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Pbor{Man's Derivation of Cohereat aad Iacohereat

. *
" Dcattering From Nuclei

Alan C'.' Entis

Lawrence Radiation Laboratory |
University of California
Berkeley, California 94720

A derivation is presented of the coherent and incoherent contribu-

tions to the cross sectionc for particle scattering or partlcle production =

off nuclei. The resulits are illustrated with a simple "square—well",

S _ : : . 1
and a discussion of the effects of particle correlations is presented.

I. INTRODUCTION.
When calcula'ting' particle scattering or production from a aucleus

one -of'ten eStimatee the COherent contributlon to the cross section w1th
2  2vd°s -
A%F (q );EE_ and the incoherent contribution vith A(l - F (q ))

In these expressions A = atomic number, F?(qz)' is the nuclear form
o do . ‘ :
factor squared, and 'aa—s is the differential cross section with respect .

to momentum transfer "g" for the imteraction with a single nucleon.

- This prescription is & »black'megic conundrum to all too maay physic'ists,

especially siace i_t can be derived using the Born approximation and v

amply demonstrated with simple "_square-well nuclei.™

CII. 'I'HE NUCIEAR POTENTIAL IN THE. BORN APPROXIMA‘I'ION '

Let V(r) be the potentlal a scattered pa.rtlcle sees when scatterlng

from a 51ngle free nucleon. \We neglect PCT. 5p1n, statlstics, ete.)



.The full nucleus will present to ‘the scattered 'pé.rticle a poteantial

. B N |
U(r Rl,R2 - Ry ) = U(r, R, ) = fV(r-R) z:l 5(R- 3R ;

npn is the coordinate of the scattered partlcle and R ,R2 RA,
denoted collectively as R , are the coordinates of the nucleons in the
.nucleus - |

In the Born approximation the scattering amplitude from this potentml

is given by

£, (q) = f< fl - k! r(z V(r—R)S(R R )d3R = r|o> d rTT d Rk" )
, 2nh =1

=

_whe:.re”' -f-A(q) is .ﬁh_e scatt\e'ringr.a;nplitf.ude, from & nuc_letié of atomic aumber A,

g and”.l'{)'.' are t.he‘initial”an‘d'final ~wé.ve'vectors'of thé scattered particle,
(E’ E" is the momentum transfer bo the nucleus, |

|0 > and lf‘ > are the initial and fina.l states of the nucleus, and

m is the reduced mass of the scattered part’icl’e.

 To evaluate’ this expreé,sion set u=r - VR and inte_g'rateover d3u

£,(q)

a

[< £led’ (u+R)V(u) z S(R—R )Io > d3Rd3 ﬁ 3Rk

2:th

|

o7 v(q)f< £lel? Rz 8(8-R,) lo > d3Rﬁ'd3Rk

In this expreésion_ v(q) = fo’iq"J_\l(u)’dBu' and




e

o

»
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- m‘2 V(q) = fs(q) is the scattering amplitude from a single aucleon.-
2sh™ : - - ' -
The differential cross section for interactlon with a single aucleon

a _ _ , : o
is EE? = Ifs(q)|2. Upon integrating out the delta fuanctioa we have

finaliy
- = . i..R S
£ (q) = £ _(q) f< £flzed Jto>TT d3ﬁk.
A s . S
_ : J=1 k=1
III. COHERENT SCATTERING
 Cohereat scattering occurs when the final auclear stape'is the

same as the initial one. Only in this case do all particles of the

.nucleﬁsvcontribute to the interaction cross section. Setting <f} =<of

- we have

]

£,(2)

f (q) = f< ol e*? Rijo > a’R, 5
AR W I ;';Il 3R“ |

' 19-Ry
f(q)Af<Ole. fo> T a3r, » .
SORS Uy 3, |

i

fs'('q) "_A' F (a).

F(qa) 'is the nuclear form factor and we note that it is indepeadeat of the

»subscript of Ri in the‘intégral. Squaring the"last expression gives the

coherent nuclear cross section



do do
c 2,2 5
e AaF_. (@) 3 -

Iv. FCOH'ERENT AND INCOHERENT SCATTERING FOR A SQUARE-WELL NUCLEUS | |
" A very simple model ie;eufficient to exhibitithevchange thet occurs
when theifinal.state'is theAEeme'esethe initial one. Representlé gucleus
of atcmic humber‘two as a square well with twc‘identicel fermions (bcsdns'
or_unccrrelated'particlee‘vould do Juét as vell). IT ¥ ,wé . es wn are
81hgle;particle”eigenfunctioné;cf the well withvenergies E; <E, ... <E_
we ccnstruct a'grOUnd statedfor the two particles "
,'0 >z 7: [w (Rl)w (R Y - f2(Rl)Wi(R2)]. (R and Ry, the positioa vectors
of particlés one and two, will not be written out in what follows Ia
any product of ﬁaVe functions, the wave on the left will»be upderstood
to hare'argument Rl' .
excited state is formed by replacing either w or w with a:higher

and the‘ﬁeve on the right argument R2.) An
energy state, wn with a> 2.
By substituting our ground state into the formula for f (q) we

exhibit coherent scattering from the well

fA(q)= fg(q) =fs(q~) f_}-__é (wlwz - $2w1)*[éiq'ﬂl"+ eiq-BZJ'x

l A ae N ; .
7= (- _¢2wl,d3ald3nz -

The orthogonality of wi and  ¢§1 reduces'this‘expression to



- the excited'two;pdrticle‘wave function < £} =

' the exponential e

In the limit as q — O. the square bracket term approaches 2, ie.,
Just the number of pasrticles in the well. ‘Writing this term as

2F(q2) the scattering amplitﬁde becomes
£,(0) = 22, (QF(D).
2 - ] )

" Proceeding in the same way but replacing the final state with
. N

vy )t
5 (¥ v5-vg¥))T.

The ekpression-for fa(q) reduces to

£p(a) = »'.f;_('q)f%‘ W3(2eiq'Rl')Wéd3Rl.

: ‘Notiéé:

l)' We have half as mahy ter@s nowv asvﬁe_had previously for_éoherenﬁ
| .Séattgring:
2) As q ;,o; the integral goes to O.
_3)‘ The maximum value the integral éan téke for any=choice of q. is
1. This results from nb“more than the 6rthogonality:of tﬁe wa&é functioas

Wa, In this case;'whén the final state is excited, the only term which

- survives the idtegration'over d3Rld3R2 is that term which sandwiches

iqui between the excited wave ¢3(Ri) and the wave

it replaced ia the ground state we(Ri). The subseript of R, must

be the same in W3;W2 and elq'Ri. Explicitly, the term



| f w1+(31v)¢3+(R:¥)éiq-'nlwl(ﬁi)we(Re)d,af‘,.ld3R2 = 0.

Only the term '
) fw (R )w (R )eiq le (R Yo (R )d3R d3 o

v‘:suruiues' Qulte definitely the scattering lnvolves only one of the
SLngle partlcle wave functions of. the composxte nuclear ‘state - only
" that veve functlon whlch,changes in the final state.

A>..From'this simple example it is'seen tha£ any interaction which
transfers a- quantum number to a nucleus cannot proceed coherently
"Such interactlons by transferrlng quantum numbers "pick -out” and change
one,of.thevnuclear waye functions.

;fMore infermatien can be extracted from this simplefmodel. To
eStimaﬁe:the‘maXimumqussible contribution oflthe incbherenp interaction
to the crbss_seetion,,welsum the expression for |f (q)|2 over all
finel;states,~firet bflreplecing‘ w _.and tnen_ w " with hlgher energy
singlefperticle‘waye functions ¢kl The only requirement is that
kefAl,Q;:‘The1summation extendS'over free partlcle states. Upon re- .

placing ’wgl in the final state we have

. f i
. a'q-l (2) = zlg,()? - e ()] fw et Ry o’ R]
, o - k;l 2 ,
.do | | o -
where ——-:(2) is the contributiQn—tq the incohereant cross section
| doI , - S R
vl from wave function "2"'"
Slnce e q.R -is a unltary Operator and the states .¢£; are a>_ -
_‘complete set z:| f B el R d Rl . This fix'npl'iee 'tha_.t

’
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¢
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.da do i '
o I ig R. .3.12 R a3R

"" | smnarly by replaciag ¥ i the fiaal state we have
(/
91 2 i R 2,
T—m- [1-|fwlv Ry &af? - lfwg ]
For small q,l ¥ feiq'Rw d3Rl2 << | ¥ +e1q'R\v d3R'2'
_ _ , 2 oL 2 2
.‘ + . R ) ) . ,; . . ‘
~ 'ﬁ'l ,e.‘Lq R\lfldBRle. We can therefore spproximate the iancohereant
d_ifferential cross section with
a0y doy(1) . dog(2)  do . |' Lt UR, 3
dg = dq dq dg * 2 2
4 f o+ iqR 12
But ‘ ' :
2,2y 1 +'iq'-R . 2 _l, + iq-R 2
Fa) ”ﬂ_lﬁ'e € _“’2‘133' *y ﬁ’l € ‘”1d3R|
S | +;LqR' 0 +icv1.R 3\
. + 5 (ﬁ!le_ _ wld3R) (ﬁze wzdaR) 3
$,) and for smal.l q

F (q ) ~ 5 ,ﬁ:;elq Rw2d3R, + -;Z.,fler'eiq Rﬂfld3ﬂl .



' ch' do_.
Therefore we may write T -573—_

the atomlc number of the "nucleus":we have been usxng - The same

2[1 - F . MPwo" is of course

1 example cerrled out for a well with_?A" particles ig it wogid have

yielded

do 9 2, 2,
'(ﬁ—fga— A(L - F°(q7)).

V. CORRELATIONS
A more formal derivation‘ﬁill’giveia better,iqsight ianto these

formulae and uncover & new term. We start with the expression for

_fA(q} and compute the’ differeatial scattering cross section from all

final states. (For a given _q2 this means of course we are off the

energy'EQelll) , - .
d '2_ 5. A lqR A -
q . 'A A p

) J::]_ ’ k:l ‘

|o>ﬁ' &R, ﬁd‘3R. N | o

'—-l

£= v' M=
..Siace the states_ <.f| are‘aicomplete set this becomes.

. dg. A oA oo A
Ry I A e B e ﬁ-d%z ,
4 e oy kL

do. ,~ A -iq-R, ‘iG:R. A ~1q-Ry iqR ' .
s e 9 J e e £|o>ﬁ‘

=5 [<Cl £ e e T4+ E S "n'
T Y T A L S

{r



The first sum of the integral gives the aumber "A". The second sum’
has A(A-1) terms,and as usual the integration is independeant of
which;péir of subscripts k,Z (kfﬁ) we use. The integral over the

second sum becomes

=

A(a-1) [< o e-ic_l"Rlelq'R? lo > ﬁ 3R
To anaiyievthis term let us define Pl(R)' as tne‘probability
distribution for one of the pafticles of the aucleus. PI(R>
dependé~upoﬁ the nuclear state but is iddepende?t of which particle
we Choése to study. If the positioas_of the particles were not
chrélétéd with each other the probability of finding particle 1 et

R

1 an@ particle 2 at R, would be P2(R1,R2) = Pl(Rl)Pl(Re). But,

ve know that the positions esre correlated. Fermi statistics. prohibits
identical’perticles from being at the same place at the same time,
whereas Bose statistics allows such a case. So we modify 'PQ(RI,RZ)
and ante: Pg('Rl,Rg_)': Pl-(Rl)Pl(Rz)(l +_c(Rl,Re)) , Wwhere C(Rl,RQ)
is the correlation correction.? Note that the integral of Pl(R)

~ over the auclear volume must be 1. Also the integral

' 3R 43R -
fPQ(Rl,R?_)d R;d R, =1
auc ' C
rvol

This implies tngt ,.ﬁl(Rl)pz(R2)c(Rl,32)d R;4°R, = 0.
(1f this”is confusing, write the wave fuactioa for twovidentical fermions

in @ square well and explicitly exhibit Pl(R);IP2(Ri;Ré), and
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C(Ri}Ré);':Compare this'with the cese for two bosoas.) With ¢‘
these definitions we can re-express the aucléar form factor

. 2 = . iqﬁR ‘ 3 ','quRl .  ;
F(q°) = < 0Ole o> ﬂ' d”’R, = e . P (R;)d’R,.
- 1177 "
v » k=1 _ ‘ -
-Similarlw’thé integrél we‘aré«idteresped'in bermes

;

-iq Rl ig- R

Ala- 1) f l(R )Il(Rg)(lw(Rl,R ))e e d3Rld3R2

-iq-(R;- S o
1 2 3 3 .
'x d Rld R2.

A@1m<q>+Au1p[lwgamgua%k
"With,thesg resu£té{wé'rewrite~our cross section

™ e e e i
do .-A ?17( + A(A 1)F2(q )___§ +A(A 1) ' f‘Pl(Rl)Pe(RQ)'C»(RlR?,)' -

dg

“_iq.(g_- ;),- | .
xe % RQ. d3Rld3R2

Rearranging this R T

_g-AF<q) J+Au-r<qndq

'+A-(A-'.J_)i-a—(—lf-..vfpl(si)??(R.Z)C:(R_]_"R.Q)e R “adR @R, SR

The first term is thejﬁohérént‘érdés'Séction whiéhzwé had befbré;M@The'“:



ra)

o
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. ' ' v - do.
other terms result from excited final states.  A{l - F2(q2)) EEE

is the coanventional expression for the incohersat codtribution. The

integfal is the correlation éddition to this term;  We note that as

g -» O ‘the integral goes to zero also, as it must if 1t originates from

excited final auclear states,

We can get a "feeling”‘for the correlatioa iategral by assuming
Pi(R) is a constant over the nuclear volume V: PI(R) = %.
assume jc(31’32) = C(lRi-R2|) and that C([RL~R2|) =0 if

Also,

,Rl'Ré' > p, where p 1s some correlation distaace. Substituting

inﬁo’the.COrrelétion integral we have

(BB . B
A('A-l)'é fcﬂ_(lﬁl-Rgl)e TR d3Rld3R2 ,
yol o |

= A(A-1) ;,—12 fc(|u|)'eiq_-“d3ud3Rl ,

where u= R, - R,. Integrating‘over d3Rl givgs Just V. The

1 2
integral'over d3u' is just the integral over the correlation volume
defined by p: Vp = % ﬁp3. The integral may be coasidered a form

factor over this volume so that we can write the result as A(A-l)'vg

L 2]

where 'Fp(q) is the ”correlation form factor"”. Exblicitly

F(Q) =1 fc(lul)eiq.ud3u .
R &) '/ : :
p Vp

p

(a),



- 12 -

: With this defianition, we again‘rewrite our result as

do

S o o dao o . } o v "dog
dg - 2.2, 2 s (1 _ wl(seyy S 1Y WP -8
e ATF (q7) ag * AQL - F(q7)) g7 + A(A 1) ﬁpr(q) T -

Rearranging this, the right-hand side becomes

. o v » v dU. ‘ ] V _dg...
2,.2,2 o) ' s 2,2 P L (q)) .S
AT(F (9,)-f 'V,.Fp(q))'af'*fA(l - F(a°) f_v;,Fp(Q)) ol

,»vfhé corfe}a@ion fﬁctorv ?ﬁ ifp(q)‘mayibé considered s a modifi-
cation of the auclear form factor. Unliké»the auclear fOrmvfactbr,
hqye§€f; i§ goes toizero as q. gogs tq zero. Also;'it is not
squa;éd_in thg‘final result,and though it ié real ig may be positive

or negative.

VI. SUMMING OVER FINAL STATES

.;n the preceding arguments, as we have been suﬁming over all fiaal
.states,_we can rigérously.élaim that:our reSuits'for the:incoheregt Cross
sécﬁi@ﬁé.ape only upper Limits; 'Wé,shﬁulallike to do some ﬁritﬁen
' handwa?ing ﬁo support the sfﬁteﬁent #hat:iq mapy eXpériﬁenpal situa-
tngglthe~fofmulaélobt§inedvare go£ only upper'liﬁits, but'also_in g
féqﬁ;are.réaéonabie gppro#imations;”This can be done'becéuse'expefij;

: méﬁts de£ermine.the7éqefgy transferé to & nucleus odly withia é;per;
.imenﬁal érfors,andnbéééusé we'e;pect that tﬁe:amplithdes summed wiil

be_sharply peaked>atf¢ertain final'nucleaf'states'determined’by. qg..
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‘For example, an uncertaiaty in'.q2 of 5% for a 5-BeV electron scattering

at an aagie 6f 2 deg. leaves the epergy of the fipal nucleus unde termined

to withia 35 MeV, sufficient to excite many auclear levels. 1In

.addition, we expect that the amplitude for a auclear excitation will

peak dt_that final state which most'closely matches the frequency of

ig.r ig.r

the exponential, e , in the integral [ < fle lo > a3r.

For high -q2, where the expogential would 80 through many.oscilla-
tioas in integrafing over‘the auclear volume, the figal state < £l mosﬁ
probaﬁly will coantain & free nucleén._ We can write .< £]= < f'[e'ik'r‘,
where 'k 1is the wave vector of the free nucleon and < f'l is &
Aucieér.state with A-1 rucleons. The amplitude becomes.

Jf; f'leik'reiq'rlo > a3r. ' This is sharply peaked at k = q for
q? sufficieatly greater than the guclear level spacing. In such a
siﬁuatiOn with the giVég experimental error it is oot at all unfeason-
able to estimate the cross section for exciting < f'!e"ik'r with a |
sum over all final states. .

- err smaller q2, when we éxpect the nucleus to stay tdgether, 8

semicLassicél~argument shows the interesting result that the auclear

~excitation energy is of the order of thé energy of recoil of the aucleus. '
" This energy is often well withia experimental error and again our summing

- over final states is emineatly reasonsble. The nuclear recoil energyb

A

range of the scattered particle and the nucleus is of the order of the

is q?/EmA, where m, is the mass of the aucleus. The ianteraction

‘nuclear radius "R". The interaction tine "1" is R/v, where -v is the

relative velocity. The average force the nucleus sees in this time

is "F" ~ q/1 = qv/R. We calculated the distance "D" that the aucleus



v ’ ;_l§h;¥ f:

‘ mo#eé«in this-fOrce in order for it to'pick-up‘its‘recoii7energy

2

g v f"_ﬁﬂl o e P oy
[§E£,= F X D "X * D, and tnerefore. D =~ qg/(EmAv).

a. -

The ‘aucleus becomest9xcited'because the force it sees is not

;conStant’over ite volume.- For simplicity,aséume the force changes

: only along 1ts own dlrection Tne magnitude of this change is: estimatedv

&8 F/R. So the excitation eaergy is of: the order of
(F/R) X R x D (qv/R ) X R x (qR/Qm v) ‘_1‘-q /2%,,

- Jjust the nuclear recoil energy.

WOrk performed under the auspices of the U. S Atomic Energy Commission.

,l A rich man's reference to this discu551on is M.L Goldberger and K.M.
Watson, Collls1on Theory (John Wiley and Sons, Inc., New York, l96k)

‘ 2 The notation is the same as that found in Goldberger and Watson, Ref 1.

»



LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.




i /3.5.; - e::{{;g

TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720

i

{ B iy 0



