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1. The Basis

"An abyés opened up before my eyes when a famous mathematician told
me ‘once in a discussion of fundamental concepts of thermodynamics: ''why
do you/séarch for definitions? You should just use the concepts and

establish their meahing;by usage;" When I'had'recbveréd from the shock

‘of this blésphémdus attack at holy thermodynamics, I realized that this

attitude was quite natural for a mathematician in our time. Since Godel
has blasted‘the idea of a consistent and complete set of axiéms there
has not been any hope for a closed, self-reeﬁforcinglstructure in
ﬁathematiés.i“Why should we search for such a structure in science if
ii cannot'bé‘realized eveh.in mathematics? |
Actuaily the problem of the foundation of science is quite different.

Mathematics is a free creation of the hind, gneﬁéumbered by earthly ties
of éhy kind. Science, however, has a fixed goal, the descriptibn of
nature. Has such a very general, and therefore somewhat pale, idea
eﬁough lifé in it to pfoduce a base sufficiently strong to carry the
whole of §¢ience? | | |

" The p?qblem‘goeS'back af'least to Descartés. Hume as weil és
Berkeley pfoﬁoséd solutions that were both clear and iﬁternally consisfent

although they were entirely different from each other; they satisfied

nobody. ‘Hundreds of pages in Kant's "Critiqué of Pure Reason' demonstrate



his:gigaﬁ;ic Strﬁggleéwith the problem,‘which he éalled the é*iStenCe of
syntheﬁié'g_éinri-étatemeﬁts. But Kant's discussion, lengthy and
cumbergdme;”COq;ainsithe nucleus of a solution, which at once elucidates.
fhe difféfehée of the foundation problem iﬁ sciéhce'ana in mathematics.

 The:$61u;ion1ldéfiyes;preéisely from the fact that SCienﬁe is not
ahtonbmouS‘(in'thé Sénsé mathematics ié) but haS'a'pfédestined goal. It
foiloWé wi;hout'questién'thaﬁ a concept is pafi of the basis‘of science
if I can ghow that itvis”inévitably required in the description of
nature.’ Thé evidence*tﬁatia_concépt is an indiSpensabieftbolvisvneceg_
Sary.and”sufficient in selecting the bésic concépts and building the
foundétion of science. 7 |

~ But can this'evidencevever:be established free of any doubt? Are
we not f1ungihg into the méfaSs'of scholastic philoéophy? After all,
thié'abéffation wasfélaboraté and'logiéally consistent, and its concepts

had only:tﬁe one small defect of not corresponding with anything in the

world of reality. The way to answer these doubts is the direct démonstra{

.tion of those concepts that are indispensable tools indeed. Before we
show these concepts, however, a few comments will be useful on how to

find them.

2, The Method

In order to find the basic concepts of science we proceed by the -

rules of scientific research itself. That means in this case that we

A

‘of any ‘and -all research, and to express the results in idealized terms.

have to observe ourselves describing nature, to find the general features

41



All our coﬁcepté are idealized, not only those expressly labeled
as such, ashfor'inStance the ideal gas or the ideal solution. The |
ideélization of moietulés as hard:spheres is‘obvious;'but a calorimeter
is jUst'asuWeil.aﬁ idéélizea thiné and every experimenter tries hard to
corréct'ﬁis‘immédiate observétibns so that they are as close as possible
to results that wOuid beyobtaihed by a perfect instrument (whose heat
conductancé_would.be infihite'inside, zero'oufside). 'We cannot expect
that the basic conCepts ére.differenﬁ and shall be satisfied with
cdncepts‘that are idealized in the same sense as a calorimeter is an
idealized concept. |

" It would be a mistake to make the Validity'of an idealization

dependent on a‘pseudo-prégmatic definition such as: "An ideal calorimeter

is the limit to which a set of improving constructions tend." An actual
set of constructions may very well produce worse and worse instruments
and lead to a wrong limit. If we press the condition "improving," the

statement is empty, because it explains one unknown term by another. It

“would also be wrong to justify an idealization by the claim that the

effects‘of small deviations from the ideal state always cause proportiohate
effects. The explosive power éf'a cargo of ammonium nitrate, set off
cafalytiééily by some impﬁrity such as nitrite, is not proportional to
the amoﬁnt of the impurity present. | |

There is qnly one justification of idealization andbnumerous other

steps in research: success in describing nature.



3. The Basic Concepts

'For a moment let us forget all we-know. Then lét us opéh our eyes ';
and'stérf'deéct%bing what we see. Immediately we realize that we must R,
divide what‘WQ*see iﬁ'partS'which we then can.déscfibe one by one. More
_than5thét;"0ur firsf'descriptioh would be without any vélue if the |
described ijéct were changihg. For a valid initial description we have
to keep an»bbjecf in such a manner that it does not change. How to do
this_is—é'méttér of ekperience. To find the properties.of hot coffee
we-havthd'keép;it'in a thermos bottle. To maintain a document we put
it into a.strongbox._-lﬁ ;fder to preée;ve the battery of’our car we
prevént éonducting connections of the positive pole with the car body. S

»Thus we need two é&ncépis,~which.are coupled, object and isdlation.. |
If a bait*ofvthe wérid can be isolatéd we call it an object. Isolating
an object means to keép‘it'under such conditions that ‘it does not change
Vhatéver may happen in the rest of the world, i.e., in its environment.
_;The<c6nditionsaof'isolationvare eStabiishedrin éverf gingle'case by
ekperienée.f

In this first:sfep we used precisely the method outlined before:
we observed: our actuél pfoﬁedure, extracted the moét generai featﬁres
from it,'andvexpreésed them in cleérly éxplained concepts; They ére
of cburse,idealized. At the sameitime, there cannot be any do@bt in the
inevitaﬁlé nééd of theée concepts for tﬁe description of nature. Thus f _ ' v
we have complied with the requiféments that have been derived from Kant's
wonk.  | o

/ ' . . . .
. An ekhaustiVe examination of-all-isolated objects is still far i ' i

from a cbmplete description of nature. We have to find the general

v



features of interaction between objects 'and the general concepts required
for describing interaction.
A simple gadget to establish interaction between two objects is a

balande. ‘Afweight can be lifted or dropped accbrding to our pleasure,

~ i.e., the height of the weight above the- table is a property of the

weight. Bﬁt when I put two weights 6n a balance their heights are not
independent any more. Whatever the weights are, due to the design of
the'balénce the sum of their heights abovevphe table is conétant.
Similarly, we can put on an»arbitrary electric charge on a storage cell

or on a capacitor. The charge»is'fherefore an independent property of

~one as well as the other. But as soon as we connect the two objects by

wires, the sum'of the two charges is fixed. As another example we take

' two~cups; one containing a potassium chloride solution, the other a

' magnesiﬁm‘sulfate solution. We can change the concentration of either

solution by adding or evaporating water. The water contents are proper-

.ties of bqih solutions. But if we'kéep both cups in the same closed

;bdx the sum of the water contents is constant, though water may distil

from one cup to the other,

" The general characterization of interaction now is easy: An

' interaction means the imposition of a condition

CF(',x") =0 . - @)

on .the properties x' and x" of two objects. We can always transform the

interaction variables in such a manner that on interaction their sum is

constant



dx' +dx" =0 . : : | - (2) . E

Thé»nétUre of thé ihtefaﬁtion sondition ) or*(Z) dependﬁ on . .
the gadget‘Which is used ih_establishing interaction. By ékperience we '
find difféfent modes_of'intéraction, mechanical, electrical, ¢hemica1; 
and so on: As'sooﬁ‘as-we consider several modeé of interactioh, the

Xz ... of an object must
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be restricted. An orderly description of different interaction processes

choice of the corresponding variables Xp, X

requires'thét'éach-must be examined by itself. If we investigate a
capacifbf with movable'platés; we‘ﬁdsf be able to change it electrically - ;
with fixed‘plates; cdnversely"we must be able to insplate it electrically
while wé chénge the distance df-thé plates. The.électrical quantity
which‘cén be used is the’charge;'it.remains constant during electrical
iﬁsulatiohiand can be changed by elécttiéal.in;éraction with fixed plateé.
The Voltage‘would not be-suitable since it éhanges in either mode of
interaction. | |
Wézintroducé'theréfore'the cbncept df generalized coordinates aé
a set of ortho;dnal variab1e§ char#cterizing an object; "Orthogonal"
méans here that any coordinate can be changed in # corresponding mode
ofvintefaction while all other coordinates are fixed. |

There is one mode of interaction without a corresponding-coordinate,

the interaction by contact or thermal interaction. We can prevent thermal -
interaction by enclosihg’the object in a vacuum jacket, crudely represented' . v
by a thermos bottle. A process in which thermal interaction is excluded, -

~is.called adiabatic. But there is no property which is always unchanged

in any adiabatic process, and therefore there exists no generalized



coordinate for thermal interaction. This is a specifically thermodynamic

" problem, which requires the two laws for a discussion.

If we have established interaction between two objects, there are

three kinds of interactions that in view of the condition (2) may happen.

Theyvare.
(a) dx' >0 ; <o (3)
() dx' <0 ; S dx">0 - (4)

~(e) dx'
In the'éxamples the Ealance beam may tilt to the left or right or stay
in the middle position. An electric chafge may flow from the storage
cell to.the capacitor or reverse,'of né charge is transferred on establish-
ing the connection. Water may distil over from the potassium chloride
solution to the magnesium sulfate solutioﬁ dr'reverse; or no water is

transferred.

Tﬁe third case (c) is called eguilibrium. :In the other two cases

we say either that the generalized force f' of the first object is greater

than the generalized fo;ce f" of thé second oﬁject, or reverse. The
experimental decision whether case (é)'or'(b) or (c) is realized suffices
to define the concept of the generalized force f conjugate with the
coordinate X; All details concerning standards and calibration are

arbifrary and -present no essential difficulty. We compare any generalized

‘force with a standard force, its subdivisions and multiples in the same

manner we compare the length of an object with a standard meter or the

hue of a dye with a standard color set.



There is one profound difference. Every measurement, i.e., compari-
son of forces is based on Eq. (5). The meaSurement'therefqre.requireé
establishment of equilibrium. No other quantity in science, except

vtempérétufe; isitié& to-this requirement.

In this whole discussion specific examples have been used only for
illustrafion,'nevéf'tq carry the argument. The discussion therefore has
beeﬁ énfiféiyfgéﬁeral'and the concepts introducéd here‘aré'indispehsable

tools invthejsense ovaant.'

4. - Thermodynamics and Other Sciences

Interaction by direct contact or thermal interaction can be prevented
by ehcldsiﬂg an object in'an’adiabatic_wall, which is é vacuum jacket or
an idealized thermosbottle. |

‘Work ‘is now defined as the'intégral of a generalized'forcé with
respect to the cdnjugafe'géneralized coordinate. Theveﬁergy change e
EF;Ei of.an objectlgbing from an initial state I to a final étate F is

idefined'as.the work done adiabatically upon the object by its environment.
Accordiné to Carathéodory2 the first law is expressed by the sﬁatement
that fhe energy is a property of'the object, i.e., the adiabatic work
done-upén it in the change I > F is always the same for a‘given initial
and a given final state'though it.can be done upon the object in a
vafiety of Qays.

| The'éntroEy chénge bf an object is‘then defined with the aid of
the observation of the adiabatic éhange from A to B. va,this change is
spéntangéus_in'the direction A > B, the entropy difference . SB-SA is
vpositife,_and conversely. If the adiabatic change is revefgible, we

set SB=$A.

S
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In order to define an entropy change quantitatively, we take into

account’ that we have only a single independent variable of state left

if we keep all coordinates fixed since in this case only thermal inter-

action is admitted. We choose the energy as the variable and represent

the entropy change by means of a new function T as

s - GEIT o | - ()

where the small change indicated by d is performed at constant coordinates.

The quantity T has the characteristics bf‘temperature. This is shown by
considering the transfer of heat (energy transfer without work) from one

object (A) to another (B). This transfer proceeds spontaneously

ds_=.dEA/TA + dEg/Ty = dEA/TA - dEA/TB >0 7)

if TA for the energy recgiving object A (dEA >.0) is smaller thén TB for
the energy IOSing-objéct B. |

The entropy of any other state is measured by combihation of such
a purely'thermal change.with an'adiébatic-reversible'change for which
the entfdpy remains constant. | i

It is a matter of.taste whéther or not these fundamental thermo-
dynamic cqn;gpts should be included with the basic c§nceptsvqf'science.
In any case,'tﬁermodynamics‘coﬁpriseS‘our knbwlédge of equilibrium and

of chahgés procéeding near equilibrium and thus may be considered to be

“the root of all physical sciences. From this common root sprout all

branch sciences by eXtending their scope to non-equilibrium phenomena,
kinetics and’dynamics in mechanics and chemistry, molecular theory, and

SO on.
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Ih an epiétemolbgiqal discussion, teéhnology is included in
science-fofx; peéuiiaf reason. In all natural sciences reproducibility )
of every'obséfvatidn is'required. Thereforévwe must be able fo chénge j.
-thevsfatéfof an& ijecf to any state that is desired as an initial state
for7fhé réﬁefition.of'én,bbserQatioh.A But this is'precisely'thevgeneral

problem of tgchnology.’“

5. The Significance of the Bésicctoncggﬁs

| Inrfiew of tﬁis:di$cussi§ﬁ it will be clear that the instruction
given us'by‘Kaﬁt leadé indeed to the foundation offphysicél Séienée.
Numerous indications in the literature demonstrate the need for a straight
and c1eér:presentatioh‘of these foundations.

"~ The most illusérious expressibh of this need has been given by
E}.uv'enfé:st,"3 one of the most profound'thinkers in the field of thermo-
dynamidé?vin a discussion of thé:prinCiple of'Le Chatelier and Braun.

He found that in this principle one needs a clear distinction between
‘what tdday wé”céll generalized coordingtés and.fOrces.v'But he did not
fiﬁd'é fully satiéfactOry SCIution.énd ffankly séid so. Much later
Planck4 took up the question. Neither his pap¢f‘nor the énsuing dis-
cussion5 clarified the issue.although'it was felt that a much more
importan#'problem than ‘the principle of Le Chatelier‘aﬁd Braun was
invdlvedQ 4, | |

It is strange to see that these difficult discussions would have

been resolved in a few minufes had the eminent participants been aware
of ‘the need of equilibrium in the measurement of all foices.__It appears
that there_hés'ﬁotzbeén.ahy péssibility of recognizing this blain fact

before it Waskepistemologiéally deduced. !
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Due to a historical accident, generalized coordinates and forces
P U : . 6
have frequently been confused with extensive and intensive properties.

Most often, however, a clarification of these terms has not even been

attempted. . =

Thévmeaning of:the term "work" has been répéatédly discussed in
the literature. Gibbs apparently has never really tried to explain the
meaning of work. A Casuél remark in a‘footnOte7 to a discussion of free
energy says: "....the question is virtually, how great a weight does the
state of the given body enable us to raise a given distance,.no'other&
permanént'change being produced in eiternal bodies?" This statement
illusttates.very>We11 the change of free energybbut it cannot be used
for a’generai explanation of the térm "Qork” because it sets up an open-
ended.research problem in é?ery casg.l But attempts in the same direction
have béen’made.8 'Efen if they were succéssful,_they would not solve the
whole problem since we must introduce two of the cbncepts coordinate,

force, and work. The third, of course, follows from the others.
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'6; vThe Application of Mathematics in Science

The béSic’éonéepts'Ofvséience have beén developed as the tools
inévitébly.ﬁecessary'forvthe'goal'of scienéé, the descriptionldf nature.
Mafheﬁétiés has no such ektérnaiiy pfescribed goal; its style of life'
is theféforefdiffefeﬁt. In sciencé,'the foundation is clear and.n§t ‘
subject fo éqy possiblévddubtﬁ buf'e;ch single statement of éubstén;e
is éternaily'opeﬁ tdlre-exémination and pbsSible discard.? In mathe-
mafics:anY‘éorrectly derivéd'sihgle statement is removed from possible
'doubt; but the foundation is‘Still under discussion.

In‘view of this essential difference hathemétiés cannot help
- science in fgndamentéi_quéétiOns. Mathematization of science, in
péxticuiar'ofithermbdynamics; is an illusion, notwithstanding'its

initiation by a great master.

There is a well known principal difficulty in-applyiﬁg mathematics

- to science. All our observations:are affected by a finite error; the
#gsuitslaré'therefofe eipressed by rational numbers and they‘conStitﬁté
a denumerable set. A digital COmputérvwith é suffiéiently large memory
can store thé sum total of quantitative science. The utiliz#tidn of the
whole'cohtent.of the memofy without loss of information is a.solvédg

problem; there exist programs for computations with integers of any

desired number of digits;;o Thus we can, in principle; draw all possible

conclusions without leaving the realm of rational numbers.
But almost all models we use in representing observations are
constructed in a continuum. In other words, when we represent two

/

_ observations in‘a diagram by drawing a straight line througﬁ them we add

to the experimental information a number of points that exceeds by far the

number of all rational numbers. R

A

o™
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One may draw various conclusions from these facts. Nobody of
course will wish to give up the wonderful shorthand of mathemétics and

in particular fhe operations fequiring continuity. But we must realize

that these operations in science require arbitrary assumptions which

necessarily transcend any possible experiehce. In this situation it may
be a good policy'fdr scientists not to worry about the mathematical

problems of the continuum.

Summéry

The foundation of science, and of thermodynamicé in particglar, can
be develdpéd cogently and without arbitrariness by afprdcedﬁfe'derived
from Kant's epistémological discussions. The goal of science, description
of nature, is externally giVen; it requireé a set of basic concepts as
indispensable tools. 'Mathematiés.hés no similar eXternallyﬂgiven goal.

" The consistent development of the foundation of science leads to

‘the detection of gaps in thermodynamics and to the elimination of wide-

spread errors.
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