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ABSTRACT

A machine is described which solves the equations of motion
for a éharg_gzipafticle in a two dimensional magnetic field. Its accuracy
is not litnited 'b;rﬁthe steepness or the asymmetry of the field. Guided by
remote control, vthe mechanism moves continuously over a contour map
just as a particle would move through the field itself. The operator
matches pos\i_fion, or local field value; with a parameter of the steering
control, or curvature of the_traj“ectory,, He is able to interpolate con-
tinuously between llines of constant field value, thus speeding the process
of solution and increasing the accura,c;y, In five minutes a 40-inch orbit
can be drawn over which the field values vary through 23, 000 Gauss. Five
minutes are required for intro"d_ﬁ'cing ihitial conditions, including momentum.
.For regions in which the field 1s more than half maximum, the orbité of the
mechanical partlcle and the electromagnetm particle coincide in their radii
of curvature to within 0.5 percent. - Accuracy is less for low field values.
The performance characteristics have been determined from a working
instrument wh1ch is fully described. .An alterna,twe computer design to the

one already 1n use is also discussed.
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INTRODUCTION

The three dimensional vector-eqdation '
d/dt (mv) =.e/fc (v x H) : : (1)

'has never been solved in general closed form Yet its 1mportance has
warranted many studies of approx1mate and particular solutions*. It con-

- tams all the information about a charged particlé's motion in a magnetic field,

- H, so long as the initial cond1t1ons are specified. Even the simpler form of (1),

obtained by sett1ng Hx =Hy=0is 1ntractable

:mSE e/C YHZ (X, Y) i .
-efcx Hy (=, y) | ' ' (2)

The fu.nct1on Hy, (x yk= {0 0, Hz (x Y 0)] expresses a plane of symmetry field

m§

from the physical: standp01nt _
A restatement of the equations {2) is easily shown to be . :

Hz (x,7) p (x,y) = mvc/e

mv = const. . - | (3)
" ‘where p (=, vy) is‘ the local radius of curvature, v is the absolute value of the
veloc1ty, and mis the constant relativistic mass. This form appeals to-our
geometric intuition and sug-ges.t-s-_that an analogue machine might solve the plane
" of symimetry case: quite accurately, -completely eliminating the tediousness of
“numeriesl methods. A device is néeded which will pass. over a corntour map of
the f1e1d "It must obe’yva'mechanica‘l restriction which is the analogue to the
*e.g., Norman D Coggeshall and Morrrs Muskat, Phys R'e%? | 66 18’7‘(1944)

Walter H. Barkas, ‘Phys. Rev. 78, 90 (A) {1950); Bayard Rankm, John:Kileen, .
and Walter H. Barkas;, B.A.P.S. 26 No. 8,.6.(1951), R
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electro-magnetic restriction placed on a particle itself, namely,_ that the local
radius of curvature, p, satisfy equation (3). A little machine easily adapted »
to the purpose is reediiy in the minds of all of us! a ¢hild's-tricycle. The only
additions to the toy are a pen between the back wheels and a steering control
which mekes the angle, &, between the front and back wheels a continuous
‘function of position, according to the -equation ' '

tan ¢ = (const.) Hy (x,y) A . (4)
The pen delineates the path of a charged particle.

Similarly, if the magnetic field itself were available instead of its
map, the pen could again describe an orbit: A field sensitive device is needed
which steers according to equation (4). _

Once the fundamental idea is suggested, a great variety of analogue
machines can be imagined. Two are described in some detail in this paper.
They are chosen for their simplicity aﬁd pfacticality.' The c"ompletely.‘,?v’-*‘irnechani-
cal particles'', or magnetic field sensitive machines, will be discussed in a
later paper. ' L

 THEORY

How does the tricjrcle solve two simultanedue eqﬁationsas it rolls?

Consider the following: If ¢ is constant, the mechanism rolls in a circle and the

pen, centered between the back wheels, descri‘bes an arc of radius
pv = D/tan¢ T (5)

\, . ) e
As.in Fig. 1, 'D is the wheel base. If ¢ is restricted through equations (3) and

{5) as the machine rolls, that 1s, if

tan ¢ = D/p, (H/H) (6)

. an'orbit is described, provided no dynamic contribution to p (mvolvmg the
rate.of change of ¢} develops H, and p, are the maximum H value and the
corresponding p value. H is the field value at the pen pos1t10n R

To prove that the simultaneous moyem_ent of the m,achine and the
~steering wheel does not distort the local radius of curvature of.the pen, the

. following argument is necessary. Let )&'Y' be a. Cartesia.n coordinate system

fixed in space and XY a local system fixed to the mach1ne as in F1g 2. Imagine

 the pen to be f1xed to the machine at some arb1trary p01nt (a b) Let the angle

‘between the X and X axes be 8. Now some.curve C w111 be drawn by the pen,

whose length startmg at an a,rb1trary point is s and whose tangent vector and

curvature at the pen position are r and K. Writing a as the angle between
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T and the positive 'Xaxis, it is clear that a = a(s, ) is a function of the two

: »independentaVaﬂr_iables-.s; and ¢: :Moreover, :: .
des o 2@y o200 dé . . L
'K‘ IR ra AR T i U )
The parfti‘azl- derivatives can be determined from geometry to yield::
R S VI 1/2 a d¢
lK‘ -p—- [ a + (b + tan ¢ ) ] d(l) [al‘C tan( b—-—+—-1)—) ] (8)
: tan cb

Hence, if a = 0, the rate of change of ¢, d¢/ds-, does not influence tne local

:v radius of curvature. If b = 0, the machine can accommodate d1fferent initial

- conditions in momenta conveniently, as will now be shown.

The initial conditions in direction and position are, of course,

- ~»zintroduced by orienting the machine pr0perly on the topological map.. A speci-

- fied momentum-Ho_p is most easily. introduced by setting D. = Py if poss1ble

. ‘This done; equation (6) shows that the same conversion scale from ¢ to H can

be used for particles of any momentum which pass thi'ough the f_ieild‘I-'Iv.; -IED

- cannot always be set equal to_.p0 in practice, it can ,at.leas_t be taken as
.-po/2~g; -mn =1, 2, ..., N, allowing a fixed number of conversion scales to be
sufficient for a continuum of momenta. For this convenience, it should be

. -adjustable in a practical machine throughout the range (min Py 2 rnin. p,o)’

- where min. Po corresponds to the smallest momentum: encountered v

A slightly different des1gn will lead to a linear equatmn between

--the controlling variable and H. It 1s agam a.tricycle.  This t1me, the, two

. . wheels ride in front and govern the direction by moving at controlled, veloc1t1es.
-« 7A-third.wheel trails behind. Suppose that @ - and w, are the angular veloc1t1es

1= s ofi the;left and right wheels, respectively, and suppose L is the d1s'}tan_ce‘! sep-

-arating.the points of contact of ,.th_e'.two wheels with:a plane. > An argument simi-

,lar.to the previous one leads to,the équation: = . . = e
el p_ el 2 S B Cen e e

where H is the field value read at the point of contact between the left wheel
and a ¢ontour ‘map. ‘An orbit'will be described by the left wheel, assuming it
'is inked on its perlphery, so long as w5 varies linearly with 'H," wl ‘can be held

constant. = L can“be’ adJusted to advantage as D wasiz -
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v . . . A WORKING INSTRUMENT '

The ideas put into practlce have led to a mechanlcal particle shown

in Figs. 3 and 4. A_.dm1t_t15njg less than one percent error, the machine has
traced meson trajectories "fhrough the field" of a cyclotron magnet. Between
five and . ten minutes are retju%:‘r'ed to set in initial conditions ‘and draw a 40-inch
orbit. More w1ll be sa1d about the orb1ts after describing the device.
.. " As seen in Fig. 3, 1t operates according to the first’ principle given
above: Thé angle of the front wheel is controlled according to equation (6).
< For:genétality, contour lines of?aq"ual’H values have been drawn for a non-
Tdxidlly symmetric field ‘and can be seen in the background. They are nhumbered
consecutively from the center of the map outward. Their spacing is chosen
for convenience, since the change"in H between the lines (or the corresponding
,change in ¢) can be stored on a disk in the form of a circular scale and connect-
ed through a gear box to the stee'ring, rr;echanism. The disk is uppermost in
Fig. 3. Fig. 5 shows'it in close up tog‘efher with a graph of the assymetric
magnetic field plotted as a function of conto-ur line number. The circular scale,
constructed from the graph, gives 60 ¢ = 60arc tan (H/Ho) corresponding to
every contour line from 21 to 56. A similar scale for the region from 1 to
20 is on the reverse side of the disk and can be seen- in Fig. 3. Between
‘11nes 20 and 21 a plateau in H occurs over wh1ch the particle travels in a circle.
In the case of axial symmetry, all the 1n£ormat1on about the field is stored on
»,fhe,,dis;k,-:-the contour lines becoming equally spaced concentric circles. . In the

'g_ener,a,l case, all but the asymmetry is stored there. When the machinéiis

.....;operating, both the steering motor (between the front wheel and the disk) and

.;the;driveimotor (betweeﬁ the backf_whe'els) are in continuous motion with speeds.
determ1nedrby the-operatot. The operator. who'go?erns the motors at a remote
distance: watches the disk and the pen s1multaneously, seeing to it that the pen
crosses a contour line at the same moment the correspondmg $ line on the
'.,d1sk passes under a statlonary needle.  Contihuous 1nter‘polat10n, which is
possible by anticipating the cross- over points and vary1ng the ‘motor veloc1t1es
Acont1nuously, lends the true differential character to the machme .

Ty A protractor, attached- rigidly ts the’ front wheel, is read at the
1atera1 po1nters ‘when. 1n1t1a1 .conditions’ are belng mtroduced It and the front
wheel move at a maximum speed of WRYP. M. in elther dlrectron Any inter-
mediate speeds are also available, though two self starting synchronous motors

supply the driving force: FEither of two motors placed back to back may be
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: gi’veﬁ'f:t\lﬂ voltage and the' second, "linked to" fHe"%"fir's‘tf*?flri7fzéli‘g'51i7"‘ their rotérs, will
supply a-constant brakmg force 1ncreas1ng W1th mcreasmg Voltage ‘dcross its

'doils . "When both’ motors are given £§11 Voltage “the steering wheel stops ‘tirn-

SNHng ©The reversed linkage‘ ‘which is‘feasible ‘only because” 6f ‘the non-synchron-

" Youls; self-starting propérties of the modtors offetr’s'variable spéeds. ™ At the same
timée; ‘the 'drive shaft'of the upper motor éan be conveniently attiched through
"3 gear box to thé disk.” The disk'and motor assembly can be disengaged:from
the ‘stééring wheel (Fig. '4) to allow quick resetting of the wheel to new ifitial
conditions. A'remocvable pho sphoribrohze piece clamps to the front'wheel
block with two worms and holds two. screw heads as réceptacles forthe drive
pin of the lower synchronous motor. An 1ncreased gear ratio of 1-60 from the
wheel to the disk permits the wheel p051t1ons to be known to 0. 01° at best.

Actually, a contlnuous ‘control to 0.1° is‘the practlcal limit.

' One of the back: wheels is linked through a friction clutch and’a gear
:‘T'bdx*‘t'o'ai small' d. ¢. motor.” The motor, housed in brass and plastic,” ‘clamps to
an aluminum elbow: whose pﬁrpdse itis to fix the back axle and c¢hassis rod at
90%.. “A small set-sérew beneath the elbow holds the ‘chassis rod’in place after
- thé wheel base D has been established. B

" Fach of the back-wheels and their axles roll independently in’two

o S

sets of Miniature Precision'super-light radi?al*ball‘_ bearings. The right axle,
- for ‘instance, is encircléd by two ball bearing rings three ingh'és apart and the
- -outer races of thé rings are housed in a common bras’s tube. The twin bearing

‘houses slide ‘snugly into opposite ends of the visible brass tubé. ‘Such a' con-
““struction allows symmetrical alignmerlxt to within 0. 001 inch. *There is rio
" . detéctable '"play' in the back'wheels. : ' '

' The front wheel and its 1-1/2 inch axle pivot in ‘two Miniature Pre-
“cision angular contact bearings.  The bearing rings themselves are récessed in
the inner member of a horizontal fri¢tion bea¥ing of two-inch diameter and’are
pos1t10ned for tlghter or.looser contact Wlth the axle by set screws. Bronze

against nickle-coated bronze prov1des the horizontal bearlng surface while an

-“aluminum plug hollowed in-a diamond shapé extends'the ‘infier' rnember and

housés “the wheel:# All'thtee ‘wheels of ‘the méchanical particlé are machined
“fFon brass to tolerancé’s consistent with dther-specifications’of 0.°001 inch.:

Theit rims are reasonably sharp: Radial- shppmg i, thusy: minirmized and at

- the 'same’ timé: well ‘définéd dontact points-are’established i
- 77.e 4 Thé advantagé ‘ofi the secondidesign deséribed in“the "theory'"

section is found in the simplicity of construction. Accurate machining is
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required to. do two thmgse to control L, the distance between two wheels, and

to control the radn of each. The disadvantage is found in the comphcatlons of
a velomty control for guiding the wheels. A trial model was made according

to thlsv.des1gn at the University of California Radiation Laboratory.. A synchron-
.Qus motor dr1v1ng each front wheel controlled the respective velocities;.one was

fed by a var1ab1e oscillator. In this way, good results were obtained for.a

N

" -and five times without a drift as great as the pen point thickness. Of-course,

avlallable would shp out of phase when run much below standa.rd veloc1t1es

ORI F A S

a(Sl_onsequently', all the succeeding remarks -about operation and results: will

. refer to the model_shown in Figs. 3 and 4. R L iyl

OPERATION AND RESULTS

Little is left to be de s1red when the machine rolls in a cncle - the

uniform field case. Circles of diameter 30 inches have been reproduced four

a level table and a smooth paper on a plate glass surface are essentials for

- careful operation.. The perfect circles are trivial in themselves. They -

demohstrate convincingly, however, where. the limitations in accuracy enter
when performing the‘_mechanical analogue to the mathematical development of a
solution. . Error enters when the operafor matches angle with field value.:

W1th extreme care it is possible to match the initial angle and-field
value to 0.05° in ¢, & and H being related by (6). More accuracy is useless,

bec,e.u;se._,the initial direction of the instrument as a whole is uncertain to the

' same extent and field values are generally not known to better than one pércent.

During slow dynamic operation it is reasonably easy to keep the anglé ¢ortect

.o within the tooth spacing on the rim of the disk. These spacings correspond

~to C. 1°,. or,. from the,following formula, to about 0.5 percent“~chande"iﬁ;"lé'?‘éal

r:vag;l.iug_qf' curvature (assuming average conditions, i.e., D/pO =1 and I—I/H =1/2)

“Bp/o = SH/H = [1+(0/po)? (/M) ] po/D (/) 89 BT

‘ The orbits mentioned in the last section can be interpreted as meson

. tra_]ectomes Wthh will be determined by the proposed 184-inch Berkeley:

cyclotron magnet. The present cyclotron magnet will be converted to produce

about a.23, 000 gauss field. Considering other changes,:the mesonAs.y-cre'atfed

will attain energies near.500 Mev. .Adequate energiesi.and.fluxes will be;avail-

able for good external-meson beams. It is only desired:te know in advance what

. £y
St R
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the behavior of the mesons Wwillibe 'so that 'adequate shielding and ports can be
prov1ded Accordmgly,uthe f1e1d shape has been determmed by model tests

and orb1ts of 100, 200 300 400 and 500 Mev have been drawn w1th different
initial angles In reahty, careful results were of 1nterest only for proving out

‘the mathématical machiné’” " With that in mind, Yonly: reproduc1b111ty chétks were
made They were' cons1stent With? 0.5’ percent accuracy

e e
T
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g FIGURECAPTIONS

F1g .1 - D1agramat1c sketch of the mechamcal part1c1e showmg the three wheels,

-

two essent1a1 connectmg members, and the pen

- Fig. 2 - D1agramat1c -sketch of a:tricycle w1th a pen attached r1g1d1y at an.
arbltrary,pornt;(a, , b).- ~X'Y'"is a fixed Cartesian coordinate sy_stem,‘-

XY is a local system.

Fig. 3 - The mechanical particle’ - ‘A'model which operates according to
equation (6). ' A-contour.map.of an asymmetric Lf;'i,_.ie_ldccan be seen in
the background. When the,machine is rnnnin_g‘-,}‘ both the steering

_. motor (between the front wheel ,and.the 'disk) and the .dri{re .motor.
(between the. ~back wheels) are. 1n cont1nuous mot1on, w1th speeds
determined by the, operator.. The point of contact between the front

.wheel and the map is not visible.

Fig. 4 - The rnechanical particle with disk.and motor assembly disengaged
from the steering wheel. In this position, the phosphor-bronze _
clamp (directly above the front wh_eel) can be reoriented on the front

 wheel block to accommodate new initial conditions. The drive pin

: can be seen. wh1ch f1ts mto the screw-head receptacles on the clamp.

. Fig. '5‘-'-‘:The d1sk and circular scale together with a graph of an asymmetric

f1e1d plotted agamst contour line number. The asymmetry-of the

sen 1n ‘Fig. 3 where the ‘contour lines number from the center
of the ma.p outward "The scale,prepared from the graph by use of
‘equation (6), gives an angular mark corresponding to each contour

line from 21 to 56. ) o

¥
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