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A STUDY OF THE REACTIONS K'p > z*n* (r°) BETWEEN 1.1 AND 1.7 GeV/c

Daniel Frederick Kane, Jr.:
-Lawrence Radiation Laboratory
University of California
Berkeley, California
" April 1971
ABSTRACT
- _ ) . 7 o
We present new data for the reactions K p » £ n* (x°) for laboratory
momenta_betWeen 1.1 and 1.7 GeV/c: angular distributions, polarizations,
. o ' : ! + I
and Legendre coefficients for £ n'; Dalitz plots and invarient mass-

: L A5 . . a
squared. plots for ¥ n no; and cross sections for all reactions.-

For the two body final states we also present a partial wave analysis.

We have developed a new technique for finding new resonant structure when
some resonances are well known, using non-resonant parameterizations in
such a wey that the appropriate resonances are suggested by the’data.‘
Applying‘this technique co the data of this endzifelated experiment
(startingaffom the well established resonances - % (1765), A(1815),
A(18305, itéOSO), and A(2100), we find independent evidence for several
resonances not’nreviously well established. In particular, we confirm the
presence of resonances in the FiS and D13 waves between 1.9 and 2.0 GeV.
We have aleo looked at‘the'couplinge for resonances associated in
repfesentations of the SU(S) group. The quaiity of fit to SU(3)
symmetfiC-couplings depends on the assnmed energy dependence of the
resonanc width, Since the best fit occurs for an energy dependence

which seems to disagree with the energy dependence required for the

partial wave analysis, we propose that the couplings are affected by SU(3)

symmetry breaking.
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I.. INTRODUCTION

'ihe" data for this experiment were drawn from approximately three
quartersibf:a million triads on 528 rolis of film. Each triad is three

views of the Berkeley 25-inch Bubble Chamber, filled with liquid

' hydrogéﬁ;3ééch was taken as a beam of K mesons entered during pressure

expansion. The particles in the béam interacted with the protons in
the chamber, and the basic object of the experiment was to study the
forcesAinvolved in these interactions. All charged particles leave

tracks éf bubbles in the liquid; and, because the chamber was in a

.. magnetic field, these tracks were curved. This curvature yields informa-

tion on the momenta of the charged particles involved in the interaction.
In addition, the density of bubbles in the track yields information fbr_
distinguishing particles of different rest mass.

In“particular this experiment is concerned with the reactions

Kp > 15" (2%

- followed by

+ + + 0
I »7n or I ~>T1p

- The sigma is a short-lived particle which almost always decays within

the chamber. The visual topology--incoming beam track and two outgoing
tracks, one of which "kinks"--occurred on the average once in twenty-five

triads. Experiments studying these reactions at energies partialiy

‘overlapping'our.range_have been repofted.(1-4)

Of the four known microscopic forces--the stronginteraction, the

electro-magnetic interaction, the weak interaction, and gravity--only the
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electrdhaéﬁetic interactipn is well enough undérstood to have a
detaiied; éoﬁerent mathematical formulation. Thé décay of the sigma
involves the weak in'.teraction:, about which sufficient is known
\e*periﬁen#ally for the purposes of this study. Ourmin concern here is
the primary reaction, which proceeds via the strong interaction. A few
generai cﬁéracteristics of this force are well established; beyond that
thereIAfé‘at'the preéent time a proliferafion'of theoretical models
which.éttempt to account for various aspects of the observed phenomena.
The model most appropriate for:the energy ;aﬁge of this experimentvis
the:resonanCe‘model, which pictuies the strbng interaction as proceeding
by the formation and rapid decay of an.iptermediate particle.b This
partiCle; or resonance, decays so rapidiyﬁthatrit is detected only by
the wa;:its decay products are distributed; the strong force is |
QbserVanOhly by the type and distribution of the outgoing particles.
In pérfiéu}ar’it has been suggested that for two body final states such
as ours;:thc strong interaction may be completely acéounted for by>

(5)

resonén¢é effects. If a resonance is truely an independent pgr;icle,
we eXpe;t:it to be seen in mofevthan one reaction.v This experimént
cannof,by itself study this matter; however, it does add to the store
of observations upon which this study must be based.

Thé:following discussion proceeds from fherdirectly observed to
‘the model dependent interpretations. Section II describes how the data
were brought into usable form. Section'III‘prgkents the direct

expefimental results: the cross sections (probabilities) for the

reactions and the distributions of the final state particles. -~

e
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Section IV exploits the well-established properties of the strong
interaction to represent the two body final state§ in a generally

useful form--the partial waves. . Finally, Section V attempts to

interpret these partial waves in the context of the different models.

The daia*for'the three body final states are incomplete, and no
analysi$ is attempted. These data.are included here because the
experimental prbceduge deécribed in Section iI'is indispinguishably
applicablé to both two and three'bbdy final states, and because a
simplé, p£ftia1 interpretation can be and is presented.

fhe’primary concern here is to present the experimental results,
alongiwith_some appropriate interpretafion. We shall endéavér to
describe“the_underlyingvphysical concepts, skip over the details of

derivation by referring to the literature, and present the exact

formulae used in analysis or interpretation.



II. EXPERIMENTAL PROCEDURES

A. X Beam Design

Thevﬁwo-s£age separated beam for the 25-inch‘5ubble chamber, shown
in Fig. 1, was designed for a wide variety of experiments. The use of a
target in the external proton beam of the Bevatron made this secondary
beam indépéﬁdent of the Bevétrbn'figld and allowed for the selectionvof
pbsitive:or negafive'particles; Fi?e,bending magnets and a momentum
slit allowed the selection Qf beam momenta'varying from less than
1.0 BeV/c to greater than 3.0 BeV/c, with mamentum bites typically
* 1%. Thelglectrpstatic sepérators'(sPeéthmeters in figure) with two
mass siits?éliminaped undesired paftiéles. Twelve quadrupole'magnets and
a Verticéi-tollimator shaped the beam for most efficient momentum
selection .and mass separation; The slits and collimator were made of
uranium'énd‘were variable for different beam configuratiohs. 'Whiie '
taking:film,fthe chamber was a péripheral user’of the Bevatron; a rapid
beam ejéctbr furnished the primary protons. ‘Whenever possible two RBEs
weré used-}before and -after major users got beam; the chamber could
pulse twipeéper Bevatron cycle and, at this rate,"take about a thousand
triads per hour. Finally, a beam destroyer magnet swept the primary
beam off the target when the nﬁmber of beam particles entering the
chamber réached the desired level. ‘

The.specific problems for the K beam were obtaining sufficient
flux and{éliminating the n flux. The numbér of K~ particles in a beam
dro?s exponentially with a mean decay length depending on momentun: as

the beam momentum ranged‘from 1.7 down to 1.1 BeV/c, the'beam line




effective1y increesed from three to five deeay_iemgths.v Obtaining
sufficient”flux was the more difficult problem at the lewer momenta’
where,th'e' deeay loss was greater'. The 1~ flux was about one hundred
times greater than the K~ flux at the productlon target and decayed much
more slowly. The electrostatic separators, in two stages, dlverted the
v~ beam away from the medlan plane. the distance, A, between the two

(6)

beams 1n the mass slit dependlng inversely on the momentum, :

Here my and m_ are the-respective masses and V, £, and d are the voltage,

length anﬂ_piate seperation-ef the separator involved. Separating the

'"‘.beam_from the K~ beam was the more difficult problem at the higher

momenta.vao solve these problems, the beam optics were designed to trade,
at lower momente, effective separation for flux. The semarators were
always run at maximum voltage. At lower mementa, where the center to
center separatlon was larger, the beam size was magnified, allowing more
of the angular dlvergence from the production target to be accepted into
the beam. The K~ flux, determlned from the tau decax mode, averaged.
roughly 9 to 11_partic1es per exposure. The exact contamination of the
beam at the bubble chamber,‘lees than 10% ™ or M, was not critical

since normalization was not determined by a beam count. Details, both

" for the'oVerall beam and for the K  beam, have been written up in

(7

technical notes.



The film was taken during the period from May, 1968 to July, 1969
with theik; Beam tuned to fifteen different momenta. Table I shows the
normalization within the beam phase space and chamber volume cuts.

The momenta were determined from the fitted tau decays. Although some

of the mgmqn;a were esseritially the same, it was necessary to treat the
subsgts:sepgjately‘sincg the beam profiles were different. For
explanafioﬁ_qf termino}ogy for and discussion of the cuts, see

Section II-D. The significanée.of the microbarn equiv;lent.is discussed
in Section III-A. Further details about the normali;atioﬁ have been

(8)

written up in a technical note.

B. Bubble Chamber Characteristics

The bubble chamber, as a detection device, is based on the

principie of ions triggering bubble formation in a super-heated liquid.
The 25-inch bubble chamber filled with hydrogen had adensity of .0603
gm/cm3 tméasﬁred'by range of stopping pu's). A signal from the Bevatron
vstarted'a:relaxation of the pressufe, causing the liquid to become
superheated;;thevbeam entered the ;hamber before tﬁe pressure reached
minimum. After a delay of éﬁout two milliseconds the lights were
fiashed, recording a triad, and the preséure restored.-'Thg density;df
bubbles depended on the positionvof the beam in the pressure valley;
their size-dependedvon'the light delay. .These paraméters were,maintaihed
such thaé'the bubbles would be about .4 mm in diameter with a density of
10-12 bﬁbﬁlés per centimeter at minimum ionization. The jonization

(9)

caused by a given particle depends-onvits velocity, 8:

e
<
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is the ionizing energy lost by the particle per unit length. While the

. curvature of a track determines the particle's momentum, particles of

diffefent;maSS would have different velocities and hence different

bubble densities. For example, a 1.0 BeV/c proton (p) causes ionization

roughly twice that of a 1.0 BeV/c pion (v). One view of a typical event

is showﬂ‘in'Fig. 2.

C. Daté Reduction

Théré were four stages in the reduction of the data from visual
patterns"ohafilm to physically meaningful numbers; namely momenta and
aﬁglés; The first two stages, scanning the film for events having the
desired pattern and then measuring these events, were accomplished using
the COBWEB system of on-line scan tables and Ffanckensteins.(lo)
Scannersbseﬁt to an IBM 7044 computer, via teletype,_informatidn
concerning each event's type and location (roll, frame, grid positions).
All evehts-with kinking tracké Qere taken. At a later time when the roll
was on.a Franckenstein for measurement, the computer transported the film
to the proper framé and drove the stage to the fiducials and vertices.
Operato;s'did thé final ;entering. Track following was used on long
tracks, while the connecting track was oftgn measured in the two point
mode. A pulse height indicator was uSed to measure the projected bubble

density as an indication of the ionization. Measuring rates averaged

about twenty events per hour for this event type. The final two stages



of data reduction, geometrical reconstruction from ihe known locations
of fiduéiélé in three views and then kinematic fittingvto reaction
hypotheéés;-USed the proétams of the Data Handling Group, FOG and
CLOUDY,'respeciively, executed on an IﬁM 7094.(11) The measured momentum g,
of the beam track was modified by an edited value obtained by fit;ing

highly ééngtrained An+ﬁ' events. Usually no infdr-;tion was availéﬁlé

for the cbﬁﬁecting track, so tﬁo starting values wefe obtained assuming

the visible decay particle was forward or backward in the cenfer of

mass; a simultaneous'fit to both Verticeslwas then used.

For most events, fitting was restricted to the hypotheses of |
interest. Initially a sample of data with negative track kinking was

fittéd'asiwéll to K~ hypotheses to look at the problem of ambiguities

|
|
|
(particulhrly K'n'n fitting t-ﬁ*ﬁo). Events that were anbiguous - |
: . o y
were studied on the scan table. From this it was estimated that i
excludihg any event with a lifetime greater than .6 nsec. would leave
a cohtamination of roughly 1/2%. This would gxclude some sigmég, but
weightihg'would account for them (see below). Therefore, any event
was exqiudéd from further consideration if: a).the connecting track was
well meéﬁﬂred (error on momentum relatively small); and b) the lifetime
as detefmined from the measured mpmentum, and assuming it was a sigma,
was greatef than .6 nsec. This'applied to positive kinking tracks as
well, éinCe the£e were,élso positive and negative pion decays. All
eventsfbf'this type which did fit the sigma hypothesis well were looked
at on.fhe scan table. The number that were truely sigmas was roughiy
that exﬁecfed from the known lifetime. On the basis of the remainder h_ :

it could be estimated that there remained a K contamination of 1/2% for




n+z'.and12%-for 2t n°. By fitting to the K'z~ hyﬁothesis, all events
in‘which’the_three outgoingbmomenta were roughly C6planar, a 4% contamina-
Ntioh:of:thé ﬁ+i- topdlogy was eiiminatéd. Negative kinking events, which
did ndtifi;'#hé.sigma hypotheses and were not beyond the lifetime cut,
were alsﬁiffied aSva-K+; if they fit well, they were excluded from further
cohsideratibn. | | .
Tﬁgldéta reduction of teﬁs'of thousands of events required a great
deal ofhbddkkeeping ahd event selection techniques. Information from
scanning; meésuriﬁg;;and geométricél reconstruction stages went onto

az)

"master7iiét" tapes using the BOOKY program on the CDC 6600. Events
that were selected as unambiguous good fits or as beyond thé lifetime

cut were;so flagged onvthé master list. All other events became

~ candidates for remeasuré;' Logigal‘selection of events used another
program of the,Data Handling Group, FAIR. In particular, there were two
main cléssé#,of kinematic ambiguities: for the £’ both n' decay and

P dccayihypdtheses gave good fits, for "iz;“o both starting values led to
good bufléignificantly different fits. For the decay ambiguities the
ionizatioh information from the Franckensteins was sufficient for
resolution in 30% of the cases;(ls) most of the rest éould be resolved
visually by scanners. The three-body ambiguities could often be resolved
on the’béSis of the ionization of the sigma. In ali'cases the scanners
senf thé»éﬁent back fdr remeasurement 1if discrimiﬁation did not involve
a factor of two between the bubble densities required by the'fitted'
momenta. Along with this ionization scan the scanners looked at all
events not measured, sometimes correcting cleri;al mistakes such as-

wrong event type or wrong frame number (grid positions identified events;
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wrong numbers were often adjacent or from wrong view), sometimes
 rejecting the event as unmeasurable or failing scanning criteria. Such
events, as well as the resolved ambiguities, were eliminated from or

_corrected on the remeasure candidates. Roughly 25% of the events were

" remeasured and Went through the FOG-CLOUDY-FAIR sfstem and an ionization

scan. The overall statistics are given in Table II.

D. Cutting and Weighting

In order to normalize the numbers of events to the beam path length,

it was necessary to make cuts in the beam phase space and chamber

volume; these cuts are given in Table I. The phase space cuts, position

at chamber window (YEND, ZEND) and entrance angle (ALFE, BETE), determine

a swath as the-Beam-passes through the chamber, hence the chamber

volume is established by the initial and final locations along the beam

direction (XVTX). vThese cuts were determined from the distributions for

the tau‘decays, where necessary for each momentum; events were atCepted
within three standard deviations of the mean for determining cross
sectioné, within 4.5 standard deviations -otherwise., The distributions
in YEND and XVTX were not gaussian; a comparison of the tau and sigma
distributions is given in Fig. 3. Not all sigmas decayed inside the
chamber, so it was necessary to establish an acceptance volume for the
decay vertex (X2, Y2, Z2). This was chosen to be a cylinder 43
centimeters in diameter- and 15 centimeters in height; the distribution
of events with respect to this volume is shown in Fig. 4.

The scanners, who were looking for kinking two prongs, were

unable to find all sigma events: sometimes the kink was not obvious,

e
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either bécdhse the connecting track was too shortdof too long or
because the deflect1on of the decay track was not notlceable. TheSe
losses are related to the 11fet1me and decay angular distributions of
the 51gma and can be corrected without biasing the study of the forces
at the pr1mary vertex. Those events determined to be subject to loss
were cut,frem the sample and the others were weighted individually
accordingfte the_fractien.of the lifetime and decay‘distributions so
elimineted._ |

The.iifetime of the sigma in its rest frame is distributed

exponentially, the number decaying in an interval dt at a time T being

dN = N° exp(-t/rm) dt

Here rﬁiietthe mean iifetime'and the eriginal nuﬁber, N® is unity for
weightiﬁgvindividual events. Duratien in the rest frame is translated
into dlstance traveled in the lab frame by the product of the time
dllatlon factor and the veloc1ty The same product translates rest
z; hence, if theiﬁedentum remains

-constant,'the distance between production and decay vertices, L, is

mass, mt, ‘into lab momentum, P

The momentum dees change,_however, as energy is lost bypionization; s0
when Studying the 1ifetime,distribution, an accurate integratien.was

héed tefdetermine 1 from the track length and the production momentuﬁ.
The dist?ibution of lifetiﬁes was indeed exponentiel, within.statistics,

in a limited range excluding both large and small values, Figifs. The
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mean lifetimes, calculated using a maximum likelihood technique, were
determined for the sample of events passing all.cuts.u4)' These are
given in TaBle I1I fbr each topology. ”

It was necessary to cut out events decaying within a certain
distance IMiN' For each event this was translated into a.minimum life-

time

TMIN © min

e

The production momentum was used. There was a slight tendency for
vertex diSassoqiation when the connecting track waS very long; a

maximum length cut, LMAX’ was established. Also there was a cut direc?ly
on the lifetime, Ty to eliminate meson contamination. Hence it was

necessary to choose a minimum [rowm the upper cuts on the lifetime:

i)

m
- Z |
“max = MN 5 haaxe poT’ k],

The maximum length- and the potential length to the wall of the decay

volume,‘LpGT; were translated using the production momentum. This was,

although not strictly correct, a sufficient approximation in relevant
cases: if the sigma had a high momentum (minimal ionization loss) or
the cvent occurred very close to the wall, the momentum could change

but insignificantly. In other cases 1, was the minimm. - The fraction,

k

fr’ of the lifetime distribution falling within the limits is

£, = _exP(-TMIN/Tm) - explotyay/1) -

L e T
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For purposes of we1ght1ng, the mean lifetimes were taken from a large

(15) .

stat15t1cs-exper1ment.
.- = 1.47
1.+ = 0.80

The decay angular distribution of the sigma is isotropie ih two
properly:ehOSen variables. The direction of the'deeay in the sigma's
rest frame can be correlated only with the 51gma's sp1n direction. Thie
may in turn be correlated w1th a direction perpendlcular to the sigma's
line of flight'(production normal or decay normal).( ®) However, the -
distribution of the'angie between the deeay direction andvthe line of
flight‘everages over any such effect. Similarly the angle between two
planes ahoUt'the line of flight, the one cohtaihihg the decay direction,
the.other conteining an arbitrary, chamber fixed-e—axis, is.unaffected.
These two varlables, 6 and ¢ respectlvelx are, when transformed to the
rest frame, the polar and azimuthal angles in which the decay distribu-
tion should»be 1sotrop1ca11y distributed. The events missing from these
distributions, Fig. 6, were those with imperceptible kinks. This made
it neceesery to deternmine a minimum acceptable d,$5c. Also certaih regions
of ¢, debay toward or away from thebcameraé, were particularly subject
to loss; | | |

The cut.on the variable 6 must he trahsformed into the rest frame
(¢ is invariant under this transformation); The.Lorehtz variables,

n and y, are respectiveiy_the momentum and energy of the sigma dividedr‘

by its rest mass. ' I e
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* . *
p sin §

P sin §

P cos §

]

o« ' *
nE + yp cos §.

- * ' o
The constants, p and E%, are the momentum and energy of the decay
particie in ‘the rest frame; the momentum in the lab frame, P, cancels in
the succeeding derivation. The relation of the cuts in the variable .

_ . .
c = cos . § to,the cut angle, Gé, is

EIN -T%R ¢ \[1 + 721 - R)
i+ T2
. *
T = y tan Sc , R= HEI
. YP

"This fr;ggformation of the angle is pregented graphically in Fig. 7.
That,‘fpr'£+ +p 7°, -vsméll‘s'can correspond to both forward and back;
ward-de¢§y$ in the rest frame is evidenced by the loss specific to this

" decay tybé,'as shown in Fig. 6. The fraction of the distribution, fd’

not cut out of the sample is

(cF - ¢) RrR> 1.

H’
"
N =

f6 =5 {c + 1)) R < 1.

since ¢ is evenly distributed between -1. and +1. The case in which
the radical is negative, corresponding to the confinement of all lab
decay angles within the cut, was avoided (see below).

’Théidistribution in ¢ was folded and 4 cut, ¢C, made on the -

S
- .

a2 N iy &
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deviation from the nearest of 0°, 180°, or 360°. The fraction of the

distribution accepted, f¢, was simply

f¢ = 1. - ¢c/90.

The threé'vériables¥ét, 5,\and‘¢¥4were uncorrelated; therefore, the
fraction of the overall distribution which passed all cuts was the

product of the individual fractions. Weighting each event passing all

.cuts by

1

fr-f8~f¢
Should‘then.give a statistically accﬁrate, for sufficiently large samples,
represeﬁtatioﬂ of the actual number of events. As the extent of the cut
is increésed, a poiht should be reéchediét'which the wéighted number of
evéntsfgeasés to cha520=j-thehincr¢ase in the weights juSt accdunts for
the eventsvnewly cut. Tﬁié w;s in fatt the case, and this techniqué was
used to détérmine”ihe appropriate cuts. |

"A separate set of cuts Waé determined for each of the three decay

types: -2—,* 7N, s u+n, and 5t f-pﬁo. The :  differs significantly
in its ﬁeén lifetime, the p'decay in the tfansfprmation properties of
the ahgle;‘ For determining the overall numbers of_gvents‘(i.e. for cross
3ections); the apéropriate value for the cut in a given variablé was
taken to be thatﬂvalue for which the increase in thevWeighted number of .
events becéme negligible. For distributions in whiéh.the relative
numbers 6f'events were of éolé importénce, these cuts‘coﬁld‘be relaxed
somewhﬁt{~ Since the loss of events depended oniy on sigma.ﬁomentuﬁ'and

chamber geometry, the effect of cuttihg and weighting was studied as a
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functlon of s1gma momentum. 'For'production angular distributions and
1nvarlant ‘mass- squared dlstrlbutlons, the cuts were chosen such that the
further”lncrease in the welghted numbers of events.was statlstlcally the

. s + .
same'fOr all sigma momenta. For polarization of the ; even the relative

numbers were not 1nvolved essentlally all good RN p1ﬁ) were accepted.

ThlS decay type was not used for any other purpose,.however, 51nce for
very h1gh 51gma momenta all decays were conflned to small forward lab
'1ang1e§; Wlth all events cut out, repopulatlon by welghtlng was
imposeip}e. The cuts used in the final analysis are given in Table Iv;
the nunbers of events in.three classes-failing beam phase‘space or
chamber volume cuts, pa551ng ‘these but falllng length or angle cuts,

and pa551ng all cuts--are given in Table V

E. _Efficiency'Correctjons -

th all of even the'most obvious events are found during a single
3scan;;furrhermore,_not all of the good events get through the data
reduc}ionqio be used in the data analysis. The cross sections,
repreSenting absolute numbers of evenfs, must be corrected both for
_scanning,efficiency and for what will be called "throughéput efficiency."
' In'orderrto.avoid-over-correcting,)these efficiencies were determined
for the class of events passing all'cuts.

Slightlyvoyer_half thevfilm was scanned a second time. All events
found on -only one scan were checked, and évents either unmeaaurable or
failing scanning criteria were eliminated (these correspond to '"measure
reject sustained" in Table I1). From the remaining events a scanning

__efficiency could be determined for all events. This was done for each

-t

]



* scanning efficiency for all events passing all cuts. The results,

-17-

beam momentum, the results varying from 88% to 95% for a single scan.
The good events found only on the second scan were also measured and

made available for analysis. Thus it was possible to determine the

varYing‘frbm.QS% to 98% for a single scan, were significantly different
énd rééresént the scanhing éfficiency'for obvious events. The
efficiencies for'mdménta scanned only once were determined from the
efficiencies for individual scaﬁners;‘the scanning efficiencies for two
scansIWéreAnever less than 99%. 'The'feSults are given in Table VI.
 Events were considered "good" fits, and henge used in the data
analy§i§,'if their chi-square for goodness of fit waé less than 19 for the
four cons£raint fit or iess'than 11 for the one constraint fit (missing
heutrglj."As can be'seen from Table 1I, roughly half of thé events
remeésured met these criteria. This suggests tﬁgt the chi-square is not
a,g00d;$ﬁ§ti§tical'indicator, presuﬁably bétause of the difficulty in
measgrinéffhis event t?pe} One estimate df}the'through-put'efficienéy(
assuﬁég'tﬁat'all events which fit.represent'all'trUe events--some true
events fail to fit while some fits are fakes;cxa Still there remain
some 1860'evénts; conéidered‘satisféctory on fhé‘rescan, which did noti
have'é-fit attémptéd (remeasure, FOG, or CLOUDY rejects). Assuming the

fraction of these that would fit is the same as for the other remeasures

 gives a”éecond estimate of the through-put efficiency. The values used

in the analysis were intermediate between these two, with errors

reflecting their difference. Since the former could be determined both

- for all events .and for events satisfying'allzcuts, a difference of about

1%, the_final valués included this adjustment._ The datawere handled
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in four batches; a through-put efficiency was determined for each

. batch, as shown in Table VI.



* have been designated by laboratory momentum, P, ,.
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IIT. EXPERIMENTAL RESULTS =

‘A,” Cross Sections

~ In the discussion of experimental procedure, the subsets of data

LAB" However, a mor¢

meaningful designation is the center of mass energy, E.y,» which is the .

square root of the Lorentz invariant

) L 2. S
S = (PK" ‘+ pp)

K

Here P - and P_ are the four-momenta of the beam particle and the target

‘ _particlé-réspectively; Designation by E., will be used hereafter.

Also, aithéugh it wasbnecessary‘to—treat the data in‘fifteen distinct
subsets because of the different beamiprofiles, some subsets have
essehtiﬁily the same momenta and<Qi11 be combined for all further con-
sideratiohé;' In Oﬂé case thfee subsets have almost identicél momenta;
iﬁ twd cases two subsets have been combined begause their means are
within one standard deviation. This is shown in Fig. 8, which gives

the disttibution of fitted momenta fbr'both T decays and I events. For
the foimef; the outgoing tracks.érevall well measured and the fit tends
to constréin the beam momentum to its:correct value. This is not as true
for I events, especially those with a missing neu;ral. Hence, in

general the peaks are narrower for the_z events than for the « decays.

In particular for the two cases mentioned, the & events show a double

peak but the T decays not. (This indicates that the use of a beam edit

(see Section II-C) distorts the results of the kinematic fitting. At

the-l%_level, however, this was considered tolerable.)
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’The éross section for a given reaction is just the number of such
. events with the dependence on beam and target densities removed. The.
produ;t.bfléross section, beam path length, and number density of target
particies'yields the number of actual events (noé all of which are
obserVed).r The microbarn equiﬁalent, u, is inversely related to path
lengthfahd:nﬁmber density; it gives the cross section, in microbarns,

represented by a single event. The cross section, o, for a given subset,

i, is given by

Here wi'isfthe weighted number of events after cuts, si and ti are the
scénniﬁg and through-put efficiencies (expressed a§ fractions), and f
is the fiactionvgoing into the décay state used.(18) The s; and t. are
expre;sedfin Table VI asvpercentages,'the u; are given in Table I. The
- error on-the.crossvsection combines the statistical uncertainty,:based
on the unweighted number of events, with the uncertainties in the other
féctors.‘ These other uncertainties were notbnegligible in some cases.
Where‘subsets were combined the microbarn equivalent was determined
from‘the suﬁ of the path lengths, tﬁe combined'efficiencieé were the
épprépriéfély weiéhted mean of the individual efficiencies. 19). fhe
energy was determined from a similar hean of the moménta. Table VII

gives the resulting cross sections (in millibarns), which are also shown

in Fig. 9 along with results from other sources.

e
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B. Two Body Final States

ﬁegiecting the spin ef the baryons, thereeare only two independent
variaﬁiee‘in'the case of two body final srates. There are four four- |
momenta, each restricted by a mass constralnt conservatlon of energy;
momentum 1mposes four constralnts, and the space t1me frame invariance

(20)

1mposes a further six constralnts In terms of Lorentz invariants

two standard cho1ces are the varlable s descrlbed prev1ously and

= (P - - P %
t (PK 'Pn’) :
2 2, _ DE 4 - k-
=my ¢ mnt_ 2 (EK Eni ;kK kni cos 0)
For a given center.of mass energy, Ecm =\/§, the energies, EK,ﬂ,.and‘

magnirpesZOf'momenta,ka’ﬁ; are determined. Hemce cos e,.where.e is the
angle between the incoming'beam direction and the direction of the out-
going pion in the center Qf mass; is.ah eqmivalent-variable. it is
convenieht to use cos 6 because distributions in this variable can be
expanded ih the orthonormal series of functions, the Legendre polynomials.
The energy dependence of the data is probably best summarized, in the

energy. range here considered, by the coefficients of this expansion.

The spin of the baryons should not be neglected: although the target

protons were unpolarized, the sigmas may be produced in a polarized

state. The three following subsections present the numerical distribu-
tions in cos 6, the polarizations in different regions of cos 6, and the

Legendre expansion coefficients.

1. Angular Distributions

‘The first step in determining the angular distributions was simply

to count the numbers of events, weighted and unweighted, in twenty equal
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bins of cos 8 at each energy. These results--the raw data--are given in
Tables VIII-A'and B. Normally the error for each bin would be the ' i » *f

statistical uncertainty based on the unweighted number of events. For a

¢

given energy, i, and bin, j, ' _ ' !

Without nofmalizing, tﬁe distribution is just thé weighted-numberé of
evenfé, wij; n;; are the unweighted numbers. However for a chi-squre
fitting procedure, su&h as that described in Section IV, the errors
should be Gaussian. For large nij'the above error apprbachés the -

_ Ggpssian error desired; however, for our limited amount of data, many
bins fallwbelow a Qeasénable cutoff.

'Rétﬁer than going to larger bins in general, we have decided to _
combinevbins, where necessary, in such é way:és to preserve structure.
The éombiniﬁg of bins was performed by thé computer--not oﬁly to avoid
a.tedious chore, bﬁt more importantly to avoid any introduction of bias
by visual determination of structure. The computer Wagvgiven an
algorithm, the coding for which is listea in a technical note.(ZI)

Briefly,ﬂif‘a single bin féil béldw the limit, it was combined with the
smallervof the adjacent two. If a string of bins fell below the Iimit, @;

they were combined successively until the total surpassed the limit;

v

this continued until any remainder had to be added to the first bin
beyond the string. This procedure was tried from either end and also
from‘the center progressing in both directions. Whichever of these

possibly three binning arrangements gave the smallest
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- n.)2
t (n, -n)

was us¢d;iﬁhere the sum is over the totals, n., which surp;ssed the
liﬁit @L;:'We used a minimum of n = 9 except at the two highest
-venergies:1 

| 'Thé;finél‘réSuits for the angular distributions are given in
Fig. 10; the'error bars indicate how the bins were cohbined_and the
abﬁroiimately_Gaussian_erroisvascribéq to fhe‘totéls £oi each»;ombina-

tion of bins.

"2; Poiariiations

| It iS possible that the sigma pérticlesvare produced with their
;pins preferentiallylaligned aldng the normal to the production plane,
aloﬁglzk x_fﬂ (s;e section IV-A).. This may be observed because the
sigma'deggys via thg parity non—conserving weak interaction; the disfri-

bution offthe direction.of the decay baryon is given by
. f(8, cos x) d cos x = A (1 + aP(8) cos x)d cos x

where X is the polar ahgie'betWeéh the decay baryon and spin directions, -
A‘and @ “are constants, (2%) The polarization, P, may depend on the
: productibn angle, 6. This was in fact observed in the case
Z+ + wop;_Wheré a ~ -1.0; for ¥ 5 1t the knan-values of ; are
abproximately zero:and.in our data the distribﬁtionS'in cos X are
gverywhere consistent with this. . 3

Although it was impos;ible to know the spﬁn direction, the
precessién of the spin beﬁween prbéuction and decay vertices was
negligibié_in the magnefic field§ used. Hence we took x.to be, using‘_-"
azimﬁthé;;symmetrieé'éf both production and Qecay, the,hngle bét&één.'

the proton direction and. the production normal--both in the sigma rest
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frame. For a given combination of bins in cos 6 we determined :

Si cos-Xi

P = aoN

where the sum is over the N events in the combination of bins. The

error is*given‘by(zs) o . .;j

where
Q = MIN [(aP)z, 1.]1.

Thevsums-of polar cosines (£ cos xi) and numbers of events (N) are given
in Table VIII-C for each of twenty bins in cos 6. The bins were
combinéd’éccording to the previously mentioned algorithm with é minimum
(except.atﬂthe two highest enérgies) n = 20. The final results are \ }
~given in_Fig. 11. An absolute value greater fhan.l. is not physical | i
but i$_a result of limited statistics; However, it was felt that
fésettiﬁg such values to ¢ 1. would be a less valid representation in
_view.of‘the relétively large errors. For estimating the error, which
sﬁould'pé Based on the true polarization this limitation was used.

3. Legendre Coefficients

- In view of the theoretical considerations presented in Section IV-A,
it is best to expand the angular distribution in the standard Legendre
polynomiéls, and to expand in the first associated Legendre
polynomials a distribution which is the product of the angu%ar
distribﬁtion and the polarization. For this purﬁose the angular

distributions were normalized such that the zeroeth order coefficient in
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the expansion was

A = —Z
° 41%2

Here.d is thé cross Seétion'torrequnding to the angular distribution in
questionf 2ﬁX is'the center of mass wave length for the input channel at
fhe‘giVeh-energy. -The coeffiéiéntS'were obtained by a linear fit
'réquiriﬁé*simple matrix inversion. It was found that our data were
consiétent with expansion through seventh order. When eighth and ninth
order were added, the probability of fit tended to fall and all
coeffiéiénts remained unchanged within errors. In particular, the'

eightﬁ éna,ninth order coefficients were consistent with zero at ai;
’energieég |

"”I*The‘Legendre‘coefficients for the angular distributions, A,

are given in Tables IX-A,B. For the product distribution a problem
.a?isés;*lbeneraily-the bolarizétions are binned too coarsely to permit
expaﬁéibn”throﬁgh seventh order. Expanding tovailower order would

igﬂqfé Séme information from the more finely binned angularvdistributibp;
For this‘purpose only, the polarizations were determined for the same bin
structuré as fhe corresponding angular distributions{' To average out |
flu;tuafibns, thé polarizatibn was not déterminéd from just the events
- in the particular‘combination of bins; it included‘iﬁformatidn,
symméf;iCAIIy and with successively less weight; f}om~up to'threefadjécent
-bins;f 6étai1$ of.this procedure are given in a technical note;Q;')
~ It should be.emphasized'that.the independence of the varioﬁs bits of
information is not strictly pfeserved in this process. The e§pansion

coefficients for the product'distributiOns, BN, are given in Table IX-C.
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(The zéfoech'order polynomial is identically zero; the first column
is icciuded only for consistency.)

The dashed curves in Figs. 11 and 12 show the resultant functional
represéntafion of the data. In the case of thc polarizations there are
occasional wild gyrations. These‘occur where the expansion in the An
apbroxﬁ@afcs zero (see Fig. 12-B) and the expansion in the B is
varying, not necessarily rapidly. (The polarization is repfesented by the
ratioiof the latter to the former.) In the physical theory below,the AN
and BN.depend on the same set of parameters in scch a way that this
cannct Hapben. Thexcurves are omitted at 1.952 and 1.970 GeV; these two
energiesawere combined to obtain the coefficients at 1.961 Gevﬂ' Both had
insufficicnt data to be fit to seventh order, while requiring n o= 9;
also fhe angular distributions and polarizations were not very different
between the two. The same was truevfor the angular distributions
(ﬁ+2_bcvcﬁts) at the two highest energies; however, since they were at
the uppcr end of our data, these two were not ccmbined. 'The binning
limit hcd‘to_be lowered to 4 for 1.644 GeV and 6 for 1.694 GeV.

Ip the final analysis only fits directly to the cngular distributions
and polarizations carry full statistical significance. Still, fitting
to the Leéendre'coefficients--although they represent the datavonly'with
some goodness of fitland although the Bn are not strictly independent--

is much.faster and therefore advisable in the search mode.

C. Three Body Final States

When a third particle is added to the final state, there are three

additional variables (e.g., the four momentum constrained to known mass).

SSRGSV SN R U VI
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A complete description of these data will not be given here; however,
the distribution in three variables has a ready interpretation and will
be displayed. These variables are the total energy in the center of

mass, Ecﬁ’ and the two invariants

‘2

: = (P - + P %

m0 (>1r z

m2.= (P ++ P 0)
A b

Since these two are squares of the rest energies of subsystems, they

are called invariant mass-squareds.

1, Dalitz Plots
. A scatter ﬁlot in two invariant mass-squareds is termed a Dalitz
plot. For a given value of Ecm the points. are kinematically confined

within a boundary given by the curves for cos v =21
‘m =‘E + 2i-.m2-2‘»(E"-Eo‘.-k'°ko¢OSlb)
: g mz, Y nt L LA

Here.thé'energies and momentum magnitudes, E and K, of the mesons are

"determined in the (Pzi + P" ) rest frame. These boundaries are shown

with the scatterplots in Fig. 13. Several values of Ecm are includedvper
plot to make the structure in mi and mz more appafent; this is possible
because of the independence of the variables. The events from both

+ 0 . + + . : . .
I »wpandr - 7 n are scatter-plotted in Fig. 13-B.

" The structure in the'plots is the bands which are more densely

_ populated than the rest of the bounded'region.rllf the center of mass

distribution of the three final state particles were isotropic, the
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distributién in two invariant mass-squareds would be flat: the points

(24)

would'bévevenly distributed withiﬁ the boundary. The plots in

Fig--13'd0 not give a‘completely\aCCurate pictufé since they are
necessarily Qf unweighted events; thé weight depends essentially on
‘the-léborétory momentum of the sigma and does véry systematically across
the néfrow direction of the bounded region. This is shown in Tablé X,
which;tbﬁbines ail center of mass energies. Still the weight does not
vary g;eat}y/nor account for_theinoticeable disparities in density.
Cléarlyigértain'valuésUof invariant mass-squared are préferred; this may
be interpreted as quasi-two‘bbdyvfinal states in which one of the

particies is unstable and decays immediately.

2. Invériént'Masé—ngared Distributions

iThé distributioﬁ in one of the invariant mass-squareds ﬁight be
cpnsidéfed a.projection\of the Dalitz plot into that coordinate. Both
invafiahﬁ'massfsQUared distributions are so shown, with the proper
orieﬁfafion,‘in Fig. 13. These histograms are of weighted eveﬁts, and

in Fig. 13-B only the z+ > n+n events are included. Such distributions

may be deceptive, however, in the case of an elongated Dalitz boundary: a

concéntfé;ion in one invariant masS-squared may be reflected into a
concentration in the other. There is also a third subsystém,
(Pﬂ; + P"o), but our data show no gvidence for a concentration in its
invariant mass-squared. .

To aid in the interpretation of these distributions, it is
convenient to superimpose the shape the distribution would take for .

complete isotropy. - Since each plot combines several values of Ecm’

¢
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this curve is calculated for their mean value; also the same curve is
used for both mi and mf distributions, neglecting the small mass

differencé'between;the neutral and the charged pions. The curves have

been scaled by eye to approximate those regions apparently unaffected

by théiéonéénfratibns. This had to be“done simultaneously for both
diétributidns with due regard for possible refléctions. It does not
coﬁstifuté a fit; the curves are merely visual aids. 

| Theré are se?eral well;known:unstable partiéles, or resonances,

in this region. Their identifications, mass-squared vaiues_and widths,

and fréétional decays via the Ir éhannel include ")
5(1385) - 1.92 % .05 10

A(1405) . 1.97 * .06 1.00

A(1520) © 2.30 £ .02 41

A(1670) 2.79 + .04 .45

5(1670) .. . 2.79 %+ .08 . .40

AC1690)  2.86 t .09 . .40

Therqihre;othersvat higher inﬁariant mass-squareds. The I resonances
could appear either in mi or'mi, the A resonances only in mi. Higher
resonances are suppressed kinematically: the.purely statisfical
probability for a reaction occurring is proportional to the céhter of
mass momentum,'which decreases as the masses of #he particles increase.
There is no clear evidence fér even the last thfee resonances listed. At
sbme,engrgiés there'méy be a possible enhancement around 2.0 GeV2 in

2 Lo . ' ‘
m,, indicating presence of I(1385). The major enhancements are near

2.0 and 2.3 GeV2 in mg; the A(1405) and A(1520) are clearly present.

The resonant contributions vary with energy and with the charge of the



finalvstaté particlest From this can be inferred some information |

!
about the strong force in the quasi-two body reactlon ‘but no analysis f

‘-w111 be attempted here. S

-

@ ‘s : - /° o 8 }




IV. PARTIAL WAVE ANALYSIS OF n'g'

“A. ‘Theoretical Basis

Aifhoﬁgh'the strong iﬁterac;ion still eludes coﬁpiete understahding,
cértainfbf'ité‘propérties seem to be well established. These include
vthe cbnsé%vation of chaige, hYpércharge, and baryOn:ﬁumber, which we havé
tacitly[#SSumed even in thé'éeiectionvof reactions for study. Invariance
under the transformations of the fﬁlleoréhtz group (implying conserva-
tion dfféﬁergy, momentum, and énguléf mémentum),'iﬁvaxiance under space Tre-
~ flection (¢onsefvatibn of parity), and invariance under time reversal
also seem well established. The conservation of energy and momentum were
used in thé kinematic fitting. The situation for angular momentum and
parityfis Cémplicated by the intrinsic spin-parity of the pérticles -~
1/2+ fér p‘ahd z, 0 for the K and 7, Total'éngular moméntum, J, is
conSerQéd'but quantized to half intégralvmultiples of the basic quantunm.
Since both initial and final states are intrinsically 1/27, conservation
of parity'iequires conservation of orbitailangular ﬁomentum, L, as well.
Also withiﬁ thé quantum nature of the angular momentum, one of its three
componen§s is conserved; this is analogous fo chargé qonservation since.
charge may be considered a componeﬁt of the internal spin, isotépic spin.
iThe coﬁéervatipn_of isospin also éeems to be wgll established. We shall
hereafter_refer to total anéular momentum as spin.' Finally, the initial
and final.state baryoﬁs may have either of two:spin ofiéptations, so that
there afe}fqur possible intefactions to consider. HoweVér, space
fefle#fipn_and time reversal invariance restrict these fb’two,forces,

thevnonfflip and the spin-flip amplitudes.
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Wé.shall now use the conservation of spin; isospin, and parity
(orbital'éngular momen tum) fo analyze our observations of the two body
final stateé. Since the Strong interaction seems to conform to the
postulates of quantum mechanics, the physical states may be represented
by vectors in a real Hilbert space; observables,.such as angular
distributions and polarizations, may be repre;ented by ﬁermitian
operators. The eigenvectors must correspond to states with definite spin,
isospin, and parity, since these are conser?ed. Wﬁen the vector (wave
function) for the final state is expanded in thesé eigenvectors, the
individual amplitudes, stripped of standard (reducible) functional
dependence, are commonly called partial waves. Given these partial waﬁeﬁ,
the distribution of obéeryations may be calculated by finding the
expectation value of the corresponding operator. Conversely, given a
set of observations we may try fo find, through the use of a chi-squared
minimizgtion technique, a set of partial waves to account for them.

This latter process is called partial wave analysis. -

The initial étate, [ ¢ > ; can be specified by a plane wave'and
the Spinbr for the baryon. The final state, [f Y, is related ‘to
the initial state by the scattering matrix, S, which may be written in

a way that explicitly indicates the transitions:

[fY =5 1{y= V1Lp+2iTIL)D
Since our reactions concern the part of {§ ) with different particles, we
may restrict our attention to the transition matrix, T. As pointed out

in Section III-B, it may depend on only two independent variables, which

we choose to be E and cos © of that section. T must be scalar in space and

-
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isospacg; For each isospin-spin-parity eigenstate, T is a two by two

matrix; but a§ pointed oﬁt‘abo\re,'_ there are only.two independent ampli-
tudes. We may write the‘transitibn matrix and obtéin expressions for

obéervabiés as follows. (2% 26)

Sihéé_the transition must be scalar, it must take the form
T = f(E, cos8) + g(E, cose)_g'ﬁ“

where o is the Pauli spin matrix and n is the normal to the production

.plane used in Section III-B

L

=]
X
|

=1
n
X

ol

Here K, zﬁ-are the center of mass‘momehta for the beam’(omitting subscript
‘hereaftéf).and the pion"resﬁectiVély;» Since 3v£rahsfotms as a pseudoveétor,
it must bguéontracted Qith anéther péeudovector; n is the only one
aﬁailablé; 'tThis is th‘the Z;; can be pélarized'only:perpéndicular to
their line of flight.) With spin projection‘taken'dnfo the beam direction,
G-n ﬁas né diagonal'elements; thus g i§ the spin-flip amplitude, f is the
non‘-fl-ip'; amplitude.

£(E, cos®) - o] > [(L+1) o+ L_TiL] P, (cos0)

\/kfk" I,L -

. ! . Tt o 1, §
g.(h, cos ) = = : E [TIL 'TIL] PL (cos®)
: ’ . T .

et

?

All of the angular dependence (bccause of rotational invariance) can be

described by the Legendre and first associated Legendre polynomials,
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L and'Pi respectively. Here the parity is determined by the orbital

angular momentum quantum number, L, P = -(-i)L; and the states affected

P

*

IL

have tried to obtain.

by T are in fact the partial waves we

have spin:J = L % 1/2. The TiL

Since the angular distribution simply counts events (into a given
directipni, the representative opérator is just the identity matrix;
the g matrix, counts events by spin configuration and hence represents
thé prodﬁét distribution of'Section‘III-B. Taking the expectation 
values of these operators for that part of the final state with.nz, we

find in terms of the functions f and g above:

‘ 2 2
-2 del? e 1eh
. 2k
-+ d * -
P H%:Tj- Re (fg)n_‘

We hQVe;uSed the fact that the target proton was umnpolarized. Since the
Legendre and first associated Legendre series are complete and

orthonormal, we can also express these distributions

2

do
e T,
o X x An Pn (cose).

3 do _ ~ 2 1.,
p & - hx % Bn Pn {coss)

where X is inversely proportional to k and explicit dependence on k 1is
- ' R . '"
cancelled. For a given charge configuration the coefficients of the

polynomiéls in the latter expressions are related to those of the former
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. LY
» _by'a'binoqial operator which projects products of two polynomials onto
the combléte series. .Thié'binomiélvbpefator has been tabulated in the

: literaturg;(ZG)

the parts of it relevant to this experiment are given
in Table,XI,-where the partial waves are designéted‘by LZJ (s, P, D, F, G,
being ;;=‘0§.1, 2, 3, 4) with the isospace index not applicable. The

charge states for the reactions considered here are related only to

eigenstates with I=0 or 1.

- T T [Tt i
Kpon 10 =4'2’ TOLJ? * J’Z .T1~‘L<(—J_2')
P 1 .t : + 1
TP w2 <y Ty ¢ \J'z' T V2

Here we have followed the current convention of writing the baryon first

i+

N

in the isostate product, for example oz is {1,-1; 1,1}.05) These pro-
jection coefficients arc tabulated in reference . We shall hereafter
refer to the partiéllwaves by the notation

L or L

2J I,2J

commonly’ﬁséd,fér_thése reactions.

There are two further properties_that are commonly assﬁmed to hold
fof the Strong.interaction. These are causality, the notion that effect§
cannpt‘precede éauses, and conservation of probability, that the sum of
the prob#bilities into all oﬁtgoing states is unity. The latter.simply
'requirés that the scattering matrix, S, be unitary. The implied
restriction‘on the transition matrix is such that in inelastic reactions,

such as the ones being studied, the partial waves cannot‘be'grééfer in
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magnitude than one-half. Causality place$ a restriction on the energy

dependence df the phase, 6.(26) The Wigner condition éap be expressed

2s

> - R

where k is the magnitude of the beam center of mass momentum and R is'a
characteristic radius of interaction. hsing‘the Heisenberg uncertainty
principle; R 'can be related to the inverse of the mass of a field particle;
using aﬁ inverse pion mass, the restriction on ihe phase is that it

cannot move clockwise more than about a radian per pion mass. Causality
can also be related to the analyticity of the S-matrix.(zo) These two
properties seem imminently reasonable and afford powerful theoretical

- tools; however, we have not imposed them in any way in the following

analysis.:’ .

3. Procedure
The paitial wave analysis ofvthe two body final states wés done on
a CDC 6600 using a system.of prograhs described in a technical note.(21)
Only the basic‘conceptsvwill‘be mentioned here. The fifting program used
a modified Qersion of the code VARMIT, which minimizesla function using a

(27) The user must supply VARMiT

variable:métric in the parameter space.
with the function, F, and its gradient, G, at points, X, supplied by
VARMIT; the progfam proceeds by iteration, and in the process‘builds up

the metric matrix, H, which is essentially an.error matrix

BZF

ax¥axV

l -1

" =
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For a chi-squared minimization the function and gradient are
F= b0y -3y -x)g

at,

M= o, Lo -x) e,
ax¥ i 7 axu ot

"The s1mllarlty ‘in structure shown fac111tlates both the eodmg and

executlon-.of the program. The subscnpt, i, may range over dlfferent
types of data, dlfferent energles, and different hms of cose X5 is an
experimental datum, w1th c the inverse square of its error; t. is the
correspondmg value calculated from the parameters We may determine

the last,‘ and its derlvatlves, from the partial waves as follows

dteb dtebZE)“ z:’

L,00
dteb Z B ( ’;iwj._ we
_ aqu dt e,b LaxH axd b

2,27

ow S . AP o
. 4dt,e,b Z B Mo e
ax¥ i1~ a YL

___’Ifhe subscripﬁ, L, ‘is taken to .range over the real and imaginary parts of
thepa'rt'ial waves for a given reaction at the given energy; these W:

are thexnz'e:l’ere simple real numbei's. The binomiall'Operator,gdt, carries ,
~ the waYes' into either the A, or the Bﬁ. Hence if the Xs are the

coefficients, the weights, Wit e.p. ATe all unity. For angular
' ’ ] o .
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distributibhsAthevweight is proportioﬁal to iﬁtegralS-of Legendre
vpolynomiAIS-(another summation implied) over the given bin and to the
ratio 6f experimental to calculated cross section. For polarizations
the weigﬁtfis proportional to integrals of associated Legendre
polyno@iéis_and inversely related to the calculated éngular distribution
over the'giVen bin. Not only are these time consuming calculations,
but also in both of these cases the weight is inversely dependént on
the pafémeters. :
While it would be preferable toﬁdetérminebthe partial waves at
éééﬁ energy separately, ahd thus not presuppose the energy dépendence of
the pafiiél waves, this was_not considered féasibie in this exﬁeriment.
The information content is essentially represented by fhe expansion
coefficients, so that Table IX indicates twenty three pieces of
information at each energy; Since the seventh order coefficients become
signifibant in our energy range, Table XI indicates need‘of eight two-
component_waves for two isospin states, or thirty-two independent Wi.

Thus we have given the waves a variety of general energy dependences:
B: (q, +q,k +q, k?) +i (q, +q. k +q, k%)
RS UM 3 94 795 * * %
20 i (q, *aq k+q k)
P: (q1 +q, k + a4 k") e 4" 9 L'

. 2
V: q, (k - qz) elv(qS Ty k o+ s k)

!
] ' i

q
ql.qs,dl(E)4e 4

(q, - E) -1 d,(E) q5 -

e g e ey
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Thé last_ES-just the Breit-Wigner resonant parametrization, and is
discusséd’in greater dgt;il in Section V-A. The functions, d;, dépend
only §ﬁ the energy and'appéar'dniy‘as constants in the fitting. The
,engrgy §éﬁéndence'of the other parameterizationé ié through the center
of mass beam momentum, k. The only reason forfthis was to facilitate
chécking:fhé.causality féstriction mentioned abdve. We emphasize that
no constraints were placed upon any pafaméters. 1In particular the
mhgnifﬁde.of.P was'allbwed to go negative and the various zeroeth order
' ph#se'pétameters, which are redundant modulo 2#, were allowed to take
qn’én}"Vaiue.

‘ Fréﬁuéntly both a iésbﬁaht and avhon—resonant parameterizatién were
included in a partial wave. In this case they were simply added, with
‘the intention of keeping the gradient structure as simple as possible.
Since”fﬁe'reéonant parameterization contains an arbitrary phase, this
i$ cqh§isfent with'unitarity.(ZQ) -Hﬁwever, in the fits we sﬁall describe
we héVe:ﬁot needed this parameter. Agaiﬁ we point out that we have not
tried to impose unitarify; | |

In bicking starting values for a fit, one could either do so
randéﬁly:or attempt to use knowlédge already available. The former is -
ﬁore;iﬁpbftant for energy.independénf fits; we have chosen the latter

approaéh} First, some of the partial waves have well established

(25)

i

resonanéeé just below, within, or just above<our.energy range.
These resonances are often seen in more than one reaction; which con-
firms their interpretation (see below). We have coﬁsistently included
thevwgll established'résonances in DOS, ﬁlS, F05; F17 and G07.among the

P

starting values; other resonances were introduced as seemed appropriate.
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The first three .resonate at energiés beiow the range of this e*periment;
wevhave'fepofted elséwhereian analysis.of data from another experiment
whicﬁ eﬁcémpassed these ene:gies.(Zb) We have inclﬁded those data in the
fits to beideséribed here;'in Qrder to beitéf determine the J = 5/2 wéves; .
and we have gtarted from the resonance parameters obtained in that
analysiﬁ.'.For the resonances in fhe J = 7/2 waves, we have started from
thé generally accepted values.(zs) The GO7 reSonates-at ;he upper end of
our'energy"range; this limits the feliability of the pafameters we obtain
for it. 'Secpndly,gbacause of the observed nature of the Legendre
'coeffiéieﬁts and the structuré of Table XI, it is clear that the higher
order wévés emerge only at higher‘energies. Fof this we have made use
of the V parameterization, starting its q, slightly below our energy
~ range. Otherwisevwe have conSistently started all othér‘parameters from
- zero. . | |

The énalysis was carried out in three stages; The first might_be
tefmedva:prefit: all resonénce parameters were fixed, as were the q2's
for any Viterms. This fit supplied a set of “background' waves
consistent with the presumed resonant structure. In the second stage all
parameférs wére left free to vary. vThe reasoning behind this pfocedﬁre
is as follows. The resonances first established are usually inAthe
higheét'oider waves open at the energies in queétion; This can probably
bé'undqrsfood from Table XI, which shows that the highest order
expansioh chfficients with any significance can depend only on a
limited number of partial aneS, the highest order ones; hence any
structure in these_éoeff?cients can most readily be interpreted.(zg)

These high order waves do not by themselves account for the structure in’




P

all thé_coefficients;_but'it seems appropriate to start all other

waves from zero and let the fitting program extract them from the data,

vusingvvt:}ieA fixed waves through means of the binomial operator to analyze

the coefficients. This must be done in two stagés, since given the
choice of varying eithe:VZero Or"non-zero parameters, the b:ogram
initiaiiy chooses the latter. The third stage, after studying the
resultihg energy dependehce of individual waves, ihyolves changing
appfbpfiaﬁevWaves to a simpler parameterization, with estimated starting

values. . This may be done several times, starting with the stage two

" results in most waves, Thus the fits come in series, distinguished not

so_much by‘starting values és_by starting structure. The structure 6f
thglfitsvis given in Table XII; in each wave the 1ettefs indicate the
type of parameterization, the numbers indicate how many parameters wcre
freg,f§ yary. For P(4) tﬁe_quadratic coefficients Qere fixed at zero, |
for V(4)’the q, parameter was fixed. The phaSesfor all resonances were
fixed t6leitherA0 or m, and in the last fit sqﬁe'mﬁsses were fixed. The

table indicates the grouping by series.

iC. Results
The results of the paftiél wave analysis afg depicted in Fig. 14.
Thésé piots in the coﬁplexrplane, éalled Argand diagrams, show the
varia#ioﬁ_with-energyfof each partial wave, LI,ZJ' The results are'élso
listed in Tab1e XIII for the three fits with highest probability; the
Legendre coefficients predicted by these three ére plotted in Fig. 15,
superimposed on all data preéently available for the fwo reactions in

the energy range covered by the analysis. Since the parameters obtained
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in the fiisvépecify the energy dependence, both Eig; 14 and Table XIII
present the partial waves at equally spacgd energies, not at the energies
of the‘déta;: The statistical parameters describing the goodness of fit
Varé givéh in Table XII; these'include the number of degrees of freedom,
the x2; énd'the probability of fit. For second stagevfits'the X2 and
numberféfi&égrees of’freédom for the corresponding prefit are also
given.H:This table only describes fits to the Legendrelcoefficients; for
" fits with pidbabilitieé of at least 1% the xz was calculated both from
the original.data--the cross sections, angular diétribﬁtions; and
polariiétions--and-from all the Legendre coefficients plotted in Fig. 15.
The aveféééﬁéontribution iﬁ éach case is given in Table XII.  :

Kiiiéftempts made after the use 6f the V parameterization was:
vinétifﬁted.have been included in Table XII. All of these are not
" represented in Fig. 14, however, since within a given series the Argand
diagrams look cssential}y the samé in most waves. }The'results of two
Afits_to.;he original data are shown for comparison with the corresponding
fits'éSVtﬁe coefficients. These fits, as well a$ two fits to all the
data:intfig. 15, will be discussgd at the end of the Section.A First.
we shéll'report some observafions that apply generally to all fits aﬁd
then comment on the individualrattémpts.x_r

The first general observation is fhat fhe fits are rem;rkably good,
folloWing smoothly not only the coefficieﬁt$ used in-the fit bﬁt élso
on the é&erage all available‘data. The second is that the coefficients
predicfed by different fits are very similar.where data is available.
Both ‘may be seen in Fig. 15 for the three fits with highest probability;

and decent fits within a given series show even less variation from' the
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barent s;iﬁtion; the additional xz‘contribution ffom'individual points
being smAii§: One can see that increased statistits; giving smallef
errﬁrs,'wouid'not distinguish these soluiions at most energies. Only
in'thé Bn for the I~ final state, where polariiation'data is-unaVailable,
vdo the'Soiufiohs sho& markéd differences. This meansithat a unique
solutidﬁvcéhnOt'be obtained Qithout Supporting data from other reactions.
“There i$ some>information‘availéble in thé litefature for the feaction

(29 e have calculated

K'n~» 2 Xbiin the lower half of our energy range.
'the‘x2 fromgthese data within the rangé of our fits: for just the'croés
sections (22'data points) the average contribution was 1.60 for fit Al,
2.10 for fit B2, and 1.61 for fit Cl; for the angular distributions
(151 data'points, where we have combined bins to‘eliminate those with
zZero coﬁtéﬁtsvand errdfs) the respective averagéé are 1.09, 0.88, and
1.06.‘_Sincé the neutron is not free but in a deuterium nucleus, the
individual reactions are difficult to disentangle; also with limited
statistics it is difficult to place definitive errors on the results
obtainéa;‘ The interference between hon—flip and Spih—flip forces. could
also be resolved by studying our reactions’using a polarized target,
valthough this may nof be poséible with avaiiable éxperiﬁental fechniques.
The next observations refer to the general properties of the partial
waves. There is certainly_no violation of unitérify;'none bf the waves
~"approach the wnitary liﬁit of .5. The situation with causality is not
quite so clear; reports on the earlier fits over the 1jmited énergy
range descfibed rather large violatioﬁs of the Wigner condition.(so)

With_a wider energy range, however, the waves cannot vary rapidly at

some energies without getting into trouble at others (except at-the end
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of the féﬁgej; also the use of quadratic terms in.tﬁg general parameteri-
zations-éddé more flexibility to the minimization. The fits 6ver,the
broader’éﬁefgy.range_do not seem to show significant violation of
cauSality.v To look for ﬁiolations in Fig. 14, consider the Wigner limit
of one radiéﬁ per pion mass clockwise as roughly 60° per 140 MeV. Since
the symbols in Fig. 14 are spa;ed by 25 MeV, a clockwise movemeht of more
than aﬁoﬁt 10° between symbols constitutes a local violation. Most waves
actua11y ﬁove counter-clockwise, especially for J > 5/2. Some of the
low'ordérvvavés do have rapid clockwise motions but usually close té the
origin or near the end of the enérgy range; for these the significance is
obscure since non-violatinngaves are within errors. Other violations, such
Aas the D03 in several fits, could be related to the unappealing
comple*ity_bf some other waves; such a situation may reproduce the results
of a simpier structure unavailable to the parameterization. In thé'final
series we imposed ihitially all structure that we felt could be takén
seriously ffom the earlier fits, then removed the quadratic‘debendence’in
the P terms; the results plotted in Fig. 14-Gl, show no violation of
causality.

A fiﬁal general observation might be made about the use of the
parametefi%ations with quadratic phase dependence to look for structure
in the WaQes., The contrast with the B parameterization, where the real
and imaginary éomponents are parameterized independently, is described ‘
below. Apparently the pedundancyfmodulo 27 in the zeroeth order phase
parameter can'be'put tOEQerx good use. Tﬁe problem is that a
minimiiatisn program, such as VARMIT, can Oniy find local minima; it‘goes

to the minimum nearest the starting point.' Thus the choice of initial
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energies is. unacceptable, since the A
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_Valués is'USually crucial; if the program starts from poor position, it

may be trapped in a high valley on the x2 surface. In our fits we have

observed that whenever the second order phaSe parameter is large,_&hich

is needed'forlnarked'structuré‘within a narrow energy range, the zeroeth

order phégeaﬁarameter ié numerically of the same order of magnitudé.' It
appears’thaffﬁhe‘prbgram'can use the redundancy in this dimension to move
albng‘thé direction of the corresponding second order parameter. Since
this is uSuaily’occutfing in several waves, one can imagine a very
striking picture:. there are soimaﬁy acceptable minima nearby, 2n away in
several'Variéﬁles; that the x2 surface is extremely "slippery'"; the program
cannot sfop in high'véllejs; but is only satisfied in some rather deep
depression. This is ﬁOt guaranteed to be an absolute minimum; however,
this pictufe”suggests how we have been ablé td get relatively low xz.
Also it encouraged us to ignore the problem of starting values. This is
not really jdstified; however, since the solutions starting from zero non-
resonapt'QAVes are good, the problem would be one of uniqueness, a
problem weihave found just by varying initial structure.

We Qhéll now coﬁment 6n the individual fits listed in Table XII.
A-series; A first fit to the entire enérgy_range with only resonances in

the J = 5/2 waves indicated that the upper portion of the energy range

‘could not be reproduced without continued contribution fromthese waves.

~In the second fit, Al, P type backgrounds were added to the three

resonatinggiow in the range; the result was one of the fits with highest

probability. However, the D5-F'S interference continued into lower

5 coefficients are known to vanish.
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Severalflqng'series of fits were then attempted to remedy this, varying
resonant -structures and searching for new parameterizations. - All had
higher Xz,'all had the same problem at lower energies. Al is presented

as representative of the whole set.

vB—serieéLuvThe V'pérameterization proved to be thg key and the first fit
using'it;:Bf; was quite succe;sfui. EQeﬁ'thqugh the F15 resonance of Al
‘was iepiéééd’by a V term, the wave passes thfough the imaginary axis at
roﬁghiy fﬁe same energy with about the same magnitude. The F05 and
F15waves were suggestive of the double resénance structure reported
'elsev».Vhe‘ré.".'(4 ) The fit B2 made this variation and reached the lowest

x2 we have obtained, although thg complex variation in S01 suggests that
this may‘beifortﬁitous. There are well. established resonances in the bls
and D 03 wévés below the energy range we arerfitting.(zs) In this series
the D03 was included and allowed to vary; it was shifted away from the
accepted v#lues. The significance of this isvminimal since'ou; range
»did‘no;\include the resbnapt energies.  Simi1ar1y we would minimize the
significéncé of our results for higher resonances in fheﬁFS waves. If
they do.fésonate,\our energy range does not span their widths; and the

v paraméterization'is fairly successful at reproducing them where we have

data.

C—series; Both of the-above series have a D13 which passes thfough the
imagiﬁérf'axis, counter-clockwise, at about the same energy. In fit Cl

we paféméterized this wave with the suggested resonance, with good results.
A résoﬁance in this wavé had previously been repprted for the aZ final

state, with a slightly lower mass.(3 ) This fit retained the“douﬁle
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resonances. in FOSIand F15; in this case the two in F15 were movéd to
appro*imaiély’the same méss with amplitudes greaﬁef than 1. Since they
“had oppoéité‘phase,'the resulting wave did not violate unitarity, but the
meaning "':ias' vébscure; Notice that With-ventirely different parameters, the
F15'wafe‘is'51most fhe same as in the B-series. In fit C2 the higher
resonénces'in FO5 and F15>were ?eplacéd by V terﬁs with essentially no
change. ~In fit C3, we tried'té introduce thé resonant structure suggested
by the Pii,éhd P13 of fit Clj alsb we added the well established resonances
in D03 #nd‘blS, with'fixea parameters, to look at the effect on the D13
resonancevbf Cl. Probably'ioo much structure was introduced simultaneously,
the x? isvrelativély high. Therefore, in fit C4 all of the structure of 1
was rétaihed.eXCept_in thejPll wave, which was.given_resonance parameters
compatiblé{with A resonance réported in the gA final.state.81’3)The fit,

although good, moved the resonance to a much lower mass.

D~seriés;  in this case, the prefit was not followed up since it was in
éuch gfeaf diségreement with the data. All of the structure of C3vwas
included, but the backgrouﬁd'waves.C0uld not adjust to it since.the
‘xesonaﬁﬁes.in P11 and P13 were fixed. In particular the Pil, with masé
fixed to' the value reported in mA, induced large departures from the data
at ﬁearﬁy énergieg.
E-series. In order to stﬁdy the effect of the resonances beiow our energy
range, the fit El was tried with a very general paraﬁeterization. ;Only
. the well establishéd resonances were included:and \'; te;ms were added to

all bﬁt_the two highest. In the second stage the parameters for the D03

and D13 resonances were kept fixed. The waves with J > 5/2 were -similar to
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earlier fité, except for a significantly larger GO7 and a non-zero

G17. The waves with L £ 1 remained similar to the prefit results
contrasted with the B parameterizations below. Finally, the fixed
resonances in D03 and D13 did not significantly distort these waves from
the results of the C-series: the D03 lost the causality violating cloék—
wise loép; and the D13, although no longer following the perfect
resonance circle, still followea a counter—;lockwise 100p‘going through

the imaginary axis at about the same mass.

F-series. Again this series was stopped after the prefit. The structure
in FO was eXactly the same as in EO, except that B terms replaced the-P
terms in the waves with L £ 1. The resulting waves for both prefits are
shown in Fig. 16. Although EO proceeded for some time and reached a
minimum wifh rather detailéd structure, the FO fit reached a minimum after
several iterationsgsz%he waves parameterized with B terms have somewhat

similar position and direction, but show no detailed structure.

G-series. In this final series, resonant parameterizations were
introduced wherever consistent structure had been seen in earlier fits and
‘the quad?atic dependence of the P terms was removed. In particular :the
P11 was started with the resonance parameters seen for the sA final state
and a P term was added; added to the resonance in P13 was a V term set

to vanish above the energy range. The fit was good although the resonance

in P13 was rejected, moved far from the energy range. The resonance in

P11 was made very broad so that the displaced spiral of the P term
provided the structure of that wave. The V term of the D03 added a

counter-clockwise loop onto the tail of the fixed resonance, and the
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second résoﬁaﬁce in D13 reached'parameters»similar to those in the C-series.
Finally,ﬁaii anes with J :;5)2 are similar to earlier fits. The wave
inbch is"ﬁop §ignificant,vsinﬁe it differsvfrom ?é:o at only one data
energy. _In.G? the»suggestedvresdnance'was added to D03, and double
resonances Qith-fixed masses teplaced_the p#rémétéri;ations in both P11

and F15. The fit was rather poor, the new resonance in D03 was rejected.

Atvtﬁis point’searching for new solutions was terminated. Clearly
as more.expiicit structure iS imposed the X2 increases; this was observéd
both”Staftiﬁg from Al, and in the series we have described. This is
consistent with the statistical meaning of the Xz, since a set of
observations are more likely expressable with a good set of geﬁeial
parameterizations than with quite explicit parameterizations. The P and -
v paramétgti?ations seem to constitute such a good set; and 6nly»theorgtical
prejudiéé; bésedvon the causélity principle and the resonance model,
encouragé$ going to the more explicit resonant parameterization. The only
experimentaily valid reason for replacing V and P terms with R terms
would be achieving a similarly successful fepresentatipn.with féwer
parametérs; and the probability of the.xz»for the nuaber of deg;ees
of freedom is the test for this. On this basis most of the fits

describgd‘above, excepting the prefits and probably C3 and G2, cannot be

‘distinguished; the data do not constitute a large enough population.

Inclusion of data available from other experiments is indicated; also
since new resonant structures are suggested near both limits of our
. . Ty .

energy range, and since some waves can be reduced to essentially

structureless energy dependences, going to a broader emergy range.is
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recommended. We consider this beyond the scope of this experiment.

Howe?er, we have taken some of the solutions found above and allowed
thé fitting.tb prbceed with larger populations of data. This was
facilitated by having the metriclmatrix,_H,‘punched onto binary cards
at the end of a fit. A subsequent fit with a different set of data,
but the samé parameters, could use this as a starting matrix. This
eliminated the large‘number of iterations needed to build up a useful
metric matrix. Since the execution time per iteration is roughly pro-
portional td the number of.déta points, these extra iterations ought to
be done with the smallest reasonable population of data. We searched
for solutions with 368 data points (the coefficients in Table IX plus
thoée from reference 2b); the times per iteration_averaged about four
seconds when all parameters were free to vary (time was also proportional
to - the numbér of terms in the gradient), and on the avefage about 700
iterationslwere required to reach the minimum. For prefits these numbers
were about 2.5 seconds and about 1000 iterations, respectively.

As ﬁointed out in Section III-B above, the statistical
signifiéahce of the fits to the Legendre coefficients is obscured by the
procedure used to obtain them. Fitting the original data with two .early
'solutiong, including Al, showed that the results ffom the fit to the
coefficienté were not misleading, either the waves or the probabilities
of fit. Therefore subsequent fits were not carriedoer to and continued
with the ofiginal data except for Cl. The resulting waves from continuing
Al and Ci with the original data afe shown in Fig. 14 as fits AD and CD,
respectively; the statistical indicators are listed in Table XIV along
with iteratiqn times and numbers. In AD the data from our two gggrgies,

1.952 and 1.970 GeV, were left combined; in CD and in the xz calculated

;.

N
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for“th;?}*z/nP)d lisiiﬁéliﬁ.fable iII; these two en§fgiés were
sep'ar'ate;lﬁ.. “In the 'iatte;'j'case the 'nu;nbel_' of data points was 644; the
largé iﬁcréase_in the time per iteration‘is'indicafiVe of thé extra time
iﬁ calclurlfét_iing‘ f}{e"distribﬁtions from he coefficients and in evaluating
the more-;omplex gradiénts. 'We'point out that, quite aside from the
“time factbr;‘this.compléxvdependence.of the grédient upon the parameters
discoﬁfégéd'us‘from.Attémptihg.prefits to the'trbﬁs_seciions; angular
distriﬁdtibns‘and polérizations.

We élso continued two fi£5‘with all the available coefficientsi these
data, which are shown in Fig. 15, extend slightly beyond the energy Tange
of the‘o}igina1 fits. We chose the fits that we considered the most
flexib;e and-the most spécific:‘ the fit E1 contained only the well
estabiiéhéd resonances, with V terms added to the ones at lower energies;
the fi£YC4; although it e#clbded the two well established resonances
below our range, included or implied (through C2) three additional
‘resénénceé with masées in our energy range. The latter was tightly
restrictedvin its parameter space'and_reached minimum after very few
iterafions, The former, aithough initially'having.the highest Xz’with
resﬁect‘to this population (sce Table XII), was able to proceed to a
much_lbwer XZ. The waves resulting from this latter fit, EA, are quite
similar to those of El, perhaps surpriéinély cpnsidering the number of
iterations; in;fact, the wavesvwith J = 5/2 tend to be éloser evenvthan
those of El to corresponding waves of B2, Cl, and Gl (ail of these fits are
shown in Fig. 14). This suggésts that the fit improved the X2 by small
variatibnsvin all waves, a point supported by the following: Thé fitting |

program was stopped by a time limit after 263 iterations, having reached
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a~x2 of i374; the reﬁ#iﬁiﬁg‘small drop in xz required another 260
iterations, and a minimum was still not reached. Since the .program
seemed'id be wofking'on minor details,thé fitting ;as not continued.
This population of data contained 1048 points and resﬁited in an aimost
exactly pfoportional increase in time per iteration.. Future fitting of

‘the entire:data sample might best follow a procedure of first fitting a

set of'points which average all the data in narrow energy bands. That all

the data does not come from the same general populaiion, but presumably
are derived from the real population‘by slightly different experimental
techniéués, is indicated'by the larger xz contributions. For these two
fits, CA and EA, the mean xz'contribution at each energy is plotted in
Fig. 17; the error is the,standard deviation of the mean. Since major
discrepancies in the data occur in the L~ coefficients around 1.8 GeV,
more data in this region is desirable. We point out that the worst of
our sets of data is at1.644 GeV/c; in Section III-B we questioned.the
statistical significance of this one, but altered the statistical
requirement iather than combine energies. This choice was made because
the sé£ZWas near the end of the energy iange; in general we consider our

results near both extremes to have limited significance.
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V. INTERPRETATION OF PARTIAL WAVES |

A, Tﬁe Resonance Model

The'ﬁreit-Wigner resoﬁance'paraméterizétioﬁ for partial wéve$ may
be'deiiVéd'éithér by'the Fourier transform of the wave function for a
decéYiﬁgysfhte dr from the linéar_expanSion;.near the lowest channel
threghoid, of the'effective rénge of the force. 33 1t takes the

general .form

1
2V ey
. P . r
ER- -E -1 5
Here Ep is the resonant energy; Fe>is a measure of the coupling to the

"élastic;:qrvinitialvstate, ¢hanne1; and Pr iS‘a measure of the coupling

fo the‘;éégtion,.qf final_state, channel. The‘quantity I' determines the

width:bfftﬁe resonance and is required by unitarity to have the form
rezr

where.thg'sum is‘ﬁaken over all bommunicating channels. In the interj

pretatidnvof the resonance as the forméfion and rapid decay of an inter-

mediate pafticle, the Fourier transform associates Eé with its rest

~ mass And T with the inverse of its lifetime (the more‘channéls open or

more strdngly coupied,_the more quickly it decayé),b The proﬁertiés of a

resonancé,are:.

a) well defined quanfum numbers (it must be in a specific partial

wave) ;
b) mass and width independent of the reaction in which it is Seen;

) factorization of,coﬁplings (decay independent of formation).
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We have expiicitly indicated the last, ﬁsing the product I' ;T .. The 1;
are c alled partial widths.

The coupling qua given channel is nét independent of energy.
First, it is proportional to the number of states, the phase space,
available, Second, the decayvof a state with given spin-parity into a
channel with different spin-barity proceeds With_orbita; angular
momenfum Between fhe particles in the channel; the angular momentum
barrier affects the coupling. A formula widely used for this energy
dependencélwas derived by Blatt and Weiskopf (BW) ﬁsing a squarejweil

(34)

potential in the non-relativistic limit. Other authors have ques-

tioned the use of this in relativistic regions, such as ours, where

momenta are comparable to rest masses; they use rather complex formulae

(35)

derived from field theoretical models. Glashow and Rosenfeld (GR),

in an empirical fit to observed decays of resonances, used a simple

, (36)

-form factor dependence. We have chosen the last, primarily because

of its simplicity. The energy dependence of a partial width is given -

by

. i

v. @ < ki
v i E

- ' k; + X
- where kj js the center of mass momentum for the chamnel and 2 is its
orbital angular momentum quantum number. For channels with spin %, 2
. 1s uniquely determined; for others the decay mode with lowest 2
dominates. . The term kj/E gives the phase spaée energy dependence; the
remainder is the GR dependence for the angular momentum barrier

penetration factor. We have used their value--X = .35 GeV/c -- while

fitting. The partial widths and the full width may now be expreséed
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= VY% ) =ayyvy (B)

.
1

ST = E Vi@ =Y Log v (g

The quant1ty Y1 is called the reduced partial width and will be con-
51dered in more detall below, 1t is convenlently defined as

'i(ER)
i= "i(ER)

-

The quantltles Y and a; are 1ntroduced merely to facilitate the part1a1
wave f1tt1ng. The parameters in Section IV B are
q; = 4fce o,
Q. = ‘BRd»

a3

n

-t
N

N -

Since ourffits'have used a phase, a4, equal either to 0, or n, it may

be glven as the s1gn of ql.:‘All of the energy dependence is contained

Ve ® v®
{: ai Vi(E)
i

in the functions

d)(E)

d,(E)

The fofmuiation of the full width depends of course upon the branching

fract1ons into all channels, however, since the _energy dependence is

not well understood we ‘use dz(E) merely to get an approximate energy
dependence.: We_haye.estlmated the»"reduced branching fractlons," e,
into_just-six"chenneis;vthese channels and the values_ef<li used fér

the reeenaheeS‘in our_fits ere given in Table XV. Note that the_fittipgv

parame'te_r, ql, is' not related to these aj. We have req_ui'red‘ .
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although this is not necg;sary.(37) The resonanéés may oT may not

decay intq'the_quasi-two body channels (see Section III-C). Tbese

chanﬁelé arg.introduced since thé résoﬁaﬁées do not decay only ihtb

tﬁo-partitle final stétés;.thése chanﬁéisv?ébfesént higher thresholds '

and different values of £ of multiparticle final §tate§.

.Thé ghergy independent parameters derived froﬁ our fits are given
'mmmﬂmmmwmﬁme'v - |
T = 24/%%

combines q; and q,. This should be distinguished from the quantity

often found in- the literature

t = i’" Xe(ER)Xr(ER) , |
r (E)
The x; are the true branching fractions; they’ are not necessarily
independent of enérgy. The quantity t gives the resonant amplitude,

which may be seen by expressing the Breit-Wigner form as

TR

The ®sonant ahplitude and the half width, evaluated at EpR, are also
given in Tables XVI and XVII. These two quantities and the mass are
cleariy the éxperimentally significant quantitieS (T is constrained by

e el i i e e
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the rapigity with which the wave passes through resohance).- However,

to fit rldr:t:directly requires a very complicated:dependence on Ep.

Xe(B)xy(E) = t. Ve(ER) Vo (Ep)

We have hvoided this by introducing the artificial parameters Yy and t.

The values of all quantities listed in Tables XVI and XVII are
not thbéei§f individua1'fits, but rathef "average" values. Because of
the complei intgfrelétion between ﬁass, width and amplitude, it seemed
inadvisabié]fo average each baraméter iﬁdépendently.- We havérrathef |
calculated‘the pértial wave at each energy for which we had data, from
the pargmeférs for each‘indépéndeht fit'(wé excluded fits C3, G2, and
the prefitéﬁﬁut included fits AD, CD, CA, and EA), and then made a leést
squére{ifif_to these complex numbers. We first got a fit for éach
serieé:i'péfameters remained similar within a series, and we did not
want the QQerall fit affected'by different numbers of’moaifications
pursﬂed.'fThesé'are given in:Taﬁles XVI and XVII along with the overall
fits, which used the series fitted values as input. Tﬁe fitted values
of 1 and‘BR differed negligibly from averages; the fitfed values of
Y/2, and hence r/2, did'vary‘from averages--in most, but not all, cases
larger.. fhe efror assigned to the overall fitted averages are one—fhird
the spread in the series fitted values, a ﬁecessarily impfecise definition-
because of the ﬁon-uniqueness of the partial wave analy§is.

This fitting procedure to find the final resonance parameters
allowed?ﬁs to check easily.whether the energy depéndence was critical.
Once tﬁe cbhplex.numbers had been calculated using the GR dependence-

with X = .35, the least squares fit to these numbers could be made



-58-

using sbmé-other energy dependenée. We tried fits using GR‘with x= .2
and x = .5,'and we also tried one using the BW dependence with an
interaction radius of 1 Fermi. Although the '"reduced" parameters varied
drastically, the resonant amplitude, mass, and half-width evaluated at
reéonance varied; if at all, well within the errors we have assigned tb
them (the only exception was for the GO7 using the BW form, where we did

not have available the complete barrier penetration function for 2 = 4).

B. SU(3) Symmetry Classifications

The resonances iﬁ Table XVI are distinguished from those in Table
XVII because they have been previously assigned to multiplefs of par-
ticles based on the symmetry of the SU(3) group. Group assignment of
'particlésrdates from the observation of charge invafiance of the strong
intera¢tion: the proton and neutron are simply two states of the nucleon;
‘the "_;A“d’.“+ form an isospin triplet.: Particles within the isospin
multiplets may have slight}y different masses; but the strong inter-
action conserves isospin, specific reactions are related to the isospin
amplitudés by the projection cqefficieﬁf; of the-Sﬁ(Z) group. YWe used
this iﬁ Sectibn IVv-A. All of the.particles in an SU(3) multiplet have
the sameie*ternaf QUantum numbers ; fof baryons these are spin and parity
so that the nucleon, I, A and‘E with spin-parity 1/2" have been so
associated. In SU(2) different charged particles are distinguished by
the spin component Iz of the isospin I; in SU(3) another label,.Y,

called hypercharge, is required

where Q is the average charge in the isospin multiplet. In the tables
and figures that follow, we use the baryon particle symbols as generic

types for the Y, I states: N for 1, 1/2; I for 0, 1; A for 0, 0; Z for
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-1, 1/2; A*fof'l, 3/2; and for -2, 0. These arejthé_only types that
héve been:definitely observed at this time. The phrtiéles in the spin-
parity'l/Z+ multiplét have quite different.masseS' however, this has

been - successfully explalned by a theory which predxcted the subsequently
observed Q partlcle.( ) . This theory assumes that the strong force, to
first order, includes a part invariant under transformations of the SU(3)
group and;a symmetry breaking part which.transformS like the A(Y=0, I=0)
member of ég'OQtet representatioh.' Note that the set of particles with
spin-parifyI;/Zfvincludes_eight particles: A singlet, N and Z doublets,
and I trip;ei, ‘That they are‘assigned to an octet xepresentation of

SU(3) depends on the observation that reactions in which they are involved
- are related by the projection_coefficients for this group. In particular,i
the pseudoscalar mesons (r, n, K, i) also form an oétet‘ the product 6f

two octet repre:entatlons may be reduced to a series of representatlons
: 8'® 8=10 8@8@ 100 10@ 27

where ‘the number stands for a representation of that mu1t1p11C1ty The
1/2 baryon -0 meson channels should communicate only with resonances
(baryons) in these representatlons, and the reactlons w1th different
particlgs‘shduld be-rélated by coefficients based solely on the
systematics of the group. These SU(3) coefficients have been presented

(39)

in thevliterature; we have adopted the convention and used the
coefficients givgn in Ref. 25. The coefficients relevant to the follow-
ing dlscu551on are given in Table XVIII. There are two octets in the
above expan51on, these are generally taken to be 8d and 8f, which are
symmetrlc and antisymmetric in the channel and resonance baryon type,
yrespectlvely (39)

The multiplets in which the resonances of Table XVI fall are
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incomplete, information on the = state; being hard to obtain; therefore
we will not look at the mass relationships. However, it has been
assumed ih:the past that the couplings are not affécted by tﬁe Su(3)
symmetry $£eaking force, except for the different kinematic factors due
to different masses.(40’41) Thus the reduced partial widtﬁs, Yo should
be relatéd simply by tﬁe SU(S) projection coefficients. We have tested
this for the multiplets in which the resonances of Table XVI fall: the

D5 octet, the F5 octet, the F7.decup1et, and the G7 singlet. We have

made, these fits using the actually observed quantities

I+
lar]
(¢}
-
i
ot
ar ]

rather thaﬁ to the derived Fi,_as was done in Ref. 40. This agrees with
the procedufe in Ref. 41, and.eliminates dgpendence on sométimes poorly
known eléstié amplitudes.” It has the added advantage of introducing

explicitly the relative signs of couplings; the impoftance of tﬁese for

(42)

making SU(3) multiplet assignments has been pointed out. Actually,

it is the reduced partial widths that we must compare

1 1 .
3 = r 2(E 2
YY, t _/ ve(hR)vr(ER)

1+

If SU(3) symmetry holds for the couplings, these should take the form

1 1
t = g v(Ep) g Vi(ER) my
_d f
'gi_-cigd+cigf
or g; = Ci g

where we use the mass of the nucleon, mys s the arbitrary scale factor.
The first expression for g3 holds for octet-octet coupled to octet, the

other for coupling to decumplet of singlet. The coefficients, C, are

L
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just the SU(3) projection coefficients of Table'XVIII. We héve

| obtéinéd‘&alues for B4 and'gf for the:DS, g4 and»gif for the FS,.gio for
the F7,f§nd gi for the G7 using the data listéd_in-Table XIX. These
daﬁa include all the.values iﬁ'Table XVI plus recent data on the decay

.43 A of the other values are taken from .the

of the A(F7) into z
compilatibh in Ref. 25; Qheré thesé authors have not given means and
errors, we have estimated them from thé séread'pf values found in
differeﬁtrexperiment$.4 This procedure-is not sound statistically, but
is in keeping with the general uncertainties of partial wave analysis.
The significance of the x2 for the fits to these data is limited. We
have tried a variety of energy dependences, including GR with di fferent
.values df X and BW with an interaétion radiusvof 1. Fermi. We find, aé

did the authors of Ref.:41,'that the best fits are obtained for the energy

dependente; ND, with no denominator in the barrier penetration factor

ki,21?.-}1
vi.(E) =

The variations in x2 for the different forms of energy depehdence are
shown:in‘Fig. 18 for all multiplets.

_This last energy dependenﬁe is quite different from that used in
the original partial wave analysis; the growth of the partial and full
widths is not moderated as in the GR and BW dependences. Therefore we
felt it necessary to check whether this fbrm of energy dépendencé is
compatible with experimental data. We tried both fitting the partial
waves calculated from the‘series averages shown in Table XVI and,con?
.tinuiﬁg:én individual fit (C2 of Table XII because it contains all the
resonances in Table XVI with at most the flexible V-parameterization

added) using this .energy dependence. In the results of fitting the
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pértial waves, éll masses were shifted to lower masses than the avcrage;
the half;ﬁidths,-r/Z, vériea significantly outside the quoted errors
from the fittéd values quoted in fable XVI, again.at lower values. The
exception to this was the GO7, which was moved to a higher mass

and significantly larger width; this obtained because all our data
lietelow its resonant energy. In the fit to the data, the XZ
increas§d from 306. to 326. Although this test alone is not conclusive,
we feel.that the ND eﬁefgy dependence is probably not related to the
data; to prefer it because it gives a better fit fo unbroken SU(3)
symmetry;is'not experimentally valid. This procedure of letting

the radius'of interaction go to zero (equivalently letfing the constant
X dominate the denominator) was first suggestedfor fitfing the

decay rates of the 3/2* decuplet, based mainly on the distinction
'betwéen widths observed in production processes (as a resonance in an
invariaht'maSSdsquared plot, Fig. 13) and in partial wave anaiyses.(44)
These authors suggest that if relativistic corrections are introduced,
as in the GR energy dependence, then symmetry breaking must be con-
sidered. That the various decay rates for the 372" decuplet can be
related by the same symmetry breaking that gives the mass relationships

(45)

has been shown. In particular it has been shown using the GR energy

dependence with X = .35.(45b) The relations based on octet dominated
symmetry Breaking for decays into octet-octet channels are available

(45a) and for octet resonances.(46) We

both for decuplet resonances,
cannot check these relationships for the mﬁltiplets we are testing
because the = resonances and many decay channels are not definitely

known. However, because the ND energy dependence is probably
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: experimentaily inadequate, we shall assume that fi;ting to unbroken
SU(S)is decéptive and presént the resulfs frém the fit using the energy
dependenéé‘briginally used in the partial wave analyéis--the GR form
with X = .35. | |
| “:Thé Values’fot'gd; g¢ and g2 for the various reactions;:obtained
_ assuming:thisleﬁefgy dependence; are plotted in Fig: 19. The fitted
- values er'the.multiﬁlets are given in Table XX. For the octets the
plots arélcutves in the g4 -'gf plane. Since there is an overall
sign'ambigﬁiiy we restricted g4 to positive values. For elastic
ieactiongjthefe is a square root sign ambiguity. In most cases this
sign i§ detéfmined by the relative sign'for the reaction.with a final
state for_thch ct is.zéro; since the slope fbr?thé elastic line is
fixed'and-weféssume gq > 0. for the cases N -+ N, wévhavevchoﬁen the
gf interéepf'giving a 1iné7mosf'consistent with the others. Piobably
the worSt;disagréemeht is for the two reactions involving the G7. We
should pdinf out that the émplitude we obtained for this resonance is
significanily less than the values obtained by the authofs of Ref. 4,
who had data extending above this resonance. ‘For the F5 multiplet,
the three lines representing reactions involving the N and A resonances
closély”intersect.ét a poinf far from our fitted poiﬁt; before the
decay’ampiitudes of .the F15 were well established, this point was
assumed to gi?e the coupling constants for the F5 multiplet.(40) This
point disagrees with the sign of the amplitudes for the inelastic
reactions involving the F15; andvthe sign is not subject to error. This
intersection‘is close to the line, 8r = 1.34g, shown‘in the figure, for

which the I decouples from the NK channel (see Table XVIII). If this
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is taken fq give the correct coupling constants and unbroken SU(3)

=
n

- assumed, thg‘amplitude for the reaction:
NK » 1 (F5) » oo

should be quite small butipositive., In several of our fits, even with
quite different parameterizations (fbryexamplg B2, Cl, and E1 in Fig. 16)
the F15 first makes a small counter-clqckwisé loop.in the‘positive half-
plane. Céuld this indicate the F15 resonance that ghpuld bevassociated
with the N(1688) and A(1823)7 The reaction with An substituted in the final
state shouid have a quite similar amplitude;_and Argand diagrams plottéd
for various aﬁalyses available in the literature_éhow this possibility in
some cases;(s) but not in others.(31’47)v8uch a bossibility would also be in
better agreement with models requiring a lower mass for the I member qf

the F5 multiplet.(48) However, this wouid leave fhe F15 resonating around
1.925 GeV uhaccountedvfor; sinﬁe it is seen in both Am and Zn final stétes
with the same sign.of the amplitude, it #annot be a member of a decupiét
représentétion. We feel it is moré iikely that symmetry‘breaking does
affect the'COuplings and that the I(1925) is associated with the N(1688)

and A(1823) iﬁ an octet representation. : -

C. Comments on New Resonant States

For the fesonances we have listed in Table XVII, those Qithout

: previous ﬁuiﬁip1et assignments, little can be definitely said. The D13
résonance stfongly emerged in our analysis. It has been seen previously,
both.for the Z7 final state,(s) and for the Ar final state.(47’3)

We feel that its existence is fairly well established. Since the
amplitudes into the two final states have the same_sign, it cannot

bélong to a decuplet representation. We have mentioned earlier that
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. we do not'fééi our:analysis can confirm or reject'thé_FOS or F15 near
the upper end of our enq:gj’range;'seen in Ref. 4. Siﬂilétly, the
possibilify‘bf a‘resoﬁance‘in the Pil w#ve near the‘lower end of our
ene:gy range-cahnof be fully sgpported by our data alone. However, it
is uhlikély to be aSséciétéd witﬁ.fhe Pil'resonance.seeﬂ in the A

' | 1, 47, 3)

final Stafe'éf an eneiéy néér the center of ouflraﬁge:

WhéfEigemost interésfing io us is that, seemingly, a process of
iteration has revéaledApesonant structures, or at least counter-clockwise
looﬁs, in mbsf partial waves. This is inﬁagréémént'with fhe.contention
" that there can be no."backgrbund" in a réaétién such as bhrs;cs) 0f
course the.pibﬁabiiity of fif dropped, although perhaps not signifi-
‘cantly, é§ Qé introduced mdre'resonant parameterizations;lan& the
existenceiéf-a resonancé'depends on a very definite variation of the
partial wéve with energy (even conSidering thévuncertain;ies in the
energy dependence of the partial and full widths, the phase of the
Qave must move most rapidly at tﬁe resonant energy). Possibly the
presence'Of'éounterclockwise loops only indicates that causalityvis
obeyed.  Sti1; we feel we have deyelopéd a procedure for looking for
resonances:» starting with previously established resonances fixed
and other éhplitudes zero, tﬁg program analyses the Legeﬁdre expansion
coefficiénts.by means of the biﬁomial-ope;ator in Téble XI; if the
general parameterizations indicate a resonant 1ooking loop,.the
appropriéfé parameters may.be estimated from,thé Argaﬁd diagram and
such a fit txiéd. This eliminates the temptation to tfy certain
resonances required by unfilled SU(3) multjpléts; the appropriate

resonances are suggested by the data.
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York, 1964), Chapter 7.

Fof parfic1é properties determined from many observations, we refer
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disCussed in Section IV-B.

-M Ferro Luzzl, Three Lectures on Baryon Resonances, in’ roceedlngs

of the 1968 CERN School of Phy51cs, CERN 68-23, Vol. II, p. 433.

John M Blatt and Victor F. Welsskopf Theoretical Nuclear thslcs

(John W11ey and Sons, - Inc., New York, 1952), p. 358.

(a)- J. G. Rushbrookg”Physiéal Review 143, 1345 (1966) .
(b)-'E;;Golowich; Physical Re&iew'lzz, 2295 (1969). _
Sheldon L. Glashow and Arthﬁrvﬂ. Rosenfeld, Physical Review Letters
10, 192 (1963). o

1f ﬁe_knew the partial widths into all channels,lthis woulé folib@

from the definition vy = Z Yy - We do not know all of them, so the .
i

'brocedUre is arbitrary.

M. Gell;Mann and Y. Ne'eman, The Eightfold Way (W. A. Benjamin, iﬁc.,

New Yéfk, 1964), Parts I and II. ‘Althqugh this is a reprint volume,

thefeditors are also the authors of the original papers referred to

in Parts I and II.

J. J{vDeSwart, Review of Modern Phy51cs 35, 916 (1963) .
(a) R. D. Tripp, D. W. G. Leith, A. Mlnten, R. Armenteros, M. Ferro-

-+ Luzzi, R. Levi-Setti, H. Filthuth, V. Hepp, E. Kluge, H.

:‘Schneider, R. Barlou;aud,'P. Granef, J. Meyer and J. P. Porte,

, Nuélear'Physics B3, 10 (1967).

(b) R. D. Tripp, Resonances-Experimental 3 (B =1, S # 0), in
Ref. 5, p. 173. l

(c) R Levi-Setti, Baryon Strange Resonances (exp), in Proceedlﬁgs

- of the Lund International Conference on Elementary Particles,




41,

42.

43.

44.

45.

46.
47.

48.

-73-

(Ber11ngska Boktryckerlet Lund, Sweden, 1969), p- 341.

D. E Plane, P, Balllon, c. Bricman M. Ferro-LuzZ1, J. Meyer, E.

: Paglola, N. Schmltz, E. Burkhardt H F11thuth E Kluge, H.

Oberlack R. Barloutaud P. Granet J P. Porte, and J. Prevost

‘Nuclear Phy51cs 822 93 (1970) .

Anne Kernan and Wesley M. Smart Phy51ca1 Rev1ew Letters 17 832

i(1966).

G. E Kalmus, G. Borrean1, and J Lou1e, New Data in the Reaction

L p > Z K at 1.28 and 1 41 GeV/c and a Test of Charge .

Independence in the c.m. Energy Range 1.820 to 2.090 GeV, UCRL 19777,

July 1970 (to be publlshed) ’

H. P1;kuhn and AfnSwoboda, Lettere al Npovo Cinento I, 854 (1969).

(a)fVVinendra‘Guptavand Virend:avéingh, Physical Review 135, 81442
(1964) o

(b) C. Becchl, E. Eberle, and G Morpurgo, Phy51ca1 Review 136
Bsos (1964) . |

Vlrendra Gupta and V1rendra Singh, Phy51cal Rev1ew 136 B782 (1964).

P, J L1tchf1e1d Nuclear Phy51cs BZZ 1269 (1970)

R. P, Feynman, S. Pakvasa, and S. F. Tuan, Phy51ca1 Rev1ew b2,

- 1267 (1970)



- Tab le I. | Bé‘am Normalization

%9.0->59. 0

XVTX 28.0->62.0 YEND
MOMENTUM"® FIDUCIAL VOLUME cuTts** "PATH LENGTH® &1¢Roeaan‘
" ZEND BETE KM EQUIVALENTS
1.262 % .014 | S7.87¢1.90 | S45.86 ¢ 2.08% 1S3. 6t 6.0 2.08¢ .09
1.190 ¢ . 011 37.34 % 1.72 346.76 t 2. 04 f17.8¢8. 2 2.36¢ .10
1.384 ¢t . 018 | 37.40%1.30 | s45.23 ¢ 2. 02 ise.2te6.2 e.04¢ 09
1.511 ¢ 015 | S7.56¢1.26 | S45.76 ¢ 2.06 ge.3t 4. ¢ 3.38¢ .19
1.311 ¢ .016 | 8. 05¢1.55 | S46.25¢t2.17 TT.8t 4.8 3.58 % .0
1.500t .020 | 3B.14%1.54 | S44.61 ¢t 2. 21 17i. 8t 7. e f.eet .o
1.567 ¢ .019 %8.04 ¢t 1.54 S44.17 % 1.89 tan.5t 6.0 1.8 ¢ .08
1.155 % 011 | S8.00% 1.80 | 347.735¢ 2. 20 fe1.02s5.0 e.30¢ .10
1.308 % .016 38.05 ¢ 1.83 346.21 t 2. 28 8t.etas. 3 3.43¢ .18
1.278% .017 | SB8.01 ¢ 1.76 | Z46.10 ¢t 2.08 tes.e te.6 f.70%.07
1.8545 ¢ . 020 S8.03 ¢ 1.48 545.40 ¢ 2. 11 ta5. 5t 6.3 t.24 ¢ .00
1.454 ¢ , 023 | S8.01 ¢ 1.51 s44.92t 2. 180 £260.0 ¢ 9.4 1.07% .04
1.644 ¢ . 017 '37.s7~:1.13 34‘5.0‘121.8'6 i53. 1 ta. 9 1.8 ¢ .08
1.694 % .01t9 | 37.68% 1.15 | 344.92 % 1.80 ees. e to.'s 1.84 ¢ .08
1.208¢%.016 | 37.71 ¢ 1.20 | 349.32 % 2.26 tes.e ¢t 7. ¢ 1.47 % .08
' ALFE 80.02 ¢t 1.56

T WITH ONE STANDARD DEVIATION

+4 ACCEPTED SPREAD 1S THREE STANDARD DEVIATIONS
+ ERROR COMBINES STATISTICAL UNCERTAINTY, UNCERTAINTY IN MOMENTUM, AND UNCERTAINTIES

(AS USED FOR CROSS SECTIONS)
IN TAU EPFICIENCY CORRELT IONS

XBL 713-486
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Table II. Bookkeeping Summary.

TOTAL Scanned

':,'Category No. Events Sub-totals
A. Original Good Fits 18,776
B. 'Measure Reject Sustained 1,217
C. Kinked track not 4,353
1. Good Fit &7 1,415
',32,"Negativé Kink > .6 nsec. 2,468
3. Positive Kink > .6 nsec. 470
.D. E&énts Remeasuredv 8,641
1. Good Fits 4,351
2. Fits 1,134
3. No Fit 1,340
" 4. CLOUDY Reject ’ 392
5. FOG Reject 926
6. Remeasure Reject 498
TOTAL Good Fits (A + DI) 23,127
' TOTAL Good Candidates (A + D) 27,417
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Table III. Mean Lifetimes.

Mean Life (nsec.) Kp -~ nL Kp»12In°
> 1n .154 + .004 .160 * .003
+ 0 ‘
I > TP .092 + .003 .089 + .002
+ + ’ :
£ >71n .085 + .002 .082 £ .002
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"Table IV. Cuts Used. .

by lwax

T

k - 8

. 458

, $
- (em) . (cm) (nsec.) ... (deg.) ... .(deg.)
Cros;‘Sections
T .4 15. 5 5. 20.
i+ 1% .5 15. .3 6. 40.
1t s ahn s 1s. 3 5. 20.
Distributions
"+ 1 n .3 15. .5 5, 0.
£t » 1% .3 15. 3 3. 0.
£ > o' .3 15, .3 5. 0.
Table V. Effécts of Cuts.
Fail Phase Space Fail Length
or Chamber : or Pass All
Volume Cuts . Angle Cuts Cuts
Cross Sections
I’ +an 1,645 1,197 6,329
tt o+ 2% 756 2,164 2,775
it et 1,125 2,007 4,329
'DiStributiOns
P 1,186 441 8,344
AT 525 348 4,822
tFaa™n 770 6,233
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Table VI. .Efficiency'Percentages

97.2 ¢

o Scanning Thru-put
_;M°W¢n§“m Efficiency Efficiency
. 1.262 0 99.1 0.3 96.0 + 3.0
©1.190 99.7 £ 0.2 96.0 * 3.0
1.384 99.4 + 0.3 96.0 * 3.0
1.311 99.7 + 0.2 96.0 + 3.0
1.311 99.7 * 0.2 94.0 + 3.0
1,500 96.7 * 1.0 94.5 £ 2.0
1567 99.6 * 0.1 94.0 ¢ 3.0
- ,1~153 99.9 ¢ 0.1 194.0 + 3.0
1.308 99.8 * 0.2 94.0 * 3.0
1.278 97.1 * 1.0 94.5 + 3.0
1.345. 96.6 * 1.0 94.5 + 2.0
“1.454 99.6 * 0.2 94.0 + 3.0
':1;644 . 96.4 + 1.0 92.5 + 2.5
1.694 96.7 + 1.0 92.5 + 2.5
1.208 1.0 92.5 + 2.5
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Table VII. Cross Sections

A. -K-.p'-v nf}:’:

" PLaAB |UNWEIGHTED|AVERAGE| Ecy o +t A0
GEV/C.| NUMBER WEIGHT | - GEV (mb)
f.183 274 ‘ 1.62 1.865 | 1. 084 ¢t . 087
1.180 ]| © 2183 I 1.es | I
' zom sos o es | 1:®87| .833% . 050
] o] | .
(1.ees 1es tees 1.919 .636 ¢ . 057
1:278 | 162 | 1.es | |
1.%08 |-~ 70 . 1.68
1.311 | - 79 ' 1.66 1.957 .458 ¢ . 0357
Ce.sit | ?7_ C1.67
1. 3545 | tor | 1.67 | 1.ss2| .ssst.o40
1.384 | o5 1 .72 [ 1.970] .ss0¢.041
1.454 | =208 I t.70 Te2.001] .405¢.034
1.soo:L 118 : 1.70 ::2.022: .%56 %t . 037
$1.567 97 1.74 | 2.08t .336 ¢ . 039
1,644 [ . Q4. [ 1.73 2.0841 .33.1 * . 038
1.694 121 [ 1.74 [2.106] .293% .030
"B. Kp > 1L
PLAB |UNWEIGHTED|AVERAGE| Ecpy o t A0
"GEVs/C | NUMBER WEIGHT | GEV (mb)
1.183 | 119 2.2t 1.9'6'501.3642.144
1190 ] '2s 2.1t 1.987 | 1.415 ¢t 098
t.2o8 | 198 | z.09 | q
1.262 . 1ee 1 &' 1.919 | 1.421 ¢t . 099
1.278 182 z2.18
1.§08‘P 63 [ 2.02 | ]
- XK o3 2.07 1.987 | 1.277 ¢t . 099
1.311 84 1. 92 v _
1.545 | 157 - | 2.08 [t1.9s2 ] 1.288¢ . 127
1.3584 ] 1359 f;:’ 2.05 | 1.870 [ 1. 293 ¢ . 131
1.454 | 237 .| 2.08 [2.001 ]| 1.196¢% . .097
1.8500 | . 147 <_12.14_"2‘022‘;1.184t L11s
1.867 | 128 | . 2.22 [2.051 ] 1.199¢ 124
1.644 BT T | 2.2 '2.694"1.305t . 131
1.694 ] . 168 2.09 |2.106 | 1. 056t 098

XBIL 713-485
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_ Table VII. Cross Sections (cont.)

C. Kp»nzn®

PLAB |UNWEIGHTED|AVERAGE| Ecp ot Ao
GEV/C NUMBER | WEIGHT | GEV (mb)
1.153 226 1.55 | 1.865 .859 % . 073
to1so 203 . '-s8 ..1;8;7 .871 ¢ . 051
1.208 | 34t }ores7 o]

.22 208 '-s8 | 1.819 .806 t . 049

1.278 293 ' 1.56 '

1.3508 | 166 1 1.5 '] 4

1.3511 168 1.857 1.937 .913 ¢t ., 058

1,311 143 1.56

1.345 | 266 ] 1.5s8° |'1.952 | .sszt .o070

1.3584 246 1 1.82- ] 1.970] .827t .070

1.454 | 474 ' 1.5_'1"0‘2.'001'< .852 ¢ . 058

1.500 | 21 T 1.87 2. 022 | .895%t .066

1.567ﬁ 278 1 1.59“ 2.051" .872 t . 071

1.644 337 1.60 | 2.084 | 1.097 % . 084

1,694 | 481 " 1.60 | 2.106] t.068 ¢t .071

D. Kp~+nzad

PLag |UNWEIGHTED|AVERAGE| . Ecpy o + Ao

GEV/C NUMBER ~ | WEIGHT GEV (mb)

1.15% 1ca 1.90 1.865 | 1.023 ¢ . 114

V1.1so‘ 125 I 1.872 ] 1 . _

{1.887 | 1t.211 ¢t o8BS

1.208 - 189 - 1.85 -

1.262 | 131 T 1.84 ] '

278 fas e "“919 t.122 t . o082

1.308 | 87 1 1.89 | ‘

1.3511 835 1.87 | 1.937 | 1.414 ¢ . 104

1.3511 112 1.88 |

1.s4s | 138 | 1.es J1.9s2]1.18502¢ . 113
1.384 123 1 1.2 ['1.870 [ 1.016% .108
1.454 | 263 1 1.e2 '}2.901"1.1592 . 091
1.500 | 174 | 1.81 J2.022]1.186¢.106

’1.567" 145 | 1.82-‘32.0514’1.!12 +t .110
1.644 | 153 1 1.82 | 2.084 ] 1.2472¢ . 119
1.694 | 247 1.79 | 2. 106 | t.306 ¢ .105

XBL 7143-484
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Table VIII. Raw Data in Twenty Equal Bins of
the Pro_duction Cosine, cos 6.

A. Kp~ L

NUMBER WEIGNTED / NUMBER UNWEIGHTED

CENTER

TOTAL

1.865 GEV | 1.887 GEV | 1.919 6BV | 1.937 GBV | 1.952 GEV | 1.970 GEV
-.95 52.7/ 28 60. 0/ St 37.9/ 32 5%, 3/ 45 14.6/ 12 23.8/ 20
- 2.7/ 29 48.9/ 42 26.7/ 23 19.3/ 16 7.0/ & 14.3/ 12
-. 75 41.7/ 36 2.6/ 28 14.1/ 12 12.9/ 11 5.5/ 3 4.7/ 4
-. 66 2.2/ 28 %9, 4/ X5 17.6/ 15 8.2/ © 4.6/ 4 5.5/ 3
-.85 18.85/ 16 26.67 23 18,2/ 13 5.7 5 4.6/ 4 5.6/ 3
-, 48 19,3/ 17 20.7/ 18 21.8/ 19 5.7/ 8 5.4/ 3 4.6/ 4
- 35 6.8/ &6 to.3/ 8 5.8/ S 11.47 10 S.4/ 3 4.6/ 4
-.es ess 2 7.9 7 7.9/ 7 8.0/ © 4.5/ 4 0. » ©
=18 4.67 4 6.8/ & 9.0/ ® 9.1, ® S.4/ 3 1.8/ 1
~. 05 s.1/ ® 14.9/ 13 14.87 13 4.6/ 4 5.4/ 3 L VA
. +.08 10.%/ 9 21,8/ 19 | 17.3/ 15 12.87 11 e.s/ @ 2.3 e
+.18 12.6/ 11 7.9/ 33 27.6/ 24 13.7/ 12 6.8/ 6 1.1/ 1
- +. 88 es. 4/ 22 57.8/ &0 27.6/ 24 9.2/ B 4.6/ 4 0. / ©
+.35 %0.3/ 26 46,7/ 40 5s.8/ 29 18. 4/ 16 4.6/ 4 10.4/ 9
4. 48 19.9/ 17 5. 1/ 47 St.4, 27 17.47 16 7.0/ 6 2.4/ 2
+. 55 19.0/ 16 44.9/ 38 30.6/ 26 16.4/ 14 5.9/ 5 1.2/ 1
+. 65 18.t/ 15 ] 49.3/ a4t 13.2/ 11 10.7/ 9 3.6/ 3 5.5/ 3
.75 1t.2/ 8 37.0/ 30 24.47 20 9.7/ 8 11,0/ 8 6.1/ 8
- +.88 %6.3/ 20 5.6/ 59 s1.9/ 25 5.5/ 28 18.9/ 15 18,1/ 12
+.95 63.3/ 44 139. 4/ 96 101.9/ 72 89. 0/ 63 45,1/ 32 63.6/ 4%
TOTAL 446.6/370 | 032.5,683 | 810,3/420 | %72.6/304 [ 162.2/131 166. 9/132
CENTER | 2.001 GEV | 2.022 Gev | 2.051 GBV | 2.084 6BV | 2. 106 GEV
-. 95 58, 0/ 47 29,7/ 24 27.8/ 22 0.1/ 24 5.8/ 28
-. 85 24.3/ 19 26.8/ 21 18.3/ 14 9.7/ B 18.1/ 18
-.75 18.6/ 13 10.7/ 9 10.8/ 9 12.47 10 s.8/ 7
-. 65 11.3/ 9 11.1/ 9 .0/ 7 .7,/ 3 4.0/ 3
-. 55 6.3/ & 5.8/ 3 2.4 2 0. /7 © 0. 7 ©
- 45 9.4/ 8 8.8/ 3 3.8/ 3 4.7/ 4 5.9/ 3
| -.35 10.4/ 9 8.4/ 7 t.27 1 1.8s 1 6.1/ 58
=8B 8.t,s 7 6.0/ 8 1,17 1 1.2/ 1 4.6/ 4
- 18 4.5/ 4 11.67 10 2.3/ 2 0. /v © 2.4/ 2
. -, 08 2.3/ 2 2.3/ @2 1.2/ 1 t.2/ -t 2.3/ 2
4. 08 e.ss 2 0. 7 © 0. 7/ © t.17 1t 0. 7 o
4. 185 2.6/ 2 0. s 0 1.1/ 1 2.5/ @ sS4/ 3
S+, 28 4.6/ 4 2.%/ @2 t.1/ 1t 0. 7 © 0. 7/ ©
+.35 5.7/ 8 6.8/ 5 1.2/ 1 2.3/ 2 t.1/ 1
+.45 8.1/ 7 9.4/ 8. 1.1/ 9o 2.3/ 2 1.1/ 1
+. 58 5.5/ 3 5.8/ 3 2.3/ 2 4.6/ 4 5.8/ S
+.68 8.3/ 7 2.3/ 2 4.7/ 4 t.e7 1 2.4/ 2
+. 75 8.8/ 7 4.8/ 4 5.6/ 3 3.6/ 3 4.7/ 4
+.85 7.5/ 30 135.8/ 11 17.5/ 14 e1.2/ 17 20 %3/ 18
+. 95 98.%5/ 70 63.5/ 45 64.6/ 46 52.2/ 38 67.5/ 49
%30, 4,261 | 219.0/17% | 184.5/1435 | 154, 9/122 | 198, 4182

XBL 743-483
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Raw Data in Twenty Equal Bins of the

Production Cosine, cos 6 (cont.).

‘B. Kp-+ni'

{Data From ¥ s o'n Only)

NUMBER WEIGHTED / NUMBER UNWEIGHTED

CENTER

1.865 GEV | 1.887 GEV | 1.919 GEV | 1.9%7 GEV | 1,952 GEV | 1.970 GEV
-.95 1t.6/ 10 45, 3/ %3 41.2/ 35 46.3/ 40 e1.0/ 18 17.%5/ 15
‘-, 85 19.8/ 17 48. 9/ 42 %9, 4/ B4 =%.6/ 29 10.4/ 9 s.2/ ®©
-, 75 9.3/ o 18.7/ 16 %0.%/ 26 29.0/ 25 12.7/ 11 t9.8/ 17
-.65 8.2/ 7 es. 7/ 22 22.2/ 19 18.6/ 16 4.7/ 4 8.1/ 7
-.585 4.7/ 4 2.3/ 2 10.5/ 9 8.27 7 2.3/ 2 55/ 3
-, 45 2.4/ o 5.5/ 3 2.3/ 2 7.0/ 6 5.5/ 3 3.5/ 3
- 55 2.4/ 2 2.4/ 2 4.7/ 4 4.7/ 4 2.4/ 2 2.4/ 2
-.25 2.4/ 2 4.8/ 4 0. v © 2.4/ 2. 8.2/ 7 .3/ 7
-. 15 6.0/ S 1.2/ 1 8.3/ 7 8.3/ 7 2.1/ 6 59/ 5
-. 05 S.6/ 3 7.2/ & 15.5/ 13 20.2/ 17 6.0/ S 2.4/ 2
+.05 7.3/ 6 15.7/ 13 135.2/ 11 15.6/ 13 13,1/ 11 14,47 12
.18 7.4/ 6 14,6/ 12 23.1/ 19 2s%.0/ 19 10.8/ 9 16.8/ 14
.25 8.7/ 7 28.4/ 23 20.9/ 17 23.2/7 19 12.47 10 15,7/ 13
+. 35 13.8/ 11 30.0/ 24 19.67 13 18.8/ 18 | 13.6/ 1 12.3/ 10
. 45 185. 47 12 30,5/ 24 17.6/ 14 15,0/ 12 6.2/ B 8.7/ 7
+.58 .8/ 7 24.7/ 19 19.3/ 15 12.8/ 10 1.3/ 1 2.6/ 2
+.65 14.87 11 40,0/ 30 21.2/ 16 7.9 6 5.3/ 4 3.9 =
+.75 2.8/ 23 64.2/7 46 52. 7/ %8 z7.0/ 27 16.4/ 12 10.9/ 8
+.85 28.9/ 19 86.7/ B7 61.5/ 4t 63.8/ 43 31.3/ 21 29.5/ 20
+.95 8.8/ 30 | 160.6/ 86 | 204.8/111 107.2/ 60 80.6/ 45 74.2/ 43
TOTAL 266.8/192 | 655.6/471 | 627.5/446 | 502.2/%77 | 268.2/196 | 269.2/201

CENTER | 2.001 6BV | 2.022 eev | 2. 081 GEV | 2.084 GEV | 2. 106 GEV
-. 95 11,67 10 8.2/ 7 12,6/ 11 7.4/ 6 7.7/ 6

-, 85 19.6/ 17 8.2/ 7 5.7, S 2.3/ 2 8.0/ 7
-. 75 16.1/ 14 8.0/ 7 4.6/ 4 4.67 4 11.67 10
-. 65 18.5/ 16 11.67 10 7.0/ 6 5.5/ 3 5.8/ S
-. 55 7.0/ & 5.8/ 5 4.6/ 4 5.9/ = 4.6/ 4
-, 45 5.8/ 5 8.2/ 7 2.3/ 2 4.9/ 4 9.3/ 8
-. 55 7.0/ 6 7.0/ 6 5.8/ S 5.9/ S 5.8/ S
-. 25 9.8/ 8 8.2, 7 4.9/ 4 5.8/ S 2.3/ @

-. 15 16,4/ 14 7.0/ 6 5.8/ 3 5.8/ 5 5.8/ 5
-. 05 16.8/ 14 8.3/ 7 10.7/ 9 2.8/ 2 8.8/ 8
+.05 26.1/ 22 14.2/ 12 11.8/ 10 4.8/ 4 11.7/ 10
+.15 2.8/ 27 10.7/ 9 3.6/ 3 172.7/ 15 26.2/ 22
+.26 2e.9/ 19 21.67 18 18.1/ 18 12.0/ 10 12.9/ 18
+. 55 ' 15.8/ 13 9.7/ 8 13,3/ 11 135,47 11 16.8/ 14
+. 45 12.6/ 10 6.1/ s 7.4/ 6 12.27 10 3.6/ S
+.55 1.3/ 1 6.5/ 5 2.5/ 2 9.9/ 8 9.3/ 8
+.65 1.3/ 1 1.5/ 1 2.6/ 2 e.es 2 ®.9/ 7
+.75 14.9/ 11 t2.2/ 9 18.7/ 14 8.3/ 7 7.9/ &
+.85 62,4/ 43 40.4/ 28 38,9/ 27 35 .2/ 28 42. 4/ 30
+.95 141.3/ 81 102.47 58 | 101.3/, 59 | 107.2/ 63 | 128. 0/ 78
TOTAL 458, 8,539 | 308.3/222 | 280.2/20! 270.8/194 | 336. 9,247
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Table VIII. Raw Data in Twenty Equal Bins of the
v - Production Cosine, cos 6 (cont.). '

. C‘ ](’p -’ 11-'2+
- (Data From A nop Only)

' SUM OF POLAR COSINE , NUMBER UNWEIGHTED

CENTER | '1.865 GEV | 1.887 GEV.| 1.919 GEV | 1.9%7 GEV | 1.952 GEvV [ 1,970 GEV
~. 98 -t.27. 9 | .0/ 24 1.4/ 31 | -2.17 g9 -2.3/ 11 1.1/ 6
-85 T-.gs 1o -1, 4/.26 -.8/ 13 2.6s 21 .7/ 12 P |
-7 | -8/ B8] 3.7/ 21 .8/ 16 _=.2/ 18 -1.9/ 4 -2.4/ 7
. -.65 - ~.4/ 3} .-8.6/ 9 L4 7 -4.17 11 -6/ 4 -.67 2
T, 55 47 2 1.8/ ®© -1.2/ B -1.8/ 8 -2.2/ 3 -6/ 1
-.45 | -9/ g -2.2/ 6 .8/ 2 -2.0/ 4 ./ © .8/ 1
-3 | -3/ 1 -8/ @ -4/ 1 -4 1 0./ © 0. v 0
- -.28- | 0./ O -8/ 1 -3 3| o/ 0 1.5/ @ T
=95 | -2.os B -1/ = -8/ 4 -.2/ 10 4 2 .8/ %
058 | ~-.87 8 .6/ S -5.6/ 10 | .8/ ® 6/ s -2.t/ &
. #.05. -t.0/ @ -2.6/ S 8.6/ 17 | -1/ 11 ~t.1/ 3 1.5/ 8
f e18 | -<t.1/ 4 -2.0/ 12 -8.4/ 9 -9.7/ 14 ~%. 1/ 7 -6/ 9
428 | -t.8/ & -2.4/°16 | -3.4/ 18 -1.8/ 10 -2/ 7 -1.5/ ©
- #+.55- | -t.2/ '8 -4.67 20 4.0/ 17 | -4.87 11 -1.9/ 3 -3.6/ 11
o445 -.3/ 10 -2.87/ 28 | -3.0/ 17 -5.8/ 13 -7 @ -2.5/ 8
" +.85 1.8/ 8 - P/ 17 -4.2/ B -2.1/ t2 ts/ 1 0. 7/ ©
+.66 | 6.3/ 1% 2.7/ 20 4.0/ 15 2.7/ 9 1.8/ 4 P
+.7 | 6.4/ t6 10.2/ 34 | . 6.8/ 2% 5.9/ 13 5.2/ 6 1.3/ 4
+.8 | 1t.07 30 15.17/ 60 | 3.6/ 37 11.27 48 117 27 .9/ 6
+.95 6.5/ 36 7.0/ 70 14.2/ 71 6.9/ 97 8.2/ 45 7.7/ &%
TOTAL | 0. 7172 0. /387 0. /324 0. /%89 0. /146 0. /1038
CENTER [ 2.001 GV | 2.022 GEV | 2.051 GEV | 2.084 G&V | 2. 106 GEV
T 98 | -4,0/ 8 or e .8/ 8 -5/ 3 -1, 47
~. 85 -1.3/ 10 -1.5/ '3 1.5/ S 1.0/ 1 .6/ 3
L - s -1.4/ B -2.0/ & .7 3 .0 3 -8/ 3
=, 68 -8/ 8 -1.4/ 5 i 2 .8/ 4 - VR
-.65 -7 8| -7/ 6| ~-3.1/ 10 -4/ S -7 4
| . 1.5/ 10 -1.9/ 7 -5/ 4 MAso2 22
-] 2.2/ 7 1.3/ S NV 0. v © -3/ 1
-, 25 s.2/ ® .8/ 2 VI .9/ 8 1.2/ @
-. 185 .ss10}] 1.3/ 8 -0/ 3 t.1s 3| e.or 4
T .08 s.0/ 13 -8/ 10 PV -1.3/ 4 .esr 3
+.08 .6/ 13 -7/ 11 -5/ 10 -8 2 -1.3/ &
.+, 18 -. 47 10 -5.4, 8| 1.6/ 9o ~1.8/ © -2.7/ 1%
+.26 -7/ 18 ~6.4/ 14 -8/ 7 -1.3/ 8 -3/ 7
+.35 -1.6/ 15 1.4/ 11 -s.9/ ® -7 8 VN
+. 45 -t.27 7 .9 B -.%/ 1 -2.1/ 3 -2.8/ 7
+.55 .3/ 1| o. ./ o 7N .8/ 6 1.6/ 2
" +.65 -V .6/ 1 -1.8/ 4 NV 1.2/ 6
4.7 | ~-.t/ 18 -.%/ 9 -.2/ 10 -7/ 6 2.3/ 11
. +.85 -7.9/ %3 -2.27 31 -8.1/ 28 -g.2/ 15 -6.2/ 21
+.958 -2.8/ 82 2.1/ 43 -9.2/ 58 -.8/ 46 -5 0/ 45
TOTAL 0. /288 0. /180 0. /174 0. s128 | 0. /180

XBL 713-481




-84-

Table IX. Legendre Coefficients
- + - . .
A, From K p+ n'I Angular Distributions
EcM | AOXTO*S | AX10+3 | AaX10+5 | Agx1043 Asx10+3 AsX10*3 | AgX10+3 | Apxto+3
1.868 | 72t = 7t 8| estio| 16212| 20t14| 972 15| ssti16| -8tie
t.887 ]| 60t 2| 35¢ 4| 66¢ 6 2t 7| 2t 8| 58t 9| 41¢ 9| -atio
1.919] 412 2| 24% 4| 422 S 9t 7| 462 7| 46+ 8] 41t 8] -3t 9
1,957 | 7% 2| 18t 4] 642 €] 152 8| 69¢ B| 27+ 9| 48¢ 9] 11210
1.961 ]| Zot 1| 24t 4| 68t 6| B4t 7| 632 8| Sot- 0| 2 7| 112 g
e.001| 8t 2| 13¢ 5| 972 8| seti10| e3tto]| 2511 | S0t 9| 11212
e.o22] 35t 2 6t 6] st 8| 2211 75t 11 492 13| 5313 4716
2,051 | 38¢t 2] 16t 7| 96t10| S9214] 7rei12| Bet15| s5226! Botes
2.084| =55 ]| 19¢ 8| 108t 12| 39t 14| 94214} 40ttg]| m9tta| 19215
2.106| B34t 2] 14t 7| 972 9| et12| 9st12]| Bot18S| 46211 | Wit 17
- i 4 s . .
B. From K p + n I Angular Distributions
Eem | Aox10%3 | Arx10+3 | AoX10+3 | Amx10+3 | Ax10+3 | Agx10+3 | Agx10¢3 | Apx10+3
1.865| 90t 6| S0t165 140220 Ba2t24| G6¢t2n| B1 txN2 2t30| 4141
1.887 | 100¢ 4| 108t 11 |194¢165| B4+ 17| S2¢t20| 79¢t22| 19¢19]| -7tze
1,919 | 108¢ 5| 107212 | 220217 | 116¢20 [158¢22 | 151 2+25| 26tz2| =t tet
1.957 | 104 58] e5t12] 172217 | s8t19| 156221 | O7+25| -22224 | -4t 24
1.961 | 108t &) fo2t 153|179t 18|120t2t |21Btez 151225 49t2s| 21228
‘2,001 | 112 6| t182 14| 160220 | 181t |2e7tes|oo0te?]| 112t26] -2tes
2.022 116t 7| 156218 | 188¢26 | 216232 | 225432 | 187243 | G4+ 37| -3¢ 5%
R.OS1 | 122 B | 170¢21 1240430 {2262 35 [ 271 ¢ 30| 1782 44| 101 t 41 | -26 ¢ 38
£.084 | 146410 | 224426 | 259436 | 298245 | SS5+ 43| Z102 61 (211281 | 9878
2.106 [ 116t 7| 166t18 | 211226 | 214t 32 |2cBts2|eeatsa| 1092 88| -15¢ 42
- - . o pias
C. From Kp + w LI (Polarization) x (Angular Distribution)
Beq | Box10+5 | Byx10+3 | Box10+3 | Byx10+3 | Byx10+3 | Bgx10+3 | Bgx10+3 | Box10+3
1.865 0t 0| -12% 8| -47¢t 8| -47t B8|-322 72| -4t 6| -0t & 4t 5
1.887 ot o|-13¢ 7| -29¢ 7| -41¢t 7| -29¢t 6| -10¢ 6 1t s 7t 4
1.919 ot o 4t 7| -16t 8| -%2¢ 8|-25¢ 7|-14¢ 6| -2¢ 4| -2t 4
1,957 0t o) 232 7}-21¢ 7| -3¢ 8| -29¢ 7}-16t 6] 10¢ 4 5t 4
1,961 ot o 8t Bl-25¢+ 8| -22¢% B|-38% 7| -14¢ 6 gt 8| -0% 4
2. 001 0ot o 54 9 ot 7| 0% 7] -0t 7] 15¢t 6] 13t 8| tot s
e. o022 ot o Sot11| -o211}| 21¢12 st12] 21211} 24t @ ot 7
2. 051 0t o) est11| S5t | 27215 2111 ] 14210]| 24¢ 8| 20t 9
2. 084 0t o] 22¢t14| 30% 14 st 15 ot1s| 10214]| 16¢ 11 7t 9
2.106 ot o] 2011 ] 21t10] 25t10| t1t10] St t10| 282 B| 182 7
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,;‘mhb1e'x. Ayefage Weights in Regions of Dalitz Plots K;p > uti:n°

A. Data From £ +  n Decays

(mi across, mf up in GeVz)

,8 2.0 2.2 2.4 2.6 2.8 %0 %2 %4 %6
1 %1 t.1 +, t, 1 +.1 .1 21 £ 1 +. 1
[ 1 i L L 1 i 1 1
6 |1.22 . 1,21 .. 1. 21 . .
1 | %15 % 10+, 09 :
4 {1.20 1.20 . 1.24 . 1.26 X
1. |%.07  ¢,08 %£.17 " £.17
2.1 1.18 /1.18 . 1.20 . 1.235 . 1.25
1 14.06°%.06 %.10 %, 14 "% 14
0 [1.19 1,19 1,19 1,20 .1,22 [ 1.21
1 |£.06 %£,07 ' +.08 %.09 ' +.08  t, 04
e—1 1.17 01,17 1,17 . 1.18.1.18 . 1.19 . 1. 25
1 |£.05 " %.05 ' %.05 4. 07 " +.08  %.06 "*. .10
6 417 1,17 01,18 1,19 11,19 1. 25 . 1.18
1 T$,05 " %.05 4,07 ' ¢.13 " +,07 " %.12 ' % 06
4 118 L1 170117 01,17 . 1.18 . 1,22 [ 1.24 . 1.19
1 .05 ' £.04  %.06 ' %£.06 .07 £, 19 % 16 % 04
2 . 1,47 .1.17 1,16 . 1.17 1,18 . 1.25 . 1,21 . 1. .21
1 : .02 " +.05 ' %£.07  £.07 "%, 07 ' +.46 " £.06 ' t.04
0 . . 1.17 1,17 1,18 . 1.21 [ 1.19 . 1.18
1 $.06 .05 %.06  +. 135 ' %.06 ' %. 05
8 1.17,.1.19 1,17 . 1.21 1,20
1 +, 04 2,07  %£.06 %, 07" %05
- .
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Téblélx. Averége Weights in Regions of Dalitz Plots K'p - AL N (cont).'
B. Data From ¢’ - n+n'Decays \
(mi'across, mf’up in Gevz)

1.8 2.0 2.2 2.4 2.6 2.8 3.0 352 34 36
.1 .1 .1 #.1 +.1 .1 1 1 %9

R T ] o ] L
5.6 |1.85 .t1.32 .
.1 [ £.17 " £.16 "
5.4 | t.28 . 1.26 .1.29.1.24
£,1 | £.135 "+, 18 " +.22 %, 16
N L T T N TS e e e e e e e
%2 |1.52 .1.28.1.2%5 .1.25 . 1.8
k1 £, 18 2,12 2,10 ' £, 10 " £, 11
8.0 [1.298 .1.28..1.21 . 1.24 . 1,85 . 1,27
k.1 | 2,12 £,13 £, 07 " £.14 "%, 44 %, 17
‘2.8 |1.30.1,27.1.258 . 1.26 .1.2% . 1.21 . 1.19
C#,f k11 4,09 k.11 " £.14 0%, 10 %,07 ' +.05
2.6 1,28 . 1,27 . 1.25 .1.22 . 1,22 . 1.22 . 1.28
%, 1 £.09 " £.12°%.12 £, 07 £.09 % 09" % 15
2.4 1,29 127 . 1.25 . 1.24 1.2 .1.25 [ 1.25 | 1.27
T, "$.,05°%+.06 £.08  £.08 % .07 %.16 " £.08 % .12
2.2 . 1.27 .1.25 .1.26 . 1.24 . 1.22 . 1.27 .1.21 . 1.%6
&1 £.06 .04 "%, 08 *.07  %.06  *.14 2 .06 ' +.19
2.0 1.25 .1.26 .1.26 .1.27 . 1.2% .1.24
t, 1 £, 07 " £.09 ' %.09 " %£.13 - %, 08 " .09
wh ¢ 2 s e B 4 s & B 8 e 8 4 2 & a2 e s 8 % 6 a4 e & e 8 s s 8 e+ @ e e e e e e e e e e s aea e
v 1;7 1 1.26 .1.26 . 1.23.1.29
+.A .11 4,10 ' $,12 ' .08 ' +.13
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Tab1¢ X,7 Average Weights in Regions of Dalitz Plots Kp~+ nti;wo (cont).

C. - Data From‘zf_* npp Decays)

j(m§ acrps§,.m3 ﬁp-in GeVz)

1.8 2.0 2.2 2.4 26 2.8 3.0 32 3.4 3.6
e &, 1 . 1. &1 %1 €,.1. 2.1 2,1 *, 1 %, 1 %, 1
o ; - [ AR | N DU I 1 1 1 1
8.6 |1.27 0 1.51 [ 1.44 . . : :
Tk | .10 2,14 0 £, 22 ° :
5.4 |1.52 1.385 1,35 1,39 .
okt 1S 2 18k 12 ¢ 18"
s.2 [1.55.1.30 .1.29 . 1.26 .
k1 |17 k11 £ 13 %, 07
5,0 11.321.30 .1.28 .1.26.1.25 .1.21
£,1 [ £.12 " #,.11 1 £,10 " £,09 ' ¢.05 ' .00
2.8 |1.23.1.28 . 1.27 . 1.27 . 1.27 1.28
£.1 | £.08"° %09 " %,10 " +.03 ' £,09 . 11
. . .—1_ ......... ® o o o s 8 =2 s e o @ 6.4 s 2 @ e+ 6 & a4 @ s e st 2 8 s s a8 e e s s A&+ s a @
‘2.6 .1.30 [1.28 .1.28 .1.25 .1.27 . 1.27
*, 1 "#,09 4,09 " %.11 " %,.06  +.08 ¢t 12
2.4 .1.29.1.28 .1.28 .1.26 .1.29 .1.26 .1.24 . 1,30
.1 ‘t.06 " £.07 " ¢,08  £.09 £ 13 £.07  + .05t 11
‘2.2 Y 1.28 .1.28 . 1.25.1.26 . 1.32 | 1.30 | 1.25 . 1.23
L . .02 %05 %05 %.06 %22 % 11 %03 % 02
2.0 . 1.29.1.27 .1.20 .1.29 [ 1.28 [ 1.27 | 1.25
t, 1 : +,05 " $.05 2,08 °%.08 "t .10 % .10 %, 09
. _ . € s s o s s s s o © s o s 8 o s e s o a.v e o s o as ‘e e s @ s s s s s s s e .
1.8 . . C1.38 [ 1.29.1.26 [1.24 1.29
.1 . "2, 08 £.07  £,07 %, 042,12
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Table

XI.

Binomial ‘Operator From Partial Waves to Distribution »
Coefficients, Values Approximate, see Ref. 26 for exact values.

U-v=Re (0" V) Ao P At D A2 D As I ALl A5 D As D A7 | By Bg IBs !By i Bs i B ! B | UsV=Im(U*V)
St S1+Pq° Py 1.0 ; . : : : : : : : B : ‘ )
S1.P1 : 2.0 : : : : : : : : : : @0 StePy
S¢Px+Py- Dy 4.0 : : . . P =2.0 ] stxPg-PixD%
S1-Dx+Py-P3 S T T S S - 2.0: Stx03-PixPy
€¢°Dg+Pt-Fg : 1 6.0 : : : : : : s i -2.0: S{xCg-Py X7
S1*Fe+P1' 05 : : : 6.0 : : : : : i N : Sy xPFg-P1xDg
B PPy G7 : : : 8.0 : : : : : -2, 0 : SyxP7-Py xG7
Sq* GpePy* P . : : i 8.0 : : : : IR NI : : Sy xGo=P- 1Ty

Py P5+Ds D3 | 2.0 R : : : : R : :

Ps, D3 i 0.8 P ne: : : : : : : Peal Ie P5rls
Pz D3+D3° Fs AL 1 4.8 N : : : : 10,4 :-35.6| PzxCu-DsiFs
Px’ P5+D3' D3 : O P g :10.3 : : : : P eel i t.al Pexi5-Cx«Dg
Px: F74D5° 67 :10.5 : 5.7, : : : : 1 =0.6: i =5.4: PgxFo-CzxCy
Py 674Dy Py : : L 27 c15.35 ¢ : H X HER -1 : Py G5y
O’ D5+F3- Fg S.0; HEXH . 2.6 : : : : . . '

Dz.Fg 0.8 : HEE 1143 2.9: 1.6 1.8 Cons
Dg: F7elP5 Gy 10, 3_; 8.0 : B5.7 i-0.2 : -0.7 -5, 1 CexFr-Fg:Gy

D5 6775 P

Ds:Co-Fg: Foy

Py Fp:67° 67
F2. 67

i
N

w0
oln
s
o
-
|
1

ijb J
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‘Table XII.

. -89-

Summary of Partial Wave Fits to the Legendre
Coefficients of Tables IX and Ref. 2b.
FIT | At B1 : B2 ‘et i €2 I ¢c3 : c4
=0t P(G) PG P& Pe) i PW@ I Pw6) i P
S 4 S : :
pot : : : :
Pty : s : R(3) R(3)
P03 : : :OPWG I PG
CP1S v L T PR
DOz R(SI+P(6) (R(ZIPG) | : v IR(0ISVIS) ©
. D15 _ v PG . PL6) RI%) - ¢ R(3) ROIHRZ: R
i >1o ] RESI4PLG) [RIBIVIB) IR(BI4VIE) [RIBI+VIB) :RIZI4V(5) (R(BI4VIE) :R(BI4VIB)
oL \ R IR(BISR(B) |R(BI4R(B) | : IRIBI+R (D)
RIS R(Y) visy, i ¥ v byt veey '
Fo7 Py Y v visy . ve ¥ R Y11
G OPR17 Rz LR(BY T RS R(3) ©: RS ! RB R
.. 607 ¥ SR o ISR AN
G17 --’.‘ - t e -——- : - . . H -
NV g0 | 81 20 . ec4 ga 78 81
. v(X‘/DF).' B79. /29G| 303. /3005 - %78, mg:. - E —— : ——
A XYDF), | 296./270| B00./277; 288, /278| B0B./284; 306.,200: I53./290: 320./207
PROB, 21, 174, : 38% 21% :  14% 1% 8%
AXoPyy | o.84 0.87 . 0.83 0.85 { 0.8 . .14 . 0.9
- (xYoP), 1.87 1.69 : 1,66 1.8 : 1,B4 : 1,86 : 1,66
T - — — T _
£17 0o - Ef F.0 Gt : 62 NV NUM. OF VARI-
S0t P(C) P(G) B(6) P(4) : P ABLES (APPLIES
‘a1t : . TO f )
POt ot o oe
P11 R¢0) R(S)+P(4) iRe@ sRe2y | OF NN, OF DEGREES
PO3 P(G) P4y @ P £DoM
P13 "R¢O) . v R(3)+V(5) (R () +V (5)
DO3 REOIHV (L) [RCOISVIB) [R(0I+V (4) [R(0I+V (6] (RLOI+R D) OP-NUM. OF DATA
D13 [RCOIHRO) v R(0)+R(3) : POINTS
D95 {R(0ISV L) [RISIeV(S) R(3)+V(S5) R(SI+v(S) | .
o Y ;R { -FOR PREP1T, WHERE
P05 R(D)<R(0) v v : APPROPRIATE
P15 v V(S5) Vil v IR(2I+R(2)
Fo7 vy Y R & RS £ -FOR ACTUAL PIT
17 R(0) R(3) "R(0) : ’ - '
607 v Y 4 : d -PROM ANGULAR D1s
617 - visy | v v i e TRIBUTIONS AND
i : POLARIZATIONS
L 48 1] 68 es €8
t XoPy; | 1035, /320| 422. /500[1015. /300| 6B4./B18] --- 4 ~FROM ALL CoRPFI-
« X*/DP), ——_—— S12. /27 o 517, /205: %68, ss00| CIENTS IN FlG, 15,
PROB, - 7% - QY S e
¢ X0P), — 1. 01 — .11 | 4% NO FIT INVOLVED
(xbory, | --- 1,01 - 1.62 §  e-- PoR d OR a.
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§

1.750
1.775
1.800

1.825

1.850
1.875
1.900
1.928
1.950
1.975
2.000
2. 025
2. 050
2.078

Table XIII.

sot

. 082
. 076
. 061
. 047
. 034
. 024

. 097,
. 079,
. 066,
. 0560
. 050,
. 045,
. 042,
. 040, . 007
. 040, -, 001
.041,-.010
. 041, - 022
. 038, -, 036
. 031, -, 054
. 016, ~. 072

-.010, -, 086

-. 046, -. 091

s11
. 059, . 181
.096, .166.
.128, . 142
L1S3, 111
.169, ,07S
L1785, 038
. 173, , 00!
.162, -, 053
. 143, -, 062
.119, -, 084
. 092, -, 098
. 063, -, 104
. 036, -, 105
.012, -, 094
-. 006, -. 072

£2.100 ‘ -. 019, -. 060

.ot

POt

.201, .080
. 223, -, 054
L 181, -, 151
.127,-.200
. 089, ~. 214
. 076, ~. 209
. 086, ~. 188
.108, -, 153
. 129, -, 093
. 130, ~. 034
. 099,
. 0433,
. 0ot,
L0185, ~, 014
. 008
. 099

. 049

-. 059, -, 062
~. 048, -, 076
-. 035, -, 083
-.030, -. 084
-, 031, -, 081
-. 088, -, 073

~. 046, ~. 061
-, 055, ~. 044
-. 056, ~. 022
-. 050, -. 00t
-. 035, .015 .
-.016, .020
-.002, .o0t2
-. 001, -, 003
-.017,~.009
-. 036, .007 .

.025 |

.025 |

¢
f
i

Partial Waves Calculated From Fitted Parameters

A. For Fit Al

POS

. 167
. 118
. 081

. 130,
. 138,

. 054

.0t
. 005
. 002
. 000
. 001
. 004
.01t

. 041

-, 004, -, 009
. 021, .0620
. 086, .02%
.088, .010
.108,-.016
117, ~.044
. 118, -, 068
114, -, 086
. 109, -, 097
L 103, ~. 100
. 099, -, 097
. 094, -. 088
. 089, -, 07S
. 082, ~. 055
. 071, -, 036
. 053, ~. 017

. 020

' . 001,

DO3s

. 168, -, 077

. 159, ~. 036
.105,~. 016
. 07S, -. 008
. 044, -, 006
. 018, ~. 004
., 004, , 00!
.021, .ot
. 031, .026
.031, . 048
. 019, . 063
.004, .07
.035, ,074
. 066, '
.0B6, . o021
. 086, ~. 028

D13

.041,~. 018
. 030, -, 053
. 005, -. 075
. 043, -, 074

. 086 !

i
|
i

. 069, -. 062

. 084, ~. 049
. 089, -, 043
. 086, -. 046
. 076, -. 065
. 057, ~. 067
. 028, -. 073
. 004, -, 068
. 0%0, ~. 046
. 037, -. 015
.021, .006
. 003

Dos

.012, -, 070
-. 003, -, 074
- 021, -, 087
-. 0%0, -, 120

. 000, -. 166

. 089, -. 165

.108,-. 117

L1038, -. 076

. 088, ~, 082

.07S, -, 045

. 062, -, Dad

. 081, -, 081

. 068, -, 056

. 086, -. 054

. 106, ~, 033

. 124, ~,009

D1S

. 007,
. 001t,
~-. 006,
-. 007,
. 001,
.01,
. 025, .025
. 035, .00f
. 045, ~. 019
. 054, -, 035
. 064, ~. 046
. 074, -. 052
. 088, -, 083
. 096, ~. 049
.107,-.038
.116, -. 023

.012
.078
108
.10t
. 080
. 0852

" Fos

-, 068, -, 146
- 144,-.100
- 1658, -, 095
~-. 126, -, 180
. 054, ~, 243
.140,~. 1938
L 1B4, -, 149
147, -, 158
L1141, -, 128
.14, -, 124
L 148, -, 117
.161,~, 108
.174,~.078
. 182, ~, 042
177,
L1852, 046
F1S

-. 024, -, 004

.~-.0381,~-, 006

-. 059, -, 010
-. 049, -, 017
-. 060, -. 029
~. 070, ~. 0489
-. 073, -, 0860
-. 087,117
- 017, ~, 141

.026,-.135 |

053, -, 114
. 064, -, 092
. 087,-.074
. 067, -. 061
. 064, -, 051
. 062, -. 043

. 002 |

FoO7

. 004, . 002
. 008, , 002
. 007, .00%
.010, .004
. 014, 004
.018, .905
. 025, .006
029, .007

. 035, . 007
. 042, . 007
. 050, . 007
. 058, .007
. 066, .006
07s, . 004

. 084, .002
. 094, -, 000

F17

-. 008, -. 000
~-. 009, -, 001
-. 011, ~. 00!
-. 014, ~. 001
-. 016, -. 002
-, 020, -. 003
-. 024, ~. 005
-. 029, -, 007
~. 036, -, 011
-, 044, ~, 018
-. 053, -, 031
-, 080, ~, 052
~. 053, -, 086
-.018,-.118
. 028, -. 109

. 052, -. 082

GO7

. 004,
. 008,
. 007,
. 008,
. 010,
. 012,
.014,
017,
. 020,
. 023,
. 027,
. 031,
. 034,
. 035,
. 031,
. 020,

. 000
. 000
. 001
. 001
. 001
. oo2
. 003
. 004
. 008
..008
.012
.o18

-06—

' 0.
. 0.
. 0.
. 0.
. 0.
., 0.
, 0.
' 0.

0.
0.
0.
0

o

0.
0.
o.
°.
0.
°
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Table XIII. Partial Waves Calculated From Fitted Parameters (cont.)

SOt

-, 001, .002
. 047, . 020
.. 088, .o082
. 0S5, .138
. 026, .161
014, .169
L0238, .166
. 050, . 151
.083, .17
.104, .063
. 093, . 00!
-. 084
. 004, ~. 0t8
.017,
. 080, . 001
3X]

- -, 039, .164
. 010, .167
. 053, .186
.087, .1357
112, . t14
. 129, .090
. 132, .065
L 144, . 045
. 146, .024
. 144, .008
. 140, ~, 006
.1%6,~. 016
. 130, ~-. 023
. 1258, -, 028
. 120, -, 03¢
L 118, -, 082

POt

.2%2,-. 132
5245,-.155
.2%8, -, 167
. 2353, ~. 168
.230,-.160
. 289, ~. 144
.2238,~,.120
.219,~, 090
. 209, -, 057
. 182, -, 023
. 167, .008
. 134, 033
.095, 046
. 056, .045
.021, .028
-. 002, -, 004

[4 R

.091,~.016

. 062, -, 049

. 032, -, 062

. 007, -. 061
-.011,~, 054
-, 023, -. 045
-.030,~, 038
~. 085, -, 032
-. 039, -, 028
-. 042, -, 026
-. 046, -, 026
-. 081, -, 028
-. 085, -, 033
-. 058, -, 042
-. 060, -. 053
-. 058, -, 069

.

.

"B.

" poOS

128, .144
117, .1%9
111, .138

107, .132
108, .130

108, .130

106, .13t
108, .133
1135, . 136
119, .139
125, .144

. 133, .149

143, . 155
184, . 161
167, .167

. 182, 173

. 074,
. 088,
. 110,
. 115,
L1158,

. 097,

.

078,

P1S

. 088

112, -. 008
109, -. 007
106, -.
102,

089,

063,
045,
oas,
002,

-.002, -. 052
. 027, -, 043

. 043, -, 016 |

.088, .012
.014, .02%
--002' .012

- For Fit B2
Dos Dos
.092,-. 101 | -, 019, ~, 030
.087,-.008 | ~, 028, ~. 035
. 053, -,007 | -, 036, ~. 053
. 039, ~.022 | -. 030, -. 099
.032,-.037 | .043,~. 1353
.. 028, -, 051 . 108, -, 0685
.014,-.060 | . 115, ~. 084
-.002, -.064 | .108,-.002
-.02%,-.060 | .097, .018.
~. 048, -.044 | .030, .03
-.085,-,016 | .085, .044
-.083, .017 ! .o@2, .o0S2
~.032, .046 | .081, .059
.002, .059 | .082, .065
.035, .048 | .08S, .069
S.052, 019 .091, 071
(o1} o1s
~. 157,-.090 | .0BS, .060
~.084,-.08% | -, 007, .098
~.040,~.07t | -, 087, .079
-.010,~.047 | -, 0ONS, . 058
.008,-.021 | ~. 019, .04s
-.0Ct, .002 | -.00%, .0SS
-.017, .ott . 007, 022
-. 034, .004| .017, .01t
-.040,-.017 | 028, .00f
~.029,~.040 | . 0SS, -, 007

.041,-. 014
. 049, -, 019
. 089, ~. 019
.070,-. 013
. 082, -, 005
. 082, 012

Fos

-. 068, -, 053
-. 092, -. 069
-, 10%, -, 140
~. 050, -, 255

.07, -. 267

L172, - 212

.210,~. 143
.220,-.088 |

. 220, ~. 046

.216,-.012.

.210, .08
.201, 048
.189, .070.
. 178, .02
182, L1to
L1834, . 124
FIs
L0185, 018
. 013,
. 008,
-, 002,
-. 014,
-. 022, -. 009
-, 014,~, 040
.oz2, -,
. 063, -. 052
. 086, -. 024
.02,
. 087,
. 080,
.07t
. 062,
. 055,

. 020
. 019

Lo17.

.ot2

~o7
-, 001, ,00t.
-. 000, .008
. 002, .006
. 007, ,007
~.012, .o008
. 019, .
.026,
. 033,
‘. 040, -, 003

. 049, -, 00S;

. 057, ~. 008
. 067, -, 003
. 077, . 003
. 086,
. 095,
. 098,

. 082
. 088

17

-. 005, -. 000
-..006, -. 000
-. 008, -. 001
-. 009, -, 001t
-.012,-. 002
-. 014, - 002
~. 018, -. 004
~-. 023, -. 006
-, 029, -. 011
-. 036, ~. 021
~. 041, 041
-.027,-.071
.0135,-. 078

. 036, -. 058
. 039, -, 038
. 036, -, 024

. 008 |
. 004
. 000

. 018

. 00%, , 000
.. 006, .000
. 007, .000
. 009, . 001
.011, . 001
.014, . d02

. 017, 003,
. 021, . 004
. 028, ,007
.081, .010
.038, .017
. 046, . 028
.088, 047 |
.044, .076
.014, ,09%
-. 023, '

G117

.

0.
0.
“o.
,0.
.0.
.0.
.0,
,0.
.0.
. 0.
. 0.
V0.
.0.
,0.

.0
.0.

Padi N

°Po0000000000000
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1.728
1,780
1.775
1.800

i

850
.87
. 900

975
000
02s
050
07
. 100

PRRRNS e

EcH

1.750
1.775
1,800
1.828
1.850
1.875
1.800
1.925
1. 950
1.975
2. 000
2.0288
2. 050
2.075
2.100

Table XIII. Partial Waves Calculated From Fitted Parameters (cont.)

Sot

.156, -, 012
. 140, . 028
.119, .o5e
. 101, .06%
. 088, .067
. 079, .066
.074, .. 062
. 074, .0%6
. 076, .047
. 079, .035
. 083, .020
. 086, .002
. 085, -, 020
. 077, ~. 044
. 061, -, 069
. 055, ~. 090
Sttt
.215, .1e8
. 190, .165
. 174, 155
. 164, 141
L 159, 12%
L1886, .102
. 155, (073
. 154, . 055
. 151, 028
. 145, | 00t
. 135, -, 027
. 120, -, 054
. 099, -, 078
. 072, -, 0S8
.04t ,-, 111
.008,~. 116

-, 151,
[ -.091,-.109

POt

. 093, -, 070 !
. 099, -. 086
. 103, -, 098
.104,-.107
L104,-. 111
L1058, -, 112
L101,-.110
. 0998, -, 104
. 095, -, 098
. 091, -, 083
.084,~, 070 |
.074,-.055!

}

. 062, ~-. 040

. 046, -, 02F
. 026, ~. 011
. 003, -, 001 |

P11
. 0086

-, 000, -, 158
.058, -. 109
. 081, -, 079
. 083, -. 061
. 073, ~. 057
. 055, -. 062
. 028, -. 067

-.005, -, 061

-. 032, -. 040

-. 039, ~. 006

-.022, .019
. 002, .017
. 006, .002

-. 004, .004.

POS
. 147, . 119
. 140, .12
.138, .106
. 158, 102
.152, . 099
L1352, 097
. 1354, 095
. 138, .095
. 145, 098
. 149, .0%6
. 186, . 097
.165, .093
. 176, .10t
. 187, . 103
.200, .103
L2118, 107
PIS

L0177, . 032
. 039, .03
. 053, .oz«
.074, .010
. 083, -, 005
088, -, 017
091, -, 028
094, -, 028
096, ~, 027 | -
088, -, 020
. 098, -, 009
095, . 006
. 089, .o023
. 076, .040
. 057, .08S5
. 0%4, . 063

C. From Fit C1

Dos
. 188, -, 161
. 156, -. 096
L1354, -, 053
. 108, -, 027
L0785, ~. 014
. 046, -, 00B
.019, -, 004
-.004, .00t
-.024, .011
~.0%9, .028
-. 045, .045
-. 041, .067
-. 024, .0B3
.005, .10%
J044, .104
. 086, .085
DIx

-. 016, ~.002
~-. 019, -, 003

-. 025, -. 005
-.027,-.008
~. 082, -, 011
-. 058, -.0t7
~. 045, -. 026
-. 050, -. 040
~. 050, -, 060
-.038, -, 083
-. 011, -. 099
. 019, ~, 096
. 039, -, 081
. 047, -. 0G4
. 048, -, 050
. 048, -. 040

DosS

-. 057, -, 008
-. 048, -. 011
-. 059, -, 032
~. 054, -, 077

. 005, - 116

. 067, -, 088

.086,~, 049 L

. 089, -, 02%
. 088, -, 007
. 087, .005
.087, .01%
. 088, .024
. 088, .034
. 087, . 044
. 085, . 054
. 082,

015

. 033
. 070
. 066
. 048
. 030

.017,
. 009,
-. 016,
-. 009,
. 005,
.017,
. 025, , 006
. 032, -, 008
.037,-.014
. 042, -. 020
. 049, -, 025

e 056, - 027

. 065, -.
. 075, -,

oz4
017

. 085, -, 004 .

. 092, ,o0t6

. 066 |

. o008,

. 017

FoS

-.087,-.038
- 115, -, 076
- 132, -, 147
-. 096, -. 250
. 084, -. 3135
. 145, -, 280
.206,~-.208
. 227, -, 144
. 230, . 094

- .227,-.058 |

. 229, -. 022
.210,
. 197,
. 182,
. 164,
. 144,

.03t

. 070
. 083

F1s

. 010
.018
. 021t
. 088

. 003,

. 003,
-. 008,
-, 025, .023
-. 0458, .006
~-. 053, ~. 029
-, 053, -, 068

.01t,~-. 087

. 055, ~-. 075

. 080, ~. 046

. 087, ~, 015

. 082, .008

. 073, .025

. 063,

. 083, | 041

. 006 |

. 053 |

.ossi

Fo7
! -, 000, .000
-. 000, .002
. 002, .004'
. 006, .005 |
.o11, .004!
.017,-.000 |
.022,-. 006 |
. 026, -.012 |
,.0351,-.018 |
. 036, ~. 024 :
. 043, - 028 |
| .oss,-.oso!
i . 065, ~.026 |
| .o78,-.017!
. 090, .00
. 097, .028
F17
~. 004, ~, 000
-. 005, -. 000
-. 007, -. 001t
~. 008, -, 00§
-. 010, -, 00Y
-.012, ~. 002
-. 015, -. 003
-. 019, -, 004
~-. 024, -.008
-, 0%0,-. 013
-. 037, -. 025
-. 033, -. 048
-. 015, ~, 0785
. 02%, -. 069
{037, -.046
{ .037,-, 030

e o e e i B el

GO7
l‘.oos. . 000 !
. 008, .000
. 008, .000
. 009, o001
.011, .00t

.014, .002
.017, .oozg
. 020, .004 !
. 028, .00S ;
. 031, -, 009 .
.038, .0t14'
. 046, 023
. 055, 028 .
. 057, .066
. 033, 100
P -.008, 115"
Gt7?7
0. , 0.
o. , 0.
0. , 0.
0. ., 0.
0.. ,0.
0. . 0.
0. , 0,
0. , 0.
o. , 0.
0. . 0.
0. . 0.
| 0. , 0.
lo. , 0.
0. . 0.
o. , 0.
0. . 0.
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Table XIV. ' Summary of Fits to Other Data
S : "Sfafting ° Number of .~ Time Per Numbéf-bf':-;—:.w'.z LS
“Fit from Data - Data Points -~ Iteration.  .Iterations . x_/DF Probability .
AD Al . Original 625 14.3 sec. 189 558.2/503 'ty
' Distributions T :
CcD 1 ~ Original 644 9.2 sec. 317 . 560.9/526 14%
‘ : Distributions : o o ‘
cA c4 All Coefficients = 1048 29.5 sec. 7 . -1582.6/967 e--
. in Fig. 15 - o :
EA El All Coefficients 1048 10.9 sec. 5.23  1357.7/957 -
o in Fig. 15 | o

DF - Degrees of Freedom (Note that Fit AD(CD) required 32(34) ndrmalizations,)v

-£6~



Table XV. Chanriel Descriptions and ''Reduced Branching Fractions.?' The fractions listed are the
~ - artificial @, described in the text. The first six resonances correspond to those in
. Table . XIv. ~ -~ T T - B '

-?6_

L V v s 52t ”L" B R
Masses  .938, 494 1.192, .140  1.383, .140  1.518, .140  1.115, .140 1.405, .140
D05 - .20 - .30 .50 |
D15 .44 .06 .13 .15 RV .08
FO5 .64 .11 .25 '
F15 20 .20 .20 .20 a0 .20
F17 20 .05 .15 s .30 15
607 25 .05 .70
D13 .05 200 s .20 | .20 .20
FOS .10 .30 .60 |
PI1 .10 .25 .15 20010 .20
F15 .10 .20 .20 20 .10 .20




Tab 1e_ XVI.

Parameters for Resonances Already Classified in SU(3) Multiplets. Listed are the fitted =
averages for each series in Table XII. These were then averaged, in the sense described . _

in text, and errors assigned. The parameters Tt and y/2 are artificial parameters for .

convenience of fitting.

WAVE T B Ys2 ame Ty2 fwave v T Er * Ys2z | amp T's2
- GEV . (EpY GEV . eEv (ER)  GEV
A -.122 1.833 .481 | -.174 .049 A .082 1.777 .810| .tos .o077
B | -.t05 t.825 .460 | -.152 .o045 B L 065 1.750. . 462 .084 L 040
c -.026 t.226 .391 | -.124 .033. e .043 1,760 .405 | .053 .036
Dos E ~.084 1,329 .365 | ~.121t .036 | D15 E .075 1,775  .878 | .096 ..693
G ~. 093 1.840 ,45%1 | -, 1335 .04z 6 .045 1,763 - .318| .,053 ,023
AVG | =, 026 1.C83Z2 ,441 | -, 158 ., 044 AVG |~ . o058 1.765 _.6G66| .074 060
Enm | o0tz t;ooé‘t.o4o t. 018 . 005 | - ERR | £.014 %,009- %, 193 t.017 %, 019 N
A -.2c2 1,824 455 | -, 242 o048 _ A o] =.119 1,932  ,661 | -.145 072 ]
B -.203 1.821 .518 | -,266 .05< . B -.123 1,912 ,758 | -. 15635 .076
c -.345 1,829 .590 | ~-.318 ,063" € | ~-.123 1,856 ,748 | -, 160 083
Fos E ~.284 1.821 .374 | -.262 .032 ] Fi5 . o
' 6 | -.ze5 1.821 .csm | -.262 .055 G ~.089 1.918 .491 | -.t10 .05t
AVG | - 0 1.823 .500 | -.268 .052 AVG | =, 11t 1,928 .684 | -. 137 ,073
ERR | . 029 *.003 *.076 | . 027 %.008 , ERR | 2.012 %.008 t.090 | t. 018 ¢, 011
A .060 2.116  .602|. .058 0SS A -.095 2.058 .443 | -.113 062
8 .027 2,081 .3Z36| .086 oS8 B -.062 2.017 .351:| =,079 ,044
c ss'z.oss . 558 .0983 .o085 c -.064 2,034 ,3562 | -.081 . 047
co7? E .166 2.036 .463 .163 .ose | F17 = -.072 2.022 .444 | -.092 .056
.G . 081 2,099 ,417 .079 .063 G ~. 063 2,031 ,461 | -.087 ,060
Ave | .093 2.092 .400 .096 .o072 AVG | ~. 060 2.0354 ,455 | -.086 .059
ENR | ¥, 037 +, 012 ¢, 072 | . 037 %.013 ERR | . 012 2,014 %, 033 | ¢, 014 ¢, 006
H
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Table XVII.

| -96-

Parameters for Resonances not classified in

SU(3) multiplets.
averages for each series in Table XII.

Listed are the fitted

These

were then .averaged, in the sense described in.
, ( The parameters 1
and y/2 are artificial parameters for con-

text, and errors assigned.

venience of fitting.

UAVE FIT T ERr Yse AMP Ts2
' GEV tEpy - GEV
c ~. 094 1,830 .504 | -,102 ,090
. G -.079 1.295 .Gcee | -.086 .12z |
D13 ,
rve | -. 086 1.985 .577 | -.095 104
ERR | *.005 *.005 *,057 | £.006 *. 011
B 178 2.148 1.175 .170 244
_ c . 140 2,130 (,274 1354 . 258
Fos . . ) A
" AVG . 159 2.141 1,226 . 162 . 252
ERR | £.013 %,006 2,035 | *, 013 %, 008
o ‘c | ~.073 1.772 .305 | -.108 .040
G -.059 1.864 2,395 | ~. 078 -{EE;
FI5 B2 . 091 2,057 3,028 .104 453




-97-

‘Table XVIII, .-SU(3) Isoscalar Coefficients For Coupling

R ; ' to Octet-Octet Channel. These values are

- ~approximate; for exact values see Ref. 25.
Baryon symbols specify Y,I as described in text.

N 8 8 A 10

d _ °f
Nm 67 .50 - Nr | -7
K | -.67 .0 o 7
L 8 8. 10
NR -.55 .41.: o-.a1
In 1 0.b - .82 : .41
e 45 0. -.50
A 8, 8¢ 1
NK .32 .71 .50
En -.78 o .61
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: Data'Used for Fits to SU(3) Coupling Constants. ~

SINGLET

'I-‘a'b'.lve XIX. : LS.
C Reactions are indicated by Np: 1 Nm»Nw, 2 NK»NK,
3 NK+Zw, 4 NK>An, 5 Nm>IK.

MUItiP;ét? .  .] §:$5 ,_.gﬁv,”,.. NEES
DSﬁ;j" N(1670) 140, + 35. 420 + .030
" octET £(1765) 120. + 38. .436 + .018

074 + .017

-.250 * .025
A(1832) 88. + 10. 090 + .010
| -.138 ¢ .018
és N(1688) 142+ 37, .620 * .060
OCTET £(1925) 146+ 22. .100 + .030-
| ERTY £ .015
-.090 *+ .020
A(1823) 104. * 16. .639 * .006
o -.268 * .027
F7 A(1950) 190 + 30.- .450 * ,060
DECUPLET ~.090 * .020
. 'v _z(zo34) 118+ 12. .206 + .080
a | -.086 + .014.
1200 + .020
67 ’ N2092) 144. * 26. .290 * .040

.096 + .037
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~.Table XX.  SU(3) Coupling Constants From Fits to Data in
S Table XIX, assuming Glashow and Rosenfeld
energy dependence with X = .35 and the nucleon
mass as scale factor. Lo

g B¢ g
D5 88 -.14
Fs . .81 .82 |
F7 | o | ,49”

67 . .51




Figo 1 .

Fig. 2.

Fig. 3.-

Fig. 4'0

Fig. 5.

Fig. 6.

Fig. 7.

} The momenta in the rest frame, represented by a unit sphere, are

Fig. 8.

. * .
unaltered, but the angle ¢ is transformed to the lab angle §.
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FIGURE.CAPTIONS

Schematic of secondary beam used for this experiment.

One view of a typical I event,

Comparison of non-Gaussian distributed fiducial quantities for - !
I events and 1 decays. The cuts applied for these quantities -
are indicated.

Decay vertex fiducial volume.

Differentialjiifetime“distribUtionS—fnumbers of events weighted

only for decay angle losses. The:ﬁimé intervals for z~ ()

ﬂde?ays aré .05 (;63) nsec;‘ - ' |

Décay anguiar'distributions.

a)_'Azimuthal angle, ¢, as described in text.

b. Cosine of center of méss'angle, c = cos 6*, as defined in
text. | ' ’ ' - |

Illustration of Lorentz transformation of the deCay angle.

carried into the lab frame, répresented by an ellipsoid (e.g. 1

.vector OS to vector AL). Perpendicular components are

For the case R > 1 (symbols defined in text), a cuf in § o S

corresponds to two cuts in the center of mass cosine, C,.

Distribution of fitted beam momenta for both the T decays and

the I events. Numbers of events passing all cuts are shown per

bin of .005 GeV/c.



-101-

Fig. Qf.iCross sectiens,from ailvavaiiable dafa fer the reactions
| .;gtUdied. See Fig. ISfcaption for references to other
‘i;.eiperiments. | |
| a;:'K'p~+ T
'; bl' K'p +_ﬁ-2+
- e;' k-p?+ nfziﬂo
:_Y&-. Kp -~ A
Fig.eid’ Product1on angular dlstrlbutlons, show1ng sums of weighted

,events in the b1n comblnatlons. W1dths ‘of comblnatlons are

‘\

_mu1t1p1es'ofv0.1 in the product1on c051ne,,cos = ﬁ(.' ﬁ“}

a. Kp+nr
b. Kp-~ n*£+
Fig. 11; Peiarizafiohs‘forrKnﬁ > ﬁ-z+_in intefvals.of the production
 cos1ne, cos 6. ‘The dashed curves show‘the fﬁnctional ;J
.;representatlon calculated from the Legendre series expan51ons.
Fig.'i?g Functlonal representatlon of the productlon angular distribu-
' : fions The dashed curves are the Legendre series expan51ons
.iln the production cos1ﬁe, cos 0; the»shaded hlstograms glve
”‘vweighted numbers of events per bin of 0.1.
15. Kp > n+2- o
‘ b, K'p vt ,
Fig;:13} Da1itz plote and invariant mass-squared distributions.
v.“ebaehed curves in plots indicate kinematically imposed boundaries
for each of the energies, E, included in the plot;' Dashed curves
over histograms indicate the average shape that.would result
‘:x_from cem@letely isotropic distribution ofvthe final state

| ~ momenta. The histograms are of weighted events per bin of



Fig.

Fig. 14.

Fig.
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13-(c§nt.)

Argand dlagrams for selected partlal wave fits ‘to Kp>aq z

0 04 GeV2 The quantltles mg, m2 are defined in text. Note

that the hlstograms are not correctly aligned with the scatter

.'plots: the tick marks should be me bin lower in mass-squared.
a. Kp-» n*Z-no

b kfp + 7z 7%, The Dalitz plots include events from both

+ o + o+ s ed distri
I +»nmpandi -+ n; the 1nvar1ant mass-squared distri-

" butions include only events from z om *n.

reactions. The labels for the fits correspond to those in

: Tables XII and XIV The waves are labeled by L, I, 2J (where

S, P, D, F, G stand for L=0,1, 2,3, 4 respectively). For

each separate value of J, the I = 0 waves have dotted curves,

the I = 1 waves have solid curves. The symbols, plotted at

energies starting from 1.725 GeV and separated by .025 GeV,

-distinguish‘parity states: the symbol + for P = -1 and the

.symbol X for P = +1.

15.

‘Legendre coefficients predicted by the three fits with highest

'probability--fits A, B, C are Al, B2, Cl of Table XII, res-

pectively. All data available for these reactions are super-
imposed.. The references to other experiments are: Ref. 2b

for LRL 1 (these data were included in the analysis); Ref. 1b

for CHS; Ref. 3 for LRL 2; and Ref.‘4 for CRS.

- - +.- o o
a.. Kp~» 1w L Legendre series coefficients.

AT S S .. ' . .
b. Kp+ n I associated Legendre series coefficients. No
data are availeble here since theez- polatization is not’

Qbserved.
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Fig. 15,(¢§nt.),
| ’.‘é; k-p:4 i~2+fLegend:e serieé'coefficiéntsf
“' dg K'p » 11" associated Legendre series coefficients.
Fig. 16;: C§mparisdn of partial waves uSing P énd'B pafametefizations}
.*a.' NaveévréSUIting;ffdm préfit EO uSiﬁg_fhe P parametefiza-
‘tion. |
b. Waves resulting from prefit’FO using the B parameteriza-
| tion. . | . |

Fig. 17Q :AVefage Xz,cbntribution'fioﬁ’allvcoeffiéienté‘ét each energy

- iin the fits to all the daté in Fig. 15. The fit CA varied
'A;1ittle frbm C4; the f?t:EAbetter accommodated the data not
 finc1uded_in the originai fit. See Fig. 15 caption for

'referenceé to other experiﬁents;

Fig. 18. ‘Valﬁes of xztfor fits to Sﬁ(S) coup;ing_coﬁstants for eaéh
.'limuitiplet; ”Thtee types of energy dépendence were,tried; the -
{'x;Blatt and-WeiSskopf,form (BW) and an interaction radius of 1;

;Fermi; the Glashow and Rdseﬁfeld'form (GR) with‘different,values
v  of the form‘factor paramefér X; and_the”"no denominator" form‘

(ND).
20+1
E_ '

k

Fig. 19,.”SU(3) coupling constants calculated'froﬁ:the:ampiitbdes for
.' individua1 reactions assuming‘the GR.enéféy dependence with
" X = .35. The cbupling'consténts*are dimensionless; the scale
factor was the nucieon mass. Elastic reactions‘are indicated
only be the final state channel. |

.a., D5 Octetb
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