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ABSTRACT

Diffusion equations for a cascade shower which include (1) an energy
cutoff (below which the electrons and photons are no longer observed) and (2)
energy parameters for each particle have not previously been studied. In this
paper it is found that an inclusion of both permits collision loss to be represented
as a discrete process by modifying the differential radiation cross section. It
is assumed that (in addition to the continuous spectrum of radiation losses) energy
is lost through collision in amounts equal to the cutoff energy. The foreshortening
of the shower penetration by multiple scattering is accomplished by increasing the
radiation and collision loss cross sections by the ratio of the integrated to the
projected electron path length. The correction ratio can be made a function of
energy, as can the cross sections. Full screening approximations are unnecessary.
After integrating over the energy variables and resorting to the matrix notation
of Messel and Potts, one writes and solves the equations as a double recurrence
relation. The distribution functions themselves are obtained, rather than their
moments. They are expressed in terms of products and sums of matrices and
one -dimensional integrations. The mathematical approximations neceséary to
bring a solution appear in the energy integrations and become better when the
energy cutoff is small compared to the energy of the shower primary. With better
approximation, however, more addition and multiplication of matrices are re-

quired in order to achieve a numerical solution.
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INTRODUCTION

The cascade phenomenon that occurs when high-energy electrons
and photons penetrate matter is difficult to investigate because of the complex
branching probabilities and the interdependence in energy among the parficles.
In the first place, the cross sections for materialization and radiation loss
become inhomogenedus functions* of energy wh'gn the screening of the nucleus
by the outer electrons is not complét:e° Thé behavior of the cross sections
cvomplicates the usual continuity equations. In the second place, the conserva-
tion of energy leaves the particles genetically dependent after each branching.
For that reason more parameters enter the equations. Beyond the two chief
difficulties it is impractical to incorporate in the symbolism the three-dimen-
sional behavior that develops at lower energies. It is hard to describe mathe-
matically the multiple energy degradations that occur with increasing impor-
tance along an electron's path, the Compton collisions of the photon, and the
final removal of the particles from the shower altogether. Writers do not
even consider processes such as trident production by electrons and positron

annihilation.

* A cross section is a homogeneous function of the primary energy, if its
product with the primary energy is a function of a single variable only,
the variable being the ratio of one of the secondary energies to the primary
energy. This definition holds only when the total energy of the primary is
shared between the two secondaries.
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Some idealization of the physical phenomenon is imperative in order
to bring a solution. The common idealization is to ifnagine ‘showers initiated by
primaries of infinitely high energy. In this case, often approached in cosmic
-ray studies, one-dimensional development is predominant; the number of elec-
trons andbphotons with unspecified energies changes only as’ a function of ab-
sorber thickness and primary energy. The initiating parti;cle is little deflected
by the coulomb fields of the nuclei, multiple scattering is sl.ight,v and its mo-
mentum is transferred through its secondaries largely intovthe forward direction.
The same is true of each member in the shower over the greater part of the
shower's development, because energy is uniformly split, approximately, at
the branch points. Hence, asymptotic cross s_ecfions_, épr.x_'ecf for the high-
e'nergy particles that establish the shower c_hafacter‘iéti@é,_ can be used through-
out. Two processes only are assumed: brvemsstr‘ahlurvlg‘ and pair production.
An energy cutoff, below which particles are no lén_gér 'c‘ou‘nvtevd, usually serves
to diminish the cascade population after the maximum.in particle number has
been reached. When chosen wisely (to be -abop_it half the energy'at which col-
lision losses equal radiation losses) it alsp approximates the effect of collision
loss. - _ - ‘ !

Any furthe_r refinement of the above idéalization, such as inclusion
of exact collision loss or multiple scattering., seerﬁs to change the basic struc-
ture of the diffusion equations, so far as fhey have been investigated up to the
present. Consequently, few mathematical techniques are .availé.ble for moderate -
energy showers. It is partly for this reason that a different approach to the
cascade problem is attempted here. An equation that includeé an energy cutoff
and also energy parameters for each particle.has not previouély been studied.
Janossy included an energy cutoff in his equations without requiring energy
parameters, while others have included energy parameters without a cutoff.

In this paper it is found that an inclusion of both permits. collision loss to be
represented as a discrete process by modifying the differential radiation cross
section. It is assumed that (in addition to continuous,spectru'm. of radiation
1o‘sses) energy is lost through collision in amounts eqﬁ'al to the cutoff ene.rgy.
The ’foreshoi'tening of the shower penetration by multiple scattering is ac-

complished by incréasing the radiation and collision loss cross sections by the .
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ratio of the integrated to the 'prbje'ctéd electron path length. The correction
ratio can be made a function of energy just as the cross sections are. Similiar
modifications to account for Compton effect and angular emission at branching
are also feasible, though they are not tried here. There ié a further advantage:
The distribution functions themselves can be solved for, approximately, rather
than their moments. This will be made clear after reviewing briefly the work
of other authors:. | |

Nothing will be said about the valuable work on the first moment
of the electron distribution beyond a remark: The complexity of the results
made it look hopeless1 even to write down the equations for the distribution it-
self. Bhabha, Heitler, 2 Furry, 3 and Arley, 4 who were among the first to
investigate the one -dimensional number distribution of electrons beyond its
first moment, constructed simplified models. With models some qualitative
idea could be gotten about the shape of the distribution, but without a quantum
mechanical calculation for the second moment even the half-width was in doubt.
CollisiOn loss and removal of the particles from the shower were not adequately
're'presverited in the models,' if at all; hence, the structuf»e .of the distribution as

a function of thickness was virtually unknown. Arley4 did simulate the effects

. of collision loss by assuming that each particle had a probability proportional

to the thickness of ""dying'' in a differential increment of path. Later Messel, 5
following up the calculations of Janossy and Messel, 6 did insert a reliable
second moment into a Pblya distribution for the number of electrons. There
was reason to believe? that the Polya distribution, lying between the Poisson
and the Furry distributions, was somewhere near the truth.

Scott and Uhlenbeck ' in 1942 published the first in a series of more
or less independent papers in which they, and later Bhabha, 8 Bhabha and’
Ramakrishnan, 9 and Ramakrishnanl0:1! all contributed to the development of
a powerful technique for finding the number distribution of electrons and
photons. The essential entity is a function of the energy parameters (variously
called product dehsity, correlation function, and moment density) which is
related to the moments through summation and energy integration and which is

expressible in terms of more elementary functions. Practically, the technique
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has yielded good expressions for the second moments. 79 Theoretlcally, it
has yielded the distribution, 12 though the answer is not exp11c1t and is far from
a workable form. A cutoff calculation, excludlng the pos51b111ty of partlcles
below a given energy, has been used by most of Vthese writers to account for
collision loss. o o S
Slmultaneously with the above studles, Janossy13 14, 15_ 1nvest1gated
the moment-generating function for the ,‘dlstrlbutlon in number of electrons and
photons .above a given energy. His unique vcontribution.s are_hivsA incorporation
.of an energy cutoff in the distribution function and his use of the multiplicative
property of the stochastic process in the equations for the distribution {The
electron-photon phenomenon is multiplicative in the sense that each partlcle
generates an independent subpopulation. ) Ideally, his equatlons, too, will yield
the desired distribution after tedious iteration and _use of numerical methods,
but only the first step - the first two morhente and the _ncorrelatli‘on coeffi_cienté
between electrons and photons - has been achleved ‘. | N
Still a fourth techn1que, explo1ted fully for the f1rst tlme by Messel

16, 17, has characteristics in common w1th the two precedlng methods:

~and Potts
It uses a moment density function but includes a cutoff in the energy 1ntegr_at1on,
so that the moments of Janossy's distribution are obtained. * Itis a natural
outgrowth of studies on nucleon c:atsc:adeslsﬂl9 thoogh the e'sse'rlti__al- logic, 'barring
the energy cutoff and the solution, appears in Scott~'szo_independent and suggestive
article. The equations for the density funct'i.on are 1ineair After oarryihg out
a s1ng1e Laplace and n + m fold Mellin- transform and resortlng to matrix nota-
) tion, one can wr1te down a solution in the transform space Of course, a
numerical answer for the moments can be recovered after one performs an
n+m+ _1 fold inverse integral transformatlon numerlcally. Wh_en colhelon loss
is included as.a constant energy degradation, an approximation must Be used by
way of an expansion.. ‘ o ) ‘ | v

None of the above methods is adequate_ when rhultiple _‘scatter'ing or
. Compton effect is important, The lack.of mathematical techniques for moderate-

energy showers is made more obvious by R. R. Wil‘sq)n"s21 introduction of a

* Messel's original proof18 of the relation betWeen moment densities and
moments used an incorrect equation similar to Janossy's original G-equa-
tion. No errors seem to have resulted.
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Monte Carlo method for that region. He includes Compton scattering as well
as bremsstrahlung and materialization, for particles are observed to zero
velocity in his game. Collision less appears as a constant energy degradation
and multiple scattering enters as an independent correction. ' The valuable re-
sults obtained shed light on the thathematical problem by emphasizing the need
for collision loss and multiple scattering.

Aside from R. R. Wilson, the model builders, together with the
three groups represented by Uhlenbeck, Jénossy, and Messel, have been the
. prominent investigators into the sixteen-year-old problem.* They have with
rare eXCeptiVOns approachedb the distribution of the number of electrons or the
number of electrons and photons through its moments. One exception in Scott
and one in Messel otcurs when a formula is given for the probability of n par-
ticles of specified energies. In each case the formulas are derived with as-
ymptotic cross sections and without collision loss or cutoff. They will not be
physically meaningful, as each author remarks, until an infinite number of
particle energies is integrated out below some energy e¢. In view of this dif-
ficulty and the above mentioned complexities in the moments, it is generally
felt that an explicit expression for physically meaningful probabilities would
be prohibitive. On the contrary,; it is one purpose of this paper to show that
a set of equations can be written down whose solution is the probability distri-
bution in energy and number of electrons and photons above a cutoff €. '

The basic equations presented here are first simplified by inte-
grating over energy increments equal to the cutoff energy. Slight approxima-
tions are used in the process. After resorting to the matrix :notation of Messel
and Potts, one writes the equations as a double recurrence relation. The first
of the recurrence variables represents the total number of observable particies
in the shower and the second their total energy. The recurrence relation is
then solved in anaiogy to a shower's development: low number and high energy
first, with high number and low energy depending on previous calculations. In-

stead of a Laplace transform on the penetration variable, as used by Messel and

* The extensive researches into the first moment can be examined independently
of the fluctuation problem.
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Potts, an exponential matrix method is used. In other words, the solution is
essentially in series form. These and many other cascade shower equations
are derivable from the Kolmogoroff-Chapman eéuations. The present equa-
tions and Messel's are both '"forward" diffusion equations in Kolmogoro’ff's‘22
terminology, while Janossy's come from a ""backwards' equation. On the other
hand, the present equations and Janossy's are both satisfied by distributions
that include cutoffs. In effect, the advanfages of Janossy's method can be
gained without dependence on the multiplicati%/e property which brings non-lin-
earity. .
It should be pointed out that the presént papérb is in keeping with the
trend in recent years to be unbaffled by the complicated form of a complete
solution. The important thing is to see that a solution is well suited for elec-
tronic machines, for they provide us with numéricél techniques that were
unheard of by the original investigators into the cascade problem. In the pre-
sent case, the basic operatibhs in obtaining a numerical solution are multiplica-
tion and addition of matrices and one _dimen.éional integration,,. There are no
multiple integrals to compute (excei)t for".én espvécially accurate computation of
a few coefficients), since the integrafions over the energy variables are already
carried out in increment steps in this paper,‘ It will be clear that the solution
developed here for moderate ~energy showers (primary ene.rgies well above the
critical energy) will take on a simpler form in the asymptotic case of infinite-
energy primaries. The numerical solution for the ultra-high-energy case will

be practical, however, only if the cutoff energy is increased ‘abOVe the critical

energy.

THE EQUATIONS*

.For the purpose of this paper, the following assumptions are made:

(1) the cascade shower is one dimensional in the sense
defined in the introduction and shower penetration

is measured in radiation lengths,

* The notation used by Messel and Pottsl®:17 will be adhered to as closely
as possible. '



sasg e

(2)

(3)

(4)

(5)

(6)

(7)

-10-

only particles of energy greater than or equal to
€ (0 £ € <1) are under observation, the primary
having unit energy,

three processes are operative: energy loss by
eléctron collisions, radiation loss by electrons,
and pair production by photons,

the differential cross sections for radiation loss

" and pair production are given by

wl) (u-m, ) dn = dn/n[g®) (u, w/w)]and

wl2) (u -, ) dn = dn/ufgl?) (u, n/u)
where u represents the primary energy and n,
in the first case, represents the photon energy
and, in the second case, the electron energy; the
g's, as functions of n/u, are slowly varying over
most of the range and g(z) is symmetric about the
point n/u = 1/2, as it is, for instance, when com-
puted under the Born approximation;
an electron of energy m can lose energy (in addition
to radiation losses) only in amounts.-¢ and the cross
section per radiation length for this loss is e(mn)/k,
where e(m) is the true collision loss.per radiation
length for an electron of energy n,. |
the effect of multiple scattering by an electron of
energy 1 1s to increase the cross sections for
radiation and collision loss by the factor s(m), where
bs'l(n) is the average distance that an electron of
energy m would penetrate into the scattering medium

after entering normally to the surface and traveling

- b radiation lengths (the primary electron is identified

with its secondary if radiation occurs); b is some
constant which for simplicity can be chosen as 1]

e > ch/EO, where E, is the energy of the shower
primary and pc? is the rest energy of the electron
(the mathematical approximations used to solve the

equations are better if it is also true that ¢ <<1).
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It is convenient to say that the system under observation is the set
of particles whose energies are greater than or equal to e. The state of the

system S, at a fixed thickness a.is a random variable whose value in a particu-

larvshower is a point }‘n,m = (n, m; Mo oeees M nn+1, oo ey nn+nj), n :1',2.,...,
. n+m .

m=1,2, ..., ¢ §n1\<..,., <n <L, eénn+1$...$'hn+m\<1, izzl. n <1,

representing nelectrons of energies Mo oo My and m photons .of energies

'r]n +10 o Ny +m’ so long as there is at least one electron and one photon;

otherwise its value is one of the points )\n, 0= {n, O; M oeees M 0), )‘O,m =

(0, m; 0; 'qi, e s n;n), or )\0’0 = (0, 0; 0, 0), n?l.,‘mZI, e\<'r}1\< ... < ‘r]nSl,

e < Tfl £... L nr'ns 1, % m<, rzr:'x n' <1, with obvioﬁs, iﬁterpretation.

i=l’ ° i=1 * N

For mathematical clarity let Qn m be thé set of all points of the

0

above form with fixed n,m, @ = c§ Ozoj Qn m’ B a o-field of sets in 2. The
m=0 n=0 '

state of the system

S =1, 0<a<wm}

is a random function which takes its value in the space . It corresponds to

a Markoff (or étochastically definite) process in the sense that the probability
distribution of S¢, given{Sy; y < 'r}, 7 < t, and that of S¢) given»ST, are th:'e
same. In other words, the future state of the system is independent of the
history prior to 7, so long as S; is known. This point has been under question
by Bartlett and Kendall, 23 put is seems that the whole difficulty lies in whether
the system is defined as all particles or just those above an energy ¢.. In the

former case, \ would be an incomplete description of a Markovian system,

n,
and would in genef;l lead to a non-Markovian process. Owing to the conserva.-
tion of energy, however, the set of pafticles that are left out of the description,
those below the limit of observation ¢, have no influence on the future state of
the system of particles above ¢. It should also be noticed here and in Appendix
II1 that the Markoff property has nothing to do with the multiplicative property

. . 7 Il . .
necessary to derive Janossy's equations.
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Letting \ be any point in Q and A any set N\”Q, F (; \ t:J\-) is
defined as the conditional probability of S; being contained in N, givén that
at a fixed depth 7 < t,S,. coincided with the point \ of Q. It is clear that F
will be a nonnegative, completely additive function of sets on 3 and will
satisfy the continuity and measurability conditions stated by Feller?4 for a
Markoff process. Moreover, it can be seen that F satisfies all the conditions
of a purely discontinuous Markoff process. Along with the normalizing and

boundary conditions, F satisfies the Kolmogoroff-Chapman equation:

F (y; \: x; N\ = JF(y; X z: &H)F(Z; ™) x;/\.) (1)
Q
In Appe‘ndix III the following equations for the symmetric densities
f(r{),m (111, e e ey 'nn; 1"|n+1, e e 'qn+m; x) are derived rigorously from (1) and
the symmetric densities are defined in terms of F(7; \: t;/\). Here it is
Y , . (3) " ' . . -
sufficient to describe fn,m ('111s R T O I x), n=0,1, 2,...,
m=0,1, 2,...,e< e S 1, intuitively as the probability density for finding
n electrons of energies Moeoes My and m photons of energies Mgl nn+m

at thickness x under the condition that they were initiated by an electron (in the
case j = 1) or a photon (in the case j = 2) of unit energy. Since they are sym-

- metric in the electron energies and in the photon energies, though the electrons
or photons are indistinguishable among themselves, it is clear that a normaiiza—
tion factor, (n! m! )"1,,- is necessary when integrating. The divergence in the
‘second term on the left-hand side of (2e) and the third term on the right-hand
"side will be found in Appendix I to cancel. The positive number c that appears,
for instance, in the sixth term on the right hand side of (2e) prevents divergence

of the integral. It is chosen from the interval 0 <c <.

s (0: 050 = 0, (2a)

fIij)rn (nl,..h, n,n;nn+1,..,, L 0):6(n+j-2)6(m+1—j)6(1-n1), n+m?>0,

() n+m .
fnfm (Mg v M5 My vees M5 %) =0 If(i*f,l n 1) or(n <e,k=1,2,...,n+m),

x>0, n+m >0.
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In (2e), the sums Cil and Cg signify summations over all possible

choices of nil and n; L nil respectively from the M k=1, ..., n and the

sum over C{n signifies summation over all possible choices of n;1+m from the
7 = c e .

LR 1, , m

The differential operator in (2e) acting on the density function
represents the change withindxin the probability density that is associated with
the state )\n,m = (n, m; s e M nn+1, e nn+m)° This change is equal
to the flux of probability into the state minus the flux away from the state, of
which the first is represented by the sum of the right-hand terms and the second
by the sum of the three remaining left-hand terms. Each of the first seven
terms on the right corresponds to a bremsstrahlung or materialization process
which during the increment of path dx brings the system into the state )\n,
The last two terms correspond to collision losses which do the same thing. In
the first two terms on the right, both secondaries remain in the observable energy
range. In the thirc':l and fifth terms only the secondary electron remains observable,
while in the fourth only the photon does. Both secondaries fall below the observ-
able energy limit € in the sixth and seventh terms.

The first two terms on the right of (2e) appear in Messel“s16 equa-
tions for'the corresponding densities when ¢ = 0 and s(n) =1. They remainv

when € = 0 in (2€), which is as it should be. The next three terms are similar,

except for the limits, to the corresponding terms in Messel's moment density

. n+m. ‘
equations. When1 - '241' n <e,n+m>0, s(n =e(n)k =1, and the cross
i=
sections are specialized to full-screening approximations, the densities in (2)

17 and the equations, except for

become identical to Messel's moment densities
the collisioh loss terms, are the same, accordingly. In that case, the sixth,
seventh, and ninth terms drop out and the remaining integrands go to zero be-
fore the upper limits of the integrations are reached. The remaining left- and
right-hand collision loss terms combine here to give a difference instead of a

differential coefficient.
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THE SOLUTION
The first step toward the solution of (2) is to convert thevequatic-ms

from integro-differential -difference form to differential-difference form. This

is done by applying one of the operators,

a; +e
1 Zn+m™e
E d'qlk dnn+m’ ak:pke,p.kzl,'z,...
| a
n+m
n+m
1 1
% ak=<[?] —_\)e, v=0,1, 2, ... ’[?] -(n +m),
k=1 : ‘ , '

to both sides, where [1/¢] is the greater integer in l/_'e. The solution of the

converted equations then becomes the integral function,

a; +e .an_'._ +e |
o i) = ) (j) ) )
Fn,rn,v(al’ s A an+1, ...,-an+m,x, e).—g du1 dun-l-rn fn,m s eens un,un+1? ey 3R,
' 3  %h4m - :

(3)

n + m>0, which conveniently gives the number distribution, Pn

m (x), of elec-

trons and photons at thickness x through a finite summation:

Py (0 = fgj’)o (0; 05 x)

(3)
1 [e] -tr+m)

P;j,)m(x) Tamt 2 z

F(J) (2 .. @ a ;X;€), n+m>0,
v=0 nm,v ' T

sa
n’ n+l’ > “n+m

where the second summation is extended over all ways of selecting the 3y T e
n+m B ,
=1, 2, ..., sothat ¥ a = (rl/e] - vle. The converted equations which
k=1 . .
. . L. €
follow are exactly equivalent to {2), if the coefficients Gk’ q{,'l’ Bk,l’ and Rk

are understood to be weakly dependent on the unknown probability densities.
Otherwise, they are close approximations to (2), becoming more exact as ¢

becomes small compared to 1. Practically, the weak dependence of the
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coefficients on the densities will be ignored, so that they can be computed from
the known cross sections and the multiple scattering factor. Appendix I should
be consulted for their exiarlicit form with and without approximation. The neces-
sary transformations and integrations by parts which'yield.fhe following are also

evident there.

(N . 3 1 If l/e is an integer. (4a)
f0,0 (0; 0; 0) - 0, ‘ J 270 Otherwise.
‘_,_Féf)rin’_v(al, g 50 =6 4i-2)8mal-)6 (v-T), nem>0,
rli) . : e e} = < < _
n m, v(al’ e BiBL s s B 0K e)=0 ‘ If (w<0) or (ak €, k._l,Z, .‘_.uv,.'n+m),

x>0, n+m >0.

2 f(J)O(O 0; x) = 1(,3'2),[1/61;_1 (ag; 05 x; ¢) Ry (€ €)

v _ (4b)
+Ff),],[1/ _1(0; ass x;e)R2 {e; ¢),
(6 + B al; a3 e)> F'(IJ,)O,v (al; 0; x;¢€)
--F(J) , (0535 % ¢) B (ay; ap; €)
0,1, s R 1,2 ‘3 &
+F(‘]) (0; a +e‘x‘e)B6 (a,; a,; €)
' 0,1,v-1'" "1. T 1,2 Y1 71 Co
- (4¢)

+ P (e € 05k ¢) B | (A apse)

+ F(J) _i (al, €; 0; vx; €) R1 (al; €)

2,0,v

1J,)1v-1 (al; €; xX; €) R2 (al; €),
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d . (3) Ca e
(532 +B, o (32 GDFO,',l,v (05 25 %; €)

+ F{T)o, vop (8] + € 05 x5 €) B;,l (295 295 €)

(j)
*Fp o1 (6525 %5 €) Ry (a5 ¢)

() . v aa
tFg 5y 0an i x )R, (a5 €), s

(4d)
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gy .oal .
(a_},—{ + Zn Bl,l (al’ vy an+m, as €) + 2 B2 2 (al, S 2 m’
(3 ) A
Fn,mt,v (al, cees BUTAL s ey B X €)

— ] t ] . . ] ] . . ] i .
= é;n gm n,m-l,v(al’ s B g an+an+m, B R P S e)Gl(al, e B A A s €)
1+ -
+ 3 F(J) @l a' _;a a a' . +a';x;¢)G, @ ., €)
Cn ©B- 2, m+l, vV’ 7 Tn 2’ Tn4l” 7! Tndm’ nd  n’ 7Y 2 V1 e n+m nl’ n’
2
-z F(J) @, ..., a,a' ; a a' ;X; €) B ( a ;al ; €
cm n+l, m- 1 v 71 7 "’ Tndm’ "n4l’ 777 Tn4dm -1 2,18 0 Fm’ fh4m’
1
-3 () a’ a' ;a ., a a';x;¢B (a a ;al; €)
cn nl,m+l, v\’ °° “nd’ “n+l’ 7 “mim’ Tn’ 7 1,2'1 """ "n4m’ "n’
1
(4e)
() 1 1 R € I
+%n.Fn,‘rn,V-1(a1’ SR ST Y "te; A B X €) Bl,l(al’ B 2p €)
1
(3) 1 At ' . e o
+ngn+l m-1,v -1 (al’ T ™m? an+m+e’an+l’ T an+m_1,x,e)B2 l(al’ Tt an+m’ an+m€)
1 .
+3 F(J) (al a' . a a'te; x e)B (a a'; e)
Cn 1 m+1 v 1 1’ ey n_l’ n+1! H n+ ) b 1, s n+m’ n’
+ (J) (a a_,e;a_ a x;€) R, (a a €)
n+1 m,v-1""1" """ "n’ "’ "n4l’ > “n+m’ 1 > “n4+m’
+ (J) @ a_;a a e;x;¢e) R, @@ a €), n+m>1
n m+l, v-1 %1 "7 Tn’ Tn4l’ ’ "n+m’ ’ 2 > "n4m’ "

a' ; e))
n+m
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Using the notation of Messel and Potts,16 ,17 (4) can be written as a
matrix equation: '
U,' (0;€¢) =0, - 1 If 1/e is an integer
J = ' R
: 0 Otherwise.
U-:N,v (al, “ees AN 0; €) =[E1 6(N-1) 6(v-J), N=>0, - | (5a)

U'_N p By By X5€) =0 If(v<0) or (ay <, k=1,2, .., N), x>0, N>.

(r)

P . _ . '
5;[‘?0 (x; €) _521 Rr (e; €) 1, [1/ ] 1(al, x,e) (5b)
3;32 +[B.(a1; aps ED U:-l,v (al; x; €)

:[Bf (al; as €) [Fl,v -1 (a.1 + €; X; e)‘ ' | ' ' (5¢)

2

+21R (al,e)ﬂ'— o les a5 x5 €)

N .
) - L
_§+1§:1[BN (.al, cees ays e>ﬂ:— v (al, cies aN,_ X; e)_
= En@N-l (al,_ coss aN; éN-l’ a'N; €) N-1, i,,(al, veoy aN-Z.’ aN_1+aN; X; €)
(5d)

e ) ’ : . E .
+E_1BN (avl’-'"""’ any By €) N, v-1 (2, - ak tes s an X €)

2 .
(I‘) ‘ . . >
+§ 1 R (als sasy aNr G)F 1 v-1l (6, a.l oony aN, X; E), ) N >1.
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Most of the matrices of equations (5), as defined in the following
paragraphs, admit duplicate rows when some of the a, are equal. A modified
set of definitions that deleted all but one of a set of duplicate rows and intro-
duced appropriate weighting factors, could be used to advantage during actual
calculation but at present would encumber the notation.

1 is the unit matrix of order 2.

ey =1 D 0 00 ) £2) (0 0  is 2N .
[FO (x; €) = I:fo’o (0; 0; x) f0,0 (0; 0; x)|. DTN’V is a 2° x 2 matrix the columns
of which correspond to F(l) and F(Z). The rows are ordered by writing Ay eees

ay as a binary number with digits 1 and 2 standing for an electron and photon

respectively. For instance, in 3 v (al, ay, ag; X; €), FZ(J; v(al, aziay; X; €)

; (3) : — _121 < -
appears in the row above Fl, 2.v (al,.az, ag; x; €), because aja,as = 121 aftza?’—lZZ.

[Fg)v , r=1,2, are submatrices of each of which have ZN'-1 T ows:

N,v

(1)

F, -~

N,V
(2)
N, v

. . . €
.ThelBN(al, ceer BN B €) and[BN(al,

veey @y.; &, ; €) are defined as the
N’ "k .
N N .
x 27 - order matrices,

2
[BN @y s a2y € =H:Yala2: N T

) (al-ﬁl) G(az—ﬁz)‘... Ba

By @s - Bpp Ay € e B (O'N'BN)‘H

~

[Be' @ a,.;a, ;€ =
N 1’ AR ) N, k’ .

yl

Y :
H: 0,8, .. .0 [31[32 ce pN.

€

6((11—{31) 6((12-[32) ...Bakpk @ys s Bpp A €)... 6(aN-pN)ﬂ,
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in which the subscripts of the general element, vy are
i _ 0,10,2. . .u.N, ﬁlﬁz. .. [}N

written as binary numbers: The a, and B, can take on the values 1 or 2.

¢ N
BZ,Z (al, ceer BN B ¢) = 0.
S o N_ N1 _ . .. ,
@N-l (alg cees aN, aN.1’ aN, €)is a2’ x2 matrix in which the
ncn gero elements Gr (al, cees A0 AN 2N ¢), r =1, 2, are ordered ac-

cording to the following rules:

(1) If in the binary number ap .o By Ay T 1 and

aN =1, then all the elements of the row cor-

responding to this number are zero except for

the term G2 (al, which is

sooy aN; aN—l’ aN; E)’
placed in the first even-numbered column in

which this term has not already appeared.

(2) 1f an.1 = 1 and ag = 2, then all the elements of

the row are zero except for the term C‘z1 (al, cues

aN; aN 1’ aN; ¢), which is placed inthe first
odd -numbered column in whlch this term has
not already appeared.

3) If aN:1 T 2 and aN = 1, then all the elements of
the row are zero except for the term G1 (al, co s
aN; ans aN.1 €), which is placed in the first
odd -numbered column in which this term has not
already appeared.

@) It aN_1 = 2 and ag = 2, all the elements of the row

are zero.

The matrix(3/3x) U'- is obtained from I]: , Py replacing all the
elements of the latter by their d1fferent1a1 coeff1c1ents w1th respect to x.

Similarly, in what follows, the integral of a matrix will be constructed by
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replacing all the elements of that matrix by their integrals. The exponential

of a matrix%N of order Z_N is defined as
exp{AN} =[EN +AN +(1/?_'.)/2¥1iI +(1/3')A§I o,

where [EN is the unit matrix of order ZN. ~ For examples of the matrix notation
used here, see Appenaix II. V

Equation (5) can now be converted from differential -difference
form to difference form by treating its x;dependence as in a simple differential
equation. The formal steP is justified by putting the! éucceeding solution back

into (5).

IR O '

o (x5 €) =§ dg;;:_l R (ei¢€) 1,[1/e] -1 (2 €; €). ' : - (6a)
5 = _ .

U:l_,v(al; X; €)

X

= exp {-x[Bl (a; ay; e)} d§ exp %[Bl (ay; a; e)} . ‘ (6b)
| | 2 r) 1
[[Bf CIHE E)Url,v_l | +e; §;€)+12_1:1Rr (al;E)UjZ’v_l (e, a5 &; €)

+[E1 exp {-x[Bl (21, 2;; €) 6(V-J)}-
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an ¥ ’e) ‘ . : P ‘ (6¢)

. N . '
= exp {—x b2 N @15 ays ak;e)} d€ exp {Ez l[BN(al’ ces AN By e)}-

. [ZN@N_l (a—l, ey aN; aN—l’ aN; e)ﬁ_N_l’v (al, cesy aN-Z’ aN_1+aN; g; G)

CZ-
+N E(a. AN’ 2k )U:_ (a | + € a ;£ ¢€)
El N 10 °oce N: 3 € v _1 1 o0 ak s eens N’ ;
2 (1‘) : »
‘ v ¥ . \ ‘> L
+ ?:—‘1 L A an e) U:-N+1 vy (&2 ans £ e)} N>

The apparent c’omplexity of the recurrence in the two variables N
and v is illusory. By starting w1thD'_ .0 and solving for the other matrices in
the order prescribed by Table 1, one eventually arrives at [FN v in terms of

previous calculations whatever N and v, N >0, v >0. U-_O will be found in

terms of U'_ [1/e] -1° It is unnecessary to write down the general term, DTN,v"

explicitly, because actual calc;ilations will pro‘c'eedAaccordi'ng‘ t6 Table,l. Each
matrix will be physically meaningful, as a part of the energy'—numbér distribu-
tion, and, together with others, will yield the number distribution through (3).
It should be noticed that the series form of the solutlon is not a .consequence of
the inclusion of collision loss, as it is in Messel's solution. A Laplace trans-
form could easily be used on the penetration variable to avoid the series, but

inverted matrices would result.
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N+v\& o 1 2 3 [Ve] -1
1 1 | -
2
6,
[1/e] /Nl +Y
2 .

Table 1

As illustration of the use of Table 1 to solve (6), the first three

matrices are given explicitly in the case when l/e is not an integer:
”-1?0 (-al;,x; €) :-[El exp .{-x [Bl (al; a; .e)} -

[l__z’o (al»’ az; X,€) -

x .

'_ . 2 | (2 .
= exp {-x > [BZ (a'l,'a'z’; ak;.e.)}& dt exp {gf 1[82 (al’ 3,5 A e_)}.,

k=1

@1 (al, ay; 2, a,; e)[El exp{-g[Bl ('al +ay;a +a,; e)} .



=27~

”._1,1 (a5 x; €)

k=1

S | - |
gdg exp{ 2 (al, a'Z; ai{; e)}.
0

(r)
.@1(31{, g i’ '2,5)”: exp{ C.[B (a +a2,a +a ;e)})

. < |
= exp {-x Bl (2 él; e)} Sdg exp{gl:B (al, a); e)} N
I:IB (a l,e)[E exp{ §[B (a te; 8 te; e)} |

' 2 I:B ' 1 P ! :
+ T Rr( ; ) expl{-£ = 2(al, a%; ak;_-e') .
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DISCUSSION

The cutoff energy e plays a dominant role throughout this paper.
Its presence permits the inclusion of collision loss as a natural modification
of the radiation process, for an electron that emits a photon behaves identically
(except for angular deflection) to one that collides with another electron, pro-
vided that the energy carried of by the photon or §-ray is just under the 6bserva-
ble limit e. Its presence also permits the inclusion of generalized cross sec-
tions and a multiple-scattering factor which are energy-dependent. This is
_true because the solution can be developed over energy increments equal to ¢;
" within each increment the energy-dependent functions do not \}ary appreciablvy.
The number € is everywhere treated as though it were large compared to
pcz/Eo and yet small compared tol. It is also treated as though it excludes
from observation the effects of Compton scattering. It is well interpreted as
the critical energy.

. Interpreting ¢ as the critical energy, one sees, first, that Compton
scattering that decreases rapidly above ¢ has a cross section there one -fifth25
as great in air as the cross section for pair production. The ratio is about one-
" third in lead. Second, the criterion e <<1 will be satisfied if the shower primary

Has energy 7 x 107 ev or greater in lead and 102 ev or greater in air. At those
minimum limits for primary energy, ¢ = 1/10. This means that in an actual
calculation Table 1 contains about 55 steps. (The order of the matrices is not
an indication of the amount of numerical work required to obtain és answer,
“because the matrices of higher order will have duplicate rows.) 7

The multiple-scattering factor, as deﬁne&, will actually be slightly
~increased by angular emission during radiation. However, as pointed out by
Rossi and Greisen, 25 the average angle of emission per radiation length for
primary electrons and primary photons is roughly one -fortieth the root mean
square angle of scattering of electrons in one radiation length. It is clear thaf
angular emission has a negligible effect on the accuracy of the present solution,
and to the extent that it is important, it is already included in the multiple-
scattering factor. The biggest objection to the scattering factor is that it does
not have a'"'memory'", in the sense that the cumulative effect of scattering is
not present beyond a radiation length. The dependence of the factor on energy,
however, serves to make it important at the end of the shower, which is as it

should be.
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- It is important to‘hetiCe that at the beginning of the shower, the
total energy in the observable particles can be decreased by two modes, either
by collision or by a branching process in which orne of thé sécondaries takes a
small portion of the primary energy, specifically, less -than €. ‘The second
mode of energy decrease will be strongly dependent on the shape of the function

( ) (u, v) near v =1 and the function g( ) {u,v) near v=1and v = 0. Unfortu-
nately, these functions have been computed26 for high pr1mary energ1es under
the Born approximation, which is not valid near the end points cited above.

More recent calculations, 27

while not limited by the Born apprommatlon, are
still not valid when, for inste.nce, the electron radiates most of its energy.
Expei'iments_28’ 29 that have been performed on the radiation and pair-produc-
~tion spectrums shedl no light on this point. The resolution in determining the
secondary ene.rgies is too broad to resolve a rapid change in curvature. The
experiments are not ih.cons'isten't'with relatively uniform spvectrums and non-
zero cutoffs. In view of our knowledge of nonrelativistic radiation spectrums,
it would seem wisest to mod1fy the Bethe-Heitler calculations so that g( ) (u, v)
and g( ) (u, v) are weak functions of v when the Born approximation is no longer
valid. The Bethe—Heitler values should be further normalized in accordance
with attenuation exper1ments30 -35 and more accurate theory. 36 |

As mentioned previously, the method of solution developed here is
easily adaptable to ultra-high-energy showers in which collision loss andv '
multiple scattering can be neglected. The present form of the solution is well
adapted for the same energy range that was investig‘ated‘with Monte Carlo
techniques?l and 1s derived from the same basic element‘s',v e)écept for Compton
effect, that were used here. The increment steps in the penetrat1on variable,
which are taken with shght approximation by Wilson, may be contrasted with
the increment energy integrations and approximations used here.

Before attemptmg a large scale computmg project to obtain meaning-
ful curves, the author has completed some trial calculations for the case in
which ¢ = 1/4. ‘Though the criterion for accuracy stated in the text is not
satisfied in this case, most of the qualitative features of the solution should be
~present., It was found, in fact, that the exponentiai matrices converged ex-
tremely rapidly for small penetration. These exponentials could quickly be
raised to successive powers in order to obtain solutions for increasing penetra-
tion. The numerical work was carried out on a desk calculator. It is hoped

that comprehensive results can be presented soon.
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APPENDIX I

The coefficients of equations (4) are most conveniently expressed

in terms of the following functions and operators:

< < < < '
1 Ifal_ul_a1,+e, vees aN_uN_aN+§.
Ie(u a,; ;u ay,) = -and Igu %i
1’ 1) soey 9y N, N i—l i — o
0 .Otherwise.
1 Ifa1§u1§al+e, cens aN;léukiaN-1+é

< <
aN_uN_aN + 2¢,

and Z u. <1.
: i
i=1

0 Otherwise,

¢ {g(ul, oo iy 7€ (w), a5 oo uggs ap) b (uk)}

1 1
' TE . . _ .
g d‘u1 g duN g (ul,- cees uN) I .(u s B3 eees ‘uN, aN) h (uk)
= —— T , — -, r =1,2.
j du, 5 duy gluy, ey up) I (u), 2 -es Uy ay) ’
0 0 '

glu,, ..., uN) and h(uk) are any continuous functions.
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; L Gr’ and Rf will be given below in an approximate form

which is obtained from the exact form of the coefficients of eguations (4) by the

following substitutions:

o () oo .
(1) The exact coefficient of Fn-l, m+_1,v(a1’ ey B

ar'l; x; €) which has the form

¢ o - 3) Ca S :
6 {I (U.l, CIERRR unv+m’ an+m) fn-l,m+l (ul, e U 3B s e R WX e_)h(un)}

is replaced by

6 {1‘ (u,, .al-; , u.n.._'_m,‘ an-i_-r_n) h (u;)}v

to obtain Bl, 2 (al, ceey @

; a'; €). Similar substitu-
n+m n oo .

tions are made in the other coefficients.

, (3)
(2) £

ul

(uy, ..., u' D iu ., e, Ul ; X), which
m'1° " nl’ T-v’ n4l” " "n+m r »

appears in one of the exact coefficients of

(3) e € i cd By
. Fn,m, v (al, P B A s s BLLXS €) is replaced by
() | %
i X . <y<1]._nB
.fn m (ul, N T LRr un+m,x) for 0 <v <l - =
n

to obtain B

Substitutions (1) and (2) are good if,ff;‘)

. L
1,1 k(al, eer Bt B0 €).

(j) g '
fn-l, mil’ etc. are not

?

m

strong functions of their energy arguments or if € <<1. (2) is also good if .

a' > e,
n
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Though it will appear th.at all the coefficients are given in terms of
multiple integrals, it is true for about half of them only, _for_"whenever _
N .
T a3+ Ne + (r-1) € <1, then

k=1 .
a, tre
¢ e J ' r=1, k=1,2, ..., N
{I (uy, a5 eees Uy aN)h(uk)}zl/re dukh(uk), .
A r=2, k=N.

Even in the cases where true multiple integrals are involved, it is possible to

get a good answer by writing approximately:

& {I” (a5 e wp ‘_’N) h(uk)} =h (T),
: 'ﬁk =E {Ire (ul, ai; ees Upps aN) uk} , r=1,2.

~ Integrations by parts are necessary to compute B1 2 Bz 1

Bf 2 and B; 1 and some obvious transfor'mations_,are necessary for C‘r1 and

GZ' It should be noticed that the divergence of the radiation spectrum cancels

out in B1 1°

R4

Bi,l (al, ceer BN By €)

1
| =6{IE (U5 @5 enei Uy aN) [ . dv/v(s(uk) g(l) (uy. VD
l'uk/(ukﬂi , L- uye /g +9 g(l) 4 |
: o . N e(u, )
+[ : dv/Vé(uk)g(l)(uk,v)-s<ll_< ) 1(-1:_:3 >+s(uk) ek _J
0 N

BZ,Z (al, ce sy N €)
1

=E{Ie (u‘l, 15 -e3 Upp aN)[ dv g(z) (uk, v)} .
0
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€ .
Bl’l (3, woes aps 25 €)

£ 1€ ' e(uk)
= I (ul, 35 e U, ak+_e; ceed Upp aN) s(uk) < .

p 2(al,...., aN;ak;e)zE{Ie'(u1 .. uk ak+pe,..-., aN)Zs(uk)\: (2)( Uy u—-)

g 44l | =a, +
+°§ (-1) v d g,(z)(Uk’ X_)} v =a +pe L\
g=1 AT o 5 2 kv =y - pe

Blz)fl(al" cees aN;'ak; €) =€{Ie (ul,‘al; e U ak+pe.; vees Upes aN) s(uk) [(10g v)g(l) ((Jk, %}—()

. v = a, + pe
+ E logv q (1)(uk :, | k
q=1 M Bv ='uy - pe
p=0,1
G1 (al, cees BpES aN—l’ an’ €)
A +€ a
Min [, 1 - Nl
u u
_F e . ) dv (1)
_E{I (s Bp5 vees Uy Bz U By Hap) 50 J (u,v)}
a.. . +e€
Max[-a—i\l,l- N-1 g
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a

G . .
2 (B o 2y AN AN C)

a
N-1
-u]

a..+€
Minf 1\31 , 1
2¢
=E11° g, aps ..o ; :
{ 12 Ugo2r AN.2i W By tan) 250 8’ . dv g!?) (u,V}o
- aN-1 “]

Max[ %, 1--

u

R, (a;, .., ans €)

_ €
=Ly, ai s vy 2y, 98 @l f,—vg(l) (u, v) + e_(eu—)]} :

Ma 1_.€_
x[c, u]

\’_—ﬁqm

R2 (al., TR NT €)

€
o

=€&e (ul, aq5een Upp 20 W E)J dv g(z) (U,V)} .

i. ¢
u
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APPENDIX II |

Some examples of the matrices appearing in (5) and (6) are given

here,

[I:Z (al, az; x; €) =

sV

3, v (e, ap, 25 %; €) =

U'_(_,,Z,)v(é, 3, & %;€) =

1
F(Z)O v (al, a,; 0; x;e.)'

(1) Ca . oxe
Flv,l',,w (?’1’ aZ’ x; €)

(1) A
Fi o,y (3piapxe)

1 v . ' ' :
Fg)z v (0; a;, ay; x;€)
F(31)0’ v (e, ap, 2,3 0;x;¢€)
#)

2,1, v (€ 3525 X5 €)

1 n
F'(Z)l v(e, az;al;x;e)

(1) ca A .
Fy o, vle5ap 255 €)

-

-

(1) )
Foh, vy 2y

€;x;€)

1) : .
F(l, 2, v -(al, €, 2y X; €)

0

1,2, v(az; €, a);x;€)

Fo 3,,(05 63, a5x5¢)

F{,ZI, v (al; dpr % €)
FE)Z,)Z, v (0; a; ay; x;¢ )
ng’)o"v(e » 2, ‘a.z; 9;,x;e
F(ZZ’)L y (& a5 ays x5 €)
FfZZ,)l,v (e, 3y ap; X; €)
F{;Z)Z’ v (¢; ass aZv; k; €)
F(ZZ,)l, v(al’ aie€; X; € )

2 e mia e
SRR RS
#(2)

1,2, v (325 €& 2% €)
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APPENDIX I .

t

In this section the symmetric densities are defined in terms of

F(7; X\ t;\) and it is shown how equations (2) as well as Janossy's equations

can be derived from the Kolmogorqff;Chapman equations.

Leth m be any set‘ir‘1 Q of the formAp, m= U

€ El nn+m€ En+m

. N . S > ‘ '
(n, m; Mo eees M5 nn+1, cees nn+m), n+m~>0. The Ei are open sets on the real

line. Let & be any set containing . The function f(r; )\;1, m' t; )\n m),
N €, N _ e is defined by the following: ‘
n', m n;m , ; v e

3 ‘9

(1) R st L) =0 I, e or_xn,m{sz, n'+m'>0, n+m >0.

T; N, v
Jn',m' n, m

El n+m

F(r,; )\;1" mt A ), )\,]'nv’ mgeﬂ, n'_‘+rnv_'>0', n-_k{n?o)_.

o (3) 1(T; )\0’0: t; )\0,0) = F(r; )\0,0: t; )\0’0).

(4) f('r;-)\o’ ot b )\n,rri)' =0, kn,-m.eﬂ, n+m=>0.

(5) f(T;X;l, m' t; ‘)\'0’ O) = F(r; )\;1“ mt t; ')\0', 0), )\1‘:1",m' €Q, n'+m'20.

For greafer éimplicity Messel's notation will be followed:

)

~+2) . T D T O T e .
fn’m(nl’ sooy nn9nn+1z cecey nn+m’t)—f(0; 0: ]-’ 0910 t’n’ mﬂl, enoy nIl’ T]r1+1, cosy

: ol 2\t - ot . . -
(Z)J dnl g dnn+m fo(r; }\n,’mgu t; D, My, e TS Myl oo nn+m) =
= .

(7)

n’m(nl, vers M My gs ooms M s t) = £(0; 1, 0;1;0: t;n,m; Ty eees M Mg oees nn+m),

n+m
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The symmetrized densities defined on §¥* are, for fixed n, m, symmetric' in

the first n variable and in the last m and coincide with ?Q)m on

b

() . | ) . .
frvm (M o M5 Mg oo My 8 = £ 00 (v e 5 Mg o Ty O (g

j=1,2; n +m>1,

T "' WTRI W L R T 'R e L L

(n,m; m, ..., NS Mpp oo nn+m)€Qn,ir1’
i=1,2;n+m>0.

n+m

,f(j) (”1’ s M nn+1’ ey nn+m;t) =0, If (i2=1 N >1) or (qk <e, k=1,2 ..., n+m),

n,m

i=12;n+m>0. (8¢c)

A definition similar to (8a) holds for the symmetry in the last m variables.
(7) and (8) do not extend the definitions of the densities to all the boundaries of

©Q . Hence, for fixed \', _,, t, and T, the values of the £J) _ and (i) _ at
n,m n,m n,m n,m

any point on the boundary of Qn m ptm >1 is taken as the limit from within

Q m 2t that point. In particular, this defines the symmetric densities on the
'~ n+m
hyperplanes ¥ n = 1.
B ) i=1 :
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For the sets A‘A‘n,m’

) o e

AN = ‘ u u
: <u. < < < ’ >oeere
mm {7\1 ! "n1+An1 "+m “n+m 11n+m+-AT]n-i-'m & n+l nm

.Aj\n,n“::: Q,

n 20, m 20, and for small (t - 7), Anl, ,...., Ann+m, 1t is possible to write down
Fr; M, ot AN
n', m n,

o(t - T)o(Am). o(An) represents higher order terms in one or more of the energy

m) immediately up to terms of the type o(AT}k) and

variables, while the other symbols have well known meanings. By inserting
F(T; ,)\Ivlv,rh': t A_/\_n’m) into (1) and using definition (7), Jaﬁossy's equations
~can.be obtained. To do this, set A = (1,0;1,0) or X\ =(0,1; 0,1) in (1) and take
limiflsl in .(z—y) and the energy increments A ni' v(_It is necessary also to sét
s(n) =1, e(n) = 0, and to specialize the cross sections to full-screening ap-
proximatior;s, if the simplest form of the equations is desired.) Make use of
 the fact that the process is temporally homogeneous b}.r substituting x - y for
x and 0.for y, integrate out the energy variables and apply the multiplicative
property. For instance, set

F(0;2,0; U nZ;O:x-y;Qn,m) =

= 5+n”:n‘ F(0;1, 0; m ;O:x—y,Qng’ m') F (031, 0; Ny 0:x-vy, Qn”, m”) .
.ﬁd'-fm”:m |

Finally, use the definition of the moment generating function.

The basic equations of this paper are obtained by inserting
F(T; )\;",m': t; Af\n’m) into (1) and using definitions (7) and (8). It is neces-
sary toset y =0, A =(1,0;1,0) or A = (0,1;0,1) in (1) and then take limits in

(x-2z) and the energy increments.
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