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EQUATION THEORY

l.,'introductien

| The following subject matter is devoted to the principal-ﬁethoas
available for finding the real.aqd complex roots of both algebraic and.
transcehdental equations. Although the roots may be determined exectly
in some cases, in general the methods employed will yield the roots only'

within a predetenmlned standard of accuracy.

2, Preliminary Theorems for Approximate Location of the Roots.
4 gél If f£(x) 1s continuous in the real interval a £ x £ b and
if £(a) £ 0 and £(b) >0 Eor £(a) >0 and £(b)< 0]

then f(c) = O where a £c<& b, a,b,c real numbers.,

|to
©
N

DeScartesi‘lew of signs for polyhomials.

2,21 f(x) hasnorn - ékvpositive real roots if there
are n variations in sign of the terms of f(x), n and k
are non—negative.integerso | |

2,22 f(x) has n or:n - 2k negative real roots if there are
n variations in sign of the terms of f(-x), n end k.

are non»negativelintegers{
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2.3 Sturm's theoreﬁ for polynomials@éiven a polynomial, f(x), without

mnltiple roots, it is poséible‘to find a finite sequence of: \
| functions, gl(x),.gé(x); Q;, s gn(x); such that if 'v(x) equals \w/
the number of variations in sign of these functions, then-

v(a} - v{b) equals the numbér-df real roots in the interval

(ab).

3. ' Formulas for Roots of Polynomials of.Degree n gé [’

;ng - m=x1l ' If ax+ bz 0 thenm x= - ;Q_i
_ : A - C a
3.2 B =2 If axzi- bx+¢ = O then
‘X ==b ¥ ”b2 - hac -
2a
3.3 mz3 ir ,a-.x3+ bx’+ x4+ d = O

s s
w’ﬂ'f 2
Ry

.then x

M
[}V ]
1)

hy
3]

N
W

Pz ¢ - _b » | "q'='-d - be 2b
3 387 | & 3% 274’ *
3. n :i Lo If xh+'ax3-§- b‘x2+ x4+d = 0

then
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where y is sich that

3

. 2 .2 2
¥y - by 4 (aci- Ld)y + b',bd«'.-.adfc -0 .

:-fhj;s implies that
e 2. -
X a x.'. Y > = (ex + f)

. : o ' Co
where ev2 = a =-b+y and fj‘ = ==d+ L e
L : : A

Remark: If n > A then it is impossible to give a formula indic'a'tin'g a
finite number of operations to be performed on the coefficients

of the polynomial thus extracting the roots.

L. AHovrner's,Meﬁhcd for Obtaining’ tlhe Real Rocts 'of ‘Polynoinials .'of Arbitrary
begree‘. K .' | | ”
L1 Determine r, an in\teger, so that f(r) and f(r+ l) have opposite
signs and values diﬂferent from zero.
Then-"r,cx;ér-f—l o o
‘4.2 Obbain the next dectial piacé of this root by reducing all the -
roots by r. o |

£(x) £(r)+ (x = 1) f’(r)+ coo o (X = r}n 'f(n) (r)
, " - nf '

W

If y = X=r

then™ - £(y) - fyer) = f(r)+ 4 (r)y+ oo £ _(i)_(_). y .

L3 Muitiply theseiroot;s by 10 ;, z = 10 y . , '
= : n=1 ' ’ n
£f(z) = 10" £(r)+ 10 £'(r) z+ ,.°,+_f(n)§r,2 z .
: n!
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Determine r , an integer, so that T (r) and f (F+1)
have opposite signs. This gives the second decimal piace;'
Coﬁiinuation Qf this process will give the root accurate to

as many decimal places as are desired.

- Determination of the coefficients of“?%y),

AL el | ‘
If £(x) = Apx +7An_1 x4 et Ay x+ A and
£f(y) = By +B, ;¥ 4 ...+ B v+ B then

‘Bn = f(n)(r) = o An = A o : ) :

ni ni . : v

- Sn=1), | -
B: = r - nA_r+4+ A
S i) PT T el

° ~

f'(r) n=-2

=
5

n-1 |
nA r T+ (n = l)An-l r

o
10

£(r) ._vAnr“.g- ciode Ay T+ AL

This suggests an easy method for éalculating the coefficients, Bi .

X e2x=5 2 0 f(2)=-1 ,  £(3) =16
‘ ' 80 Ir = 2{
1 0 -2 -5 L"i- .
1 2 L L - £(2)
2 T2 3
2 8 @

H
olv =
i
B
N
Eo: :

F oot 2 A, r4 Ay
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A-Sf
f(y-)_-;ﬁ-{—éy‘t-lOy--l:O where y = x - 2
= 3 2 _ '
‘L ‘ f(z) = 2"+ 60 2z 4+ 1000 z -~ 1000 = O where 2z = 10(x - 2) .
9/ ' ’ - . . i, | o . '
' 5, Root-square Method for Polynomials. e ' ‘
' S . ' - Q
5.1 Polynomials with real and unequal roots _ _
' \ .n nel -2 | Ly R
f(X) - x + a-lx + a2 Xn + ooco +' an = (X - I‘l)(x -!’2) c.o(x-rrp [
It may be é.ssﬁméd thé£
17 > r2,> vee > | Tp .
Now the coefficients of a polynomial are elementary symmetric
functions of the roots. Thus,
> g
ay = = rs a, = r. r
1 . .9 cocao g
I i 2 Z i3
i,3=1
P
- 'n n
a = (-1) 77J r,
i=1
' | | m m
If g(x) - (’x+~r’f)(x+ r, ) eee (x4 )
n n-1
= x+Db x 4 ... by
then n_ : n
, - z m - m
~ bl hid I‘i ] o000 § bn # I‘l
. S i=1 B N
? - If m >'N , then within a prescribed decimal place accuracy,
- .m -om ‘
. bl = _ and ry = ?’1 _ : |
_ mn m '
by T )1, and N by/by
m l b
In general re = . i .
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' 2 - . : .
Since if r ‘'ro then 1lim ( == = 0 . Now if m =2
then o , o A . U
- =2 2 el 2 : .,
B T ) R A T I N
‘Letting y = - =, . '

. : _ ‘- . - V . 2 . 2 .
gly) = yn-'_ by x" l+ cos b = (¥ +.1‘2) oo (v + I‘i)

. - 2 - . . ' : : L v 
and by - a3 -2 CFYeY 3,1 4+ 2 ai+2 & o oo .‘{

_This:givea a simple»méthod to-calculate the new coefficients’

and by repeated application of thé-proéesé m can be made

sufficiently large.

. It can be established that m iS“sufficieﬁtlytlarge whenever the

new coefficients are the squares-of thefprevious ones within

the degree of accuracy required.

If by = &) for all i tpénj
m[ a -— a2
!‘i - i - ri = . i
al XX ai-'l (a'l" “-"‘a'i_l)

‘Polynomials with complex roots.

If the roots are real, then the neﬁ coefficients will all be
positive; thus, negative coefficients indicate complex roots,
Also the presence of complex roots may be ascertained by ¢
Descar£es' and Sturm's theorems. _ ' : ' - . :
Let the rooﬂs be ry, eees Ty st tes fj+2’ sees Tn

i®

r

J

= \r3+1
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A N L ie ., -i0 :
Bx) = (o= rp) e (xm g0 EN IR [rfe ) e = xy)
. , m | mi® t'm | =miB, | " m
8ly) = (Y,-i-—'Iﬁ) e (vt vy e M4 Ty e ) vee (31, )
For m >N
m n-l m m n=2 - mm m m n-j
gly) = ~Yx,1+ Ny '-f- T T, ¥ + coe + 2T T, oo ,rj-l,rj ' cos mfy
' . mm m | 2m n=j=1"
S fr.l T rj_llr'1 Y + .-
cosm O = by | = a4
m moof R ' b, b, ... b
21‘1 ooo.rj"l~"rj"l l 2 j-l
®5
cosm 9 :'_Z‘Jbl“‘bj-lbj-rl o

5.3 Polynomials with real roots, some egual.

-1
£f(x) = xn+ ay xrl

+ + a = (x -.rl) (x—rj)(xv— rd+i),..(x- rn)..

e > mal> o> o] = || > -
If m > N
(5) n m n-1 m m n-j+1 2m m m n-j
gly -_-yfrly + ,’,..;-_rl norj_l‘y | + rl“’rj-l rjx
» m m 2n n-j-1
+rl'°°rj-1 rj.:y cee

Usually upon dSubling m, the coefficients are the sduares of the original

ones, In this case, however, the new coefficient is half the square of the

old one. :
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aj - 2 Ty eeo Ty g T @
. ) ,\f
b, = 2 2 2 2 e
J - l&rl 0 e 0 I'J._l I’J - r @0 o I‘j - I‘l oe e I‘J
y o | N , :
I‘J - ! J+1 C
i blof"’bj-l ‘l

‘6. Extension of the Root-sQuare Method to Transoeodehﬁal'Funoﬁionsr1;

The success of this method is based upon the.facﬁ that the coeffioiepﬁe o-
“of the polynomial are elementery’symmetric functiohs of the roots. (If 511
coefficients are'divided'by‘the ooefficient of xO; then the new coefficients
‘are elementary functions of the reclprocals of the roots )

Thus in order to apply this method to a. transcendental function, 1t
will be necessary that
| (a) the funct;on have 'a power series expansion within a circle ofv
‘.convergence_heviné_infinite raoios, ehd~ -
(b) the funoﬁioﬁfhay belrepresented as a oroduct of iineer factors.
For'these fﬁnctions, the power series may be appfokimated bj'e‘

polynomial andlthe'root-square method abplied to this polynomial.

14, Solution by Reversal of Power Series.

If'y=a+a x+a x+a3 +...¢ ‘ - : ce
- ' ' 2 ‘ o )

theo X = bl_(y - ao)-k bz(y - ao) + oo provided a, 75 o . &

By substituting x in the series for y, rearranging terms and equating

coefficients, the by 's may be calculated.
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2 2 ;
- . - a - a2 - asa

LT L. P 7o f*% ’ ®3 5 =

al al. al

| (i) ) = xly-ag) .
b. = 1 - d : f(x where f(x) = x(y - a,.)- .

E n Yy E;H:T 1 { } : T - Tl

S - .. -1 n ) ‘
nbnA = coefficient of xn in <{ f(x)‘} . These results were obtained

by»Lagrange. Finally,

a a 2-8 al(2a%-a a ) : 8
X :‘-'_<>.- o 2 - (o] 2 31 f so 0 .
a 3 5 -
S 8 ay ay .
if a; = 0, then x can be solved as a series in fractional
powers of y - éo , the Puiseux series,

If 32 95 0 then two series are obtained.
n+1l

If y-= aoﬁ'anxn4-an+_l X e e ~ then let
= k| +1,
2t = (y - éo) - E cp X - a, x"+ ah41 x" +

k=0

In general one obtains n different series

n i ' k
Z,, ¥y - a, = E Cxp X where r=1,2, ..., n.
. k=0 ‘ i

Reversing these series; n series are obtained

' izji , ~ k/n o :
X, = - b, (v = ag) where r - 1,2, ..., n .
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