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INTEGRAL EQUATIONS AND TRANSFORMS -

1. Introducﬁion

o An integral equatibn can often be solved by the use of transform
meﬁhods° In particular, £he}appiication of the Laplace, Hankel and
Mellin transforms'tovintegral-équations will be discussed in this paper.

Also an illustration of the Wiener-Hopf technique will be given.

2. The Laplace Transform

An integral equation

") 1) = g0+ (ke 3) sy

. where the kernel k 1is of the form k(x -¥), k(x + y), k(xy), or k(y/x)
can often be solved by Fourier integral methods. | '
The basic theorem is:

Theorem 1 If f is a function of bounded variation over (-= ,®2 ) and

o
. =sx ’ ,
5; e f(x)dx = F(s)

00 | _
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converges absolutely for all complex vs “such that,-a< Re s<1}>,;£hen '

'c;+:Ti_'

Px4+0) + £(x =0) = lim 1\ &8 R(e)ds -
I 1 Z

¢ - Ti

where a L ¢ &b . (Refer to G. Doétébh,'Handbuch der Laplacé-

Transformation, p.210.) F is'the'(two?éided):Laplacé Transform of f and

we uée the notation;
_ . _ =1
ILf = F . and ‘ f = L F.

We shall systematically reserve a small letter for the original function and

the corresponding'capital letter for its transform, a < Re s £ b is the

strip of,cohvergence of f..in the complex plane. This stﬁip afises from

a consideration of the functions

(£(x) T > O"..
£,(x) = Jf@®)/2  x =0

o x L0

We have

F+-(S) =

F_(s)
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—sx - |
If e f(x) *is absolutely integrable over (0, ) for Res > a ,

-S

then Fy (s) is analytic for Re s > 3,5 ‘Siﬁi1ar1y, if e * f(x) is
absoiutely integrable over (-9 , 0) then F_ (s) is analytic for Res £ b ,
Then F(s) = F+_(s)4- F_(S)_vis analytic in its strip of convergence. .
a {d Res b, .
The unit»steg u |
| 0 x<0
u(x - h) = 4 x=zh
| \1 x50

o . w=ng - ’ ] R R . )
has the transform e /s and is analytic in its strip of convergence

Re s ;>-O .
. ax bx
Consider f(x) = ce u(x)+ de u(-x) ..
. Hence ' . ,‘*a : ‘ :
. (a-s)x: S (b-8)x v
F(s) = ¢ e . dx 4 d e . dx .

The first integral converges for lRé's‘> a . ‘The second ihtegraluconverges
for Re s & b . Hence, the Laplace transform exists only if a 4 b and
then |

F(s) = _c - d _a <_ Re s {L b
' 5 - a s - b ) T

3. Application of the Laplace Transform.
The shift rule ,;
: ~hs
L f(x4+h) = e L £(x)

is basic for the formai solution of integral éQuations by these methods,

oy s [

Thus, if one has
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—ly

£(x - y) g(y)dy;; 

i

upon formal application of the shift rule

-ys

-':H(S) i e F(s) gly)dy

o0

= F(s) G(s)

 h is the falﬁungior convolution of,_ff and;tgf; DeutschiOdvpgge;i2¥ shows 

:that_if'Af ‘dnd 'gJ have a common striﬁ éf_éénGErgenee,ltﬁenb ﬁ(éyh exists

lon #his.commqn strip and | o
| Lh - H ,-

»Example]l:: Solve for £ in
— , oo

oo y) £p)ay = sinx u(0);

'but the left hand éidé is the faltung of:'f with itself ‘

F(s)*F(s) 1 - Re s }_ 0

F(s)

i
—

H

) = ) )

‘where fJo(x)_ is the ordinary Bessel function.
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Hence,
SO _
Jo(x = 7) ulx'=y) Jo(y) u(y)dy = sinx u(x)
o ) - ' '
and ,
X . .
S Jo(x _ Y) JO(Y)dY' - sinx L : XIEZ 0
0 | |
Example 2:
Solve for f in the integral equation of the first kind:
h(x) = S cos y £(x - y)dy R -0 L x LSO
| 0 ) . ”
QO
h(x) = cos y u(y) f(x - y)dy
H(S) = S F(S)
s2+ 1
2 o
F(s) = s 41 H(s) = (s41) H(s) -
s : '8 S
f(x) =

' X
h (x) + S h(y)dy
g _
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Example 3:
Solve for f in the integral equation of the second kind -
f(x) = g(x) 4 k(x - y) f(y)dy
F(s) = G(s)4 K(s) F(s)
F(s) = _G(s) .

‘1 - K(s)

We define (if it exists) the reciprocal kernel ql of k so that

Qls) - =
F(s) -G(s) =
= Kg'g
' °) 1 - ; s) -
= G(s) Q(s)
So : :
£(x) = gx) 4+ aly) glx - y)dy

~is the solution .
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Example k4
. x | o |
‘f(X) = g(i) + g e.my £(x - y)_dy- _ x>0
0 S o
. GO: '
- - -y o
() = g ux)+ e u(y) £f(x-y) ulx - y)ay .
F(s) = G(s) 4 _ 1 F(s)
' s+ 1
1 ,
s) = _s+1 - 1
1-_1 ¢
s‘+‘1

Hence the reciprocal kernel

u(x)

“a(x)

so
f(x)

H

) .
g(x) + S g(y)dy .
. J

Note that we have only used the one sided Laplace transform throughout,
that is, our functions considered were all of the form

f(x) u(x) .

For this case we can use an inversion formula due to Widder to‘obtaih f(x)

from F(s). F (s) = F(s) 4is analytic in its strip of cénvergence,

a{Res Lo 50 gV F(s) is defined for a &Re s .
ds’ :
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If L(f(x)u(x)) = F(s) , then under ther‘cvondiitibns as stated -in .. .

Theorem 1 .
' /N+1 . N S .
f(x+0) + f(x-0) = 1im (s = (-4 ) F(s) t >0
2 N=>2 \ N ds . | - ~
sz N
ot

This form has an advantage in that F(s) is required to be known only for

real values of s , so analytic continuation vfrom the real axis is not needed.

Example 5:
| Consider _ o N e
£f(x) = gx)+ A S k(i‘v", ,S’)f(Y)dY. , |
O . .Anff
F(s) = G(s)+ 1 K(s)F(s)
F(S) = G§52 .

1 - A K(s)

Formally we have

. oo : ' »
G(s) A (K(s)) for ) sufficiently small .
o 'n=0.::. N R ST ' R

F(S) =

R . n

F(s) = E A Fn(s)

» n=0 ’
=25

f(x) = E A fh(x)

where
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fo(x) = gx)

L f(x) = 5 g(x - y) k(y)dy

£,(x) = £(x - y) k(y)y
f'n+l(x) = Swfn(x,-- y) k(y)dy

which is the formal Liouville-Neumann ‘series for the integ'ral eqﬁati‘on.“ ‘

 Example 6:
f(x) = g(x) + S k(y) f(x-i— y)dy |
-2,
F(s) = G(s) + Sx k(y) o F(S)'dy: )
"oz 6(s) 4 K(-s) F(s) S
F(s) = : G(s) .

f£(x) Ly-l < G(s) ) .

Example 7: oo .
f(x) = gx) + S k(x + y) £(y)dy

F(s) G(s) + Swey-s K(s) f(y)dy
o, S0

- G(s) + K(s)‘F(—s) .

Hence,
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F(-s) G(-s) + K(-s) F(s)

DRz 0() + K(@-8) + K(e) B
F(s) = G(s) + G(-s) K(s) . | .

1 - K(-s) K(s) -

. Examplev'sz »Wiener-—Hopf““I‘echnique. -
V)

o f(x)

g -‘|X - y| . o o =
C o\ €. © f(y)ay o, —0Lx Lo
0 o ' '

-Ix - Y, e o .
flx) = ¢ e £(y) u(y)dy .

Note | T s '
e e dx = - _2. .+ for' -1{Res<&l. .-

= . 32 -1

Thus, we seek a solution f such that F(é) ha’s a ist.rip' 'of,l convergence .

1< adRes<b<l ., 80

F(s)

F+(S)+ F_(F;) = 520* F+(s) h
s =1 .

. F+(s)(1 + 220 ) - - F’_(s)_ o
o s -1 '
o2 N
F(s)s"+2c-1 = -F_(s)
5 =\
s -1 /
' _543)3?+2c-J_ - FJsﬂl-s)g_f@j~;f

s+ 1
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The left side is analytic for Re s> a and 'ﬁhe-'right side is '

analytic for Re s {b. Hence both 31des are -analytic in the whole plane -

and hence is an 1ntegral functlon P(s) Paley and Wiener 1n.Feurler'Integrals

in'the'Complex'Domain'prove'in fact P(s) is a pOlynomial,‘and in our case

P(s) = p, a constant.

So 3 =
' F(s) = pls +1)
| f Pft2e-1
( 5 S <? 51 ‘;> (1 - 2c)% x = ( )V e -(l 20)% x
£,(s) = L 1-2c + 1 R + (l-Zc -9 :
4 «—«R——-——E ‘ ‘
for 64c<é '@d x30 , | “ R
F(s) = _p_
' l-5s ‘
f_(s) - = p'ex“~ for x40,

%4, The Mellin and Hankql Trahsforms.

We shall now introduce the Mellin transform by aliowing

“

in Theorem 1 and thus we obtain:
o

' P-1 A SR
G(P) - S t g(t)dt R a{ Re ;-

and its inversion

[o4
glt+0) +g(t -0) = 1 _ S t G(P)dP
2 21 | .
| | X
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-G is the Méllin transform of g .

G o Mg, i g-‘: M.

letters for the transformed fuhcﬁibn. 

fExamgle 9:

g(x)

6(P)

Example 10:

Let

Now,

Invert . .

g(x) = S J,((yX) £(y) ¥ _éiy )
T A o

.k(x)

G(P)

i
)

.c?(;,f—fj& c:(_,,?ig ol

{

k(yx) £(y) y dy s o

a0

=0

£(r) ¥ F ay _Sk(yx)<:cy>‘°'l
7 J

F(r - P4 1) K(P) .

JY(yx).

S ST
f(y) y dy Sk(’;gX) x T odx

a(m)

- K(P) 3 1 ,-

"'K(g - P)

F(2 -'p)K(P) .

UCRL-2216 . .

‘and '‘we will systematically use P - for thé‘transfofﬁVpéfaméterféhdwéébiﬁél1?"

. From Titchmarch, Theory of Fourier Intégrals,*p.l96,L ,.

v i (e



UCRL-2216

. -13- 
F2-P) = o) .
K(P
F(P) = G(2- P) - a2 - P) K(P) .
K- F R -
) = S 5 () ey dy -
0 - |

‘Hence, we have inverted our integral equation. - The transform pair gives

the basic definition of the -H_ankel Tranéfvovrnfi,'

Example 11: Use of the Hankel Transform. ... : o SRS

Solve S
2
dt o 1df - Kt = - §(r)
dx2 x dx : ' r

where & is the Dirac delta function. We have
2 2 _
-P F(P) -k F(P) = -1.

l e

F(P) =
pe+ K°
Cf(x) = Ko(kr) ,

where K, is the modified Bessel functlon. Hence this transform is useful

whenever one has need of solving Laplace's equation in cyllndrlcal coordlnates.

f(x) = gx) + S "k(ux) f£(u) du .
9 o
F(P) a(P) + FQ1 -“.P)’K(P) .
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F(L -P) = G(1L-P)+ F(P)K(1 -P).
Substitute for F(1 - P) to obtain

,A,F'(P) = G(P) ‘+ G(1 - P) K"(g) “.
" 1-K(P)KQ-P)
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