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ABSTRACT 

A machine is described which solves the equations of motion 

for a charge~particle in a two dimensional magnetic field. Its accuracy 

is not limited by.1the steepness or the asymmetry of the field. Guided by 

remote control, the mechanism moves.continuously over a contour map 

just as a particle would move through the field itself. The operator 

matches position, or local field value:, with a parameter of the steering 

control, or curvature of the trajectory. He is able to interpolate con­

tinuously between lines of constant fteld value, thus speeding the process 

of solution and increasing the accuracy, In five minutes a 40-inch orbit 

can be drawn over which the fi~ld values vary through 23,000 Gauss. Five 

minutes are required for introduci:ng initial conditions, including m,omentum. 

For regions in which the field is more than half maximum, the orbits of the 
I 

mechanical p~rticle and the electromagnetic particle coincide in their .radii 
! 

of curvature ~o within 0. 5 percent,· Accuracy is less for low field values. 

The perform~nce characteristics have been determined from a working 

instrument which is fully described, .An alternative computer design to the 

one already in use is also d.iscussed, 
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INTRODUCTION 

. :f, :·: ... 

.. :.: 

The three dimensional vector equation 

~ """+>- -~ 
d/dt (m v) ·=. e/c {v x i-I} (1) 

has never been solved in general closed form. Yet its importance has 

warranted many studies of approximate and particular solutions*. It con-

.· tains all the information about a charged particle's motion in a magnetic field, 

it so long as the initial con.ditions are specified. Even the simpler form of (1), 

obtainedby setti~g Hx = Hy-= 0 is intractable: 

·:c m.X = e/c y Hz (x, y) 

my= - e/c x Hz (x.y) ·rz) 
The function Hz (x, y), =:.i[O, 0, Hz (x, y, O)j expresses a plane of symro"et~y field 

from the physical standpoint. 

A restatement of the equations (2) is easily shown to be 

Hz (x, y) p (x, y) mvc/e 

mv = consL (3) 

. where p {x, y) is the local radius of C:urvature, v is the absolute value of the 

:V·elo'City, and m is the constant relativistic mass. ·This form appeals to our 

geometric intuition and suggests that an analogue machin~ might solve the plane 

of syifimetry case quite accurately, :-completely eliminating the tediousness of 

· numerical methods:·· A device is heeded whiCh will pass dver a contour map of 

the field. It must ol;>ey a mechanical restriction which is the analogue to the 

*e. g.·, Norman D. Co.gg~~hall ~nd Mo·~~is Muskat, Phys. Rev'. 66," 187.(1944); 
Walter H. Barkas~ :Phys~ ltev. 78~ 90 (A) 0.950); Bayard Rankin, John Kileen, 
and Walter H. Barkae!; B. A.P .. $:'"26, No. ·8,.6 (1951) 1 .. ,· . ···:·' , 

;;:· . 

.• ·r-~·-·. -~· 
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electro -magnetic restriction placed on a particle itself, namely, that the local 

radius of curvature, p, satisfy equation (3}. A little machine easily adapted 

to the purpose is readily in the minds of all of us: a child's,tricycle. The only 

additions to the toy are a pen between the back wheels and a steering control 

which makes the anglep q,, between the front and back wheels a continuous 

"function of position, acc~rding to the equation 

tan q, = (con.st.) Hz (x, y) (4) 

The pen delineates the path of a charged particle. 

Simil~rly, if the magnetic field itself were available instead of its 

map, the pen could again describe an orbit: A field sensitive device is needed 

which steers according to equ:ation (4). 

Once the fundamental idea is suggested, a great variety of analogue 

machines can be imagined. Two are de scribed in some detail in this paper. 

They are chosen for their simplicity and practicality. The completely '.'>fnechani­

cal particles", or magnetic field sensitive machines, will be discussed in a 

later paper. 

THEORY 

How does the tricycle solve two simultaneous equations as it rolls? 

Consider the following: If q, is constant, the mechanism rolls in a circle and the 

pen, centered between the back wheels, describes an arc of radius 

p = D/tan cj> (5) 

'· As. in Fig. 1, D is the wheel base. If cj> is restricted through equations (3) and 

(5) as the machine rolls, that is, if 

(6) 
an ·orbit is described, provided no dynamic contribution to p (involving the 

rate of change of cj>fdevelops. H 0 and p0 are. the maximum H value and the 

corresponding p value. His the field value at the pen po,sition. 

To prove that the simultaneous movement of the machine and the 

steering wheel does not distort the loc:;al radius of curvatu.z:~ of.the pen, the 

following argument is necessary .. Let XiY' be e3: Cartesian coordinate system 

fixed in space and XY a local system fixed to the machine as in Fig. 2. Imagine 

the pen to be, fixed t() the machine at some ar9,itrary point (~/b) .. Let the angle 

between the X and'X,. axes be Q. Now some curve C will be drawn by the pen, 
£ . ' ' 

whose length starting at an arbitrary point is s and whose tangent vector and 

curvature at the pen position are -; cind K. Writing a. as the angle between 
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T and the positive 'X:..::.axis,. 'it is clear that a·:::: o.(s, cp) lS a function of the two 

independentvariables .s and <I>• ,Moreover,. 
. , , rRI · ;, ~ ; ( a ~ l + · ( a a. ) d<P . 

- ds 0 s ' ocp, ds 
. '· ·"'" .,· ,·· ' · ... ' 

~ .·• .: 
(7) 

The par:tial derivatives can. be determined. fr-om geometry to yield • 

a } ] dcp · (·8 ) + D ds 
tan <P _, 

Hence, if a = 0, the rate of change of. cp, dcp/ds, does not influence the local 

radius of curvature. If b = 0, the machine can accommodate different initial 

. conditions in momenta conveniently, as will now be shown . 

. : , · The initial conc1itions in dir.ection and position ar.e, of co.':l,~se, 

-'- ;-.- .introduced by orienting the mac~ine properly on the topological map._ d}-speci-

. fied momentum H p is most easily. introduced by setting D.= p , if possible, 
' 0 0 . - 0 - . 

This done-,- equation (6) shows that the. same conversion, scale from <P to_H can 

be used for particles of any momentum which pass through the field H._ If D 

cannot always be set equal to p 
0 

in practice, it can at least be taken as 

p
0

/2n, :p, = 1, 2, ... , N, allowing a fixed number ~f yonv,ersion scales to be 

.. sufficient for a continuum. of momenta. For this c,onv~nience, it should be 

adjustable in a practical machine throughout the rangE:l (min p
0

, 2 min p
0

), 

where min p corre_sponds to the smallest momentum encountered. 0 --· . . . 

A slightly different desi,gn. willlec:td to a ~inear equation between 

-- the controlling variable and H. !tis again a, tricycle.. This time, th~}wo 

. wheels ride in front and govern the direction by moving at controlled._: :rcrlocitie s. 

-., '~'Y"''· :A<third yvheel trails beh~nd. Suppose that~ .and w
2 

are the angular v.e~o,cities 

·:!,)·~- -~•~ :;- _pf;oth~;left and right wheel~?, respectively, and suppose Lis the distanc~. ,sep·-

. arating the points of contact of the two wheels with.a plane.,' An argu:m,en,t simi-
• • • I J •' '< ,,.,J..,,w 

,lar,,Jo the previo~s one leads to,th;e equation:_ 

w ::s; 
2 .. · ~~ -: .. 

~· ':, 

· .. ·-
(9) 

where H is the :field value read at the point' of contact between the left wheel 

and a contour map.·- An drbiCwill·be described by ·the left wheel, assuming it 

is tnked on itsperiphery,l' so long as wz. 'varies-linearlywith·H, ~can be held 

constant. L ca'ri:·be' adjusted-·io advantage- as D wasi, --
· .. :, .;. ~"· .... ~- (_ 

'. ~-- ..... 
. ~ ~?,..,{...;. 
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\ :,·. 

The ideas put into: practice have led t() a mechanical particle shown 

in Figs. 3 and 4. Admitti~g le~s than one perceri:tterror, the machine has 

traced meson trajectories ''through the field" of a cy<;:lotron magnet. Between 

five andten m~:q,ute·s~are requi-r'ed 't~ ~se't·i~ initial conditions and draw a 40-inch 

orb~t· More will be said about the 'orb,it$ after d-escribing the device. 

above: 

As 's~en in Fig. 3, it operates according to the :first-'principle given 

Th~ angle of the front wheel is controlled according to equation (6). 

~:::::. Fbr::generality, contour lines of eq.ual·H values have been drawn for a non­

axfally symmetric field ·and can be seen in the background. They are humbered 

consecutively from the center of the map outward. Their spacing is chosen 

for convenience, since the change in H between the lines {or the corresponding 

change in cp) can be stored on a disk in the form of a Circular scale and· connect­

ed through a gear box to the steering mechanism. The disk is uppermost in 

Fig. 3. ·Fig. 5 shows it in close up together with a graph of the as symetric 

magnetic field plotted as a function of contour line number. The circular scale, 

con~tructed from the graph, gives 60 cp = 60 arc tan (H/H
0

) corresponding to 

every contour line from 21 to 56.. A similar scale for the region from 1 to 

20 is on the reverse side of the disk and can be seen in Fig. 3. Between 

lines 20 and 21 a plateau in H occurs over which the particle travels in a circle. 

In the case of. axial symmetry, all the i~fo~mation about the field is stored on 

'the .disk; the contour lines becoming equally spaced concentric circles .. ,.cln the 

gener,a1 case, all but the asymmetry is stored ~here. When the machine'Jis 

'"~- .-~,:operat::~.ng',. both the steering motor (between the front wheel and the disk) and 
~:_, - .. ·-· . ··' . 

·;-:the.ici~-ivei.Ir):otor (between the backwheels) are in continuous motion. with speeds 

determined--by the. operatoi-. The operator who governs the motors .at a remote 

qistance, watches the disk and the ·pen. simultaneous~y, seeing to it that the pen 
" . . . ~ 

crosses a contour line at the same moment the corresponding cp line on the 

.. disk passes under a stationary needle .. Continuous interpolation, which is 

possible by anticipating the cross -over points and varying the motor velocities 

continuously, lends the true differential chara~ter:·t~'the ~ac~ine.·. 
. A prot;actor, attache.d·rigidly t6 the .. ;ron:t'VIhe~l,' ~.~.,read at. the 

·,.. ' -•.. ~ ..•. ·:·_o,_ 

lateral pointer f) wpen i?iti'!l.condition-s' <fre being 1ritr:oduce_P.~ It and the front 

wheel mov~ at ~ maxi~~mris.pe_ed··of'l'·RitP·. M. in eith~~ :dire~~i~n. Any inter­

mediate speeds are also available, though two self starting synchronous motors 

supply the driving force: Either of two motors placed back to back may be 
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given fu.ll voltage. ~nd the/ ~e"cbnd/·lidked' t'd- fl1e 11irs't'1ith:f!ougH? th~i'r· rotors~ will 
1 ,, sup~piy a~ constant 1Yraki:h.g force :l:ricreii's1ng~·wi"th iAcfi§cls'ini{~v·onage ac'ross ·its 

:, ·c:~1ls.' 'When both motoi~s ~r·e g'iverr''fu11 'volta:ge -tl{:tt·sie~r'i~Jfwheel stops turn-

;;;:-:_.•,>•· ''b'U's;:'self;.,starting properties of the iri6tors offe'r's•vari'able sp'eeds .: \At the same 

ti:nie', ·'the drive sh~:dt'of the upper ·motor can be 'c'm1v~·riiently 'attached through 

:. \ ; 

··;a' gear bo·x to the.disk. '·The disk'and ~otor assembly can be dfsengaged·from 

tli'e:itee~ing'whe'el (Ffg.·'4) 'to a116w quick resetting of the wheel to 'ne·w'i:rHtial 

cfch·<HHoris. A"removable·phos'pho:r .l.brohzepiece· clamps to ·the ·frd'nt·wn:e·efi 

block with two worms and holds two'.screw heads as receptades for~lhe·(trive 

pin of the lower synchrono:u,s motor. An incre,ased gear ratio· of 1-60 from the 

wheel to the disk permits the wheel positions to be known to 0. 01° at best. 

Actually, a continuous control to 0.1° is 'the practical limit. 

One of the back wheels is' linked through a friction clutch artd':a gear 

'box'to a small d. c." ~otor. The motor, housed in brass and plastic,' clamps to 

an aluminum elbow• whose p~rp6se it is to· fix the b'ack axl'e. ari.d chassfs· rod at < 

90°; .. A small set--screw beneath the elbow holds the·chassis rod'in place after 

the wheel base D has been established. 

Each of the backwheels and their axles roll independently in• two 

sets of Miniature Precision:super -light radial ·ball bearings. The right axle, 

for ins:tari.ce, is encircled by two ball bearing: rings three inches apart and the 
,• 

outer races of the rings are housed in a comm:on bras's tube .. The twin·bearing 
. . . 

houses slide ·snugly into opposite ends of the visible brass tube. ·such a con-

·. ·struction allows symmetrical alignment to within 0; 001 inch; ' Th:ere is rio 

detectci.ble· 11}?lay'•· ·in the 'back ... wheels o • ( 

The front wheel and its l-1/2 inch axle pivot in tw·o .Miniature Pre­

cisio:ii angular conta.ct bearings. The bearing rings theihselves are rec~'s·sed in 

the. inner member of a horizontal friction bearing of two.:.inch diameter and' are 

positioned for tighter or. looser contact with ,the axle by set screws. Bronze 
. .· . ';;, . . ' . · .. I :·····, .... . _; ·.' 

against nickle-coiHed bronze provides the horizontal bearing surface while an 

·· alilm'inurri· plug' hollowed in a diamond shap·e extend's'·tlie i-i'nner· ·:member and 

houses '1the'\vheeL'"' Ail•tnt!ee 'wheels:· dfthe· :rn:~·e:J:lanicafparti:c'le are"rriachined 

from briis s to toler·ande's cori'sisterit with ·ather··speeifi'Eations''of o. 001 inch; 

Their rims· are reasdhal:il!y' sharp;: Radial '"Slipping··i's'/ thlis;,, trtihiinized and at 

the 'sarhe•' time' w-ell 'defined·t;:ontacLpoints·are' t:i'stal::ilisb:e&-·i:;.; ·~:•::;-

. ·' The· adv:ahtage or the· secbnd''des'i'gn der·s&ri:fie'<f'in·::th'e' "thecir y 11 ., 

section is found in the simplicity of construction. Accurate machining is 
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required to.do two .things: to control L, the distance .between two wheels, and 
. ·. · .. :. I 

. '- .' 
The disadvantage is found in the complications of . . ' . 

to control the radii of each. 

. a velocity contrql for guiding the wheels. A trial model was made according 

to this design at the Univ~rsity of California Radiatic;m Laboratory._ A s,ynchron-
~ : ' ' ' '~ '< -~ •' '• , ' , ' I • 

QU!? motor driving each front wheel controlled the respective. veloci.ti~s;,.:gne was 
J.·1.CfJ:J) •::: :-:·.':':~- l· E -~ ·: .: ! • · . . • · 

. .r. . fed by a variabl~ oscillator. In this way, good results were ob.tetiJ?.ec::lApr a 

I '~i·-~ :_,il~Tf ~e4 range of r a,dii of curvature' but the rotors of the s ync:hronous ... :rpQtOr s 

~ ::, r; 1 rf,Va,.ilable wo\,l.ld slip, out of phase when run much below standa~d vel:oc;;itt~ s. 

Lf~.~sequ~ently, .all the succ;;eeding r~marks about operation and resu1t$: will 

, refer to the model shown in Figs. 3 and 4, .i'Y'i: .. :::\ 
:.? ·:_r _:···; ;· 

OPERATION AND RESULTS 

Little is left to be de sired when the machine rolls in a circle - the 

.. '·'' " uniform field case. Circles of diameter 30 inches have been reproduced four 
·:;.,: 

.,~-.and five times without a drift as great as the pen point thickness. Of course, 

a level table and a smooth paper on a plate glass surface are e s sentialf> for 

careful operation. The perfect circles are trivial in themselves. They 
' . 

demonstrate convincingly, however, where. the limitations in .accuracy enter 

when performing the mechanical analogue to the mathematical development of a 

solution. Error enter.s when the operator matches angle with field value. 

With ~xtreme care it is possible to match th~ initial angle and field 

, value to 0. 05° in <j>, <j> and H being related by (6). Moreaccuracy is useless, 

beqmse the initial direction of the ins'trument as a whole is uncertain to the 

sam,e extent and field valt1es are generally not known to better than one percent. 

During slow dynamic operation it is reasonably easy to keep the angle correct 

, :: ,te :i-llrith~TJ- the tooth spacing on the rim of the disk. These spacings correspond 

· ... f:? 0.1°, or,. from the,following formula, to about 0. 5 percent'.change in-10:cal 

... ra~liu_f:!.o~ curvature (assuming average conditions, Le;, D/p
0 

= 1 and::H:/86 = 1/2): 

(10) 
. ' .. .' ~-

The orbits mentioned in the last section ca~_pe interpreted. as •meson 

traje~tor~es which will be determined by the propo.se<[i, 184--inch Berkeley 

cyclotron magnet. The pre sent cyclotron magnet will, ,be converted to produce 

about a .23, 000 gauss field._ ,Considering other changes,,.: the mesons. created 

will attain energi~s near ~OO,Mev .. Adequate e,nerg~e!;Jf.~{LJluxes w~ll be,avail­

able for good extea::l}Cl.l meson.b~arns. It is only des.i:t:ed,:f0 know in advance what 

'.,. _.,_ ... 
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the behavior of the mesons wi:Jl~'be :so thafadequate shielding and ports can be 

provided. Accordingly, ~he field shape has been determined by model tests 
.. , -~ .. ·.~ ·::l_·.:.;\.;._:·:-:- .-,;.~:-_:-~·--~ •:(.·t;·'··.,·.·y.,~: .. ~-~-;._-~·-·.· .. ,··.:· .,>..·~.·:·~- :·:;.'1 ..... i .... :."':···· .. ' .. ··_.·1·-:-·~-~ 

and orbits of 100, ZOO, ~00, 400, and 500 Mev have bee-n drawn with different 
·. :~·-·._, ·, .. ~·.' !'-.·: . .''. _L"::~·:;,r_{f: .. ' ~' ·. ~-;.';; ·;·;~~-·· (·. :._. · -_·:>.~-· •1."' ~ 

initial angles. In reality, careful results were of interest only for proving out 

the ~ath~ifiatic~H rilachine(-- · W'ifh th.at'infn:ina, 'bnly'reproducibiiliy-che:¢.k's· were 

'ri1.1cici'e. ;'l'hey\vere' b!>ri~lst~nt ~iih'' o:.-'s':iJ"~lcerit ac'curacy; 
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Fig. 1 - Diagra~~tic.sketch of:·th~ ~·etha~i~~l p'~~title sho~i!lg the '"three wheels, 
' , ~_·. '', :~, '~ · '·\~_' '·;-~-;_;-·>- _.; .. : ':._r·:·~. ,:' .:' .'f:.. -.. ,;· :-.. _·> 

tWO essential connecting members, and the pen.' 
: ' , , , ·;. 1 , ·'· ;i ' '' • · •· • h • :· :,; , ~ -~.-

Fig. 2 - Diagramat~c··sk~t~h. qf .a•tricyc~e ,wit}:l a pen ·atta,c}le~ ,rigidly: at an 

arbitrary. poi,nh(a,. b) .. X':Y'.: is a fixec:l Gf~-ft~.~ian ~oo~dinate system, 

XY is a local system. 

Fig. 3- The mechanical p.:t;~tit1i·:~<\:A.:hicid.'e::i which operates according to 

eq{latic:m (6}. A<,:o.ntO;l,lrvr:l}ap:~f ~n a~yml?7itr~c r~~~.ld can be seen in 

the background .. When t}lf!:,;n.:::tachipe. is running.,_ bo.th the ste~ring 

motor (between the front wheel and, the disk} and the drive motor 
. . . ' ; - • ; ,;, •;... r. : . ' • ' .,J ' ~-! ... : ' . ' . ' • ( • • 

(between the.-hackwheels), are;ip C?ntinuc,ms mot~q,n, w;ith spe~d~ 
. - . : . ' . . -

det~rmined by the. opel,".ator ..... TP,e: point of cpntC~-ct b~tween the ,!r.ont 
. . . . ~ . . .,. . . . . ' ... . . - . ·' ~ . •. . . . . -~ -~ . . . .. 

wheel and the map is not visible. 
- . __ .,, ;-; l';, .. _: 

Fig. 4 - The mechanical particle with disk and motor assembly disengaged 

from the steering wheel. In this position. the phosphor -bronze 

clamp {directly above the .front wheel) can be reoriented on the front 

wheel block to accommodate new initial conditions. The drive pin 

can. be seen which fits into the screw-head receptaCles on the clamp .. 

Fig. 5 - The disk and circular scale together with a graph of an a.syrnmetric 

field plotted against coritour line number. The asymmetry of the 

· · ~::;;.';::::fi~~g'i~~,s~ert:itt'Fig. 3.where the contour lines number from the center 
0 

of the map· outward. The scaleJ prepared from the graph by use of 

equation (6), gives an angular mark_corresponding to each contour 

line from 21 to 56. 
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