n->o | f'' = ( R 6. =0 (4

The result of primary interest is the current:

54, | |
i _ nFD,R(CROO—CRO) (SgaR 1/4( v, ZRuRRT 0 ¢')
local ~ Sp 49D R Dp R

0

Averaged and brought in the form of a Nusselt number, this is:

i s L z_u_RT
“avg R , 4.3/4 1 R™R 1/4
: = Nu, = (¢ (6, + ——— 06,¢') (Gr,Sc) . (4
nFDR(CRw'CRo) R 3 R DR “RY 70*R
| (c, -c )L3
where Gr, = gaR Re Ro
R v2

i.e., the Grashof number referred to the reacting ion densification (a
partial densification).

Of interest is also the shear -stress at the electrode:

4vDRx,

= - ) 1/4 2]
To,1oca1 = - PRap (CpemCRo) [}gaR(CRw-CRo)] £ (4.

17)

.18)

.19)

. 20)

21)



rAveragéd over a length L, this givés

T ’ :
Yo j‘: /4 " 1/4 , (4.22)
o) ~5 & % (orgse) o

U’ll-h

Further Signifiéaht'informatidn is'obtained in the form of the parallel

velocity far from the electrode:

, go (¢, -Cc, )D x v v
vumz(i RORe RZR) g0 0 ' (4.23)

37 v

* Finally the concentrations of the nonreacting ions at the electrode, 0.

are objectives of this calculation.

5.7 NUMERICAL PROCEDURE

The equatlons (41) through (43) form a set of coupled non—iinear
‘differeutlal equatlons w1th boundary conditions at zero and iufinity. These
equations can be 1iueériéed aoout‘a tfial-solution producing a series of
coupléd,.linear'differenfial equotions. In finite difference form these
give coupléd{'tfidiagonal'mafrices which-oon be solved feadily on a high-
~ speed diéital cor.nputer.:,"2 - The non—liuear problem is fhon solved by iteration.
USually 159 meshpoints Were used.' .

Itfis'conyenient fo»haveviu[the finiterdifference_formulation two velocity

variables instead of f, namely:

m
1

_fzs_j £dn R | — (5.2)
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This adds another equation to the set (41-43):

f. = £ . (5.3)

In the equation of motion f"' is replaced by fY and in the diffusion equation
f is replaced by fé.

The total number of equations is now N + 3, if N is the number of species
in the solution. The unknown variables are the N species concentrations, fl’
f2’ and ¢.

The problem parameters are all in the form of ratios with respect to a

reacting ion concentration or property (except for the valences):

80 = €3/ (CpeCRo)
Ty = ay/0p
R1 = Di/DR
ZiuiRT Di
DR =z, 5;i= ZiRi (using eq. (6))

Because of electroneutrality one of the densification coefficients of ionic
species can be set equallto zero. The total number of parémeters is there-
fore 4(N-1).

It can be expected that the computation_will not converge to a solution
when the conductivity of the solution is very small near the electrode, for
example, when cupric ions are discharged from a solution with very little

supporting electrolyte.
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vAppendika’cdntéins a repfoductioﬁ of the actual‘Fcitran progfém used
in the compu'tétions a | | B
'. The phy51cal property parameters used for the various electrolyte
systems ‘are given in Table 4, and the data on Wthh ‘they are based in Appendlx '

D.

6. RESULTS FOR THE SYSTEM CuSO -_HZO,

As a pre11m1nary check on the accuracy of the numer1cal method the '
: equatlons (41) through (43) were'solved,fot the case of dlscharge'of an
ieﬁSfrdm én'unsupperted electrolyte. This‘problem is completely analogous
to that of heat.of;mgss,transfer.byrnetural-convection at high Prandtl or.
Schmidt-nﬁmber,“if‘thé'diffusien"coefficient'(Z.IQ) is used. One has

then:
N, = g . '_ - - S (6.1)

i(1-t R)
N = - DVc ———
S B _s.‘ zRvRF

(6.2)

and, consequently:

)L C(1-t

L N_(1- D .
v st MeUtdb R)"R _ | (6.3)
s ¢ D c Dwv R D ‘ f : : o :

s's s s R _ 'S

In the mass transfer expression

e w174 | | -
_ Nus = CS(GrSScs) B _ E (6.4)
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with all dimensionless numbers based on physical properties of the binary

salt, the constant Cs is

Dp 3/4 R, 1/4

Co = UG G | (6.5)
Dy “s

where_CR is the dimensionless flux giﬁen in (4.20):

- 2 U RT

Cp = (6p + 2L 601) (5 )3/4 (6.6)
R
Similarly for the shear stress:
T ’ :
o _ -1/4 v
'ng‘z‘ = -BS(GTSSCS), S s _ . (6.7)
we have:
Dg 1/4, R }3/4
BS = BR(D ) q s (6.8)
s
where according to .(4.22):
4.1/4 £
- @ / (6.9)

In the case of the binary salt it is necessary to take the concentration
at the electrode nonzero since otherwise the field strength ﬁeaf the electrode
will incredse withoﬁt bounds and the solution will not converge. Furthermore
it is immaterigl what values are chogen for the physical properties, since Cs
and B, do not depend on them. The aétual values used can be found in Table 4.

Values of CS and.Bs were determined for various meshwidths, using IQO

meshpoints, and are collected in Table 5. To obtain an independent estimate
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Vof'Cs and.B;.the equatiohe (3.8) and (3.9), for f?ee'cenvectioninvolving
‘the inertiel terms in the equatioﬂvof metidn, Were selﬁea for several
Schmidt numbers, using varieuévmeshwidthsﬁahd field lengths. The values
- estimated by extrapolation ate coilected in Table 6 and compared with the
results of Oétrach1 and thé.perturbatioﬁ sefies developed by Kuiken. |
,The’agfeement between.the asymptoticvvalues indicates that the results

of thé numericelbprocedﬁreeare eccurate to fiye sighificant sigures. On
the baeie>of these feeulte avmesh Width of epproximately 0.06 fer 1501
meshﬁointé wes adopted fot the caicﬁlatioﬁs on the systems CuSO4 -.HZO
and CuS0, - F2504 f'HéO. o - |

' Flgure 3 shows the normallzed den51ty and veloc1ty proflles The

veloc1ty proflle is normalized with respect to

o= 0.8845 o - (see 3.29)

7. RESULTS FOR Cuso, - sto4 H,0.

: When H SO, is present in the CuSO solution,-the effect of migration

2°%4 4

is- to make the H2504 concentratlon at the electrode dlfferent ‘from the

bulk concentration, thereby changing the driving force for the free con-
vection. It is then desirable to use a Grashof number based on total
density difference
Za, (c. _~¢ )L3
P e Bt L T
P v2

(7.1)

instead of the one based on densification due to the reacting ion, GrR

(see 4.20). This permits a comparison of C in
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1angRL

Nu =
nFDR(ch-

1/4 1 '
ey 7.2
Gy = Cr5e) : | - (7.2)

with the constant Cé found for the binary salt (6.4), where only the reacting
ion is responsible for densification, and with the general mass-and heat

transfer expression for free convection:
Nu = C(GrpSc)l/4 . (3.24)

It is also desirable to refer the shear stress at the electrode to

the total density difference

T .
0 o -1/4 - =
Tep aiAci = -B (Gr Sc) , ‘. (7.3)

1

The relationship between C and C

R’ B and BR is then

FfaiAci 174
C=Crloae (7.4)
- R R ‘
PZaiAci -3/4
B = B ———m———r— (7’5)
R _aRACR

The result of interest is now the behavior of current density (C),
shear. stress (B), maximum velocity (f! ) and composition of the solution

(AC
1,50,

This concentration is expressed in r, the ratio of'H2804 to total H2504'

/C

Cuso ), with an increase of supporting electrolyte concentration.
4

+ CuSO4. As r » 1 one would expect C and B to épproaéh the values 0.670327
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.and 0. 93283 _respectlvely, correspondlng to completely.diffusive mass
transfer by free conyectlon .These values are 1dent1ca1 to the constants
Cs"and Bs,vfeepeet{vely; of the'previoUs.section. In figure 4 ”C and B -
are;piotted hofmeiized hith.reegect to C; and B;. Also pldtted are'f'
astweil as the'haximum.veloéity.f&; v(td be‘diécussed beloh), andithe,
aeid accumulatien at the eiectrodej' A H SO /CCuSO4 |

- The results in f1gure 4 are based on the assumptlon that H 4 i
completely dlssoc1ated 1hto H* and SO4 1ons.' The absc1ssa is not r but-
r2/3; to check whether the stagnant film model does predict the asymptotic
behaVief cotrectly (seepr?endinE). This is not of particular interest
for the extreme r->1 sinee C; B ahd £ will be linear in r_or‘rl/n.
'(Note however, thet the asymptotlc values at T = 1 are not C/CS'= B/BS =
but apprec1ab1y less than 1. Thls_anomalous behavior will be diseussed
below,) .The*more slgniflcant 1imit is f + 0, but here the linearity is
ndt.f. ﬂVerifiahle since het enoughhpoihts ere eveiiahle at low.r. The
numerical solution doee not converge»beiow:f'= 0.09.- An arhitrery.
extrapoietion'tO‘r =.Q has been made, which.necessarily containé an
inflection point (dashed lines). |

Thé stegnant diffueion model predicts C/CS = 2 at r= 0, and

ACHZSOQ/CChSO4'? 0.333 at r = 1. These values are not: correct. The éohe
vection accumulates more H SO4 at the electrode than the stagnant layer
model (w1th equal th1ckness for all 1ons) would predlct On the other
hand C-rzO/Cr=1 is very close tov2, as predicted. This points to the.
importaneerpf the high diffusivityvof H+,'which causes the'diffusion

layer thickness of H' to be greater than that of the other ions. This |
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effect is hore important when the H2504 concentration is appreciable, but
apparently leads only to a higher éohcentration diffélénce of H ions
between bulk and electrode, not to a change in gradiert which, in turn,
would influence the reactant flux by electroneutrélit).

Figure 4 shows also the shear'stréss, which varies remarkably little
with composition. This again indicates that whatever changes occur in
the velocity profile as a resulf of'H+§accumuiation near the electrode,
take place away from the electrode. That the changes are quite marked,
can be seen again in figure 4 where the asymptotic velocity with excess
supporting electrolyte is only 2/3 of fhat in a binéry solution. More-
over a velocity maximum starts appearing when the suprorting electrolyte
concentrétion is incfeased. The max?mum velocity, plctted as féax’ is
only slightly higher than the asymptéfic'veiocity.

The reason for the velocity maximum is again that the H+ profile,
because of the higher diffusivity, extends farther into the solution,
and is less steep than, the Cu++ profile. Profiles ot the concentration
differences-with respect to the bulk are shown in figure 5. The dif-
ferences are normalized with respect to the reacting ion bulk concentra-
tion. The electrolyte is 99.998 mol% HZSO4, i.e., the velocity maximum
is most pronounced.

The velocity maximum (figure 6) is caused by a density minimum
due to overcompensation of cu't deficit by H' excess over a short range.
The densification with respect to the bulk is a linear combination of

cu'’ and H excess, with the latter having only 0.21 times the weight of



4
The density profile which results is qualitatively similar to the SO

the former; SO, has been arbitrarily assigned zero densification coefficient.

+ &~

profile in-‘ figure 5, which isvlikeWise a linear éombination of H

excess énd cu'? deficit. Figure 7 presents the refractive index profile,

which has a much 1es§ ﬁfonouncéd”maximum. | | |
Sincé £he'preéent treatment of the fréé-cbnyeétion bdundary—iayer

is 1im1ted;to'the-innér léyef;‘he should bé surprised‘to éeé that the

velociﬁy maximum is locétediinside thevinner Iéyer, insfead of being

ideﬁtificallwithvthe outer limit of the inner layér,_ The velocity profile

also shows an inflection, as a result of the boundary condition:

Some'quéstions connected with this type of velocity profile will be
discussed in section 9 (supported ferri/ferrocyanide solutions), where
the same‘prbfile is encountered with a much more pronounced maximum.

4

by the réther low value of the dissociation constant K = = 0.0l at 25°C.

The éssumption'that HSO, is completely dissociated is contradicted

_ P o : ~ HSO :
Figure 8 combines the values of C/Cs for'dissociateé and undissociated

4

HSO, in one graph, which also shows the migration current at a_fotating ,
diék and a;'a:growihg mercury dfop;13“ The absciésa'here:is' /r.
it.cah,be'Seen that again C/CS doéﬁ'hot.éxtrapoléfgvté lﬂés T > 1,
but to a slightiy.10wer value. Compare this with the-values for the
rotating'diék and growing mercufy drop, which to eitrapoiate to 1.. Tﬁe
values of B/B_ are not shOwﬁ since they are in the same rangé as those
for full dissociation and vary just as little with composition; They

also do not extrapolate to 1 as r > I, but to 0.8343.
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TheAasymptotiC'béhavior of C/Cs'in freé coﬁvection migration can
be understood by comparing the shape of the velocity profiles for the
binary salt énd for the well-supported solution. This.comparison is
made in figure 9. Whereéé in forced éonvection the veiocity profile
is independent of ﬁigration effect, it is here strongly influenced. In
particulér the formation of a ﬁaximum is due tb it. The influence of
densificatién by itself has beenbelimiﬁated by introducing the distance

variable nAp based on total densification at the electrode, ApO:

Ta, (e mcy Y]1/4

n =1 , (7.6)
Ap % (CraCRo)
and the streamfunction pr based on Abd:
Ta. (¢, -c. )]-1/4
i'7iw Tio
£, = f _ (7.7)
Bp ﬁ 0‘R(CRco"‘fRo) J

_ %he velocity profiles in figure 9 show that the migration influence
has its effect far from the electrode and not very much on the velocity
defivative at the electrode, i.e., on the shear stfess. An attempt to
correct for dissimilar velocity profiles, by uéing the shear stress and
its known correlation with Grp and Sc in a Lévéque type approach, will
therefore fail. This approach would be based on the assumption that

the streamfunction f can be approximated by a quadratic expression
' 2
f = 3bn , (7.8)

over the range of n where concentration varies. The equation of convective,
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'diffusion (4;15) withoutlmigrdtibn-reduces then to:

1}

' + £0' =0 o : (7.9)
where .0 reférs to the reactant; LUsing (7.8)'fhe:equationibecomes:
8" + 3“6 =0 , - (7.10)

The solutiohitheh,would be:
6°(0) = -lL-—-f B . o o (7.1D)
B L. 1/3 L L
Nu_. = }3-3/4 h__ (6r Sc)1/4 _ o . (7.12)

Qr. B | C = (% — '? P L (7.13)

where b can be related to the average shear stress by

T (4vDL )3/4 5 4. 3/4 4

= (4) BOL (3gahc) - 32(3) (7.14).

The value derlved for C in- thlS way is 0 78586, ie.., 17% 00 high
On the other hand when the comEIete veloc1ty proflle is known as a
result of the numerical computatlon, one can solve_(7.9) numerlcally by

two integrations:

(7.15)



-40-

hence ;

¢ = (%03/;/<[ exp ( -‘['fdn) dn (7.16)
o “ o

. :
C is now the coefficient of diffusive mass transfer corresponding to the
*

particular f profile. If we then normalize the values CR by the value C

corresponding to each, we do obtain the expected asymototic behavior:

—*1 as r+1

This can be seen in Table 7, where the moet important results of the
computation are collected. |

" Important differences exist between the results obtained on the
assumption of complete diseociation of HSOi and those for a system con-
taining HSOi only. The difference as far as the current is concerned,
was already evident invfigure 8. For the solution composition at the
electrode the bisulfate model predicts a decrease in HZSO4 concentration
at the_electrode instead of an increase. This is illustrated in figure
- 10a, where the results13 for migration at a rotating disk electrode and
at a growing mercury drbp have been sketched in for comparison.. Also
shown are the results of assuming a stagnant ('Nernst") diffusion layer,

and some values obtained by the method of Wilke, Eisenberg and Tobias

: *
(see Table 2 and Appendix F).

*
The latter are different from actual excess concentrations reported by
Wilke, Eisenberg and Tobias24 and by Fenech and Tobiasso(see figure 10b).
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Since the two models predict ﬁery different acid concentrations
at the electrode, the most direct test of their cerrectness would be to
determine the solution cemnosition at the electrode. Brennefzgllong ago
suceeedeé in‘instantaneouslyvfreeiing the solution'snrrennding a'nollow
‘cathode and'enttingiéliees off.fhe:frozen mass in order to analyze them.
His'resuit t0;7é)'is nofeenewn inbfigure 10 but appeafé to vindicate
the'assumntion'ef ¢¢mp1é£e dieedciation. The freezing‘method is subjectv
to criticism since fne freezing, however fast it may occur, could change
the composition in the,ﬁery thin diffusion iayer. Moreo?er, only one
point has been dbtained. VHowever; interferometricbmeasuiements; which
would not dieturb the eempesition; have not been reported for free
convection, -so far. Measurements ‘made in stagnant diffusion 51tnat10ns
indicate'fhnt thefe,;e certalnly an_excess of H SO4 at the cathode 21,36
One ofithe diffieulties is that-the refractive index change depends on
both CuSO4 and HZSO4 concentratlon For<eptica1 reaeons interference
patterns are hard to 1nterpret‘at cufrents elose to the limiting eurrent;
when wofking beloQ the>1imiting‘curfent an‘independent meesurement
relatlng CuSO4 and H2 4 eeneentrafion is necessary.
That the sulfatermodei iS'cefreEt, appeers to:contradict‘the limited

dissociation which would follow from the constant:
K =——2=0.01(at 25°C) ,

reported in the literature. ‘In faet, if this constant is takenvintb
account in a eomputation of migration:effects, the'results are always
very close to those for bisulfate only. This can be verified in Table 8,
which iists the ratio C (partial dissociation)/C(bisulfate enIY)‘as a
function of composition, for the rotating disk electrode.

I e
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However, the constant reported in the literature is a thermodynamic
dissociation constant and is related to the true stoichiometric dissociation

constant:

¢ ¢ L
H so;
K = —_—
HS0,  “Hso
4
by K' = KE _/f £ _ | ' | (7.17)
| HSO, H' SO, :

where fi is the molar activity coefficient of the indicated ionic species.
Therefore K' can be considered a function of the true ionic strength of

the solution:

where <, is based on the dissociation equilibrium of HSOi. Newman
recently correlated K' data from Raman spectral analysis of H,50, solutions

by the expression:

5.29/1
. .
1n (K_ = r

K (7.18)

1+0.56v1
T

where K = 0.0104 mole/1 and Ir is in mole/l. Figure 11 shows that K'
varies by 3 orders of magnitude over a range of HZSO4 concentrations
extending from O to 3 M. This would adequately explain the location of

Brenner's datum, since his solution was 1 M CuSO4 + 1M HZSO4.
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8. RESULTS FOR K Fe(CN) o - KFe(@N) - 0.
Although natural convectlon has been studled more frequently on
vertical copper electrodes in ac1d1f1ed CuSO4, there has also'been made

use of supported solutions of.ferrif and ferrocyanide. The redox reaction:
Fe(CN)6 + e T Fe(CN)6 ™ - ) _ (8.1)

has the'advantage of not'changing:the.electrodevsurface while copper
depos1t10n at or near the 11m1t1ng current leads to an increase in area
due to dendrlte formatlon, apart from the obv1ous qualltat1ve change |
which thiS'causes in ‘the structure of the electrode surface " On the
other hand, the ferrl/ferrocyanlde system when supported is at least a
four- component system w1th the additional compllcatlons this entails in
determlnlng phy51ca1 propertles, changes 1n comp051t10n,'etc ""Also. the
den51f1cat10n in the-system'1s much weaker than in CuSO4, 51nce the excess
product ion compensates largely for the reactant deficit. Finally, the
solub111ty of pota551um ferrl— and ferrocyanlde is much smaller than
that of copper sulfate, which means that depletlon of the.electrolyte
may be important if catholyte'and anolyte areAseparatedAby a diaphragm.
Asla'preliminary to the supported ferri—/ferrocyanide1syStem, the
simple redox reaction (8.ll'at a vertical cathode, and at a vertical
anode, was studied. '
Infthis~SyStem.we cannot expect the migration current to be important,
_since the presence of a product jon will always lead to a reduced f1e1d
,strength-near the-electrode; ThlS was already observed in m1grat10n

calculatlons for ferr1 /ferrocyanlde reactlon at the rotatlng dlSk
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Fiéure 12 shows C/CS values as a functionvof'the ratio ferri-/
ferrocyanideiin the bulk. ‘The Variation is at most 20%. The solid lines
are the main results, i.e., those for the physical properties listed in
Tabie 4. Two points for the rotating disk are shown also. The dashed lines
represént various alternatives where the physical properties'have been
given various arbitrary values. Figuré 13 shows the surface concentra-
tions of the'éroduct ion for these same situations. Here there is even
less variation with bulk compositioﬁ.

From these fictitious models one can try to make some inferences
‘about the relative importance of diffusivity effects, compared to densifica-
tion effects. The stagnaﬁt_layer model and the rotating disk show '
practically the saﬁe values for maximum migration current and for surface
product concentration. Migration in itself depresses the cathodic current

and increases the anodic current. The ratio of importance’ for both current

and surface concentration changes due to migration is:

11
373

where 1 is the supporting ion, 3 the reacting ion. If the diffusivities
are equal, the excess surface concentrations assume values depending on
the ratio zl/z3 (see Tablejl); ;orfesponding to electroneutrality with

' concentration uniform. There is no reason for any yariation since

in the stagnant model the layer thickness is the same for all ions and
the'identicél diffusivities preclude changes in the shape of the profiles

within the layer. The actual values of the diffusivity (D ferricyanide
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is 21 % greéter than D ferrocyahide)ICOmpensate partially for the differ-
ence in vaiehce so that the excess ferrlcyanlde and the def1c1t ferro-
éyahidevéOhcéntrathns are smaller. Table 1 shows that the maximum
migratién‘éontfihutidn tdnthé cufrént_tpdsiti?e hr negétiyé) coﬁreéponds
'quéntitétivélf tosthéhfraﬁtioﬁ_éhénge‘in the excess éurface concentration.

Thé_shlid-lihes,iﬁ”figufes IZVand'ISIindicaté that the free
coﬁveétidn genefated:hy'the céncentfation thanges at.the:electrode, leads
to a Sméli ihcféase in the limiting current, near ra”= 1 and rc‘= 1, i.e.,
the concentration prOfilés'close to the electrode are‘steepeneds while
the exceSéfbroductvcohcentratiOhs chéngé slightly in opposite airectipns.
TheéeveffectS,IhOWeVer,Varé alIvsetond-brder compared to.the,migration
effect itself. The relatiV¢ unimportance.of free convection intetacting
Withhmigfation is etidéhced by_the fact that it.makes very small dif-
ferencé'iﬁ'C/C;:orvthe.product'cbncentfétions? if wetassign equal densifi-
cation[doéfficiénts to'féacting'and product ions, althohgh the sign of
the dr1v1ng den51ty dlfference is then reversed' (Sée.Tabié'Q)‘

| It appears that the only 51gn1f1cant change occurrlng 1n the

concehtfation_proflles when the bulk comp051t10n is varied, is a change
‘in their tails, i.e;,‘the'distahce;toiwhich'they extend into the solution,
and'é'sméil change in the gradient at the electrode. Figure 14 shows
| the concentration profiles for cathodlc and anodic cases in an equimolar
solutlon, with actual dlffu51v1t1es and den51f1cat10n coeff1c1ents.

. From flgure 12 it can be seen that only the assumptlon that
d1ffu51v1t1es of reactant and’ product ion are equal, leads to a more -
vpronounced change in migration‘current. This must be'due_tO»the fact

that the difference in diffusivity no longer countéracts the difference
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in valence, as illustrated earlier in the case of the stagnant layer
model. However, setting all diffusivities equal, i.e., setting D of K
equal to that of‘the others and, in effect, lowering it thereby, steepens
the K profilesvat the cathode and anode considerably and spreads the
reactant and product pfofiles; thereby lowerihg their gradients at
the electrode.

~ An important conclusion of this study of various physical
prdperty assumptions is that densify diffeiences driving the convection
in the ferri-/ferrocyanide system are very small, and that a change in
their sign can reverse the convection velocity without greatly affecting
the concentration profiles. This is in part illustrated ih Table 9,
where the velocityffar frdm the electrode is practically the same for
the cases o, = a. and al # as; so is the shear stress. The only change

1 3

of significance when o, = 0, is assumed and the driving density differ-

1 3
ence chéngés sign, is the appearance of a very inconspicuous maximum in
the velocity, corresponding to a minimum in the driving density
differenée.. Such a minimum was already encountered in the system
CuSO4 - HZSO4 -~ HZO’ where it was attributed to the very much greater
diffusivity of H' ions which therefore extend the H' concentration
excess far enough into the solution to compensate,at a certain point,
the density deficit due to cu"" ions.

Here we can expect the same to happen when OH ions are

added to the solution. However, the distortion-of the velocity profile
will be more drastic since the driving force, Ap/ApR, is relatively'smaller

and the concentration profiles, when no OH is present, are more crowded

toward the electrode than in the case of CuSO4(figure 14).
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‘Table 10° summarizes the most 1mportant results of the

computations for K3Fe(.CN)6 - K Fe(CN)6 --H, 0

é; RESULTS FOR SUPPORTED FERRI /FERROCYANIDE .
Two supportlng electrolytes were con51dered » KOH and:NaOH.
The latter although 1ead1ng to a. five-ion system w1th consequent
compllcatlons in phy51ca1 property estlmatlon, has been used as frequently
. 37,38

as the former in reported 1nvest1gat10ns

Flgure 15 shows the yalues of the migration'current for

eQuimolar ferri—/ferrocYanidepSOlutiOns with various amounts of KOH
addedl‘;Conspicuousfis-thehdeViationvof these results from those for

the rOtating'disk indicating a’ strong d1551m11ar1ty of the den51ty profile
in the supported solution compared to that in a b1nary solution. This
d1$51m11ar1ty appears tongrow»stronger as the‘amount of KOH is increased.

" Beyond ¢ /ch - 0.85 the cathodic.case does not;convergeh Theﬂreason

OH.

for this behav1or is p1a1n from flgure 16 and, more directly, from

figure 17, wh1ch shows-the veloc1ty-prof11es. There is a velocity

'maXimum:which at weak conéentratibns of OH occurs at a fair distance
from the electrode, approx1mate1y comparable ‘to the dlstance at which
'the maximum occurs in CuSO with excess H SO4 (see f1gure 9). However,
at~h1gher'oﬂ_ concentratlons the max1mum occurs much closer to the
electrode and at the ‘same t1me.decreases_1n amplltude. The reason for
'-thls is suggested by ‘the’ proflle for c (_/c +”= 0.95, which yrelds‘a '
converged, but phy51ca11y 1ncon51stentogolu510n the veloc1ty far from
the electrode has reversed sign:

Apparently there is with increasing‘OH;.concentration such -

a strong reversal of the density difference at some distance from the .
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electrode, that‘eQentually the velocity has a tendency toward inversion.
The resulting velocity profile is physically inconsistent since the
boundary layer model clearly breaks down when reversed flow occurs.

This situation is only different in degree from the one
encountered in the case of supported CuSO4. The two cases are compared
in figure 18, where the normalized density profiles are plotted against
the dimensionless distance (based on characteristic density difference

~at the electrode).

It can be shown that for f'(«) to be zero.or negative the

first moment of the density distribution has to be zero or negative:

111 = Ap >
f“=fn!nApdn‘dn=
. c

nanpdn+fnnApdn=,
© o]

f"

n f»o .pdn-I:Apdn+ fnnAodn=
(6]

o0

no :
nf" (0) +5 bo(n + £) d§ >
(o]

- ,
f'(°°)=J‘ Apndn
0 A
Therefore, the closer to the electrode a reversal of density
difference occurs, the greater the chance that the asymptotic velocity
is negative. But even before this happens, the velocity profile may

have become unstable. It is known from the theory of hydrodynamic
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instability39’40 that boﬁndarj'layeré Qith»aﬁ>inf1eéfe6 vélocifyvprofile~
are iﬁheréntly less gtéblerwith respect to certain;iow peffurbation
frequen¢iés.‘ It foliows fhaf if'transition'to tufbulehée takes place in
supported'éo}utions, béing induce& by ionic mobility differences, it may
téke,place at lgwer Grashbf nﬁmbers_than for regular free convection in
binary solutions or due to heat transfer. This conclusion should be |
open tdjéxpériméﬁfal.vérifiéatién.

| - Unfértuﬁately'the experiﬁental evidence on transition in
free convecfién is rather'confuéing.’ Only invheat transfer experiments
with air (Pr = 0.7) has a tranéitionAregion beén’défined by ﬁeasuring
vélocity>aﬁd.tembéfétdfé fiuctuatiohs. In air the lower limit of the
| ' 41,42,

‘transition region is, by agreement'of several experimenters

C6r>2.100 .,

below which the laminar relation is valid:

Nu = 0.472 crl/4

An upper limit of transition is:

10

Gr < 10

above which turbulent heat. transfer takes place. In air, if

8.109 < Gr < 2.1010, it appears that:
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_ M1=OJ mﬂ&fjs

41,45

represents the experimehtal data well, but in full turbulence,

Gr > 2.1010, there is a better fit with the expression

Nu = 0.021 (Gr pr)?" %

In heat tranSfer experiménts45 with Qatér and with liquids
of Pr ~“100, the exﬁonent 1/3 seems to be more satisfactory on Gr, but Pr
has a different exponent, 0.43. This points to a dependence on Pr which
apparently'alsb exists in fhe transition criterion, since the separation
between regimes was put at Gr Pr = 4.10'°,

Wiike, Tobias and'Eisenberg46 répqrt expefiments on dissolu-
tion of organic acids in water, where laminar mass transfer relations
still‘héld at Gr Sc = 2 x 107,  Wagner,43 in salt dissolution experiments,
observed that the flow Qas still laminér af Gr Sc = 5 x 10t

Fouad and'ibl38 place'the transition in acidified CuSO4

11 13

"solutions,. observed optically, between 2 x 10 < Gr Sc < 4 x1077. They.

suggest that there is a separate dependence on Sc. Wilke, Eisenberg and
Tobias24 correlate laminar free convection in acidified CuSO4 solutions
up to 6r S¢c = 5 x 1011. Fouad and Gouda44 report transition in ferri-
cyanide reduction with excess NaOH at Gr Sc = 4.6 x 1011,
One can hardly infer that destabilization had taken place
v _ ' : difference -
in the supported solutions. However, in such solutions the density/has

to be estimated (usually by the method of Wilke, Eisenberg and Tobia524),

which éan lead to appreciable errors.
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- Since the inértiai fermsvin fhe-eqﬁatidﬁsdf'hotion Wére
negieéiedﬁin ﬁhis analysis it follows théfvé,fhéoréﬁical_treatménf of.
inétabiiity'in e1ectro1§ti;>fréé'éoﬁveéiidﬁvcbuld élSovsimplify the
unstea&y eqﬁéﬁidﬁ éf mofioﬁ, retainiﬁg 6n1y viscousvand;buoyancy terms.
The result wouId'bé éhéldgbus in form to the so—éalied,yiscbué solutions
ih'foiééd‘fléﬁvingtébility;40 éxcepf for”thé_pnknown éffect of éoUpling'
to fhé diffusibn equatioh; N61501utions aré avaiiable'for_high,Pr.free
conVeétibﬁ‘in;tability.‘_Gébhait47 frepofts.the'absence, in low Pr free
cohvecfibn iﬁstability; of a critiéél iay¢r (é0rfespondiﬁg in forced
flow to the vel@cify profile'inflectioﬁ) whefevthe diéturbance'velocity'
equals thevstéédy ve1ocify{ -One;mightvconciﬁde fherefore, tﬁafvthe..
veldcity'§f6fiie infléétion Obtained'inffhis wdrdeoes.ﬁot neceﬁsarily
ihdiéate'ihgiability;'D | | R

- fﬁThé appea;ancerof'§elpcity profiies‘which'eﬁhibit Velocity
vmaxima'also ﬁas'impiications'fdf thé cdncept'6f_simiiariff'éé appliéd to 
suppdrtéd solutidns in frée coh?eétibn. The anélyses ih.thevpast have
ﬁfilizéd the'assumption that simiiérity yariablés based on the total
density difference bepWeén>e1ectr6de and bulk soiution will characterize
thé Veloéity and density pfbfileg for each compositioﬁ. Clearly this
single pafémeteris not suffiéiént if.one would wént to design a similarity '
transformation.that shdqld élso:encoﬁpags-the'pfofiles in solutions of
difféfeﬁt cémposifion. :Figﬁré'18'sﬁows.that'there is nottqnly a minihqm
density at the electrode; but alép‘a maximhm at somé,distahce into the
solution. A complete similarity over the range of rvﬁould imply that
the maximum always occur at fhe same distance frqm the»electrode_(invtermg
of the.new-Variable). This is already contradicted by the absénce of a

density maximum when OH is absent.



-52-

Figure 19 shows the surface concentrations with excess KOH.

It is remarkable how close the values are to thdse-for the rotating disk,
and how 'little this similarity is disturbed by the anomaly of the velocity
profile as the OH concentration increases. This is another confirmation
of the éarliér statement fhat what happens close tq‘the electrode is very
little influenced by the densificétion,"i.e., the specific shape of the
velocity profile, and mpré by the relativé mobility of the ions, as in a
stagnant layer model. |

Table 11 gives the main results for the system

K;Fe(CN), - K, Fe(CN) - KOH - H,0.

4 2

The current and surface concentrations for the system

4 20,are very similar to those obtained

with KOH. The values are summarized in Table 12. Figures 20, 21 and

KSFe(CN)G - K Fe(CN)6 - NaOH - H

22 illustrate the results in complete analogy to figures 15, 16 and 19.

The velocity £! in figure 21 shows negative, anomalous, values beyond

c J(c,*c
OH K N
a smooth, converged behavior all the way to ¢ /c st +) = 1, but

_ OH K Na
the curve of f!, though positive throughout, has an incongrous tail as

)==0.75, in the cathodic case. The anodic reaction shows
a )

c _ excess is reached. Figure 22 shows how close the surface concentra-
t?ghs are to those repdrted with KOH as supporting electrolyte, and, by
iﬁplication, to those for the rotating disk.

Finally, figure 23 shows typical concentration profiles in

the system KSFe(CN)6 - K4Fe(CN)6 - NaOH - HZO'
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10. ALTERNATIVE PROCEDURE‘FOR NUMERICAL SOLUTION

4 7. In the computations ébéve, the eduatioﬁ'bf‘motioh,‘thé
- equations of convective diffusion and-tﬁe electroneutrality equation
were solved simultanédusly after linéafizétion.‘ATﬁis‘procedﬁre is'
simple ahd;'if:it>coﬁVéfgé§;vd6esISOIfas£ since convergence;is quadrafic.
On fﬁe:othér‘hand there is ﬁo guarantée that convergence will occur, in
particular Whenvdensity'différehcesv&hange sign from 6n¢ itgratibn'to
the next, as is bound.td hapﬁen, e.g., in the case of supported ferri-/
ferrocyanide. Ih'someu0f~thése'cé$és'use wﬁszmade'of an alté?hative
prQCédqiéuwhich is sI6Qer1tQ ¢0ﬁvefge but offers mdre'prbbability of
convérgéhbe since. it uncouples the equation.of motion from the equations
of éonvective diffusion,

Fifst the eduations of convective diffusion and the electro-

.neut;ality“equation aré-sélvédwwith an éssumed'Velocity préfile of the
general'form: |

£=3bn° . . (7.8)

Upon convergence an improved streamfunction profile is

computed'from the density-profile'by‘altriplé intégration:

jf%ﬁ(n) =t 5 o R - (10.1)
') = fdpdn; R ¢ ()
non ' .
£'m) = [ f todndn; L (10.3)
0 Yoo . . ) .
. n NN ' - o
n)=1y4 . ~bp dndndn - . , (10.4)
Em = f f teand | |
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The new f is inserted in the equations of convective

diffusion:

Di - z.u.RT
o+ 5

(6.¢")' + f6! =0 (4.15)
R i R 1 1

and the system of equations is solved again, producing a new density
profile.whiéh yields a new‘velocify profile, etc. Convergence with a
fixed velocity profile is usually faster than in the completely uncoupled
proéedure, but convergence to a final velbcity.profile can be very slow.
Convergence Qf the velocity profile can be helped by
adjusting the variables f and n so that they are based on the densifica-
tion at the electrode after every iteration. One assumes then a new

streamfunction proportional to f:

f. = A f (10.5)

E=An | | (10.6)

The factors A, and A, are adjusted so that the current at

1 2

the electrode is numerically the same as in the (f,n) profile:
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4.3/4 o, 4 3/4 . 4.3/4
C = ( ) %R0 _ &3 R,o .Gy /
- —_ C ’ 1/4 - Ve - n .
| ~[§“.1(91,o i,w)] @t (f...)1/4fvexp_[_f_ fdn]dn
S AN3/4 . 1/4
o : Q%) (A)Ay0° . , S
P LR £ U (10.7)
.(—-———*'31> f exp|-an, J"-f dg|dg FESAE
dE 7.0 ..O - ) 12 o] .1_
so, '51A2,5*1,15nd
L
(d fl)__ ) +,51 PO
3] 3
;dg o 'A2
1/4

'It is easy to see thatvf and £ are identical, respectively, to pr
and nA as deflned in (7. 6) and (7 7)

The actual program used is reproduced in Appendlx C

11. FREE CONVECTION WITH UNTFORM FLUX

- The work ‘reported so far concerns free convectlon under
conditiops~of unlformcconcentratlon at the electrode. Another boundary
condition, ofvconSiderable importence‘in electrochemical systems, is
‘that of oniform’corrent density'atdthe electrode. Wagner49 has shown
that at current densifiesrbelow approximately 1/3 of:the limiting_

current density, there is a substantially uniform distribution of the
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‘ current over'vertical plate electrodes facing each other, as a result of
kinefic limitations and ohmic drop.

The equation of convective diffusion and the equation of
motion were solved for a binary electrolyte, with the condition of
uniform flux at the electrode. It appears from the literature that this
has not beenvdone earlier for the case of Sc > o,

The appropriate equations in this case are:

3 'p—p .
v 3——‘3‘% +—2g =0 , (11.
ay poo X ’ .
2.
2}L).Bcs ] EE'BCS ; 5 d g _ -
dy 09X ax oy s 8y2
p-0, ,
P s (Cg-Cs o) T : (1.

and the boundary conditions:

' ac
N W, oD =S aty =
5y - " ax 0 0 2 Ng= oDy aty =0 o (i
32 | B
-—% =0 , C, = C o at y = « ’ (11.
dy : ?
Y _ - -
3—}’- =0 s CS = cs’oo atx =20 . (11.
The appropriate transformation is now:
*.1/5
oyt
= - (11.
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A *1/5
(Gr_) fsngd) (11.8)
N L . ’
- .. _ s 5x \1/5 e
ot Oy o (| 8, (11.9)
» s LGr
. S
. goNL :
where - G6Gr = ———=— (11.10)
. . S 2
s
The'eqﬁations become:
e
3 z+o,. =0 (11.11)
ns _
,d_es desl dfS _ :
n ' S S
s : o
and the boundary conditions:
B af | |
atns =0 , fS = R'S— = 0 » deS/dnS = -1 s (11.
| a’f ,
atn = , 8. =0., s> =0 (11.14)
,dns

‘These equations

section 5. Only (11.12) and

were solved by the method discussed in

onerbouhdary condition in (11.13) are dif-

ferent from the set of equations solved in section 6.

The results of interest are:

NsL 5x
. *
Ds LGr

C -C -

S,®

s,0

1/5_65(0) - (11.15)
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Table 13 shows these results in compari son wifhivalues
computed’by Sparrow and Gregg48 for finite Schmidt numbers. -They agree
very weliiwith the trend of Sparrow and Gregg's fesults. |

An attempt can be ﬁade to extend this work to supported
electrolyte solutions under uniform flux conditions._'Equation (11.2) 1is

then replaced by one equation each for all species:

RN S e S 3
By 3% " 3x 3y - D 7 7 EWF gy (6B) (11.17)

where,Ey'is thery—compbnent of the electric field in the solution. Further

one has the electroneutrality condition:

? z;cy = 0 . (11.18)
i
The densification is:
pP-P '
— =} a.{c.-c. ) . - (11.19)
P ; 101 Tie

(11.20)



- Assume similarity variables as follows:

o - yf : .
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Then the equations become:

‘ (X‘.
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~and the boundary conditions:
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(1.

21)

22)

23)
24)
25)

26)
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D Q gt o
S. z Q= C.€E ,
R7i ' i 5 i
n=o0 |, ={o! - 2« 0.6 + . (11.32)
DiSR i AL i B)(1/5
N = o , ei =v0 s f'* = 0 (11.33)

where

. : * spi L
AL = (';— LGrR) 1/5 and B = ——Lnll}D . ( > *)1/5
' . R \LGr
R

There are 3 tractable cases:

1;~~ci<< Bxl/S- 1/5 -

‘or BL , i.e., 1ong'e1ectrodes;'di1ute solutions, high

currents, since:

s i L
1 .. *1/5 Ry
5 Ofp < FFpoIc; : (11.34)
. R 7ie
1
If one sets q = - 1/5 , Q = AL, then:
LGr \1/5 '
T
.. _RT R : '
» The mass transfer equation becomes:
4£0; - £'0 ! o 6.€)'t =0 11.36)
A T Dy 1717 2;(0;)'¢ = » (11.
and the flux condition:
DRSi . ,
s = Gi - zieie at n=20 . (11.37)
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Since ¢ = C, + Bxl/

5 ' N S 3 s
Ro = CRe GR(O?, and ei(O) is of orée?,unlty? the condition

inl/S>>'cR® .

implies that ¢

Ro is negative, i.e., a physically impbssible situation.

1/5

o0 : . » - ) v .
2. :Ci >> Bx or BLl/S, i.e., short electrodes, concentrated solutions,

‘low currents, since:

s i 'L

1 *.1/5 RYy" '
NS * I
i
If one sets q = 0 ;Q_ $2%c. = 1, then:
5470 AR *Pifie T T HIOM
: Rt SriyL S -
E = o ——Y — e(n) . : ©(11.39)
Y FLogep 522
R.;7i71e '
The mass transfer equation becomes:
| r : Di | 'Ci°°€' ' 7
4£8; - £'0. + =—10) - z, —— 1= 0 o _ (11.40)
i 1 D i 1 2 .
: R Lz.c. : ’
j iTie,
'énd the flux condition becomes:
PRSi v Eiisf | o | '
= = 0!- at n=0 . . : - (11.41)
D.s i 2 . :
iR Izc. :
o A RS TN

1
This case is valid onlyiunderba very restrictive assumption,
implying that the current level is far below the limiting current, and

that the effect of migration is small to start with (low field strength).
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3. & can be eliminated in the case of a binary solution. This was done at

the beginning of this section, where equations (11.1-11.6) were written

as for an undissociated solute. The relation with the species equations

(11.17) is obtained via the definitions:

6, = 6, /v, =86 /v, (11
_ s (11.
o, = Vo + Vo
\)+D+ + Vv D
Ds = ——\)T\-)_ . : (11.
. + - .
Elimination of Ey leads to the equations:
%
£y oL &__ ee =0 s (11
R
Ds
4f8' - '8 + — 8" =0 , (11.
e e D e
_ R ,
with boundary conditions:

n=20 , f£f=f"=0 , (11.

D S s

R + -
n=0 , & T+ o s (11.

e sR(v++v_) D+ D
n = , 8 =0 , f'' =0 . (11.

.42)

43)

44)

.45)

46)

47)

48)

49)

The similarity variables n, f, ee above are still those defined

in (11.23, 11.25-11.27).
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To obtain the equations (11.1-11.6) these variables are

redefined, or '"stretched", as follows:

ng=An o, . (11.50)
’195,= gee T S A - (11.51)
Cf = CE_ p o : (11.52)

where, e.g., for the case s_ =0, Sf = Sp» D+ = DR:

o D : 1/5 S
. 8 R :
A= | , o , - (11.53)
(v, +v_ Ja, Dy _ _ , -

(11.54)

(11.55)
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Table 1. -Ratio of maximum limiting current to limiting diffusion current
(I,/1.) and electrolyte composition at the electrode for limiting diffusion

current-(Acsupp.,prod./Acreact.) accord;ng to the Nernst (stagnant) layer
‘model.
reacting counter supporting IL/ID, Acsupp./Acreact.
ion- _ ion ion (r=0) (r=1)
++ = o+
Cu SO4 H 2 ACH2504/ACCUSO4 = 0.333
++ -~ . + :
Cu HSO, . H 3 A°H2504/A°Cuso4 -0
+ - +
H C1 K 2 AcKCl/AcHCl = 0.5
*dkk
product IL/ID cprod./Acreact.
ion
*Fe(CN).>  « Fe(CN) .4~ 0.8389 Ac JAc = 0.843
6 6 : ferroc. ferric. :
* 4- + 4- : _
Fe (CN) K Fe(CN) 1.2178 Acferric. /Acfen,oc_‘ = 17207
**Fe (CN) 3° K+ "Fe (CN) 4 0.90215 Ac /Ac = 0.80
6 6 ' ferroc. ferric. :
4- + 3= :
* % =
Fe (CN) K Fe(CN);~ 1.1277 Beg e /Do, = 1-25
* . =
Dferric./Dferroc. 1.2132
*% -
ferric;/Dferroc. =1
***Product ion absent in bulk
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Table 2. Supportlng electrolyte concentrations in various electrgiytic
solutlons according to the method of Wllke,_Elsenberg and Tobias.

Ac,

_ | | , H2504 . o
'+ Cuso0,,- sto4 H20 | - |, fg—— at cathode
. Cuso, .
4
0.1 ~0.0182
0.25 1 0.0932
“H,s0 S
r=—2?=24 0.50 0.2267
Cuso4 “H,0, | R -
RAR 0.75 0.3086
0.9 | 0.3385
1 | 0.3533
. R . * %
Fe(CN) .-K Fe (CN) | | Tferro | ~forri
e e T —_— : —
3 6 "4 6 2 : ACfer_ri . ACferro
| 0 . 2.4203 . 0.4132
cferro ' o ‘ ' | | ' '
r= .0 LL . 0.5 0.8696 1.1499
C +C . . . : :
ferro: ferri - , -
- » 1.0 | 0.4062 = 2.4617
Ac,.  Ac
K Fe (CN) K, Fe(CN)6 roy zgfyi——" | ZEﬁﬁi._.
ferri " ferro
-KOH-H,0 » |
2
£20.5 - | 0.25 | -0.1798 . 01935
L U W 0.5 . -0.3005 | o0.3101
OH_‘CK_'_ _ .
' 0.75 - -0.3871 0.3879.
1.0 | -0.4523 - | 0.4523
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(Table 2. Continued)

* ‘ .
Salt diffusivities and ionic transference numbers are based on infinite
silution mobilities (see Table 4).

**A -1
cferri - (Acferro
scferro’anodic Acferri cath

* k¥ .

Ac Ac . .
OH OH does not agree with the value of

Ac . Ac .
ferri ferro

Acferro

A for r = 0.5
C
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Table 3. Coeff1c1ents df mass- transfer ‘and shear stress relationé for
~ free convectlon accordlng to Ostrach Sparrow and'Gregg,3 Le Fevre?
and. Kulken

Sc (Pr) Source Cy lC2  | C . B, B
: {(Ref.) v . v
049 - o 0.800544 - 1.21051
0.003 ,1' , 3 0.0425 0.776 0.1816  1.1566 0.2707
0.00 . 11 0.07656  0.7656 0.2421  1.1158 0.3528
0.03 . 3 0.1269 0.7327  0.3049  1.0617 0.4418
0.72 1 0.4757 0.5607 0.5165  0.7648 0.7045
0.733 1 0.4789 0.5594 0.5176  0.7627  0.7057
1 1 :0.5347 - 0.5347 10.5347 0.7265 0.7265
10 1 1.1025 ';0;3486 0.6200: 0.4743 0.8434
100 1 2.066 0.2066 0.6532  0.2848  0.9005
1000 1 ©3.739 E 0-1182 0.6649  0.1641  0.9225
T S o 0.670327 0.932835
- Cl'Gri/4 - ¢, (GrSc 2)1/4 _ ¢ erse)l/?
T | -

0 : . -1/4

- _ -1/4
ErzC S
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Table 4. Physical property parameters used for various electrolytic

systems, at 25°C. '

Ri Ti si zi
H 13.0522 0.2139 " 0 1
50, 1.4925 0 0 -2
cu™t i 1 1 2
w 13.0522 0.2996 0 1
Hso; 1.8657 0 0 -1
cu? 1 1 1 2
OH™ 5.8692 0.2708 0 -1
Na® 1.4885 -0.0402 0o 1
Fe(CN)z— 0.8243 1.3506 1 -4
K 2.1837 0 0 1
Fe(CN)gff(réacts) 1 1 1 -3
OH™ 7.1206 0.2005 0 -1
Na®* 1.8059 -0.0298 0 1
Fe(CN)g- 1.2132 0.7404 -1 -3
K 2.6492 0 0 1
Fe(CN)g- (feacts) 1 1 1 -4
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Table 5. Values of Cg and Bg in equations (6.4) and (6.5) depending on
meshwidth H (100 meshpoints). : ’

H C : B

's s
0.02 1.0788 0.49981
0.025 I | 0.89344 0.61202
0.035 | - 0.72723 0.78763
0.045 0.68055 - 0.88267
0.050 0.67388 0.90603
0.075 0.67019 - 0.93245
0.100 - 0.67016 0.93296
0.120% 0.67008 | 0.93294
0.140% 0.67001  0.93308

70 meshpoints.
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Table 6. Values of Cg and Bg in equations (6.4) and (6.5) obtained with

the complete equation of motion, compared to literature values.

B B

Sc C C c B
. . 6 - 1 . P 1
This Kuiken Ostraqh This Kuiken Ostrach
work_ work »
10 | 0.6200 0.46582  0.61999 0.84848  0.8434
100 0.6533  0.65339 0.65323 0.90067 0.9005
1000 0.6653 -0.66484- 0.66494 0.92211 0.9225
. Le Fevre4‘ Le Fevre4
« } 0.670327 0.67033 0.670327 0.93283 0.93283 0.932835




Table 7.  Principal results for the system CuSO4

A. System cU++-soZ-Hf-H

0.
0.

0.

.0909°

r

.16667
.33333
.55556
.83333
. 98039
. 99800
. 99980

. 99998

System

T

.56250
. 64000
.72250
.81000
.90250

.98010

99800
99980

99998

0.

0

Cu++—H50;-H+—H'O.

0.

0

C
.28106
.98728
.90573
.80727
.73037
.66651
. 64005
.63712
63683

.63680

C

.07659
.89753
.79716
.72556
. 66897
.63043

.62176

62157

.62149

2O.

. S %
CR/C

1.
1.

1.

1.

1.

1.

86489

48050

36961

. 23374
.12763
.04043
.00471

. 00077

00037

00033

2

. g
CR/C

61485

1.37271

1.

1.

1.

23642

13955

06348

1.01211

1.

1.

1.

00144

00039

00028

. =70-

(H

B

.97569
.91609
.96386
.89064
.87964
.86882
. 86364
.86304
). 86298
.86297

.0611,

B

.91307
.88724
). 87092
.85762
. 84567
.83657
.83357
.83435

.83433

(H=0.0611, NJ=150)

~H,80,,-H,0.

£ oA

R max
0.9675
0.8823 0.8852
0.8867 0.8538
0.7926 0.8103
0.7352 0.7682
0.6738 0.7263
0.6443 0.7070
0.6409 0.7048
0.6405 0.7046
0.6405 0.7046

NJ=150)

£ £ AC
0.8734 0.8847
0.7782 0.8081
0.7072 0.7563
0.6458 0.7143
10.5897 0.6784
0.5467 0.6506
0.5291 0.6424
0.5363  0.6441
0.5362 0.6441

c
H,
0

804/CCuSO

0.1739
0.2412
0.3234
0.3879

0.4406

=]

.4619

0.4642

0.4644

0.4644

4

H..SO /CCuSO4

2774
-0.3095

-0.0994
0.0186
0.1014
0.1653
0.2079
0.2175
0.2175

0.2176
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Table 8. C(partial dissociation)/C(bisulfate onlyj for the rdtating
disk electrode (K=0.01). '

T ' | TS,
T 1.0M EEE 0.5M
0.95 | 0.9994 . 0.9991 0.5M
0.0 0.9987 | 0.9980 | - 0.9960
0.85 | 00076 | 0. 9964 - 0.9927
0.80 |  oewsa | o020 | o.0852
0.75 | o.9818 | 09729 0.9505

¥z cyen /(S an *eman )
T 7 n,80," Hy80,"cuso0,”



Table 9. SpeCific density difference electrode/bulk, dimensionless
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velocity far from the electrode, and shear stress in various systems.

AC .
S &L ' £
ystem AC foo fo}
R
Cuso4—uzo 1 0.9675 .97569
CuSO4fHZSO4—H20>
excess H,S0, 0.8952 0.6405 .86297
KzFe(CN) (-K Fe (CN) -H,0
equimolar
cathodic ofa, D#D -0.1368 0.335 .94988
a=0, D#D 0.1583 5.345 . 93640
afa, Dy=D, -0.0974 0.360 .06851
a=0, 'D;=D,=D, | -0.0805 0.258 .94904
- anodic afa, D#D 0.1140 - 0.320 .95507
a=a, D#D -0.1966 0.375 .90116
ot D =D, 0.0910 0.348 .05478
a=o, D;=D,=D, 0.0745 0.232 .90991
K;Fe (CN) .-K,Fe (CN) (- KOH-H,0
equimolar, ¢ _/c _=0.5
} OH K
cathodic -0.4298 0.6365 .85743
anodic 0.3812 0.6713 .86447
K3Fe(CN)G-K4Fe(CN)6-NaOHfH20
equimolar, COH/(C Je )=0.5
' K Na - .
cathodic : -0.4230 0.6035 .84164
anodic 0.6478 .85216

0.3680
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Table 10, Principal results for the system K Fe (CN) ~K Fe (CN)(~H,0

A. Cathodic reaction. (H=0.08, NJ=150)

/A

_ Te ‘ vg' CR/C* o B f;  ACferroc “ferric
0.000286 - 0.58726 0.86816 0.95211 .9043 10.8379
0.1 10.59753 0.88338  0.95154 0.9061 0.8387
0.25 0.61236 0.90531 - 0.95081 .9087 0.8399
0.5 0.63551 0.93947  0.94988 .éjzs 0.8417
0.75 0.65594  0.97102 - 0.94923 .9164 0.8434
0.9  0.66907  0.98883 0.94804 L9185 0.8444
0.9996  0.67683 11.00023  0.94878 | 9198 0.8450
B. _Aﬁodic‘reaétion. (H=0. 08, NJ=150)7'“ : _
T, » C - .'CRV/Cf - ‘ B f;° 'Acferric/Acferroc
0.0004 0.79340 1.16384 0.95634 . 9643 1.1922
0.10 | o.?és;zv 1.14976 0.95607 .9620  1.1930
0.25 '0.76809 _1;12774 0.95567 .9583 1.1943
0.50 0.74080 1.08870 0.95507 .9517 1.1966
0.75 0.71129 1.04637 0.95459 .9442 1.1992
0.90 0.69238 1.01919 0.95438 9392 1.2008
0.999714  0.67927 1.00030 . 0.95427 9357 | 1.2019
e T cférricyanide/(cferi‘icyanide+cferrocyanide)
Ta © cferroéyanide/(cferricyanide+cferrocyanide)
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Table 11. Principal results for the system K3Fe(CN)6eK4Fe(CN)6—KOH-H20.

A. Cathodic reaction. (H=0.08, NJ=150)

COH' T, < cR/c* B £, Bepoloc ACOH_
CK+ ‘ ACfei‘ric Acferric
0 0.5 0.63553 0.93947 0.94992 0.9130 0.8417 0

0.1 O.S ©0.63167 0.94401 0.93321 0.8587 0.8573 -0.0495
0.25 O.S 0.62540 0.95118 0.90735 0.7815 0.8831 -0.1302
0.50 0.5 0.61i11 0.96447 0.85743 - 0.6365 0.9352 -0.2889
0.75 0.5  0.58990 0.98030 0.79692 0.4709 1.0060 -0.4988
0.80 0.5 0.58390 0.98390 0.78243 0.4295 1.0237 -0.5506
0.85 0.5 0.57705 0.98768 0.76694 0.3849 1.0431 -0.6070
0.90 0.5 not converged

0.95 0.5  0.51268 0.99624 0.69068> —0.0944 1.0767 -0.7295
0.5 0.9 0.62915 0.99363 0.85461 0.6457 0.9419 -0.3033
0.5 0,75 0.62247 0.98321 0.85520 0.6390 0.9394 -0.2981
0.5 0.25 0.59868 0.94375 0.86015 0.6361 0.9307 -0.2792
0.5 0.10 0.59050 Q.93023 0.86184 0.6354 0.9278 -0.2731
B. Anodic reaction. (H=0.08, NJ—ISO)

COH_ I‘a C C_R/C* . B f;o. Acferric ACOH_
CK+ _ ' : Acferroc ACferroc
0 0.5 0.74080 1.08870 0.95507 0.9517 | 1.1966 0

0.1 0.5 0.72769 1.08104 | 0.93805 0.8985 1.1733 0.0591
0.25 0.5 0.70714 1.06925 0.91149 -Q.8161 1.1363 0.1514
0.50 0.5 0.66997 1.04846 0.86447 0.6713 1.0682 0.3183

0.75 0.5 0.62754 1.02565 - 0.81322 0.5103 0.9892 0.5080
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0.

86743

vTabie 11. k(Cohtinued)
o A o w | ,
COH' ‘?a C CRZC B £l »Acfe?ric' ACOH_
c | ACferroc KE;;;roc
K" |

.80 0.5 - 0.61810 02078 0.80225  0.4743 0.9719 0.5494
.85 0.5  0.60818 1.01580  0.79089  0.4360  0.9539  0.5921
90 0.5 0.59767  1.01071 0.77907 3045 . 0.9355  0.6361
.95 d,s 0.58633 .00550  0.76658 .3482 0.9165 0.6815
.9998 0.5  0.57376 00023 0.75308‘1” .2938  0.8972 0.7280
.5 -0.0004 0.69455 .08742  0.86179 .6764  1.0583 0.3353
.5 0.1 0.69004 .08026  0.86230 L6756 1.0601 0.3321
.5 0.25  0.68290 .06893  0.86309 6741  1.0630 0.3271
.5 0.75 ,0.65553f - 1.02571 0.86591 6678 1.0737 0.3089“
.5 0.9  0.64603 .01078  0.86682 .6653 1.0773' 0.3030
.5 0.9997 0.63933 .00027 - .6634  1.0797 0.2989

a_

cferricyanide/'(cferrbcyanide * cferricyanide v

N Cferroiiyanide/(cferrocyanide,+ Cferricyanide’

)
)
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Table 12. Principal results for the system KSFe(CN)G-K4Fe(CN)6—NaOH-H20.

A. Cathodic reaction (H=0.08, NJ=150).
, Ac Ac
c -
OH * Acferroc CH Na*

1]
po . C Cyle B £

Ac . Ac . Ac .
: ferric ferric ferric

Na v

0 0.5 0.63551 0.93947 0.94988 0.9128 0.8417 0 0
0.10 O.S : 0.63024  0.94373 0.92991 0.8547 0.8567 -0.0498 0;0337
0.25 0.5 - 0.62143 0.95058 0.89864 0.7649 0.8817 -0.1319  0.0902
0.50 0.5 0.60323  0.96363 0.84164 0.6035 0.9330 -0.2962  0.2057
0.75 0.5 0.57577 0.97969 0.77313. 0.4034 1.0036 -0.5170 0.3631
0.80 0.5 7 not converged
0.85 0.5 - 0.51072 0.98850 0.69562 -0.0956 1.0329 -0.6364 0.4128
0.90 0.5 ﬁote converged

~0.95 0.5 0.42693 0.99666  0.65457 -0.3634 1.0497 -0.7402 0.4310
0.5 0.9996 0.62482 1.00023 0.83682 0.6054 0.9412 -0.3144 0.2132
0.5 0.9 0.62086 0.99347 0.83773 0.6051 0.9397 -0.3109 0.2118
0.5 0.75 0.61458 0.98281  0.83915 0.6046 0.9373 -0.3056 0.2096
0.5 0.25 0.59061  0.94243 0.84429  0.6018 0.9284 -0.2863 0.2016

0.5 0.10 - 0.58233 - 0.92859 0.84598 0.6005 0.9255 -0.2801 0.1989

0.5 0.000286 0.57649 0.91886 0.84715 0.5995 0.9235 -0.2758 0.1970




-77-

- Table 12. (Continued)

B. Anodic reaction (H=0.08, NJ=150) » ,

++SH-+ : r; 3‘ ¢ B éR/C*  | ;B £ 2Zferr?c ACOH_ . AcNa+ .

k' Na . A : = ferric ferric ~ferric
o o 0.74080 1.08870 0.95507  0.9517 11966 0 0
0.10 0.5 = 0.72659 1.08143 0.93494 0.8927 1.1741 . 0.0594 -0.0380
0.25 0.5 - 0.70447 1.07005 10.90443  0.8031  1.1380 0.1533  -0.1000
0.50 0.5 0.66463 1.04953' 0.85216 0.6478 1.0706 0.3260 '-0.2197
0.75 0.5 0.61847 1.02642 0.79611 0.4709 0.9914  0.5258 -0.3658
0.80 0.5  0.60786 1.02142 0.78392  0.4289  0.9739 . 0.5698 -0.3987
0.85 0.5 . 0.59642 1.01628  0.77108 0,3821' 0.9559° 0.6153 -0.4328
0.90 0,5 i; “0-53368  1501101v 0.75717  0.3269 : 0.9375 .0.6625 -0.4678
0.95 0.5  0.56837 1.00561 10.74104  0.2536  0.9190 0.7112 -0.5027
0.9998 0.5 ~ 0.53574 1.00018 0.71002 0.0475  0.9044 0.7608 -0.5259
0.5 0.9997 0.63366  1.000253 0.8554 0.6398  1.0822  0.3061 -0.2121
0.5 0.90 0.64044 1.01101 0.8547 0.6417 1.0797 0.3103 -0.2137
0.5 0.75  0.65004. 1.02627 0.8537  0.6442 .1.0762 0.3164  -0.2161
0.5 0.25 . 0.67770 1.07045 0.8507  0.6507 1.0654 0.3350 -0.2230
0.5 0.10 .10.68491 '1.08204  0.8498 0.6521 1.0625 0.3400 -0.2249
0.5 0.0004 0.68946 1.08936  0.8493 0.6529 1.0606 . 0.3433 -0.2261

)
)

e T cferrocyanide/(cferrocyanide+c-ferricyanide

a Cferricyani_de/(Cferrbcyanide+Cferricyanidé
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Table 13. Dimensionless concentration and shear stress at the electrode
in free convection with uniform flux condition.

Sc ‘ , 0.1 1 10 100 =

‘This work _ 1.14747
G . |
S50 Rer. 48 1.7356  1.3574  1.2163  1.1697
This work - v : ' 0.83789
¢s,O

Ref. 48 0.65425 0.72196 0.76962 0.79628

Note: The values tabulated as 6(0) and f''(0) in Appendix B of reference
48 are, in the notation of this report:

_ -1/5
8(0) = 6, o Sc

f”(b)_= ¢S;O Scs/s_
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XBL709 - 3809

Figure 1a, Diffusion boundary layer in free convection at a vertical plate,
Shown also are the profiles of density,p, vertical velocity, u,
and horizontal velocity, v. The gravity force points in the
negative x direction.
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XBL 709 - 3810

Figure 1b. Position directions of the coordinates x and y,the velocity
components u and v, and the angle €, in eq. (3.38).
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Figure 5. Concentration profiles in CuS0,-H,50,-H,0, with H,SO, (fully
dissociated) in large excess. Thé concéntration €xcess relative
to the bulk is shown normalized with respect to reactant bulk

~concentration.
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Figure 6. Dimensionless velocity f' in the systems CuSO -H.,0 and

2"
CuSO4 2SO4 HZO (excess H SO ) | o
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Figure 7. Refractive index (relative to bulk) in CuS0O,-H 0'(0.02 M bulk,
0.01 M cathode) and in CuSO,-H, SO ,-H, O (excess H,SO,, 0.01 M
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Figure 8. Migration current in CuS0,-H,S0,-H0. o
- Solid lines indicate resu?ts' for rotating disk and growing -
mercury drop. . ' o '
T =c L/ (e, +C L)
H2504 HZSO4- CQSO4
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Figure 9, Velocity profiles for binary salt solution (CuSO4) and for
. CuS04q with excess H,S50, (r=0.99998) dissociated and partially

dissociated.
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XB8L681-1631

Excess sulfuric acid at the electrode divided by the bulk
copper concentration. o

Line indicated "Wilke, Eisenberg, Tobias' are values reported
in Ref. 24; points "Fenech, Tobias" in Ref. 50.
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Migration current in the system KSFe(CN)é-K4Fe(CN)6-H C.
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Figure -13 Product ion concentratlon at the electrode, in the system
K Fe(CN)6 K4Fe(CN)6 :
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Figure 14. Concentration profiles in K,Fe(CN)_-K Fe(CN)6-H 0. Concentra-
tion excess relative to the bulk is shown normafized with

respect to reactant bulk concentration.
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Figure 15. Migration current in the system K3Fe(CN)6—K4Fe(CN)6—KOH-HéO,
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Figure 16. Shear stress and characteristic velocities in the system

KFe (CN) (-K,Fe (CN) (-KOH-H,0.
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Figure 18. Normalized density profiles for binary salt solution (CuSQy),
for CuSO, with excess HyS0, (r=0.99998) and for equimolar
ferri/ferrocyanide with excess KCH (cathodic reaction,

c _/c +=0.95). ' '
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Figure 23. Concentration profiles in the 'systerh K;Fe (CN)'_—'K4Fe(CN)6
- -NaOH-H,0. Excess relative to the bulk is shown normalized
with respect to reactant (ferrocyanide) concentration. .
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Appendix A. Migration in forced and free convection:
correlation of selected present and earlier13 results.
Al. System CuSO4—HZSO4—H20 (complete dissociation).

The data (shown in figure 8) are correlated'by the expressions

C/Csr= a +'a1r}/3 + a2r2/3 + a.r (A1)
AcHZSO4/AcCuSO4 = b, +Ab1rl/3 s b2r2/3 +‘b3r . (A.2)
The coefficients are: .
growing
free Tot. mercury Nernst
convection disk drop layer
éo 1.91143 1.88574 1.83046 $2.00324
ay -0.77174 -0.63461 -0.79315 -0.25946
a, -0.71969 -0.73990 -0.30667 -1.62904
as +0.53115 0.49257 0.26987 0.88836
SE 0.0043 0.0050 0.0024 0.0064
bov -0.00043 -0.000275 -0.00013 -0.001078
bl, 0.22615 0.19193 0.29972 0.08648
b2 1.71151 0.5?679 0.53240 0.54308
b3 | —1;00993 -0.33885 -0.33324 -0.29619
SE | 0.0059 0.0025 0.0021 0.0021
~ S.E. = standard error |

T =¢ /(¢ + C )
HZSO4 HZSO4 CuSO4



System CuSO

bisulfate ion undissbciated)
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4

- H,80, - H,0 (partial dissociation:

c/cy = a, +vél(2;-1)1/2 v a(2r-1) + 53(2r-1)3/? - P (A.3)
.ACH2864/ACCUSO4 = Py +,b1(2r-}?1/2'+ by (2r-1) + bs(zr'i)S/z (A-4)
rotating growing Nernst
disk mercury layer
- drop. -
a 2.654v 2,497 3.000
a ~3.9525 3.8216 23,7573
a, +3.7754 +3.892Q +2.5881
a, -1.4818 1.5726 -0.8323
SE 0.008 0.010- 0.003
b, -0.9997 0.9996 70.9998
b +2.5270 +2.9069 +1.8787
b, -2.1062" -2.5427 -1.2942
bs' +0.7141 +0.9052 +0.4162
SE 0.003 0.004. 0.002
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System K3Fe(CN)6-K4Fe(CN)6—H20.

The_data for free convection (shown by solid ‘lines in Fig. 12) are

correlated by the expressions:

where 1T = T, if ferrocyanide reacts (anodic)

c/C - a +a,r + a r2
s o A

1 2

Ac

. c-product.ion R

T = rb

Coefficients are:

/Ac . = bo + blr + bzr2

if ferricyanide-reacts (cathodic)h

(A.5)

| (A.6)

" anodic Hi'rcathqdic
a_ 1.013425 0.876152
a 0.196820 - 0.154181
a, -0. 026707 -0.020665 |
S.E 0.00016 10.00012
b, 1;201934 0.837864
b, -0.011434 0.008311
b, +0.001656 -0.001198'
0. 00001 0.06601

S.E.

:Standard‘error-
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A3. System K3Fe(CN)6-K4Fe(CN)6-KOH(NaOH)-H20.

The data for rotating disk forced convection (shown by solid lines

in figures 15, 19, 20 and 22) in equimolar ferri-/ferro-cyanide solutions

are correlated by the expressions

3 2 3
C/Cs =a  + alR + azR + a3R

2 3
ACproduct ion/ACR = by * bR + bR™ + bR

2 3
AcOH_/AcR = ;0 + clR + c2R + c3R

where R = ¢ /c , 1f KOH is supporting

OH K

or R=c /(c ,+ ) if NaOH is supporting.

OH K Na

Coefficients are:

(A.7)

(A.8)

(A.9)



-107-

Cathodic

Cathodic.

Anodic Anodic

KOH NaOH KOH NaOH
a »'1;09107r 0.946226 0.938131 0.938138
a -0.070615 0.833289 0}044120 0.041739
aé "-01010072’ -1.58795 ;—0.005240 -0.005163
ag -0.010580 0.817698 0.022368  0.025128
S.E. " 0.0002 10.0176 0.0002 0.0002
b, 1.197425 . 0.840521
b, -0.225883 0.185190
b, -0.040879 -0.105595
b3_. -0.051645 0.215589
S.E -To.oooz 10.0021
c, ©0.000035 0;092036
. 0.545220 -0.545496
c, - 0.083316 0.278367
cq 0.104858 ~0.564034
S.E ) 6.0004 0.0057
S.E. = standard error
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Appendix B. Fortran program for coupled equétions.
Before linearization of the equations (4.14-16) an auxiliary function

~h is introduced such that

h' = f ‘ (6.1)

and f' is for convenience represented by g. Moreover the’ concentrations
in the program are all real (dimensioned) concentrations 5 but taken
with respect to the bulk concentration ¢, : Ac, = c,-cC, .

i T3 i Tiw

The set of n equations corresponding to the n variables

g, h, Acl, Acz, ...Aci..., Ach 0] s

is now, after linearization of the equations of convective diffusion:

(1) = g" - T,Ac, =0 ' (B.2)
2) g-h"=0 , (.3)
(1) R,Ac", + h'(Aci)é + (h')oAc;.+ QR, [Ac, (")

* cia?" * (Aci)o¢" * Aci(¢')o * (AC;)0¢'] =

QR [(Ac.) ("), + (Ac]) (9") 1 + (') (Ac)) (B.4)
n) ¥ z.hc, =0 s _ (B.5)
. ‘ i

where Qi = ZiuiRT/Di

The boundary conditions are, at the electrode:
(1) g=0 ' (B.6)

2) h'=0 ., | T (@B
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(i) RiAC;.+ Q;R; [Ac, (¢7) ) + c ¢ + (Aci)q¢']

S : S.

' i . . - . . | . . v
- o Acp - EE-__QR(AcR)Oq> = QR; (8c) (") o (B.8)

{n-1) Ac, = Ac . _ v , - (B.9)

R “Ro

The bouhdary’conditions in the bulk are:

(y g-=0 , - S ~(B.10)
@ h=0 , S | S e
@ Bbe;=0 . o (B.12)

Moreover ¢ is arbitrarily made zero at the last meshpoint.
After finite differehcing the set of equations becomes:

(1) gG-1) + 26G) + gG+l) - T Ac, () = 0 (B.13)

(2) -HgG) + h(G-1) - 2h() + hG+D) =0, (8.14)
(1) 3 (Be))h(-1) + H(A)RG+D) + be; G-1) (R

_%H(h')o - %HQiR' (¢')0} * Aci(j) {—ZRi + HZQiRi (¢".)0}

bt

' +Aci(3+1) {Ri +

N£—a

(h)y + PR 0D )+ $G-1) [QR;
(Chep)y + oy - M@+ 00) 2R (e + |
ci ]+ 001 [QR; {(Ae;)y + <y + 5 HACH)}]
- i[oR, ((he,) (8", + (Be]) (6130} + (h") (e} ] (b.15)
(n) "gziAeicjj =0 | R " o (B.16)
P | - )

The boundary'conditions at'the electrode (3=2) are:
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1) g2y=0 , (B.17)
2 h(1) = h(3) - (B.18)
(1) - 3 RAc, (1) + HQ,R, (6') Ac, (2) + 3R 4c. (3)
s X ne 1) si/s, - e (3) s /s, ¢ o[- B QR ((Ac,) v e )
2 "R i’’R T 2R i’ °R 2 %t i‘o T Siw
1. | H
+ ? QR(ACR)OSI/SR] - ¢(3) [- —2'Q1R1 {(Acl)o + C_ioo} +
> Qu(hcy) s. /sl = HQR, (Ac) (4"), (B.19)
(n-1) AQR(Z) = ACRO " (B.20)
(m) f z;0c.(2) = 0 . o (B.21)
The boundary conditions at the last meshpoint are:
1) g = g-1) , | (B.22)
(2) h(NJ) =0 ) (B.23)
(1) Ac;(NJ) =0 o, - , (B.24)
(n) ¢(NJ) =0 . ' ' . (B.25)

Thé set of equations (1) through (n) is now solved for one meshpoint
after another. At meshpoint j each equation is linear in the following
unknown variables:

cJ,1)

g(3) ,
h(j) ,

C(J,K) =-Ack(j) where k = K-2 ,

cwW,2)

C(J,NM1) = Ack(j)- ,

CW,N) = ¢(3)



-111-

At'each'pointrj, except j=1 and j=NJ, thereAaré_ﬁ'equations;of the
form :

I [A(I,K)C(J-1,K) + B(I,K)C(J,K) + D(I,K)C(U+1,K)] = G(I) (B.26)

k=1 o . o
The coefficiénts A(I,K),'B(I,K) and D(I,K) are recomputed at evéry step.
The firét'méshpoint is treated as an image point, by substituting equations
as follows:

N

% [B(I,K)C(1,K) + D(I,K)C(2,K) + X(I,K)C(3,K)] = G(I) (B.27)
o ) _ ICE,K1 5 2

Details of thé'nu@erical sqlufion'procedure aré-giveh elsewhere.32

The fiist iteration is Started wifh'an asSuméd profile for each
variable;.ﬁsually it suffice5 to substitute-a linear reactant concentra-
tién’and:a éubic expression for h.

Further nomenclature in the program:

B = HGMD, QD = Q = zuRT/D,
ce - Hee; g R - Ry = Di/Dy

PP HGY, o smo=s,

pep = 2o, (D =T, - o/
CIN(I) = ¢, | __" =z

N = number of variables -
NJ = number of meshpoints

JCOUNT = iteration
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SIGN = sign of density difference

= 7= 1"
AK = Apo/pmg ACR FDPRO fo
AMP = Cp | STRESS = B
AMPRHO = C . ~ STRRHO = B

o -/ fdn
* .
DINT = f e © dn AMPDIF = C /|AK]
) (o]

FPIN = f!
EC(I) = (cio—.cioo)/(cRoo_CRO)



PROGRAM WALL(INPUT OUTPUT)TW'ﬁfm”' T T T N
C PROGRAM FOR NATURAL CONVECTION WITH MIGRATION, AT A VERTICAL WALL
7 7 7TDIMENSION C(150,7)9G(7)9A(7,7)’8(797)’Df7’15)9X(7‘7),CIN(7)vQ(?)yu
1 R(?)’S(7)’Z(7)9T(7)9EC(7)9YY(7’7)9TT(7)9E(150)'

COMMON A’Bo(,DoG,X,YY:NoNJ
101 FORMAT (9E8.4) .

1102 FORMAT (8Xs5F844) _ -
103 FORMAT (1H1 10X 2HH=3F 6.3+ 6H ,-NJ-,I4)
104 FORMAT ( 5Xs#Q%y 7Xs%R¥ 8x,*T*, 6x,*z*,4¥.*5m/(Fa 2,2F9 4,2F5 1)y

105 FORMAT. (30HOTHE NEXT RUN DID NOT CONVERGE)
106 FORMAT(/1H0,3X,&AMPRHO*93X,‘STRRHO s3Xs% TAK *s3Ya*JCOUNT*/F10 6s
1F9463F8e5916) :
© 107 FORMAT (1HO» 6X9*CINF*o7X9*CZERO*.8X?*EC*/(3F12 6))
108 FORMAT (1HO 94X s #RAMP¥* 36X s *RSTR¥ 95X s *RDAMP * ¢ 96X s *FPIN®*/4F1046)
109 FORMAT(1HOs3X s *ONEMT % 53X s *RSALT*33Xs #TSALTH 43X 3 AMPSAL*»3X s *STRSAL
1% 3X s #FPSAL® 53X s *JCOUNTH/3(X9F704)53(3XsF9e6)913)
SIGN=-1. $ N=6 $ NJ=150 $ CRO=04 $ H=0.061141 $NMI=N-1 EINM2=N-2
READ 102 (Q(I)sR(TI)sT(I)2Z(1)1>S(I15sI1=3sNM1) $ PRINT 103, HsNJ
PRINT104s (Q(I)sRUTI)IsT{I)sZ(I)sS{T)sI=3sNMI} § NJIMI=NU-1 7~

99 READ 101s (CIN(I)sI=3sNM1) $ AMP=0.  $ IF (CIN(NM1)eEGeOs} STOP »

TTD0 14 J=19NJ'S ClU1)F0 3 TCIUS3 =0T T CHT N AT T
ClJI92)=(H#(J=-2))¥%%3/6, $ C(J,NMl)— CIN(AMl)*(—l. tJ= 2)/(NJ 2)) '
14 C(JsN) =040 $ DO 12 K=34NMYL ~ =~ 77 777 T T T o
12 TT(K)—H*H*T(K)/(CIN(NMI)-CRO) S~JCOUNT=O

98 JCOUNT=JCOUNT+1 = =~ - ' _
DO 11 J= 1.NJ 3 DO 1 I=1sN $ G(1)=0. 0 s DO 1 K=1oN $ YY(1sK)=0,0

TIFUJVEQLL) X(IsK)=0,08 A(I3KIE 040" $VB(IaK); 0+0° o
1 D(I4K)=0e0 % IF(JeEQeNJ) GO TO -9 & DO 2 K=3,NM1

TTCT 7T COEFFICIENTS OF ELECTRONEUTRALITY EQUATION. ™77 o
2°BINsK)=2Z(K) % JJ=J $ [F(JeEQel) JU=2 % IF(J EQ.,2) GO TO 7
TCTTTUCOEFFICIENTS OF DIFFUSION EQUATIONS.

BP‘(C(JJ+192)-C(JJ 1s2))/2. 9 PP—(C(JJ+1’A)-C(JJ—LaN))/2.v

TTTTTTTTTPPP=C I s N +C( I N2V EC(IISNT TS DO T3 TES,N ,

IF(R(I)=BP/2+4GT«Q(I)*R(1)*PP/24) GO TO 5 $ 8(1,1)=L.o $ Go TO 3

75 CP=(CIJUJ+1s1)=ClII=19101)/2 8 A(Ts2Y==CP/20 8 D(T+2)=CP/24

A(I>1)=R(1)=BP/2.=Q(I)}*R(1)*PP/2. $ B(Is1)=-2.%R(I1+Q(I1)¥R(1)*PPP
D(IsI)=RUII+BP/2.+Q(TI*R(T)%PP/2. 7 )

ACTsN)=Q(I)*¥R(T)*(C(JJs1)=CP/24+CIN(T))

BTN EE 2L RQ U R IV CCTIISTYFCINTITY
S DITaN)=QUI)*R(T)*¥(C(JIs[)+CP/2e+CINCI)])
Gll)= Q(I)*R(I)*(C(JJ,I)*PPP+CP*PP)+8P*CP

3 CONTINUE

~C ""COEFFICIENTS OF EOUATION OF MOTION AND COUPLING EQUATION,

B{2s1)=-H%*H $ A(lyl)-l. $ B(lsl)==24 $ D(1lsli=1s 5 DO 4 K B,NMl

4 BI1sK)=TT(K)*¥SIGN $ A(Z?ZI;I:"$ BFZ_ZI——27"$“D(Z92)—1.

IF(J.NEe1) GO TO 11 $ DO 6 I=1sNM1 .3 DO 6 K=1,N 3 X(IoK)=D(19K)
C D(IsK)=B(IsK) & B(I,K)-A(I,K)
6 A(I1sK)=0,0 3% GO TO 11

~C 7 BOUNDARY CONDITIONS AT THE WALLS, N -
7 Bf{ls1)=1e $ A(2,2)=-1e % DI(252)=1s $ DO 8 1=3,NM2% A(I>1)=—-R(I)/2.

TB TSI =QUI)#*R(TY*PP S D(I>T)=RTIV/2,
A(IsN)=—QUII*RIT)*(C(2s I)+CINLI)}/20 +

TYTS{II®*QINMT) #R (NM1) *CRO/SINMIT /2 ' ' A R
ACTSNM1)=S(T)/S(NM1)/24 5 D(IsNMI1)=—A(IsNM1) $ D(IsN)=—A(TsN)

8 G(I) Q(I)*R(I)*C(Zol)*PP $ B(NM1sNM1T2Ts $ GUNM1)=CRO-CIN(NMI)

o GO TO 11 -

€ T BOUNDARY CONDITIONS FAR™ FROV'THE'WALL.
9 A(lsl)=1le % B{lsl)=-1s % DO 10 I=24N

10 B(Ts1)=1.
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C ALGORITHM FOR SOLVING A SET OF SIMULTANEOUS ALGEBRAIC EQUATIONS
11 CALL BAND(J) $ AMPO=AMP

T TTAMP TS (=3 % CI1sNML) 10 ¥CT2sNMIT 18 ¥CU35NMI ) 6 ¥C4 s NMIT+C (5, NMT)

1 +Q(NM1)*CRO*(=34%C(1sN)-106%#C(2sN)+18e*C(3sN)=6e¥*C(4sNI+CI5s5N)))/
112. /H 7(CIN(NM1)~CRO)*(44/3,)%*%,15 | _
IF(ABS (AMP-AMPO) sLEo1.0E-5) GO TO 97 $ IF(JCOUNT.LE.12) GO TO 98
PRINT 105 T
c OUTPUT

97 AK=0. $ DO 15 K=3,NMLl $ TT(K)=C(2,K)+CIN(X)

_ EC(K)=C(25K)/(CIN(NM1)=CRO) ,

15 AK= AK +T(K)#C(25K)/(CRO=-CIN(NMI))
FDPRO=(=3,%C(191)-10+%C(251)+18. *C(391)—6,*C(491)+C(591))/12 /H

STRESS=FDPRO®(4,/3, ) #%,25%,8

IF {(NeNEs5) GO TO 21

———— e o

C CONVERSION FOR BINARY SOLUTION _ }
ONEMT = " {~Z(NM2)%R(NM2)) /(Z(NM1)-(Z(NM2)#R(NM2)))
T TTTTTTTRSALT=(2UNMIY=Z UNM2Y Y 7 TZONMT Y /RINM2 =2 TNM2 Yy T
TSALT= 1s-Z(NM1)*T(NM2)/Z(NM2)
AMPSAL = AMP#ONEMT /RSALT/{(TSALT/RSALT Y #¥,757)
STRSAL=STRESS/TSALT#*%,75/RSALT#%*,25
FPSAL=FPIN/TSALT*¥,5/RSALT*¥,5
PRINT 109,ONEMT, RSALT,TSALT,AMPSAL.STRSAL,FPSAL,JcouNT

TG0 T0 227
C CONVERSION TO TOTAL DENSITY BASED QUANTITIES
21 AMPRHO=AMP/ABS ( AK) ¥3¥ 425"
STRRHO=STRESS/ABS{AK ]} #¥*,75

PRTINT 106+ AMPRHO,STRRHO,AKs> JCOUNT
DINT=0, $ DO 16 JU=3sNJ

TTTTTTTTTI6 DINT=DINTHEXP (=CUJ 92V T+EXP(FC(I=T92)T $ DINT=EDINT*¥EXP(C(Z52))*H*,5

LAMPDIF=(4,/3,) %%, 75/ABS(AK)#%*,25/DINT $ RAMP=AMPRHO/.67032 |
RDAMP=AMPRHO/AMPDIF $ RSTR=STRRHO7.93308
FPIN=C{(NJo1)/ABS{AK) ¥*#,5

PRINT 1085 RAMPJRSTRSRDAMPFPTN

22 PRINT 107s (CIN(I)oTTII)sEC(I)oI=3sNM1)
GO TO 99 & END :
SUBROUTINE BAND(J) $ COMMON AsBsCoDsGosXsYsNsNJ
DIMENSTION C(15097)9GU7) sAlTs7)sBUTs7)sDUT915TsE(T75851I50)sX(757)y
1 Y(T7e7)

101 FORMAT (15HODETERM=0 AT J—QIQ)
IF(JaGTel) GO TO 6 $ NP1= N+1 $ DO 2 I=1sN $ D(Is2%N+1)=G(I)

o DO 2 L=1sN % LPN=L+N
2 DIIsLPN)=X(IosL) & CALL MATINV(N:Z*N+1:DETERM)

IF{(DETERM,EQs0,0) PRINT 101 J 3% DU 5 K=I,N
E(KsNP1s1)=D(Ks2%N+1) & DO 5 L=1sN & E(K,Lol)=—D(KsL) $ LPN=L+N

5 X(Ks L)y ==D(KsLPN) $ RETURN
6 IF(JeGTo2) GO TO 8 3 DO 7 I=1sN % DO 7 K=1sN & DO 7 L=1,N
T T DUTAKYED( I sKY+A(TSLT*¥X (LK)
8 IF(J.LT, NJ) GO TO 11 $ DO 10 I=14N $ DO 10 L=1,N

GUIN=G(I) = Y(ISJUT¥E(LSNPI3J=27"% DO TO MZIN
10 ACTIsL)=A(TIsL) + Y{TsMI%E(MsLsJ=2)

T T ITTDO 12 I=14N 8 DITANPIVE=GTT) 5 DO 12 C=1N
D(IsNP1)=D(IsNP1) + A(TIsLI¥E(LsNP1sJ-1) $ DO 12 K=1,N

T I27B(TsKIEB(ISK) T+ ALY *E(LKyI=1T 3 CALLU MATINVINSNPISDETERM) —
IF(DETERM,EQ.0.0) PRINT 101sJ % DO 15 K=1yN % DO 15 M=1,4NP1

I5TE(KeMeJ)=E=D(KeM)y STTIF(ULLTINI) RETURNTS DO IT7 K=ToN—
17 C{JsK)=E(KsNP1,yJ) 5 DO 18 JJ=2sNJ $ M=NJ-JJ+1 % DO 18 K=1,N

CTMKYSE(K9yNP1IsM)y$NDOTI8 C=T5NR
18 C(MsK)=C({MeK) + E(KsLsM)®C(M+1sL} 3 DO 19 L=1sN $ DO 19 K=14N

TTTTTTT19 CHU1aKIEC(19K) T XTKIL)IRC(3,L) STRETURN™S END
SUBROUTINE MATINV(NsMsDETERM} $ COMMON AsRsCsD
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TCTTTTMATRTX TINVERSION WITH ACCOMPANYING SOLUTION OF LTINEAR™ EQUATIONS.
DIMENSION ID(7)9B(7,7)s0(7,15)’A(797)sC(150,7) _
TTDETERM=1,0"8 D0 1 I=1sN
1 ID(1)=0.0 $ DO 18 NN=14N $ BMAX=0.0 s DO 6 1 1,N .
T T T TR IO T Ve NESOY  GOTTO 6 S DO S US1GN $TIFCIDITITLNESO) GO TO 5~
IF(ABS(B(IsJ))eLT«BMAX) GO TO 5 % BMAX= ABS(B(I,J)) $ IROW= I$JCOL J
B CONTINUE A
6‘CONTINUE
TTTIF(BMAX) 79758
7 DETERM=0,0 $ RETURN
T87ID(JCOLY=1 $ IF(JCOL.EQ. IRowr“Go TO 12 § 00 IU‘j:l,N
, SAVE=B(IROWsJ) $ B(IROWsJ)=B(JCOLsJ)
TTTTTTTTTTIOOB(JCOLSJYESAVE $.DO 11 K= 1,M "$ "SAVE= D(IROW’KT $DtrRow.K) D(JCOLSKY =
: 11 D(JCOL 9K)=SAVE
12 F=1, O/B(JCOLoJCOL) “$7p0 13 J= 19N
13 B(JCOL#J)=B(JCOLsJ)*F $ DO 14 K=1sM
14 D(JCOLsK)=D(JCOLSK) *F '$ DO 18 T=19N $° IF(I EQJJCOLY ™ GO"TO 18 T
_ F=B(1+JCOL) $ DO 16 J=1sN
””“”“is“exl;J)sB(I;J)j“"F*B(JCOL,Jr*s”DO“I7“K51;M
17 D(1,K)I=D(1sK) - F*D(JCOL,K)

H+ T +38920+1130522+0002139+0+10000 -0 0= 0

S04~ -77850+1149250~1000000+0~20000+0 0-0

CU++ ¥77850+1100000~- 1100000 1+23000+0+10000?F0
} .010000+3500010+1010000 2
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Appendix C.j Fortran_pngram for ‘uncoupled equation§:
Theféquation of motion (4.14) aﬁd'the'COupiing‘eqﬁation
B N T g N N (B.3)
are eliminated in this pfoceduré.llThe only change in the linearized"
equations of convective diffusion is thefdiséppeafance, in (B.4), of
the terms h' (Ac;)o and (hi);(Acijé;: so.thét (B.15) takes the form:
»ASi(J D{Ry §H(h Yo EHQiRi(¢‘)O} * A, (3) {-2R; -
'f': 2-.- \ ; RSCORRE PR | co '
+ H1Q1R1(¢")0}'+ Aci(J+1? {Ri + E-H(h')0_+ EHQiRi (¢|)Q}
s L : TS
+'¢(Jf})[QiRif{(A?i)o * Ci ~ SH(AC) 3]+
00 [-2QR TBey) o+ e J ¢ S [QR; L (Bey),
+epn v e 37 = HQ,R{ coe,)_ (6,
" Cio * A ) GH = H AR RyULAC I 0T

+ (A¢;)0(¢|)0}] ; 1: ' | - .v - : 'f _(C.l)

. If thé flux at the electrode (AMP in the.hbmenqlature of Appéndix B)

converges in the innervloop,_the,prOgram calculates,by Simpson integration:

L) = Bo/aghc, (), - | S (C.2)

FOL2) = '), S (.- |
CFIL3) = £ =gm) E . | " ' I c.4)

FU4) = £m) =h'() ., o o ©n

~
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and then aﬂjusts’f(n) to fl(g) = Alf(n) at every point, after calculating

the factor A,:

1’
a7 __4
B4 = 1./F(2,2) = 1/f0 = Ap/aRAcR = A1
BF = Al
BINV = A2
. . - bp _ _bp
Since at any point ETEE_'(n) = aRACR (§), one has

n n n Mo

£,() = A f() = A j j’ f Ty (n)dndndn =

E & £ ‘
4 Ap A
A (8) d&d&dg |, (C.6)
1 J; J; J; aRACR

so FF(J) = fl(E) = F(J,4) =B4

This is then used to compute the factér-BP for the next iteration
in the outer loop. The iterations in this loop are counted by KCOUNT.
Convergen;e‘is decided by means of the flux AMP, which first is converted
back to an n-based derivative in order to be comparable: AMP = AMP * BINV.

To obtain the shear stress one integrates once:

azf1 3 {32 3 ( Ao Ap (E)
—) =L)< B (myan-a IMC & ,  (€.7)
9& on~ /o o "R cR
SO
92§
FDPRO = (21 = BF * F(2,2)
on~/o

| Ys 2 (%
Similarly: FPIN = cﬁq)n = A1 3 /o = BF**2*F(NJ,3)

In plotting profilés the dimensionless distance E(J) has to be adjusted,
i.e., effectively a new meshwidth equal to H*BF is adopted.
The nomenclature in the program is for the rest essentially the

same as in that of Appendix B.
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PROGRAM NqLL(IiPdT.DJT“JT)

PROGRAMN FIR NATURAL COUNVETION WITAd AIGRATIIN, VERTICAL WALL.

C AT A
C_. .. _EQUATION OF -4OTION JACOURLED FROM DIFFUSION. ;JJAI“QN““
DIMENS [ON L(l)un?)og(:)rA\797)96(7’7)$J(:913)9X( s 7)9Ciil{T)eQ( 7Yy

oL RE7Z)S(TIeZUT)sT L 7)sECIT) 9 YY(T9T7)sTTL7)sR(15T)

DIMENSIIN FU15394) «F7(159)
e emn COMMON. A9BCe DG X YV aNINY

101 FORMAT (3EBa4)
—e 102 _FORMAT _(8X35F3e4)

193 FORMATILIHLILIX92Hi4=9F 04396 9o NJ=e1%)
194 FORMAT { 5XsiQ%y TXeuR¥e GA9#THy HA9 ¥ ‘94(:*3‘/\F8 232F9e432F5e11))

135 FORMAT(53HOTHE NEXT -RUN DIO NOT CONVERGE / INMNER LJ0OP )

196 -OR4AT(/1HJ93X9~A1’QHJ 9389 ¥5TRKRAHD 93As~ AKX #93X94JCOUNT#/F1Cab

1F7009Fq‘3016)

197 FURMAT (lIJ;_§ALﬁCINF*o7Xi*:Z:?u"93A C#¥/13F 12661 )
1038 FO AAT (1HI 24X s #RANP T 6K REITR* 9509 % 9 \J” LEX 9 #*FPIN®/4F1046)
109 &QR 4AL(5JH313;_1;A| RN DI NOT CONVERGSE / JUTER LIOP ) _
118 FORMAT (13X 74ICOUNT=s13)
119 FORMAT(1JXs8H AP= 9£15e¢899H9STRRHI= ,E15-3:9H9FPIN= sE12,8 .
19Hs AK= QFLD.B) ’
1290 FORMAT(1oXs 744 34= 1F1Je599Hy 3= 2F1Jeb6911H93 INVEISE=3F10ed)

121 FORMAT(136X» S5HITe= s1291H/912)

--122 FORMAT(4£542) - -
SIGN=-1, 3 N=6 3 {J=150 5 CkO0=Je 5 A=0.05 3 Nell=N-1 BNM2=N-2
_READ 19025 (G(I)sREIVoT(I)2Z 011950 1)el=1sN"M1) 5 PRINT 1035 HsNJ

PRINT1O04s (QUIVNsRUI)sT(L)sZ{I)s5(1)sl=1sM1l) o NJIMl=NJ-]
37 _READ 1729FX9AA9R39((

READ 151> kCIN(I)o;—l:NMl) 3 AMP=J. 5 IF (CIN(NM1}eEQeds) STOP
NO_15_J=1eNJ :

E(J)yzdx(J=-2) $FF\J)‘Q Ja*d*(J—Z)**Z 5 EXT=EXP{-EX#(J-2)%H)
C(JaNW1)=-EXTK\IN(N 3 C(J91)=AA*EXT*CIN(NM1)

ClJs2)=33#EATH gIJ(N41) 5 ClJ93)=CCHEXTHCININMYY -3 TlJra)=l(J92)

15 CUJsN)=0e2 3 JCUHT=I 3 ICDUNT=D.S AFLAG=) » 4FLAJ=O 5 AMPI0O=0.
38 ICOUNT=ICOINT+1 -
_39__JCOUNT=JCOUNT +1

DO 11 J=1shJ 5 DO .1 I1-1sN 5 G(1150+0 5 DO L K=1»N § 771215340

 IF(JeEQel} A(IsK)=34J5 A(I»K)=0ed 5 3(I9K)=0eD
1 DUIsX1=0,0 3 IF(JaZQeNJ) GO TI 9 3 DI 2 K=1lsiifl

C COEFFICIENTS OF ELECTRONEUTRALITY ZQUATION.
2 BINsk)=2(<) B JJ=d 5 IF(JecQei) JJ=2 3 If(Jecae2] GO TO 7
C_ COEFFICIENTS JF DIFFUSION EQUATIONS

BP=FF(JJ)*H 3 DO 3 I=1sNA1l . $ CP=(C(JJ+ls[)-ClII-1s1))/2.
PP3(C(JJ+1oMN)-C(JJ=1siN)) /26 3 PPPP=C{JIJ+]oN)+T{IJ~=19N)=24%C(JJyN}

AlLsI)=r(I)=32/72e=QUL3R(L)V#PP/2¢ 3 3(isl)==2e%RUII+Q(TIER(TI*PPP
DIIsl)=REIV+IP/2+QU T *R(TI%2PP /2, '

ACTsN)=QUTI*RII)#(C(JIs1)-CP/2e+CIN(T))
(LN ==262Q( L) #RCLVXLC(II»II+CINLI))

DOLaN)=QCI)#RIIIF(C(II L +CP/2a+TINCI)
3 GLII= (D) *REIXICIII [} #2P2+CP%PL )

IF(JeNESL) GO TO 11 3 DO 6 I[=1sNMl & DU 6 K=1sd & X(19<)—D([s\)
DIIeK)I=3{T9K) B BLTsX)=A{TIsK]

6 A(1+K)=0e0- % GO TI 11
BOUNDARY CANDITIONS AT THE WALLe.

(@)

7 DO 8 I=1sNM2 5 PP={C(3sN)-C(1lsN))/2e 3 A(IQI)=-R(I)/2.
BlIesI)=QCI)#*R(I1)%PP 3 Allsn)=s=Q(I)*R{1I*{C(2s[}+lI8(T))/2a

1+S (DI =QENML)#RINML) *CRD/S5(INMLI/ 2. 3 D(IsIi=RI1i/2
AlTsNA1)=SCI)/SEHALI /26 b OO0 ailM1)==AllsNAL) & DI sN)=—A(fsN)

8 GUIN=ILI)ER(IIRCU2+0)%PP & 3{Neiloddl)=le & S{Nn1)=CRI-TIN{NAL)
G0 10 11
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G —BOUNDARY. CONDITIONS -FAR FRIA-THE-NALL
9 ND 19 TI=1e¢N

e 3D BT al)zle.o
C ALGORITHA FOR SOLVING A SET OF SLMAULTANEOUS ALGEBRAIC ZQUATIONS
1Y _CALL 3ANDLJ) B ANMPO=AMP

4 e UL

AP = (=3¢#C{LaNML)—=10e#*CT(2aNMLI+18e#CI3oNML)—~6e%CL4oNML}+T(59NML)
1 _ +Q(NALI*CRO¥ (3% C LN ~10e*CL29N)+153e%C(39N)-06e*ClasN)+C(59N) 1)/

112 /it ZICININAL)-CROI#(4e/34) #4075
—Co . CHECK . CONVERGENCEI.INNER L3P

[F{A35 (AVP=A10) eLEeleDE-6) GI TO 12 5 IF(JCOUNTLELL0) GO TO 99

— e MFLAGSY.
12 PRINT 1219 ICOUNT s JCOUNT
e I LMELASEN G L) 2RINT 105
C COMPUTE LOCAL DENSITY DIFFERENCE AND CONVERSION FACTORS

D013 -d=1eNd 3 A(Jel132..5. D013 K2ieNML

13 F(Js1)=F{Js1)+T{K)I#CIJs&) 7/ (CININML)=CRO)
e lFANJ$21 =06 500 14 ._d=1sNJ41 '

14 FINJ=Je2)=F(NI=J+1a2)+(F(NI=Js LI+F (NI=J+191) ) %H/ 20
e E 293120 5. Tl294) 20 5 _Fl193)3-(F (2921 +F (192} 1%H/ 2

Fllst4)==F(193)%4/2s 5 NO 16 J=3sNJ
v e Bl J 93 ) =F LI =19 3+ (T (I 2 +F (U102 ) 58522 —

16 F{Jdsa)=F(J=1s4) +(M{Js3)+5(J=193))%/24
B421e/A33(F(292)) 5 DF=H54%%e25 b 3INV=1e/3F

AMP=AMPHIINV D A\—ABS(r(791)) I AARPKAIZAAP /ARN® X 425
FOPRI=8F4F{2+2) b STRESS3=7FIPRIN(Le/3e)¥%e25%48

STRRHI=STRESS/ALH#475 B FP[N: FINJs3)%BF##2/A35(AR) ##45
e PRINT__120_sR45BFs 31NV

PRINT 119+AMPRHD s STRRHOSFPINsAK
< CHECK _CONVERGENCE DUTER_LJIP

IF (ARS{AMP=-AMPID) eLFelenf=6) GU TI 19
IF (MFLAGGFA1)_GO_T0 13

iF {ICOUNTeGTe27) GO 70 18 % 05 17 J=1sN.J
e LT EE LN =R34%A550F (U a) )

AMPNO=AMP $ AMPN=)e B JCOUNT=0 3 GO TO 393
18 PRINT 103 3 HWFLAG=1

T OUToHT
13 PRINT _118sICOUNT

H=H%3F b FOPRU=ABS(FDOPRU) 3 F? Iﬂ =ABS(FPINY B STRRAV=A3S(STRRAC)
e PRINT 193 aHsdJ_ b D0 180 K=1sNMl 3 TT(K}I=C(2sKI+CIN(K)

130 FCU(K)= T(2K)/7{CIN(NIL)=TR0)
RINT 136 Ai’RHO;STKRHQ,AK;JCOUNT

 RAMPEAMORAT/Ce67v32 5 RSTH=5TRAAC/ 293393
PRINT 108+rRAMPIRSTRIFNARNIFPIN

PRINT 197s (CIN(IYTT{TI)ecllI)sl=1sNAL)

GO 1097 5 FEND. B
SUBRIUTINE %AN)\J) 3 C
SUBROUJTINE. MaTINVIN iy

DAAIN AsSeledeTsXe Y eNeinJ
3'{ TERM) 5 CIMAIN AselHeD

~Jd_-,_u___“_:«3977+17121_f>2,:l 12792350-1-121732=-3-792339-9
NA+ +33729+118 w368—1-297o,-2+Lﬁ73u~n 0=-0
LFFRRI=3 ~116760+2121321-13740463-1-30)22-7=-12020-0
K+ +33320+1264325-13757003=-1417320-3731303C8)3-1

CFERRD=4 =13566+2711717-1211010=1-40%331=3+10997-2

+1. H7+De33~ ').c?+]."7
8533301250003 ~1271429-225233303-10714%29-2




-115-

Appendix D: Physical prdperties used in the numerical solution

1. Systgm CuSO4 4 )

la. Density at 25°C‘(g/ml)

- HZSO - H O.

0 =.0.99994 +»o.1§966 cCuSO4 + 0.059786cHZSO4 (D.1)
- Standard error: 0.0005
Corrélation35 based on 26 data in the range 0 < ¢ < 0.10 M,
St - - CuSO4—
| 0.5 < cHZSO4 < 2.5M _
From this aCuSO4 = 0.13974 L/mole, GHZSO4 = 0.059789 f&/mole.
If-HSOi completely dissociated: '
~ Set aSOZ . equal zero. Then:
o =0 3 O la
++  CuSO,> T . =3 ; and
Cg g 'H+ 2 HZSO4 :
T ,,=15;T _ =0T, =0.21393
Cu SO, H ‘
_ v 4
If HSOQ not dissociated:
~Set o ._ equal zero. Then:
HSO '
4
a -0, =0 ;4 = ; So:
Cv++ u CuSO4 u _aHZSO4 _
T ,,=1;T _=0;T_ =0,2994
| cu™t HSO, H , _
o . 33,34 2 '
1b. Tonic mobilities at 25°C and at infinite dilution (em™/Q eq)
AH+ = 349.8 , Al Wt = 53.6 ; Al _ ;_30 3
| i 5807
A = 50 .

HSO4
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From this follow the Ri values given in Tab1e14,-by way of the relations:

A, o= lz.lu.Fz , and D. = RTu,
i il i i

lc. Refractive index at 25°C.

i » } D.2
n = 1.33358 + 0.026839 CCuSO4 + 0,90994CHZSO4 (D.2)

Standard error 0.0001

Correlationss‘based on data in the range O < ¢ <0.1M,
, _ — “cuso, —
0.5 < ¢, < 2.5 M.
— “H,80, — |
From this, if HSO, completely dissociated:
n, = 1.33358'f_0.026839 C L.t 0.00497 c . 5 (D.3)
| Cu - H
if HSO, not dissociated:
n_ = 1.33358 + 0.036779 ¢ -+ 0.00994 c . (D.4)
D ++ +
v Cu H
L4 .
For CuSO4 - HZO at 25°C:
n, = 1.33360 + 0.036553 cCuSO4V (b.5)
2. System _KSFe(CN)6 - K4Fe(CN)6 - (KOH/NaOH) - H20
2a. Density at 25°C. (g/ml)
p = 0.99946 + 0.19648 (c , +C )
| KgFe(CN)  ~ "K,Fe(CN)g
D.6
+ 0.045266 cy , (D.6)

Standard error 0.0011.

‘Correlationss based on 23 data in the range 0.01 < ¢ < 0.20 M

eQuimolar ferricyanide and ferrocyanide, O i-CKOH < 2 M by Gordon.17

From this a : _ ,
K3Fe(CN)6 + K4Fe(CN)6 = 0.19659 ,

aKOH = 0.04529
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An uneqﬁal densification fpr*KSFe(CN)_6 and K4Fe(CN)6 is'assumed, on
the basis of a correlation of data measuréd by Boeffard37‘f0r non-equimolar
ferri/ferrocyanide solutions with NaOH:

o ' : ‘ ' ' > -
p 0.99§821‘+_0.17168 CKSFe(CN)é + 0.23182 CK4Fe(CN)6

+ 0.044374 ¢\ o

H_(+.quadratic terms) . (D.7)
.standard  error: 0.0004 '

. Correlation basgd op 32 qata in the range 0.01 < CKSFGICN)6

< 0.2M, 0.0 < Sk Fe(cN), < Ot ML 1.0 < Cyao < 20 M
From this;; 7
B R
. K;Fe(CN) . -
S a——3~—————6- = 0.7404 :
- : K4FeFCN)6 , :
Finally:therefore, using'thisvratiof
o = 0.16727
- KsFe(CN)6 o
o = 0.22591
1(4Fe(CN).6
| | aKOH = 0.04529 " - | |
The Ti_&alués in Table 4 follow from this, assuming o  _ =0
. . K

When NaOH is used instead of KOH, or in addition to KOH, there are

5 ionic species in solution. If the o , 1s again set equal to zero,
gt : , :

o, and o _ follow from the values of aNaOH and_aKOH. Density correla-

.Na . -~ OH :

tions are available only for K Fe(CN), - K,Fe(CN), - NaOH - H,0:

4 2

p = 1.000116 + 0.19356 (c + C )
KSFe(CN)6 K4Fe(CN)6
+ 0.038535 ¢\ - ' (D.8)
Standard error = 0.0013

Correlation based on data for equimolar K

3k§(CN)6.and

K4Fe(CN)6,
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range 0.01 < c < 0;2 M , and

17
0 < CNaOH <2.0M , by Gordon.

From this only the coefficient of CNaOH is used to derive ONaOH
(with po'= 0.99946; see 2a): O OH = 0.03856.
The densification of the reactants and of KOH in the system KSFe(CN)6 -
K4Fe(CNj6'-VK0H - NaOH - H,0 is assumed equal to that in the system with-
out NaOH..

The final ionic densifications are:

« " (&/mole)
Fe (CN)g— 0.16727
Fe (CN)g— 0.22591
OH~ ~0.04529
Na* -0.00673
K 0

Note: The density of the complete solution, containing 5 ionic species,
is considered linear in the concentration of each. No interactions are
accounted for. The density of solutidéns without NaOH or KOH, or both, is

found simply by omitting the appropriaté terms.

2b. Ionic mobilities at 25°C and at infinite dilution26(cm2/9 eq):

Al z- = 101 ; Al _ =111 ;
gFe(CN)6 Z-Fe(CN)6

A, =73.5 ;A = 197.6 yA = 50.1

+ - +

K OH Na
The Di values follow from:

AL

llz.[u.Fz
i i’

RT u.

and D.
i i
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Appendix E: Migratibn_in stagnant diffusion layers.

1. Irreversible reactions.

,The'equations to be solved are

; dc
d¢ , . 1 _ ‘ .
Syt 0 | (E.1)
. dC
L2 dob 2 _
22C2 a-s; + AZZ a‘;— =0 ’ (E.Z)
- dc
2. do 3 _ i
233 3y * %33y B, (E.3)
21C) * ZyCy *+ 25C = 0 , (E.4)
where ¢ is the concentration of the supporting ion, <, that of the
counter ion, ¢3 that of the reacting ion, while ¢ is the dimensionless
potential %%-. The Boundary conditions are:
= O = .
y ¢35 = €30 (E.5)
y=3 €17 o3 €y = Chpy 3 C3 = Ch 3 ¢=0 (E.6)
From (1) and (2)
€ = exp (—zi¢)‘ s | . » '. (E.7)
€y = Cpg OXP (-2,9) s ‘ | | (E.

and by 1ntegratingi(3) and using (4), (7), (8):

+ 2,C, €Xp (-2,9) + zgcq + K ' , , (E.

3

Sy Lo }
.~ 231°%P (-279)

8)

9)
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The constant K in (9) follows from (6):

id

K=- D, (25-21)¢,6 = (23725) Coq

Therefore:

.... . .. A ¢
- }._(L_‘i = +(23-21)c1w(e 1 _ 1)

FD3
+ (23-22)c2 (e - 1) (E.10)

At limiting-curfent ¢ = ¢

o at y = 0, so ¢o can be expressed in terms

of
11im

FD3z3c2°°

and clw/CZm‘ This is only practical if numerical values for 21525525

are substituted as in the following cases. The potential ¢0 can then be

substituted in (9), with Cq 0 at y = 0, to obtain I in terms of Clw/czm'

Case 1A. 2z, =1, z,= -1, 2z, =1 (e.g., K, Ccl, H)
Denote clm/c200 by ré
From (10): I = 2(e ° - 1)

From (9): (I + 2)% = 4r -1 = 2(1 - vr)

2FD_c
. _ 373 1
The?efore 11im = - 3 (; " J;)
i,. ,r=0
From this: TEEEL-——— = 2

1im’r=1
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Ase=1-1-+0

i, =

. e a2
lim 1li'm’r-_-l 1 3 +.O(€ )) ’

¢

- € _ _E . are2y .
0 — 22(1 SP=ogroE)

€+ O(Ez) .

RN

N 1
(clo = C]_OO)/CSOO "..—2_ -

Case 1B. 'z, =1 ,z =-2 1z =2 (e.g., H, SO

kS o 2y 3 » Cu

A H

i.e., H2804 completeiy‘diségciated)

Denote c, /2c, by r .

1 200 -¢ ’ _ 2¢ 7

From. (10): 1 =;r(e‘ Qv-_1) + 2(e. Q'_'l)
. ; . -:¢ .

-0 2,
From (9): I =r(2e °-1) + e -2

Theréfore e O = (I +2+71)/3r -
a+2+m)°=271% »
t=2-rex? -

R N (2 . T ¥v3r2/3)‘=».'

>

l;lim‘ __ 6 l1-v

_ZFDscsm (2 -+ zxv_ xé)
.0

l +x +Xx

where x = rl/3

i, ' '
lim, r=0

 From this -2
o .- lim, r=0
, _ -
. . . - ) _O—- 3
'_liim - 1.11{]1;1::1 (1 + 0 3 + 0(0’ 1))
» 1 N € 2,
¢ = 3 In(l -g) = - 7+ 0(e9)

0

[

’ o 1 . '2'.
;(clo-clm)/ZcSw =z -3 € 0(e™)
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+ - ++
Case 1C. z, = 1, z, = -1, z5 = 2 (e.g., H, HSO4, Cu ,
i.e., H SO4 undissociated)

Denote (c1°° + CSw)/(clw + 2c3«) = H SO4w/(H SO +'CuSO4w)

by r, so ¢, fe, = 2r -1
’ 1 20
-¢ 9

From (10): 2I = (2r - 1)(e ° - 1) + 3(e © - 1)
| % %
From (9): 2I = (2r - 1)(2e - 1) + 2¢ * -3
v ¢
Therefore e 0 = _I_."._%._f_}. ->

1242[(r+1)+1°-6r+5=0-~

I=-(r+1)+2Y2r-1-
ZFDSCSw 1+ 2 V2r -1

Mim = 7 1 ST -1 1 -1
From this:
'1im,r=0.5 _ 3
lim,r=1
As
T=1- rl/2 +0
i, =1 {1 + 41 + o(rz)}
1im lim,r=1 .

¢0 = 1n vl - 2e = —le +'0(ez)

(c, -¢c, + ¢ ; + c3°°)/(c30 - CSm) = - € + 0(€2)

2. Reversible reaction: ternary redox system.

The equations to be solved are in this case

dc .
do 1 i *
Z.C, =+ + = o _
171 dy  dy nFD1 (n—zs-zl) (E.11)
*S' L fé—” ﬁl (assumed = +1 = -1 d al i = z FN F
ince T T3 sumed s, = > Sy = - ) and also i = 2PN, + z, NS'
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.zzczr &y + -—dyA =-0

a9 4

2333y Y dy T niD

i}

B A A T

Summing, we have:

.d7 »(C1+C2+cs).._ H}? ('D_l— - —D';) v

.with the bouhdary conditions (S) and (6),7we_can write:

1

c. + C + Cc. = C _ .cAv _ c = ﬂ(_l. - _)
1 2 3 lo ’ZQ, 30 .nF D1 D3 >
or _
' co R D : T 3 iy, 1 1
(e - e, )0 =)+ (eg = ¢, )0 - =) = G- - 5
» .1 19 722 ,3 . 30 z2 . nE D1 I).3
At the limiting Currént:_ :
: 1 .3 i¢ 1. 1..
(Ce - 1) (1 - 77) * €g (L5 29) = = (5= = )
1@7 lo _ ZZ' 3 ._- z2 nF Dl'- D3
Since ,
R L
S mEDy

corresponds to a diffusion current, we have

i Clie T I A 1 Y A W o B
. O30 22) \ %2 p\P1

Thgrefore 1L/1D and (clo— clm)/CSw cannot be determined separately.

(E.12)

(E.13)

_(Ef14j'

(E.15)

(E.16)

(E.17)

 (E.18)

(E.19)
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R , (E.20)
"300 2 1
independent of r.
Ifr~>1, iL/iD -+ 1 and
3. I3
c - C D z
o lee 1 2 (E.21)
€3 2!
-3
2

In the case of ferricyanide/ferrocyanide:

A. Equal D's.

Cathodic reaction (zl = -4, ZZ,=.+1’ z, = -3)
c - C
__1__0_;__l°_° = (.80
20
Anodic reaction (z1 = -3, 2, = +1, 23 = -4)
c -C .
Ao 12 o
3oo
B. Dferricyanide/Dferrocyanide =1.2132, r > 1

Cathodic reaction

C - C .
-1-°C——1—= 0.8426

300

Anodic reaction
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To solve for iL/iD in the case of equal D we start from:

Cp*tCy *cg = constant =K
z;¢ + 22c2‘+ 23c3 =0 H
s
€2 ° 3
' .z, -z
2 2 2 ,dd _ i 71 3 - _i_
(2769 * 2% * 23%3) &y = F D © T nF
From (E.22) by elimination of c, with (E.23):
. L ZIK , zy - 22 .
3 zq z1 Zy - z1 2
c..= 23 '+.22-Z'3»c
1 23 - 21, 23'— z1 2
Then with (E.25):
2 : oy do _ i
[(z - 25(z) *+ 25) + zy25)¢; - 292Kl g = - m,
or:
. -z,¢ .
2 : d¢ i
[(22 '21)(22 - ZS)CZme - zleK] Iy ° f Fﬁ;
By integration:
_qu)
(22 - zl)(z2 - 23)c2m(e S - 1) ez - - i ( '_5)
-z, 1°3° 7 7 D, Y ’

(E.

(E.

(E.

(E.

(E.

(E.

(E.

(E.

(E.

22)

23)

24)

25)

26)

27)

28)

29)

30)
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and at y = 0:

(z, - 27)(z, - 2.)(c, =~ c,.) .
22 "1°772 7 T37 20 2 6,2,2K = LA (E.31)

Also, from (E.23):

c., z, - Z -z,¢
c3oo ( 3 . Zl +1=e 270 , (E.32)
20 \*27 1
. le .
so that -22¢o = In TZ—-IT;—Z)—C—Z- . (E.33)

Consequently (E.31) gives:

i8 2y~ %3 2125k 2 K
e " i ool o B3
1 3 2 273 17 3 1 27 2
or:
1L _ 22 - 23 2123K _ zlk
i z T z.(z, - z,)c In (z, - z,)¢ (E.35)
D 2 2(23 = 2))C30 17~ 220%w
In the 1limit oo >>c3°° this yields iL/iD =.1.

If Cle = 0 R

L_F2T % %% %2\, [F1%s %2
i, Zy zg Zg - z1 : Zz \%) - z,

In the case of ferricyanide/ferrocyanide:

E.36)

~

Cathodic reaction (z1 = -4, z, = 1, 24 = -3) :
1 16
— =4 - 48 1n — = 0.902151 ;
i 15 ’

D
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Anodic reaction (z1 = -3, ?2 =1, z2g = -4):
iL 16
— =5 - 60 In 5= = 1.127689
1D 15
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Appendix F: Electrolyte composition according to the method
Eisenberg, and Tobias.24

1. CuSO +'sto4(comp1ete1y dissociated)+ H,0

4
A -t ) _
Cu :
N = =k (c -c )
't 2F c'’ cu ,00 Cu ,0

c - C ' Tt D 3/4\ 3/4
H ,0 H* o H+- CuSo 4

++ v ++ £\ _DH230

4

Define: 'Di/D. = ui/u = R. s

With the help of (2.10), (2.20):

c, ~-¢ 7 R I + 2R 3/4
H ,o H ,» H 2 -
2¢c - 2R -t R J1 3

Cu  , SO H

2. Kste(CN)6 + K,Fe(CN) + H,0.

a. cathodic reaction'

N - 1A - teerri) -k
ferri F ferri

( )

c . - c .
ferri,» ferri,O

of Wilke,

(F.1)

(F.2)

(F.3)

(F.4)

; (F.5)



-129-

i1 -t

Nfe_ryo .. F

)

ferro

ferro _ 1 - tfe;ro KSFe(CN)6 3/4

gerri T “rersr | PKFe(oN) |

Define:. D./D

1:'ferri"='“i/uf§rri égRi ;
“ferro SR
[ o+ C. ‘ I'
—ferro -~ “ferri- '
_Then: -
x R LG T) s 00 - )
- . ferro _ [ K 114
Acferrl K (3 + r) + 16rRf rrol1°
b. anodic reaction
‘Deflne : D /Dferro - /uferro RS
Cferri

T CL . +cC
“ferri ferro -

Finally: -
’ : (4 = 1) # 16(1 - r)
A?ferri - K ‘5

L@ - r) + gererri;J

A R §°)
rferro | K

3. KgFe(@N)g + K,Fe(CN)¢ + KOH + H,0

. a. cathodic reaction

it -
~ = kgonCxon,» = kom0 3

1

- aferro‘(éferro,o B

3+

c
“ferro,®

Rferri

4 + R

K+

)

3/4

(F.6)

(F.7)

(F.8)

(F.9)

(F.10)
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CAG-te ) c e )
F - “ferri: ferri,® ferri,0’ ’
C o -.C v k
“XoH,» " kOH,0© _ ° OH ferri _

1 -

Cferri,» ~ Sferri,0 teerri kKOH

'/t D . 3/4
( _OH )( KSE?(CN%)
AV - teerri /N Dkon

'Equiméiar ferricyanide/ferrocyanide:

Define. Ton=° AN Di/Dferri ) ui/uferri =Ry
7 OH K
Finally: [Px_Fe (cN).) 3/4
ACpon OH \  Dyoy
A, .7 A 1 -7r
ferri . OH 16
. R * Rag * ¢ Ry * 7 Reerro)
OH
b. anodic reaction.
Define  roy =c /¢ o 5 Di/Dperss = Y1 ¥eerri = Ry

OH K

(Dx Fe (CN) )3/ 4
Y s 6
ACKQH . OH DKOH
Ac - 1 -1

“ferro : OH 9

o Rx* Ron * T G+ R

Finally::‘

The numerical values used for Ri are those given in Appendix D.

(F.11)

(F.12)

(F.13)

(F.14)

(F.15)
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‘Appendix.G;;_Notétiohfusedvin vérioﬁs referéﬁges on;f?ee cQﬂvectioq.

:The simiiaiify transfdrmafions#usgd by.mbsf.ﬁutﬁors différ-fraﬁ'(3;17),’
(4f10) an& (4;1l)rby aiéonstanf. Table Gl Tists some varianfS»of both the
classical éﬁd-the'strétchédnvariables,‘as weilias the resultént forms of
the.eQuatioh‘of mdtionfand'thé cpnvective diffﬁsidn eqﬁation.. Table G2

vgiveS the rélatidﬂ.bétwéen.fﬁe ihQéﬁiaﬁt:co¢f£icients 'C1(3.14),.Bl(3.15);'

,C(3.24),'B(3L25),and the dimensionleSs variab1es defined by various authors.



Table G1.
~ Reference -

1. This work
2. Roy’

3. Le Feyfé4
4. 'Kuiken6

5. Ostraéh}"

6. Schlich_ting2

7. Morgan &

War‘ner5

; £ =

C15$sica1
3.1/4
¢ = 3G /4,
D
n=—&—
: G(4x)1/4
n = —t—
Gax) /4
U= —-—)L-jr—;
G(4x)_1 4
ne—X
G(4x)1;4
S AN
G(4x)_1 4
_ Y |
C“, j »
Gx1/4
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variables
wG 3/4
B

G

= —"—"—_’4’
R

e
f=—T2g
\)(4x)3/4
YG
g = ——=yph
v(4X)3/4

YG

\)(4x)3/4

_ 6 6
v(ax) >/

f
0

6y
4\)x3 4

n:

%

RO NA

Notations for similarity variables used by various authors.

Stretqhed variables

1/4 . 3/4

zo ' s f=£f0""";8

3/4,
fO(SO) ,@o

nGo 4 ¢ = £30)¥%e
uol/4; f = g03/4;6
C01/4; F = f03/4;H

2.

£ 4 3EE - 2(£')° +.0 =

| V290'1[4
-G o= gho ' g_A%’

“E‘(ﬁ%

ol

2 /4

\1/4
BAT |

In the present work the equation of motion is:

£, £ _ %_(fv)

2

+0=0. R

and the equation of convective diffusion:

ofg' + O" = 0

The classical transformation in all other references leads to:

36£0' + 0" = 0

2 0;
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“ fhe.éttéﬁéhéd;ariables.§f,th§ prg$entjworké aﬂd;éf;RQY’7and
Le Fe§fe,4'ie;d.tot

£ +é—= O.' ;

BT CT g
 in Kuikg@fs,s.aﬁd;Morganvand Warﬁer;s5 work the equation
'. 'bf convé#ti?é’diffusion is: | |

30'.-f—-e—| + 'é-"= 0 A.
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Table G2. Conversion factors for dimensionless quantities used by various

authors.
Reference . .Classical variables Stretched variables
1. This work | C = .(%)3/4’" (0); B = 15"-(%)1/45' 0)
7 : _ ,4.3/4 . _4.4
2. Roy | C = (30 $'(0); B = 5(3)1/4F"(0]
' o
3. Le Fevre" - : : ' C = (%03/49'(0); B = g{%ﬂl/4¢"(0)
6 : . 43/4 45/4
4. Kuiken‘ ' _ ‘ . C = = 8'(0); B = - £(0)
5. Morgan § , C =’%—H'(O); B = %?—F"(O)
Warner5
1 43/4 : 45/4
’ = — 1 . - 4 En
6. Ostrach C1 = =3 H!' (0); Bl- g F''(0)
2 43/4 45/4 :
7. Schlichting C1 = —ge—-ef(O); B1 =5 z" (0)



~_constant in Nu
" coristant in Nu

‘constant in-Nu

' parameter in'similarity‘variables (3.7)[cm
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- NOMENCLATURE

;_£h¢i~m51, _diffﬁsiyi_i:y [em?/sec]

Cactivity of species i
A pro§ortiona1ity'factbr:5£feamfuncfioh (ld.Sj'
_Yproportiohality factér,distapce variab1e (10ﬂ5)

. constant in. streamfunction expression (7.8)

constant in S g e e ) B(Grse) /4 (3.25)

vcoﬁstant in é/ Lg (cofc ) ,BlGr—l/4 (3,15)

" concentration [mole/¢m3]

cerse)t? (3.24)

c,6r'/* (3.14)

*C.z(_GrScz).lM : (3.'_20)

:Cantént C cbrfesponding to diffuéive maSs‘transfer only (7;16)'

diffusivity [cm”/sec]

3/4y

_dimensionleés'streamfunction (3.7), (4.11)

“adjustable streamfunction (10.5)

Faraday's constant'[96;494 coul/equiv]

‘auxiliary function in numeriéal.cOmputation (Appendix B,C)

acceleration of gravity [cm/secz]

auxiliary funcfion in numéri¢a1‘computation (Appendix B)

‘mesh width in numerical computation

current density [a/cmz]'
true ionic strength [mole/1]

mass transfer coefficient [cm/sec]
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thermodynamic dissociation constant
stoichiometric dissociation constant

length electfode [cm]

chemical species <in charge-transfer reaction (2.1)

number of electrons transferred (2.1)

flux [mole/cmzsec]

pressure [dn/cmz]

ratio ziuiF/DR

dilution ratio ¢ (T +C )
| H2504 »HZSO4 Cu-SO4

dilution ratio c

dilution ratio Cferroc&anide/(cferric'yanide

ratio Di/DR

géS'constant [erg/mole - °C]

ferricyanide/(Cferricyanide ¥

+ C .
ferrocyanide

)
)

c .
ferrocyanide

number of ions or molecules of species i participating in charge-

transfer reaction (2.1)
time [sec]
transference number of ionic species i

absolute temperature [°K]

ratio ai/qR

velocity in x direction [cm/sec]

mobility of ionic species 1 {cmz—mole/jouie—sec]

velocity in y direction [cm/sec]
distance parallel to electrode [cm]
distance perpendicular to electrode [cm]

valence of ionic species i
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densification coéffiCiéntvoffspécies i [1/mole]
' gamma function of 4/3 (=0.8934) -

" diffusion layer thickness [cm]

diffusion layer thickness [cm].

, diffuéidﬁ layét'tﬁickness-df'spéciés i [em] -
vVéiocity boundary layer thickness [cm]

 angle of inclination with respect to vertical

dimensionless distance (3.7)

'diménsionleSS’diéignﬁe;(3,283,'(4;10)

édjuStable dimehsipnleSS distance (10.5)

xdimensioﬁleSSVCQnténtration (3.7)

‘dynamic viscostiy [g/cm?sec]

kinematic viscosity [cmz/sec}

xétqichiomefric“disSociation number of species i
.in binary compouﬁd ' |
- dénsityl[g/cms] -

.‘sheér streSs:[dnfémz]

| dimensionless potentialv(4.125"

E poténtial IVOltii

:Streamfunction;[pm?/séc]
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Dimensionless numbers

3 ' 3
Gr Grashof number for uniform concentration= (%éﬁ%_)
* : = , . ”aNL4 pVv
Gr Grashof number for Uniform,flux:-g——z—
L | VD kL SRiav L
Nu - Nusselt number for mass transfer = . Gﬁd = &
nFD_(c, -C..)
_ . v R*"Ree "RO
Pr Prandtl number (ZJ
Sc Schmidt number (%) _

SubscriEts

) at the electrode

o0 - in the bulk; farbfrom the electrode

i pertaining to speciés i

s pertaining to a binary'salt

R pertginihg to reacting species

i + pertaining to positive ion of binary salt

- pertaining to negative ion of binary salt

loc local value

avg averéged valug:

Ap value based Qh actual Ap
Superscripgs

- 'dérivétive

- " inner variable
outer variable

Prescript

A difference between value in bulk and at electrode
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