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INTERACTIONS OF FAST ELECTRONS 
AND POSITRONS WITH MATTER 

Charles E. Violet 

ABSTRACT 

From observations of high energy electron and positron 

tracks in nuclear emulsion, the following processes were studied: 

(1) electron-electron scattering, (2) positron-electron scattering, (3) the 

ratio of plateau to minimum grain density for electrons, (4) nuclear 

scattering of electrons and positrons, (5) positron annihilation in flight, 

(6) pair production by electrons and positrons, and (7) inelastic electron-

electron and positron-electron collisions. Experimental results per-

taining to (1), (2), (4), (5), and (6) are consistent with the appropriate 

theories. The ratio of (3) is found to be 1.087 ± 0.010. Process (7) 

was not detected. 
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INTERACTIONS OF FASTELECTRONS 
AND POSITRONS WITH MATTER 

Charles E. Violet 

1 INTRODUCTICN 

P.reseit day quantum electrodynamics unified with particle 

• 

	

	mechanics is., a conistent scheme which; in the first approximation, 

is capable of describing a wide range of phenomena.' The known ex- 

• 	perimental behavior of the electron and positron is completely described 

by this theory. The bulk of the existing experimental knowledge of these 

particles has been obtained from experiments involving energies of only 

a few Mèv or less. Recent cosmic ray investigations indicate that the 

theory might be valid at high energies. There is .yet a need, however, 

for the experimental study of high energy electron, and positron processes 

in some detail. It, is with the objective of giving a clearer picture of 

these high energy processes that the present investigation has been 

undertaken. 

A consequence of the perfection of nuclear tra.ck emulsion 

capable of recording minimum ionization tracks was the possibility 

of employing this technique to study the interactions of fast electrons 

and positrons with matter. In observing the tracks of these particles 

with the aid of a microscope, one would expect to study the following: 

Elastic electron-electron scattering 

Elastic positron-electron scattering 

Energy loss by ionization. 

Nuclear scattering Cf positrons and electrons 

Positron annihilation in flight 

Pair production 

Inelastic electron-electron and positron-electron col-. 

lisions 	 • 

8, Multiple scattering 

The methodóf following a traák as it penetrates the emulsion enables 

one to observe directly all important processes except the energy loss 

by radiation. 
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In what follows we shall investigate the scattering of posi-

trons and electrons by electrons at primary energies of -- 174 Mev, 

and the nuclear scattering of '--39 Mev positrons and electrons. A 

comparison will be made of the grain density and hence the energy 

loss by ionization of 2.8 Mev and 293 Mev electrons. For the more 

rare events of pair production and annihilation, orders of magnitude 

of the respective cross sectiOns will be given. Mltiple scattering 

will not be studied per se. The multiple scattering of primary parti-

cle.s was measured to determine their mean energy inemulsion and 

the spread of primary energies.about the mean, 



-7- 

II EXPERIMENTAL PROCEDURE 

A. Exposures 

Two-hundred micron I'lford.G-5 plates were exposed to 

ëlectronsand positrons ofdiscrete energies obtained by magnetic sep - 

.a.ration in the pair. spectrometer at the Berkeley synchrotron (Figures 

1 and2). The'.'magnetic'fieidwas initially calibrated as a function of 

field current by measuring the...field with .a.prc..ton.moment device. 

The leading edge of the plates were well within the homogeneous field 

The field direction was. determined by the force on a current carrying 

conductor.. The.magnetic field current (107.5 amps.') was checked 

during exposures with a Leeds and Northrup potentiometer. . By means 

of a telescope, .theaxis of symmetry of the apparatus (Figure 1) was 

..aiigned with the synchrotron beam. 	. ' .,. 	.'" 	...... 

- 	The plates.were exposed so ,ihat: electrons from the target 

entered the, emulsion at a slight ang1e.{) to. the surface and perpen-

dicular to the leading edge:of the p1.ate 'In:order to..inàure that only 

electrons which came directly  from .the converter were accepted, only 

tr.ackswhose initial directiOns lay within±2.l%2 °of the perpendicular 

were scanzed. This criterion included over ninety percent of, all high 

energy electron tracks in the emulsion irrespective of direction. On 

plates., exposed with no 'converter in the beam; a number . of acceptable 

tracis were. found which .was.less than one, percent of that found on 

plates exposed with the conve.rter in the beam, . . 

Immediately following the exposure of some plates to three- 

, hundred.Mev'electrons,.thesesame;plates were exposed to 3Mev elec-

trons obtained by magnetic analysis of a electron linear accelerator 

beam.. To minimize air: scattering of the 3 Mev. electrons:, an' enclosed 

brass channel lined with polyethylene was constructed to provide a 

nearly air-free pat..h from a.ccelerator toplate (Figures 3 and 4). Care 

was taken in the design.to minimize the possibility of accepting electrons 

scattered from the interior walis..During exposure, the pressure in 

the channel. was "-:0. 02 mm. 	. 	.. . 
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B.. Eradication and Development, 

Due to the high baákground of electron tracks usually present 

in all but freshly prepared electron sensitive emulsions, it is usually 

necessary to eradicate the latent image of old tracks immediately be-

fore expoure. Fading of the latent image under certainconditions 

of temperature and humidity has been a commonly observed phenomena 

.in photography. Yagoda and Kaplan 1 , by storing plates in a wa.ter-

saturated atmospher:e. at 35 0  C, succeeded in prdducing a controlled 

acceleratiOn of this fading property. Their s.tudy was concerned with 

tracks of heavy particles in fine grain emulsion.. At this time it was 

not known whether this technique could be applied to eléctrontracks 

in a coars.e grain emulsion such as. llfor.d G-5.. In the présent experi-

ment, eradication was deemed necessary in orderthatan electron-

electron or positron-electron scatter could be observed unambiguously. 

A successful eradication procedure was, subsequently developed. 

Plates supported by stainless 'steel wires secured:to  a lucite 

frame (Figures 5 and 6) were sealed in an enameledbox.. This assem-

blage was immersed in a water bath thermostatically maintained at 

970 ± 1 F. The relative humidity was maintained at 100 percent by 

including a wet sponge in the' box with the plates. Two-hundred micron 

IifordG-5 emulsions, stored  in this way for seventy-two hours, were 

developed without drying with uneradicated plates of the same baich. 

Comparison of the background on the two Sets of plates led to the con-

clüsiOn that practicallyall electron tracks could be remOved in this 

way.' Comparison of developed minimum ionization tracks in such 

eradicated plates .anduneradicated plates of the samE bat'ch indicated 

no noticeable difference in grain density.' . After eradication the plates 

were dried 'in a light-tight box in the presence of a 'gentle flow of air 

suppliedbyafan.  

Immediately following exposure the plates were developed 

by. a temperature cycle process 2  in order to obtain uniform and highly 

sensitivedev.elopment. (Appendix I).  

Chronologically, the first partof the. present work 'was 

a study of the scattering of -'174 Mev electrons and positrons. Data 

on these were obtained from plates which were eradicated and developed 



in the manner described above. Thes.e emulsions were over developed, 

by some standards, in order to minimize the possibility of missing 

a scattering event. The grain density of the primary tracks was 41.9 ± 

1.0 grains/100 microns. Unfortunately, recent batches oIG-5'.s re 

ceived from Ilford suffer a serious loss of sensitivity (by a factor of 

1/3) when subjected tothé described eradication and development. 

In theabsénce Of any eiadcation, minimrn ionization tracks in these• 

later batches of emulsions hadagráin density bf 25 grains/100 mi-

crOns for the me'developmerit. An attempt was made to improve 

this state of affairs by a change in developmentto the "Bristol method" 4 

(Appendix II). However, this resulted in a grain density approximately 

the same as'before. Fortunately, in the study of nuclear scattering 

and grain densities the existance of background tracks does not interfere 

with the analrsis. Thus, most of the work on these topics was done 

with uneradicated flford G-5 exnu1sions developed by the "Bristol method". 
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III ELECTRON-ELECTRON AND 

POSITRON-ELECTRON SCATTERING 

A. Theory and Experiment 

1 	Electron-Electron Scattering 

The elastic collision of two free electrons has been con-

sidered from a theoretical viewpoint by several authors4' 
5, 6, 	

The 

most complete treatment is due to Ml1er who gives the differential 

scattering cross section as:. . 	. . .. 	.. 	. 

'(y.+l)irr2sinO*d9* 

ISC

4e* 	49*
2 ,4 	 .c 	+.sec. 

- cs:2 0*2 * + 	1)2 (1 + 4 csc 2  O* 	 (1) 
Y o  

where 9*  is the center of mass scattering angle, r is the classical 

electron radius, = v,/c, = - and v is the velocity 

of the incident electron in the rest frame, of the other electron (the 

laboratory system). 

The sum of the first two terms corresponds to the classical 

cross Section for Rutherford 'scattering when no identification is made 

among the primary and scattered particles and will be termed the 

'trelativistic Rutherford equation". The .third ter.rn represents the 

interference between the first two terms arising from the quantum 

mechanical tratment of the scattering of identical particles 5 . The 

sum of the first three terms resemble Mott's original formulation and 

is referred'to as' the "relativistic Mott equation't. The fourth term 

is the relativistic correction introduced by..M'ller 6  and represents 

the effect of retardation and spin interaction.  

Equation (1) may be expressed in terms of the parameter 

A, defined as the ratio of the kinetic energy of the secondary or knock- 

on electron to the kinetic energy of the primary electron in the laboratory 

system. It is not possible to identify the primary electron with either 

secondary electron. The knock-on electron is defined as the secondary 
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• electron of lower: kintic..energy;, Thèmaxiftium.value of A is thus 

0.5. By a simple transformation as shown by .M'ller, Equation (1) 

• 	 becomes: 	 .• 	 • 

a 	 + (A)dA = 	
° 	T 	.1 	 3 	

(y * 1) 2  

2(l-A)2 	A(l - A) 	 (1 

0 

A(lA))j  dA 	 (2) 

The corresponding relativistic Rutherford cross section is: 

2 Zn r 
ojA)dA 	2 	 A) dA 	 (3) 

P0  (v0  -1) 	A 2  (.1. - A) 2   -. 

The relativistic Mott cross section is 

2 .Zirr 	 ,• 
o(A)dA =

- 1) [A 	A z (1 - 	 (4) 

•Ka.and Basu 7  have given a relativistic treatment of the scattering, 

basing their work on the Klein-Gordon equation. Neglecting critical 

approach" their expression fo •r the scattering cross section is identical 

to that of M'ller withoutthe spin term, i. e.relativistic Mott. For the 

primary energies of the present experiment, the deviation of the Kar 

• 

	

	and Basiicrbss sedtion from the relativistic Mott crOss section is less 

than one peràeñt. For smallA, Equations (2),(3) and (4) reduce to 

• the c1a'stha1 expression of BOhr 4: 

•Zire 
4

dT cT(T)dT= 	 • 	(5) 
• 	 -mv 	T 

- 	0 

where T is the kinetic energy of the knock-on electron. 

Experimentally, the scattering problem has been studied 

by several investigators 820 . A resume of the experimental work 

may be found in the paper of Groetzinger et al, 17 
 With the exception 

of the study of Scott et al. 19 , none of these experiments were of suf -

ficient precision to discriminate between Mott and M'ller scattering. 
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Scott, et al. succeeded in extracting the beamof the IllinOiS betatron 

which afforded them 15.7 Mev e1ectrQprirnaris. By counting the 

magnetically analyzed secondary electrons, scattered from various 

settings ôffoils in a scatteringchamber, they were able to discrim-

inate between Mott and MØ'ller scattering and found a clear-cutpref-

erence for the latter. 

From the literature one may conclude the fcllowing: (1) for 

collisions of small A, Bohr's classical theory in some regions of en-

ergy has been verified, (2) for collisions of large A, Mott scattering 

is preferred over classical theory in the non-relativistic limit (M'l-

ler's cross section reduces to the Mott expression as y—,l), in the 

relativistic limit tip to 15. 7 Mev) M'llers cross section gives an ad-. 

equate relativistic description of the scattering and is definitely per-

ferred to either the relativistic Mott or the Bohr scattering. Appar-

ently, the observed scattering in the relativistic limit is described 

by either the MØ'ller or relativiátic Rutherford expression. The close-

ness of these two expressions as y-__-) ,  arises from the near cancel-

lation of the exchange term by the spin term in the Mll.er expression, 

Eq.(l). 

2 Positron-Electron Scattering 

Positron-electron scattering differs from electron-electron 

scattering not only in the fact that the secondary or, scattered particles 

are now distinguishable, but also in exchange effects. Bhabha 21  has 

calculated the probability of a moving positron imparting a kinetic en-

ergy, T, to aneléctron initially at rest (laboratory system). 

The differential scattering cross section of Bhabha in terms 

of A, defined as the ratiO of T to the kinetic energy of the initial position 

in the laboratory system is: 

2  o(A)dAZirr 	 2 F(y, A) dA 	 (6) 
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where 

F(y0 , A)= 	
o 	o±1)+ 2( 	- l)(l - A) 	-l)(l 

+ ( P.T): A 2 [3+2( 	-' l)+(y 	i)2(A ~ A2)} 
(y0 +l) 

- (( 	)) 
A [3 + 	

- 
l)(l - A) + ( 	1)2(l -A) 

where r 0  is the classical electron radius, y = (1 
	0) 

and v0  is the initial velocity of the positron in the laboratory system. 

According to Bhabha, the first term in the square brackets of F (y, A), 

is the ordinary scattering The second term represents the contribution 

• 

	

	of exchange, The third term results from the interference between 

the ordinary scattering and the latter process Equation (6) reduces 

• 	to the classièal Bohr theory, Equation (5), for small A. 

Several experiments have been performed to detect Bhabhas 
22-27 • 	 . 27 exchange effect 	. Until the recent work of Howe and MacKenzie 

none of the experiments were of sufficient accuracy to demonstrate 

the presence of exchange. The results of the latter experiment def -

initely support the inclusion of Bhabha's exchange term. Positron- 

electron scattering for A < 0.1 has not been studied prior to the present 

work 

For the primary energied of the present study, Equation 

(2), to a sufficient approximation, may be written 

2 

A)dA 
= 2r 	

[( - 
A) - 

2 

Similarly, Equation (6) may be written 

Zirr 2
I 	 I 	 • 

o(A)dA 	 - A (1 - A)J 	d 	• 	 (8) 

In emulsion the scattered positron and electron are indistinguishable 

Therefore, the observable cross section in emulsion, o (A), is the 

sum: 

a-  (A) = a( A) + a-(l - A) 0 	A 	0. 5 
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Equation (8) then becomes; 

2irr 2 
o-0 (A)dA 	 -A (1 	

A)2il 

If the exch3nge terms in Equation (6) are omitted, the observable cross 

section, a (A), is: 

2 Zirrr-  
& (A)dA = 	°' ii + 	A 	1 - A IdA 

	 (10) 
'o 	L (1-A) 	A 2 J 

The expressions (9) and (10) are symmetrical in A and (1 - A) as in 

the case of electron-electron scattering. For 174 Mev primaries, 

the expected number of scattering events in emulsion from A = 0.1 

to A = 0. 5 (Figure 7) is about one per 100 cm of track. For this region 

of A, the cross section at this energy is practically.unobs.ervable in 

emulsion. At a primary energy of 39 Mev, however, the expected' 

mean free path for the same 'region of A is about. 20 cm. Therefore, 

the study of the scattering inthe region,.0.24 A 0.5, has been car 

ned out at this primary energy. 

B. Method of Analysis 	' 

1. Scanning Procédure 

The plates exposed to 200 Mev and 40 ,Mev (Fig. 1) electrons 

and positrons were scanned under 500 x magnification. Ranges and 

angles were measured under 1500 x and 1000 x magnifiation, re-

spectively. The length of primary track scanned was measured with 

the microscope stage coordinates. Tracks were not scannedand no 

event was recorded within 10 microns of either surface of the ethusion. 

Primary tracks were not scanned beyond a detectable nuclear scatter 

or electron-electron or positron-electron scatter of large A. The 

average track length in emulsion was about 0.4 cm for the 200 Mev 

exposures and 0 2 cm for the 40 Mev exposures The mean energies 

of primary particles in emulsion were determined by measuring their 

multiple,  scattering over an average track length, (Appendix III). The 

scattering factors 28  used were K = 26.4 Mev degs/(lOO IL)hI/'2  for the 

200 Mev exposures and K = 23.6 Mev deg/(lOO d" for the 40 Mev 
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exposures. The mean primary energies determined from these. meas-

urements and the, standard deviations of the energy spreads about the 

means are given together with the calculated los.sesin.AppendixlV. 

2. Measurements 

The differential cross sections for electron-electron and 

positron-electron scattering are to be measured in terms of the energy 

of the knock-on electron0. This may be determined by measuring either 

the range in emulsion or the angle of scatter. 

Knowledge of the shrinkage factor of the emulsion is neces-

sary in order to reconstruct the ranges and angles associated with 

scattering events (Appendix V) This was determined by passing 340 

- Mev alpha-particles through the undeveloped emulsion at an angle of 
0 

to the emulsion surface 29  
45 

	and then measürihg the ratio of the hon.- 

zontal to the.verticle projectionaft.er development. This ratio gave the 

shrinkage factor directlyas 25 0,l 	'. 	. 

For each scattering event, both the range and angle of scat-

ter were rneauredwheneverpossible,. Forvery smallenergies, the 

angle was ill-defined because of multiple scattering. In this case, 

however, the energy may be determined from the range. For energies 

greater than 006 Mev nearly all knock-on electrons left the emulsion, 

'but the angle Of scatter 'could now be accurately measured. The kinetic. 

'energy ofthescatteedelec.tron, T,is related to the angle of scatter, 

0, andtheixicidènt energy, T 0 , by.  (Appendix VI): 	' 

2' T cos G 
___________  

.0 	...2 	; 1+ 	SiG 
Zmc. 	. 	••. ' 	' 

2. 	 ' 	. 	. 	,' 	' 	. 	 ..2',. 	2 where mc is' the rest energy of the electron, For T 0  sin - 012 mc >? 1, 

T,as determined by 6,, is nearly independent of the primary' energy. 

This condition is met by all observed events and so the variation in pri.- - 

mary energy caused by losses in emulsion has been disregarded 

3, Corrections  

a) Scanning Efficiency 

The scanning efficiency of an observer was determined from 

the data of two observers who scanned independently the same primary 
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tracks, If N 0  is the true number of events, observers 1 and 2 will 

record 	N and 
£2  N0  events, respectIrely,,, where 	and E are 

their efficiencies. After the first observer records N i  (=E 1  N) events 

the second observer will contribute a number n (= N E 2  (1 - E.. 1 ))events.
Ni  

The scanning efficiencies calculated from the relationship 
£ 1 = N 1  

(i 1, 2) were found for two observers to be 0.90 ± 0., 09 and 0.85 ± 0.08. 

The efficiency correction for the doubly scanned data was therefore taken 

to be 1.5 percent. The best estimate of the scanning efficiency for a •  

third observer whose efficiency'was not measured was taken to be 0.875 

with a probable erro.r of 10 percent. The efficiency correction for 

singly .scanned was therefore 14.3 percent. The probable error of 

10 percent was compounded with the statistical error for these data. 

b) Resolution 

Electron range-straggling along with errors in range and 

angle measurements introduce limitations in the energy definition of 

scattered electrons. The range-straggling for electrons is computed 

in Appendix VII. The corrections due to these effects are treated in 

Appendix VIII. 

C. Experimental Results 

Figure 8 is a plot of the range and energy (determined from 

the angle of scatter) of knock-on electrons produced from positron-

electron* and electron-electron collisions in emulsion. The primary 

energy was 185 ± 37 Mev and 164 ± 21Mev, respectively. These data 

were obtained from events in which  both range and angle measurements 

were possible. All events had a projected angle of scatter.less than 

700. Zajac and Ross 3°  measured the ranges of electrons of discrete 

energies .up to 250 Key in Kodak NT4 emulsion. Their results may 

* For a given positron-electron collision, there is afinite probability 
that the scattered particle of lower energy is a positron rather than 

an electron. This probability in terms of A is: P(A) 	
l 
 _AAZ/l 

+ l  A A) Z  , assuming o(A)o( l/A 2  For the values of A in Figure 8, 

P < 10. To a good approximation, t1ifore, the data of Figure 8 
apply to knock-on electrons. 
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be fitted to the curve 31  

• R(rnicrons) = 0. 3 (ev) 	 (12) 

where R is the mean range. Assuming a law of this form, a,mean 

range was determined from the present data.'; The standard  error of 

the mean range was found to be 6 percent (Appendix IX) This mean 

range and mean range of Zajac and Ross .are.plotted in Figure 8. The 

two curves, differ by .,. 7 percent. ......... . 

The spread of the data may be attributed to: (1) range strag-

gling, (2.) errors in angle and range measurements, and (3) inelastic 

collisions. The effect of inelastic collisions is expected,to be greater 

for positron-electron collisions than for elect on-electron collisions 32 

If this effect is detectable, it would be manifested in a difference in 

spread of the two sets of points in Figure 8 It is found (Appendix IX) 

that the spread of both sets. of, data is-adequately accounted for in terms 

of (1). and.(2) above. Therefore, no inelastic scattering.is obseryed 

for A < 0..0.3'within.anaccuracyo.f 5 percent. . . 	. 

Figures9 and,lO are graphical :representations;of the electron-

•electron and positron-electron scattering results tabulated in. Tables. 

II and Ill. The data associated with 164±21 Mev primary electrons and 

185±37 primary positrons are given in terms of Ti .The'.events initiated 

by 36.1 ± 3.6 Mev electrons and 42.9 .± 43 Mev positrons are analyzed 

in terms of A. The validity of the range-energy curve of Zajac and Ros.s 

for Ilford G-5 emulsions has.been investigated by Bonetti and Tomasini 31 . 

From range measurements of monochromatic electrons. between 80 

• .and 150 Key these.authors found, their values to be in:good agreement 

with those of Zajac and Ross. This relationship (Eq. 12) is. therefore 

used to analyze the present data between knock-on energies of 0.03 

Mev to 0.40 Mev. Knock-ons with energies less than 0.03, Mev, were 

not considered because of their small range (7 microns) and the ef-

fects of electron binding.  

The selection criterion for the remaining events, including 

those initiated by ..'39 Mev primaries, was the scattering angle. The 

data for T> .0.1. Mev has been obtained by the independent observations 
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of two scanners using the same "-174 Mev primary tracks. The re-

maining data, including those obtained from --39 Mev primaries, 

were obtained by one observer. The probable error for a given interval 

(x) 1  (x = T or A) is placed at that abscissa, x., where the ordinate 

of the histogram equals the ordinate of.the absolute theoretical cross 

section if the areas under ,  the two are equal, i e x1  is the solution of 

a(x = S (  x). 
cr(x) dx/( x). The x1 ts were computed in thecase of 

electron-electron scattering from Mçiller's cross section (Equation 

7) and for positron-electron scattering, from Bhabha's cross section 

including exchange (Equation 9).  For perfect agreement with theory 

the experimental points Should therefore be superimposed on these 

theoretical curves. 

From Figures 9  and 10, the experimental results for A < 0.2 

are in good agreement with theory over seven orders ofmagnitude of 

cross sti9n. In the region 0.2 < A < 0.5, the present electron-electron 

scattering results favor M'l1er scattering over that of Rutherford, 

Bohr, Mott or Kar and Basu 0  The present positron-electron scatter-

ing results are in agreement with habha's theory for 0.2 < A < 0.5. 

The statistical error is too gi'eat to distinguish between the Bohr and 

Bhabha cross section or to detect the presence of. exchange. Theex-

perimental ratio of electron-electron scattering to positron-electron 

scattering in this region of A is 2.6 ± 1.3, This ratio given by the 

various theories of Figures 9 and 10 ranges from 2.6 (MIller/oi) to 

1.2 (Mott/Bohr). 

In the regionwhere the various theories represented in 

Figures 9 and 10 areindistinguishable, the theoretical cross section 

is nearly independent of  the primary energy. This can be shown by 

writing Equation (5) as: 

2 2rrr 
	dT o- (T) dT = - 	mc2 	 : 	(13) 

T 
0 

For the primary energies of this study, 3 	1, thus o (T) is insensitive 

to the primary energy. 

The ratios of the observed integrated cross section to the 

integrated theoretical cross section are: 0.94 (electron-electron scat-

tering) and 1. 08 (positron-electron scattering). The probable error 

a 
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in each case is 10 percent. Forthedoublyscanned data (T: >0,1, or 

A > 5.3 x 10) these ratios are 0. 94± 0.06 and 0.87 ± 0,04, respectively. 

The probable errors have been compounded from the statistical errors 

and the errors quoted by Zajac and Ross in their determination of the 

range-energy relationship The fact that these ratios are less than 

unity is probably due to a small systematic error in determining the 

scanning efficiency of an observer. If there is a correlation between 

missed events for two observers, their efficiencies determined by double 

scanning will be nearer unity than their true efficiencies It is reasonable 

to suspect that such a correlation exists for knock-on electrons leaving 

the primary track in the plane perpendicular to the focal plane of the 

microscope 

The number of electrons per cubic centimeter of emulsion 
24 

was calculated to be 1 07 x 10 from the emulsion composition given 

by Ilford Ltd The effect of water absorbed in the emulsion from the 

atmosphere on the electron density has been measured and is negligible 

in this experiment. 
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IV THE RATIO OF PLATEAU TO MINIMUM GRAIN DENSIrY 

FOR ELECTRONS 

A Exposure and Method of Analysis 

A single 1 inch x 3 inch, 200 micron Ilford G-5 emulsion 

was exposed to 300 Mev electrons and to 3 Mev electrons. The plate 

was exposed so that the primary electrons entered the emulsion per-

pendicularly to the leading edge and at an angle of ' 50 to the emulsion 

surface. 3 Mev electrons emerging from the evacuated channel (Figure 

3) and 300 Mev electrons arriving from the converter (Figure 1) pen-

etrated the emulsion in opposite directions and formed two adjacent 

bands of electron tracks. 

Grain counts were re,corded in terms of a standard r.eticule 

unit, which, under the magnification used ('-2500 x), was 32 microns 

in length For the purposes of comparing grain counts at the two en-

ergies, the following criteria were adopted: 

1.. A grain was counted as one unit regardless of size. 

All grain counts were taken in a layer of developed 

emulsion between 40 and 10 microns from the emulsion-

air surface, 

Track sections were accepted for grain counting only 

if their dip angle was in the same, sense as would be 

expected from the exposure set up. 

Consistent with (3), only portions of track were grain 

counted where the angle of dip in the developed emulsion 

was between 0 and arc tan 0,059. 

The grain density determined on the basis of criterion (1) 

is essentially proportional to that obtained when clumps are resolved 

into individual grains for the thin tracks used here. The fourth cri-

tenon allows one to neglect the error in track length due to the uncer-

tainty in the shrinkage factor. By.grain counting., 300 Mev electron 

tracks as they penetrated the emulsion the gradient of development in 

the acceptable layer (criterion 2) was found to be less than one percent. 

Because of the large multiple scattering of " 3 Mev electrons, and in 

light of criterion (4) it was not feasible to grain count successive intervals 
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of given tracks. Instead, the following "field of view" method was 

adopted grain counts per standard unit were taken for all portions 

of "-P  3 Mev tracks in a field of, view lying within ± 22. 5 degrees of the 

mean entrance angle. Electron tracks of,'-'300 Mev were first grain 

counted by taking successive intervals of given tracks (7207 grains). 

• Then - 3 Mev electron tracks wer,e grain counted by the "field of view" 

method (7002 grains). Finally,. ' 300 Mev electron tracks were grain 

counted by.the latter, method (7097) grains). The means and standard 

deviations of the grain density distributions of the two sets of -300 

Mev data agreed within the st3tistical errors. The error, in track length 

due to multiple scattering over a standard unit is negligible. All counts 

were taken by one observer whose reproducibility was fund to be better 

than one percent. 

B. Experimental Results and Theory 

The relativistic rise in ionization of a charged particle 

moving through matter has been a subject of considerable interest from 
33-42 	 6,43-53 both the experimental 	and theoretical 	view points. Con- 

tributions to the experimental investigations of this phenomenon from 

nuclear emulsion studies usually consist of combining grain counts of 

tracks produced by charged particles moving in emulsion with multiple 

scattering measurements. Thus, the relationship of the grain density, 

as a function of velocity, e. g. y, is determined. Knowledge of g 

as a function of IdT/dxl allows 'one to find the desired relationship be-

tween IdT/dxl and y. 

The fact that the ionization saturates at large values of y 
34,40. is well established 	Measurernents.of the magnitude of this sat- 

uration value with re.spect to minimum ionization has in some cases 

led to conflicting results, 'Practically all investigations, in nuclear 

emulsions have led to a comparison of the saturation ionization for 

electrons and mesons to minimum ionization of mesons. Although 

I dT/dxl is presumed to be independent of the mass, it is preferable 

for a precise determination of this effect to utilize particles of the 

same mass. 

The results of the grain counts of 2,8 Mev and 293 Mev 

electrons are shown in Figure 11, The equivalence of the "field of view" 
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and ttsuccessiveintervaitt  methods of grain counting is demonstrated 

by comparing the grain density distributions of 293 Mev electr'ons.for 

both cases.  The mean energiesof28 Mev and 293 Mevhave been 

calculated 52  from the energy loss due to ionization and radiatiOn in-

the acceptable layer of emulsion for electrons entering the emulsion 

at 3 Mev and 300 Mev, respectively. Both energies are located at 

essentially flat portions of the specific ionization curve. A calculation 

using the constants for emulsion given by Sternheimer 52  shows, that 

the ionization of 2. 8 Mev electrons differs from the minimum ionization 

by less than one percent. The ratio of the mean grain densities of 

293 Mev and 2,.8 Mev tracks is:g293/g28 Mev = 1,087 *0,010. The 

standard error i:s computed from the standard deviations of the grain 
54 density distributions for the two energies,. A statistical -test of the 

compatibility of the two standard dev.ations, taking into account the 

difference in the means, shows that the probability that they are equal 

is approximately 95 percent, 

Assuming the law of proportionality between g and IdT/dx1 35 , 

the results of the present study show that the specific ionization for 

electrons saturates at a value 8, 7 * 1. 0 percent above minimum ion-

ization. This value is in good agreement with the results of McDiarmid 39 , 
40 	' 	 37 	 • 	'- . 	g4oMey  

Morris:h , and Voyvodic . These authors give the ratios: .940 _., 	.. 

	

p1ateau 	 .' 	plateau 	 5 . Mev 
7 percent, 	 ---5'percent and -. 	"-8-9 percent, respectively. 

99 Mev 	 . .- 	 - rnin- 
Stiller and Shapiro* in a study of the grain densities of mesons and 

electrons report an increase of 14 ± 3 percent beyond minimum which 

is significantly higher than the present results 

The observed increase in grain density can be explained 

from the theory of Fermi 46  extended by Wick47 , Halpern andHa1l 48 , 
-49 51 	 52 

A. Bohr , Schonberg and Sternheimer , or from the -theory of 

	

II 	 3 Huybrechts and Schonb,erg . In the former theory, the increase in 

IT/dxIat relativistic energies arises from the emission of Cerenkov 

radiation. An increase in grain density due to this mechanism would 

- therefore •  demand strong absorption of the high energy Cerenkov radiation 

in silver halide crystals. In an alternative treatment, Hu-ybrechts and 

* Private Communication 
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.Sch6nberg 53  proposed a modification of Fermi's methods which reduces 

the intensity of the high energy Cerenkov bands and gives a larger amount 

of ionization. 

For a cut-off energy for delta-ray production taken at 5 

Key the theory developed along Fermies  methods predicts an increase 

in IdT/dxlof  eleven percent 52 . Assuming proportionality, between g 

and f dT/dxI the present results indicate that about four-fifths of 

the Cerenkov radiation goes into producing counted grains. For the 

same cut-off, the theory of Huybrechts and Schnberg predicts an in-

crease in dT/dxl  of 3.8 percent. These authors point out, however, 

that small energy transfers are probably not sufficient to. render an 

Ag Br grain developable. By neglecting the contribution of the electrons 

of the outer shell and thirty-three percent of the contribution of the 

next shell, the increase from minimum to saturation becomes 6 per-

cent. Thus, with suitable modifications, this theory also explains 

the present experimental results. 	. 
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V THE NUCLEAR SCATTERING. OF ELECTRONS ANt POSITRONS 

Method of Analysis 

The scanning procedur here ia essentially that described 

in Chap. III B 1, To circumvent errors in the 'determination of the 

scattering angle due to the uicertainty inthe shrinkage factor, angles 

of scatter were recorded in terms of their projected angles. These 

measurements were made to O.:5degreewith the aid of a gOniàmeter 

affixed to' an eye piece of the microscope. All scatters which had a 

projected angle greater than 3 1/2 degrees (Fig. 12) were reèorded. 

This is larger than the mean scattering angle by a factor -- 5. The 

observer resolution was determined by the rérneasurement of angles. 

This was compounded with the expected multiple scattering over the 

reticule length used in angle measurements to give the total resolution 

function. For small angles the expected scattering is given by the 

Rutherford crosC section which in terms of the projected angle ' varies 

as i/S 3. From a treatment similar to that of Appendix VIII one finds 

that the resolution correction corresponding to the angle S is (1 + 6 4 + 
where 9 is the standard deviation of the resolution function. The 

largest scattering angle observed had a projected angle of 87 degrees 

(electron-nuclear scatter), 

Experimental Results and Comparison with Theory 

A convenient method of comparing the present results with 

theory is to first fold the theoretical cross section into the plane of 

the projected angle. The scattering law of Rutherford, 

cr(8)=Acsc 4 
	

(14) 

Iz c2 '\2 (1 - p 2 ) 
where A = 	and e is the scattering angle, is an 

2mcJ 
o 

P O  
bvious choice to describe in the first approximation the observed scat-

tering. This law in terms of the projected angle, S , is-(Appendix X) 

W (II) d9 = 16Ad 	
U+ (it - 	ctn I SO 

sin 
	 (15) 
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where W'(IS. 	dS is theprobabflity ofa catte±betweenfand .I +dI1, 

Because of the additive property of the scattering cross section the 

observed scattering in a mixture of elemerits iz.mulsion, is the 

sum of the individual cross sections. Thus, Equation(15)is more 

conveniently written in terms of k(I&!):the meah.free  path for scat-

teringbetweenflandI+dII: .' .. 

dS ___ = N z 2 
 ro2 (l2) 4d 	

+(n -II) ctng 

The summation is calcuiatedfrom the emulsion compOsition to be 

37.0 x 10 	cm 3 . This corresponds.to a root rnean;..squa.re Zfor e- 

:mulsion.of 21,4. 	. 	. .... 	...... . ..... 

Theresul.ts of the nuclear scattering of 36.1 ± 3.6 'Mev 

electrons and 42.9 .± 4.3 Mëv positrons are tabulated in Table IV and 

piottedin Figure 13. 	. 	. 	. 	. 	.... .., 	. 

'Inth'e small angle approximatiOn, the Rutherfordross 

section (Eq. 14) has the fo'll.owing prperties ('1) the •integrátedcro ss 

section 	(e) df7, andS  W (fld are 'e4ualif•& 	and 2) the 

probabilities of scattering into the inte'rval 	and into the element 

of solid angle dQ (9) (= 2 ir sin 8 A 8) are equal, if 9 	and A 8 = AE 
(Appendix XI). This approximationis fOund to be valid for the angular 

intervals of the histograms of Fig. 13. it follows that the angles plotted 

• 	álon the abscissa.may'be ixiterpreted'eitheras• or 

In theoretical treatments of the thultiple scattering of charged 

particles, the effects of the .finite'size of the nucleus and the possibility 

of forces other than electromagnetic are usually assumed smaller than' 
55,56,57 

the coulomb interaction 	 This has not been tested in the photo - 

graphic plate for high, energies 58 . The results of the present investi-

gation show that the non-Gaussian tail to the multiple scattering dis - 

tribution for electrons and positrons is described by the Rutherford 

law (Eq 14) for energies '' 39 Mev.  
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VI POSITRON ANNIHILATION IN FLIHT' 

The annihilation of fast positrons. inmatter has recently 

been investigated by Colgate and Gilbert* . The.observed cross 

section in Be and Li H was found to be in agreement with the two - 

quantum annihilation cross sec.tiongiven by Dirác' •BraE.'soi et al. 60 

in a. study of decay positrons emitted by 1i mesons in G-5 emulsions re-

port anannihilation length in emulsion consistert with Diracs'theory 61 . 

For each annihilation observed in the present work (Fig. 14) 

the track was extrapolated beyond the point of annihilation, by maintain-

ting the projected angle and dip angle. This was done to determine 

whether '(1) the track reappeared, or (2) a pair was initiated by, the 

forward moving photon. In no case.wère:th.ese.observed. 

From the calculated pa irroduction length in emul,sion62 

(assuming the forward moving photon carries, off the positron energy 63 ) 

and the extrapolated distance in emulsion, the probability that a pair 

will be produced is 0.. 03, For eachevent the multiple scattering of 

the positron track was measured up to the point of annihilation The 

energies determined in this way were consistent with the mean energis 

of Appendix IV, 

The annihilation events are analyied in Table V. and compared 

with. the two-quantum annihilation cross section of Dirac. The.cross 

section in G-5 emulsion for annihilation in flight is seen to be,.of the 

same order of magnitude as that given by theory.. The contribution to 

the cross section due to one or zero quantum annihilation processes is 

negliible here 64 . 

* This experiment was, undertaken in part to' further investigate the 
disappearance of fast electrons in emulsion reported by W. Barkas, 
R. Deutsch, F. Gilbert and C. Violet, Phys. Rev. 86, 59 (1952). 
Further study revealed that theáe events are correctly interpreted 
as the annihilation in flight of positrons (Erratum Phys. Rev. 88, 
1435 (1952)). The results' of Colgate and Gilbert also confirm flTs 
iriterpretat,ion-;-'\., 



-27- 

VII PAIR. PRODUCTION 

The direct pair production by a:charged particle moving 

through matter has been .a subject of consider able experimental inves - 
18,65-75 tigation 	. This phenomenon has for the most part eluded ob- 

servation and was only recently directly observed in photographic e- 
18,71,73,74 mulsions 	 . Since the direct pair production cross section 

is little known from experiment we include here an analysis of the pairs 

observed in the present study. 

A charged particle penetrating matter initiates a pair either 

in the.field of a nucleus or an electron. Elementary considerations 

show that the probability of the latterprocess is of the order of 

._ (_ for emulsion) times that of the former.. In G-5 nuclear e-

mulsions the two processes can be disl.inguishedbyobse.rving.the recoil 

electron in the latter case. According to Bhabha 76 , the cross section 

for direct pair production in the field of a bare nucleus is 

28 fz r 
	,tn (a  

where a is a constant of the order of unity.  

In Table VI the three events observed in the present study 

(Fig. 15) are analyzed and. compared with the heory of Bhabha, using 
75 the experimenta.ly determined value of a. The experimental values 

• are consistent with Bhabha's theory. No eveiitswëreobserved in which 

• a pair was initiated in the field of an electron. The track lengths  in 

Tabl.e VIare...th'èrefor'e lower limits to the meanfree paths for this 

.procèss. . 	 ... 	• 	 • 	• 
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• 	 These investigations into the processes.. enumerated in the 

Introduction has yielded the, following results: 

1. Electron-Electron Scatteiing 

The measured differential scattering cross section for small 

A is in good agreement with theory (Bohr) over seven orders of magni-

tude of the cross section For large A, the observed scattering tends 

to discriminate in favor of M'ller's cross section as opposed to those 

of Rutherford, Bohr, and Kar and Basu 

2, Positron-Electron Scattering 

• 	' ' 	For small Ath:e  experimental rèsülts here are in essential 

agreement with the èléctron-electron 'scattering results over the same 

range of A and cross section. Becaü5eof the indistinguishability of 

scattére'deléctrons aid' pbsiiro.us in emülsioIithe present method is 

not sensitive to distinguishing between the Bohr iand Bhabha (with and 

without exchange) cross sections at large A. The present results,. 

however, are in general agreement with the Bohr and Bhabha theories 

in the region of large A.  

3 Ionization Losses 

The ratio of' plateau .grain density to minimum .grain density 

for electrons inIlford G-5 emulsion has been determined tobe 1.087 * 0.010. 

From, Fowler' s investigations, thi.s ratio may be interpreted as that 

of saturation ionization to minimum ionization This increase may be 

satisfactorily accounted for in terms of the theory developed along 

Fermi methods orthe theory of Huybrechts and Schnberg. 

4. Nuclear Scattering of Electrons and Positrons 

The results obtained from the nuclear scattering of "39 

Mev electrons and positrons show that the non-Gaussian tail to the 

multiple scattering distribution in Ilford G-5 emulsion is described 

in terms of the Rutherford scattering cross section. 
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Positron Annihilation in Flight 

The observed annihilation length at energies of 185 ± 37 

and42.9 ± 4,3Mev inllford G-5 emulsion agrees in order of magni-

tude with the two-quantum  anthhilationcross section of Dirac. 

Pair Production 

The pair production length in flford G-5 emulsion was found 

to agree in order of magnitude with Bhabha's cross sectionfor the 

primary energies of 1641 21 Mev and 288 :Me.r.. 

7 Inelastic Electron-Electron and Positron-Electron Col- 

lisions 

For, A < 0. 03 no inelastic. sc3ttering. was observed within 

an accuracy of five percent. 
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APPENDIX I 

DevelopmentPro.cedüre 2  

.Rre-Soak (distilled water, room temperature). 1. ............ihour 

Cold Developer* (5 C ) 	 1 hour 

Hot Deveioper* (26 C.) . . . • 	.. .30 minutes 

CoJ.d Soak (50 
 C.) 	 : 1 hour. 

Fixing** (room temperature, with agitatión). 	 : 	6 hours 

Washing (room temperature) 	. 	 24 hours 

Drying 	 . 	 . 	 24 hours 

*Amidol Developer  

Distilled Water 	 1000 cc. 

Boric Acid 	 3.5.gm. 

Sodium Sulfite. (anhydrous.) 	. 	*' 	. 	.. . 	18 gm. 

-Potassium Bromide (10 percent solution) . . 	. 	. . .....8 cc. 

inidol(Acrol) 	 ., 	. 	.. 4. 5 gm. 

**Kodak Acid Fixer 	..... 
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APPENDIX II 

:DeveloprnentProcedure 3  

Soak in distilled water 	, 	 •,.. 	 mins. 

Developer* (50  C.) 	 ' 	 15mins. 

Hot Piate! (27
0 
 C.) '; 25 mans. 

Stop 'bath (SP  C.)  

.Fixing**'(room temperatilxe) ' : 

Washing 	 .4i,hrs. 

Drying ' 	 6hrs. 

*Developer 	'. 

Amidol 	 3.0 gs 

Arthydrous sodium sulphite 	 6. 7 gs 

Sodium bisuiphite liquor. (S G. 1 34) 	 1 4 mls 

Distilled water (add) 	 930' mls 

Sodium thio sulphate 	 • 	• 	400gs 

Sodium bisuiphite 	 3Ogs 

Water to add 
	

1000 mis 
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APPENDIX III 

Calculation of the Mean Prinary Energy in Emulsion 

and the Spread of Primary Energies about the Mean 

from Mu1ti1e•Scattering Masiirements': 

Let: 	p (, T) be the proabi1ity that aparticl.e of energy Tbe 

scattered between the angles and + d per cell length 

q ( - 0 ):be the probability  that an. angle.:  be.observed 

between 0 
 an . d S o  + d S. 0 

 per cell length. 

r. ((T - T) be the probability that the particle ha an er-

ergy between T and T + dT. 

For a given T, the second moment o f the observed agle is: 

<o)T  = S ~ 90' P (S ' T— ) 
q 	0 ) dg d ~ 0 

SSL 	) 2 +2 	0 	p  	: 0 dg d 0 	(16) 

=<; 2 >+< 2> 

is the second moment of the resolution function q ( - 	and 

2  is computed from the relationship 	 n> +<R2> where < 	. 
 

is the stage noise and 	is the observer error. Since( S62),Is small 

compared to ( 5, Equation 15 may be written: 	. 

<1°I>T =(> (14 	 :+ 	
(17) 

assuming 	, and 	to be normally distribud. To consider the 

effect of a spread in primary energy we write.. Equation 17 as: 

V 	 c 	.2 	 :4 
(o > T <I> T 3  

	

° T 'f + 2 	 - 8 
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where k is the scatteringfactor, and compute the integral 

<II> =S <II>T(<?. 	T)dT 

= (T) 	
(1 + P + 	+ 	) + <> < 	+ 4th and higher 

order terms 

S. 	 th  
assuming r(<T7 - T) is. symmetrical. 13 is the i moment of ( 

Assuming r ( <T> - T)is also normally distributed, Equation 18 becomes, 

in terms of , the fractional standard deviation in energy 

<H> K 	2 ) 	 ç> 	 (19) 

to third order in . 

From these same considerations one calculates: 

= 	+ 1 K 	(+ 32) 	 (20) 

th thirdorder in . 

From the condition that V > 0 the upper limits of<lj 

and < £2 > can be calculated from Equations 19 and 20 for the detection 

of an energy spread about < T>. Assuming that this condition is met, 

Equations 19 and 20 can be solved for the two unknown quantities V and 

(T> 

(18) 
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APPENDIX IV: 

Comparison of the Mean: Primary Energies• in 

Ilford 0-5 Emulsion withthe Calculated Values 

The multiple sca.ttering measurements give the following 

results: 

Mean Prithary Energy .' Percent Standard DeviaiOn 
Exposure 	 (Mev) with probable 	of energy spread in emulsion 

èror ' 

200 Mev electrons 	164 ± 21 	 20 ± 16 

200 Mev positrons 	., 	 185 ± 37 	 ., 10 ±. 8' 

40 Mev electrons 	36.1.± 3.6 	 25 ± 20 

40 Mev positrons 	429±4.3 	 17 ±13 

The ionization loss in Ilford G-5 emulsion for particle energies of 200 
. 	 52 

i Mev and 40 Mev s calculated to be. 

I=4.2Me\/cm . CUE 

The.energy loss by radiation can be computed from the 

expression: T = T exp - x/2, where T0  is the initial energy, T is 

the, energy after traveling a distance x in emulsion, and I is the ra-

diation length for emulsion. The radiation length is defined 77 : 

= N 	 4 in (183 z' 1/3) + 2/91 

where 	N = number of nuclei per unit vol 

Z = nuclear charge 

r =: classical electron radius 
0 

For emulsion we take for 2, the weighted average: 

= 	
N0 	(4 	 1/3 + 

where: 	N = Avogadro's number 

Z. = nuclear charge of the th  element 
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g. = density of the .th  eLement 

A. 	 th = atomic weight of the i element 

Using the values given by Ilford Ltd. for the composition of .G-5 emul-

sion,, one calculates: 

L 2.90 cm 	 ' 

This is in agreement with .Corson's 78 vaiue. From the above values 

of1dT/d4 and 1, the mean energy in emulsion corresponding to the 

measured average track lengths are: 

Exposure 	 Average Track Length 	 Mean Energy 

200 Mev 	 0.4 cm 	 185 Mey 

40 Mev 	 0.2 cm 	 ' 	38 Mev 
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APPENDIX V 

The, Measuement of Rangs and Angles 

9 = angle of scatter 

S = po.jcted angle of scatter 

fl = depth measurement 
initial 	 ( I 
direction of 1 / DS 	

S = shrinkage factor 

motion 	A' / 	 L8  = projection of scattered track 

a = corresponding to D for a given 

	

Figi6 	 ' 

The origin is the.point of scatter.. The xy plane is the focal 

plane of the microscope. To a good approximation, the initial direction. 

of motion is the x axis. 

In the analysis of events in emulsion one measures directly 

D,L8 ,and. 

Range Measurements 

The range of a highly scattered electron track is measured 

by dividing the track into convenient sections and measuring L  
i 

	

	

and 
th for the 	section. The range for, a track of N sections is then: 

N 	 '1"" 
R = Z 	L (1 + a. ) 	 (21) 

i=l 	i 	1 

Angie Measurements 

From Figure 1 the relationship between e, £ and a is: 

cos 
cose= 	 (22) 

ll+a2 
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The Kinetics of the Elastic Collision 

of Two Equal Mass Particles 

Let: 	9 	the angle between the direction of scatter and the in- 

cident direction 

T = the kinetic energy of a particle 

- P the momentum of a particle 	 : 

v = the velocity of a particle. 	•.. 

• 	•. 

c = velocity'of light 

m = mass of the particles 

Subscripts o - refers to incident particle 

1 - refers to lower, energy secondary particle 

2 - refers to higher energy secondary particle 

Energy Conservation 

T=T+T 	 .• 
0 	1 	2 

2 	- m(y- l)c =m(y1 -l)c +m(y2 -l)c 

y+I=y 	 ••••• 	 (23) 

Momentutn Conservation 

ON 

x 

Fig. 17 
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ZPO 
y 

m31 y1 c sin9 1 =mf32 y2 c sin0 2  

or 

FY  17--1 sin 81  = 2 	sin 0 2 	 (5) 

eliminating 62  between Eq. 24 and Eq. 25: 

(21) = (2 - 1) + ( l2  - 1) 	21(y2 - l)(y 1 2  - 1) cos 61 	(26) 

eliminating y2  between Eq. 23 and Eq. 26 

IN, 
2

0  l -+ 	- 1 = 	- 	- 1) cos 

2 	(y0 +l)( 1  -1) 
cos 0 =  1 No  -l)(y1 +l) 

or 

2 T cos 0 
m 	 0 	 1 

V   1+ 	2sin 2 
Zmc 

For sin2 01>>  2 mc 2 /T, Eq. 11 reduces to T 1  = 2 mc 2  cot2 l'  By 

further algebraic manipulation it may also be shown that 

tan 9 tan 0 = 2/ + 1 
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and that tan (ei+ 	= (1 + 2 mc 2 /T )(tan O + tan O).  Thus it can be 

seen, that for 	( 900 and e2 . 900, that 	+ 	( 900 for T 	0 

In the classical case for T 0  << 2 mc2 , 	+ 	approaches 900 for all 
0  or 0 2 1< 90. 
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APP ENDIX VII 

Calculation of the Range Straggling of Electrozs 

The' range straggling of a'particle Of unit 'charge is given 

by79 : 

'(R>k E''dT(Y 	 (27) 

Inthepärticularcaseofelec't:rons: 
2 	22 

k=ZirNZr 	(mc) ' 

NZ ' electrOnic density in the stopping material 

r= classical electron' radius 

m 2  restene'gy of théêlectrOn 

The range-energy relationship for electrons in Ilford G-5 emulsion 
.31  
15 

T=KR1 	 ' 	" 	 ( 28) 

where: 	K = 8.8 kev/(microns)' 

n0.63 

To calculate in the first approximation the range straggling of electrons 

irecOmbinè Equations (27) and (28) and obtain: 

R 32 n 

'22 	3-Zn Zn K 	 '• 

where R is the range.' Using'the value: 	N. Z. ' 1.07•x 10 2  cm 3  
o 	 1 

calculated from the emulsion composition, one computes the fractional 

standard deviation of the range straggling to be 

-  0 i<R1> - 	.36  
2 	13 

R o 	o 

For ranges of 50 and 400 microns, i-s 20 and 16 percent, respectively. 

The measurements of Zajac and Ross 3°  are in fair agreement with 

these values. 
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APPENDIX VIII 

Calculation of the Effect of the Energy. R•es ;olution 

Upon the Magnitude of the Absolute Gross Section 

for Electron-Electron Scattering and Positron-

Electron Scattering 

Let 	 = fractional standard deviation of the energy res - 

olutión 

p. = fractional standard deviation of the range strag-

gling. 	 . 

= fractional standard deviation of the observer 

error in range measurement 

T=:energy of thescattered electron 

T'. =.energy of s•catter..atwhich.thecross section is 

being measured 

(T-T'.)=curve of the resolving power 

(T) = theoretical cross section 

	

Q(T) = observed cross section 	
;. . .... 

It follows that: 

Q(T') = Sw(T-T') o- (T) dT 	. 	 ,. 	. 	 (29) 

Assuming the errors in range and angle measurements andthe range 
222 straggling are normally distri1uted, w(T-T') = C exp (T-.T') , 2T p. 

where C is the normalizing constant. With the exception of ;the•  4ata 

obtained from 39 Mev primaries, the theoretical cross section, to 

a good approximation, is ..gven by (see Eq., 13) 	. 	. 

o(T) = 2lTr 	rnc/T. ........: 
	 ' ',' 	 . 	 : 	 ' . 	 . . .. . 	 ( 30) 

Equation 29 then becomes 

Q(T') = Zirr mc2 C exp (TTt)2/2TZp.2 dT 
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4 

Recalling Equation 30, the observed cross section becomes 

Q('S) = d(T') (1 
	

(31) 

neglecting 4th and.higherJpowe.rs of 1J..: In the: region where the approxi- 

- 	mation, Equation 30, is not valid, Equations (7)4nd (9), must be used. 

Fo •  electron-electron scatteringthe obs ,erved cp.ss  section 

from Eq. 7 is: 

2irr 2 =,0 	
exp (A - A')/2A 2 	1) - A(I A) +1) dA 

-2iTro 	

[A

I' + 1 	2 4A' p.2 	3 	At 

2 	
(1. + 	- 2A' + 1  

A' 	2  5-2A' 	2 	2.:, 	.2 .. 	'2 

	

(1 + l - A' 	(3  2A' 	)TxT (1 + 	1 - A' 

	

A' 	2.  2 .: TL 	 " 

	

(1 + l- A' 	)"flj 	 '.. 	'" 

	

'Treatihg E1abha's 	resSlon, quatión (9) 'in the same 

way, the observed crosé section is: 

2. 

	

3p.2 )- 	(l+ 2)+2  + (1 - A')2 (l+(l -A 	
2) 

+(1A,)Z(l+ 3 (1A,) 

+ A' 2  (1 + p. 2 ) 	 (33) 
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In deriving Equations 32 and 33, 4th order and higher pôwèrsof p. are 

neglected. For small A, these expressions reduce to Equation (31). 

1. Events Selécted.on the Bais of Range 

In this case, the energy definition, of the scatteredparticle 

is limited by the range straggling and errors in range measurement. 

For the former quantity, we take p. 5  = 0.20 (Appendix VII).. The error 

in range measurements was found to 	0.08 ± 0005. Since Q 

depends, on p.2 3 ji
0 
 is negligible compared to p... From.the ran..ge energy 

relationship, R = 0.3 T , we have R/R = 1.6 (iT/T). For the events 

selected on the basis of range, p. = 0.20/1.6 = 0.12. From Eq.. 31 and 

this value of p., the resolution correction becomes four percent. 

• H. 2... Events Se1eted .onthe;:Basis.of Angle ........ 	. 

In this case, p. is to be calculated from the error in the 

scattering angle, á9. The rélationship between these two quantities 

is (Appendix IX, E.q. 45): 	 . . 

p.Z _T2_ 0 csc 2e) 2(e2 > 	 (34) 

The problem is to determine 48 from the errors in and a, (Appendix 

V) for a fixed 9 Iii Appendix V the relationship, cos 8 = cos/Ji + a 2 , 
is derived. It follOws that: 	.,. 

r 	. 	2 ' 	2Cos 	 (35) 
cos 	sin8 	. 

Squaring Eq. 35 we take, the average ; ; reca1liig. A% and Aa are inde- 
pendent. 	

., 	 ..• 	 •.. ,. . 	 • 	 • 

	

= ctn2  6 <tan2 ) <> + 	 - cos 6  0 
• 	sine 	. 	sinG 

(36) 

From Figure 16 

tan G sin 4, = tan 	 (37) 
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Squaring and taking averages we have: 	 .. .:. 

tan2  0 (Sin2 > = (tan2 > 	 .. 

Assuming azimuthal symmetry: 

(tan2  > = - tan2  8 	 (38) 

Similarly:.. 	 . 	. 	 .. 

(sec 2 >=Ktan2 >+l=tan2 Q+l 	 (39) 

From Eq. 37 we obtain: 

4. 	4 	4 
tan Osin .=tan 

Taking averages we have: 

(tan4  > = ta 4  e 	. 	 . 

Hence: 

<sec 4  >. = tan4  e + tan2  0 + 1 	 . 	 (40) 

Substitting Equations 38, 39 and 40 into 36 we have: 

e> <> + F (9) K4a2> 	 (41) 

where: 	. 	. . 	 . . 

F (9) = cos2 9 (. .- in2  0) 	 (42) 

The error in was measured and found to be: 

<2> =0.583degsl.77xl04rad.2, 





-47- 

APPENiDIXIx 

Calculation of the Effects of Range Stragg1iñg and Errors 

in Range and Angle Measurements on the Data of Figure 8 

Let: 	 fractional standard deviationóf the rangestraggling 

= fiactional standard deviation of the observer error 

iii.range measurements 

fractional standard deviation in range due to errors 

in áñ glé measurements 

= fractional standard deviation of the observed distri-

bution in range (Figure 8). 

Since IL, Ij, and 	are independent: 	= L 2 + 	+ 	(43) 

The standard deviation of the range straggling of electrons is 	= 0.20 

(Appendix VII);. The standard deviation of the observer erro.r was found 

to be 	= 0.08 ± 0.005. From these quantities and knowledge of 

the error in angle measurements can be determined by solving for 

in Equation 43. 

- 	The relationship between the error in range and.the error 

in energy is obtained from the range-energy relation, Equation 12. 

Thus: ZR/R = 1,6 x L.T/T 	 •. 	(44) 

-Differing Equation 11 gives: 

AT/T= - 4 csc (2) AO 	 (45) 

Combining Equations 44 and 45: 

2 	 2 

P'e 2  = < 1 'z > = (1.6)2 	'> = 16 (1.6)2  csc 2  (2) 	 (46) 
R 	 T 

The calculated fractional standard deviation (with their 

probable errors) for the two sets of data of Figure 8 are: 

= 0.65 0.08 (e-e collisions, 27 events) 

= 0.63 ± 0.04 (p-e collisions, 86 events) 
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Substituting either of these quantities with the known values of It and 

and the mean value of the angle (0 = 65 0
) into Equation (43), we 

obtain, with the aid of Equation (46), the average value of the standard 

deviation of e 

This is a reasonable result for the range of angles in Figure 8 

The ratio 	 = 1 OZ ± 0 05 indicates that there is 

no significant diffe±ence in the spread of the two sets of points Thus, 

the inelastic scattering is not detexted within the probable error of 

5 percent. 

The standard errorGf the mean range as determined from 

the weighted means of 	and 	is 	=6 percent 
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APPENDIX X 

Calculation of the Rutherford Scattering in Terms 

of the Projected Angle 

cf d 4 d 

The Rutherford scattering cross section is: 

cr(0)d2=Acsc 4 -d2 	 (47) 

= 4A 	
2 do 

(1- cos 6) 

where dQ is the element of solid angle 

From Figure 18: 

cosc=cos 	sine 

Eq. 47 becomeS: 

o(G) d2 = w() sin d = 4 A dS sin 44 

(1 - cos t. sin 
Tr 

w()d=4AdSf 	
sin4d 

J4=o (1 - cos 8 sin )2 
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Let x = 1 - cos 9 sin 

e 	r 	8A d 	
(1cos 	(1 - x) dx 

w(ô)dô- 

	

cos. 	I 	 2 I x 	cos 	(1 - x) 

w(Ic I) dS 	16Ad 	
- II) ctnJJ] 	 (15) 

sin 

The integrated cross section is: 

i w(jJ) d= 8AtnIl 
	- I1) csc2 	 (48) 
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APPNDIX XI

Tr 

of the Ratior =5 w(II)d /cr(G)d2 
9 

A 

From the integration of the Rutherford cross section (Eq. 47) 

and Eq. 48 the ratio r is found to be: 

r=_A jti2  

8A tn 	+ (ir _ 	) csc] 

The limit o'fr (II = ) as 9—O is 2. It follows that the number of 

events in the lune ABC (Fig 19) is equal to the number of events through 

the area ADB. In a similar way one can also show that the ratio 

approaches 2 for e = in the limit of small angles. Because these 

ratios are independent of angle the abscissa of Fig. 13 may be directly 

interpreted as either S  or e. 
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Arrangement of the photographic emulsions in 
the magnetic field of the synchrotron pair spec-
trometer. 
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Experimental arrangement for electron linear 
accelerator exposures. 
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TABLE IV. 

Nuclear Scattering of 36.1 ± 3. 6 Mev Electrons 

and 42.9 ± 4. 3 Mev Positrons 

Primary a- 
No. of events 	track length - 

cm 
electron 	posithn 	electron.' positron electron 

67 68 1.08±0.20 

55 51 1.40±0.28 

23 20 0. 95±0. 27 

.19 22 
162 200 1.32±0.26 

21 17 1. 13±0.27 

8 8 . 0.41±0. 12 

16 if) 1.05±0.27' 

9 
519 0.83±0.25 

4 . 	2J J . 0.61±0.23 

AS 
or 
Ae 

35- 4.5 

46 5.5 

5'. 5- 6.5 

6.5- 7,5 

7.5-10.5 

10.5-14.5 

14. 5-19.5 

19.5-29.5 

29. 5-90.0 

positron 

1.24±0.24 

1.53±0. 30 

1.00±0.28 

1.87±0.37 

1. 08±0. 27 

1.02±0. 31 

1. 020. 28 

1.00±0. 30 

0.43±0.21 

CD 
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TABLE V.  

Annihilation in Flight of Positrons 

Mean Energy No. of events Tracl length Exp'tl Theoretical 
Mev (cm) Ann. length Ann. length 

and (cm) 
std. error 

(cm) 

185 	± 37 	2 102 51136 243 

42.9± 	4.3 	3 200 66±38 76 
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TABLEVI 

Pair Production in the Field of a Nucleus 

Mean 	No. of events Track length 	Exp'tl 	Theoretical 
Primary Energy 	 (cm) 	Mean free 	Mean free 

	

path and 	path 

	

std. error 	(cm) 
(cm) 

200 Mev 
electron exposure 

164 ±21Mev 	2 

300 Mev 
positron exposure 

288 Mev (calculated) 

	

102 	51±36 

	

31 	31*31 19 
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