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SOLUTION OF ALGEBRAIC AND TRANSCENDENTAL EQUATIQNS

1. Introduction

This discussion will cover only the solutions involving real
_roots of equations, and the methods used here will give solutions of both

algebraic equations and transcendental equations.

2. Location of the Roots

In order te apply.methods‘which give the eolution within some

" degree of accuracy it is necessary to have an idea of the ﬁosition of the

. roots, The following two methods are sufficient for thie‘purpose.

| .(A') If f(x) is contiﬁuous on the interval a £ x<b a‘nd
if f(a) and f(b) are of opposite 51gns, then there is |
at least one real root of £(x) between a and b,

(B) If F(x) can be d1v1ded into two functlons [ g(x)]
£f(x) , i.e. {?(x) - f(x) - g(x)? 0 , the method is to
plot f(x) and g(x). The abscissa's of the points of
intersection of f(x) and g(x) are then the roots of
the function F(x) , tﬁat is, if; f(x,) - glxy) =0 ,

malFQJ = 0
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3. Methods of Solution

The methods which follow are applicable to transcendental equations,
prov‘id'ed that f(x)“; 0, is continuous in the interval a < x.£&£b , and
that the root .ort roots lie in this interval.

3,1 ‘. The Method of Repeated Plotting on a Larger Scale.

By plottlng y = £(x) it is possible to find two consecutive

integers a; and b; such that .f(xé) = 0 for alé xébi . The first

approximation for x - i then 'xo > ag ‘The next step of this method

- is to plot ¥ = f(x) vs. 10x on the interval aj& x%by . If a, .

and b2 are two consecutive 1ntegers such that az.__ b2 , the second
apprmmtion for x4 is then xo = al $.a5 = ay.3g By repeating this process,
it is possible ’co determne Xo to the desired degree of accuracy, i. e.,

X 2 87 025833) oss o
° 1 2 3 If'he Method of Interpolation (False Position).

In order to use this meéthod, it
~ is first necessary to obtain a small interval 4% |
" about the desired root - x . This can be

found by one of the methods A or B which

were outlined previously. Once this
interval (xl X,) is obtained, the assumption

‘that f(x) is linear on this interval, and that

£f(xy) = 0, f(x;) &0 gives:
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The first approximation is then:

X, = x 4f,£$l

' The second approximation X, = X3+ zﬁb is found by

x5 +.232 = xé + “f(xzj l (x3 = x3)
' _. ECARE, | £6xy)|

- and in'génefal X, s the n'th approximation is given by

Y % %t a7 g

l f (*mz) l (xn;l - %pe2)

,' £(x_,) ’+ £0x_,) , |

3.3 The Newton-R&phson Method.

If £'(x) can be evaluated without too much difficulty and

if f£'(x) never approaches "O" in the interval a4 x & b , this

" method is a good one to use,

It is first necessary to find a, which is close to x,,

" that is 8y - Xo = hy for hy small, then £(x,) = flat hl) expanded

in a Taylor's series becomes

f(ag+ hy) = flay) + hlf(a) _%_ £"(a, + 6ny) for 0460 £1

but since f(xb)‘ = 0, ' B

flag+ hy) = 0 = f(ay)+ hyf'(a,)  assuming "hy" is small

from which - | '
- - f(a-

hl - '( o)

| 4 (ao)
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which gives the first approximetion, namely
a) T a g+ hl = _xo'

Succeeding appfoximations. are::

= A'J: - f(a )
al+ h2 a; - 1

8.2 - -
f (31)
o= o _ f(a__4)
a. - a + h = a. ‘ n-1 9:_/ X
f (a 1)

it is worth noting that if f'(a)‘ is large, the first value of h, nani,,ely,_

. hl is small and for this reason a, ‘approaches: x o quite rapidly. How,-
ever if £ u(49.) becomes very small, h becomes large and the methed fails to

n "
produce the desired root. x, .

3. ls The Method of Iteration. o _ . >

CIf -X. is an approximate root of the equation f(x) =0, and
if f£(x) ‘is rewritten in the form; f£(x) = #(x) ~-x =0, the first

,approﬁmaf-ion, by the mefhod of Iteration is given by:
S
Succeeding" é.pproximat ifons are:
='¢(xi) , 'x = B(x0) 5 eee x, = ’¢(xn_1) such that x_ = x(?_

the desired solution.

Note: It is oft.en possxble to write ¢(x) in different forms, i e., for

the function f(x) :cosx-}-x-_]_: - 0', ¢1(x)~l-cosx,
_ : x

Bo(x) = 1 ," etc. There is no method to tell which ¢i(x) is the
COS X 4 X ‘
best function to use. However it is usually best to use the ¢ (x) which

is th"e simplest. If that particular ¢i(x) does not converge rapidly,
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~ then some other function ¢j(x) should be tried.

L., The Evaluation .of an Example by the Previous Methods.

) v : ' ' Leti £f(x) = e - 1 - O and find the solution for values of
£ x between O and 1.
By the method A:
£(.5) = 1.65-2 =~ .35
£.6) =z 1.82-1.67 = 4.15
8o that there is & root hetwsen 5 and .6.
_ The following Table has been comstructed ;;Aso.‘ that the calculations
_may be simplified. |
x 0 fx) ' x . f(x) £'(x)
5 .35 5.65 3 56 -.0h  L.9k
52 -.2h 5.38 | .58 +.06  L.76
53 =19 5.26 - 59 - 4.0l L8
.8, =k . 5.5 . .6 +.15 460
055 ; -009 ' - 5.01& -
By the method of Interpolation:
: ‘ ; ' The first approxirna’tion ‘is
& . .

N

5 4 l(.‘)l(.'-.')’-z..* 55010 = 7
A ,'- 5+ |§(.§):'+A6t[f(.2>, e
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The second approximaﬁion-is ' -
X, T W57 | !f(.57) l (.57 - .6) = (.014)(~.03) +[.57 - 569
| e | + | .0 ek |
Evaluation of f(x) = & -1 = O by Newton Raphson Method:
‘ Pick 50 .= .5 | | | |
8 T 3 - fﬁiel = 5 -£(.5) = 5= (=.35) = .5 4.062 = .56
E £ (a,) £'(.5), 5.65
e, = ap - 1) - 564 Lob - .56 4,008 - .568

f'(al) 5 4.9k

568 - fg;5682 568 - 00466 = .568 ; .00098 - ,5670.

| £'(.568). 4716

The Evaluation of f(x) = e - 1 = O by the method of Iteration:
: x

-X

" Let @#(x) = e ,thatis, x =z e Assuming .5 as the

approximaté'solution, the first approximation is:
: NP -.5
Xy < g(.5) = e = 607

e_'607 =. 0514»5

x, = $(.607)

..580

#(.545)
#(.58)
§(.560) = 5TL

&
i

0560

F(.5TL) = 565
@(.565) = 568

xg = P(.568) = .567 . _
xg = #(.567) = .567 which is correct to three decimals,

»
o
n"
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-5 Solutlons of Slmultaneous Transcendental Equations. -

The method of Iteratlon and the Newton Raphson method can be

' : - non
extended to n equatlons in n unknowns. .

Con51der the case of -two equatlons and two unknowns. In order to
find roots, X and ¥y such that _f(x, 7)) = 0, g(x, ¥) = 0
by the Newton Raphson method; the two functions are first expanded in a

power series.

20+ A Tot Dy = Llxgs To) ¥ T Kor T A F Tyl TIBF e

‘g(xof A,;, fo + Dy) g(xgs 7o)+ 8(x0s o) 4, + gy(x‘o, yo)Ay-l- |

The assumption that

yo-FAy

gives the two expressions

-
X

y

-f(xo’ yo) fy(xo) yo)

>

1 o

x Ao A "g(xo:. yd) gy(xo’ yo) ‘ ;

Ao o1 ‘,:fx(xo: yo) - f(XO, Yo) N Ay
- =5 ' =

y A . gx.(x0’ yo) - g(xo’ yo)

v ~ whers ' T '
‘ ng(xoy yo) gy()%, yo)
such that X, + Ax XX o, 0y, +A ~2 ‘wnic-h is the

expression for the.first,apprOXimation. Sucqaeding approximations are -
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-£(x

- _ AR - n-1’ ynél) f“(xn-l" gn-l) V
= - .xn-f-l‘ - 'xn+ x Xt S h )
";g(l.ln_l, yn_l) gy(xn_ly yn_l)
| £ (e 15 Toq) = £(x 15 Tpq)
= = _A° 1 S
y 2.:. ynfl - yn-l— y - YYH'_n : o
. 4 gx(xn-l’ yn—l) - »g(xn_l, lrn-l)ﬂ’

Solﬁt‘ion‘ of Simultaneous Trénscendental Eq{iations by the Mgthoci of- Itéra.tion:
Consider again the caéé of two equaf,ions with two _‘unknowns, |
f(x,y) =0 and g(x, y) =0 . By rewriting the two .equations in the
- form o | -
fx, y) =x - #(x, ) =0  and

g(xs Y) =y~-6ox,y) =0

or ) L
X = ¢(?‘i'y) , ' 'y =ze(x,y) .

Then by using x, and y,. as values near X and - ¥ , the desired roots,

the first approximation .is

Blx,,. Yo) | vy = é:(xg, To)

X

X2 | ¢(x1: Yl)

S
T

‘e(ﬁs y]_) ' - "y
and the n'th approximation is

e

x = X, = ¢(xn—l’ Yn.;]_) 3 ¥ 'g..'yn = 6(xn_1, yn?-;i) *
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