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ABSTRACT 

This paper describes the method developed and the results obtained in an ex

tensive program of measurement of the masses of charged pions. Measurements 

were made of the total ranges in nuclear track emulsion and the momenta (obtained 

from the curving of thepartide trajectory in the magnetic field,o_f the 184-inch 

cyclotron) of pions and protons of nearly the same velocity. This procedure elimi

nates any strong dependence on a range -momen_tum relationship for determining 

particle mass ratios. 

A beam of monoenergetic particles stopping in matter will h.ave a distribution 

of ranges that is nearly Gaussian. Therefore the measurements in this study were 

treated stat~stically by introducing that function of the mass (the normalized range) 

which :p.ap a linear dependence on the range. The straggling theory was checked by 

exam~ning the range distribution of monoenergetic muons. The distribution was 

found to be consistent with the theoretical expectations when allowance was made 

for several known sources of variance in addition to the so-called Bohr straggling. 

For a particle 13 of::: 0. 27 the range straggling of muons in 200-micron C-2 emulsion 

is (4. 5 ± 0. 1)%, that of pi~ns is (4. 0 ± 0. l)o/o, and that of protons is (L 2 ± 0. 1)%. 

A dependence of the apparent mass on the variable stopping power of the emul

sion was eliminated from the mass ratio by taking the ratio of the ~xpectation 

value of the normalized range of positive pions to that of protons. The apparent 

mass ratio was corrected for the small effect of the finite sizes of target and de

teeter and for the so-called Lewis effect. The mean value of M(the true mass 

ratio) as found from six plates was 0.14883 ± 0. 00016. 

In a second part of the study the ratio of the expectation value of the normalized 

range of negative pions to that of positive pions was found from three plates. The 

mean value of the true ratio of the mass (1[{/) of the negative to that of the positive 

pion was 0. 998 ± 0. 002. This ratio has been corrected for the small difference. 

in stopping cross section to be expected for particles of opposite sign. 
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I. INTRODUCTION 

The answer to the question, "What is the mass of the meson?", is of impor

tance not only in the th!;!ories of nuclear forces but for its intrinsic interest. The 
, . . . ' I ' ..' ~ ' . 

attempts to f,ind the answer have been numerous and have encompassed a diversity 
. - ~ .. ' . . 

of methods of a_pproach to the question. The kinds ~f information obtained from 

th~~e;··~~yestigations have added to the knowledge needed in establishing the validity 

of the ~heories of nuclear and atomic processes (for a precis of these studies see 

the introduction of Paper I* in this series). These studies have revealed the ex

istence of different types of particles of int~rmediate mass. 
1 

This study had its inceptio~ in 194.8
2 

when mesons, produced from target 

nuclei bombarded by the alpha-particle beam in the 184-inch synchrocyclotron, 
. 3 

were first detected. Since that time there has been a series of experimentp for 

the purpose of measuring the ;masses of mesons. This paper presents only the 

final measurements in the series. The method used embodies all the refinements 

of technique and theory developed from the previous inquiries. 

II. METHOD 

A. The Range-Momentum Relation 

The method used in this study is essentially that of calculation of the momenta 

of the particles by means of their magnetic rigidities (or Hp 's) as determined in 

the strong field of the cyclotron, along with measurement of their total ranges in 

the material of the detector. The relationship between these two quantities and the 

mass of the particles of interest must beknown for the particular detector. This 

method is commonly referred to as ".The method of Hp and range," 

The detector used in all these studies was l-in. x 3-in, glass -backed nuclear 

track emulsion. Nuclear track emulsion is well suited to measurement of range 

as it performs the function of ,both :absorber and detector. It provides visual 

*UCRL-2327 
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evidence of the progress of the particle and thus allows an accurate determination 

of the total range. The fairly high stopping power permits absorption of particles 

of moderate incident energy within a relatively small distance. 

The range -momentum relation is obtained for a particle of charge ze by use of 

the assumption that the space rate of energy loss is a function of the velocity alone. 

This leads directly to the expression: z
2 

R/M = f (p/M) R = range 
p =momentum 
M = rest mass 

The range-momentum relation for protons in 200-micron Ilford C-2 emulsion 

has been determined for a comparatively wide range of proton energies. (For a 

critique of this determination refer to Paper I, Sec. IV.) The relation can be ex-

pressed: z
2 

R/M = c (p/M)q This is an ideal relation. In practice one has to 

consider the effects of range straggling, the magnitude of the mass of the penetrat

ing particle and the uncertainty of the momentum due to the finite source of the 

particle, It was found that over the small· range of energies of the protons used in 

this study (kinetic energy T .= 33.6 Mev) c::::.. 6. 8 :X.lo-
21 

and q = 3. 44 for R in 

microns, pin gauss mm. and Min proton masses. 

The q in the equation is a very slowly varying function and, as was indicated 

1n Paper I, is constant over the energies used in this experiment. The value 3. 44 

± 0. 03 seems consis.istent with all data. Furthermore the value of q is at a max

imum in this region of energies, thus dq/dT = 0 (see Paper I, Sec. IV. B). The c 

is the constant for the emulsion used. Since the emulsion does not have an abso

lutely invariant composition (especially in water content) the "constant" c varies 

with batch and exposure conditions. In view of this variation a method that elimi

nates c was used to determine the mass of the pion. T.he most logical procedure 

was to expose the same film to pions and protons with,equal velocities. If the 

velocities of the pion and proton are equal, the ratio of their respective ranges is 

equal to the ratio of their momenta and is also the ratio of their masses. The 

charge on the meson presumably is the same as that on the proton. Results of 

previous experiments seem to indicate that it is. 4 The velocities of the pions 

and protons were very nearly equal in this study (to within 2 percent) by use of 

the ratio of pion to proton mass as found from a previous experiment. 
5 

An equal

ity of velocities eliminates the necessity of knowing the exact value of q. 

B. The Normalized Range 

The factor that contributes most to the uncertainty in the determination of the 

inas s of the pion is the statistical fluctuation in the ionization, which reflects in 
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the total::.range of any particle" The particle ranges are distributed about a mean 

value :in;a.rnanner that is essentially normaL 
6 

Therefore that function of the mass 

which is 1iri.ear· in the range is the quantity that is averaged; L e., 

Ml-q- R p-q/c 
- 1 

where R 1 is the measured range. If one sets up the ratio of the average (R 1P-~/c 
of the positive pion to that of the proton (for the same emulsion), the c cancels 

and 

where M 1 is the:f-pparent ratio of the mass of the positive pion to that of the proton. 

The unprimed quantities represent those of the positive pion and the primed quan

tities a:e 5those of the proton. The expression Rp -q is called the "normalized 

range. 11 The ratio of the masses of the negative and positive pion is found in the 

same manner, i.e., 

mll-q = <Rlp-q) /(Rl p-q) 

'. 

where r1Jr is the apparent ratio of the mass of the negative pion to that of the posi-

tive pion. Here the primed quantities are those of the positive pion and the 

unprimed those of the negative pion. 

In order to determine whether the spread in the normalized range of the pions 

is consistent with their range straggling -to insure no other large sources of 

error-it is necessary to know their straggling in emulsion. It is convenient for 

this study that decaying pions provide a source of essentially* monoenergetic muons 

of-::- 4. 1 Mev (see Paper III). Of the positive pions that stopped in the film about 17 

percent decayed into muons which lost all of their kinetic energy in the body of 

the emulsion, The ranges of these muons were measured and the straggling was 

calculated. This straggling was taken as a standard with which the straggling in 

the normalized range of the pions could be compared -- taking into consideration 

the difference in the masses of pion and muon. If the velocities of the pion and 

muon are equal then 

(]'2 
Tr 

iT 
\ -~_;. ' . .J ·• 

2 
(]' 

= _f.l_ 
f.l 

where <T 
2 

and <T 
2 

are, respectiV.~ly, the variances in the distribution of ranges 
Tr f.l 

Occasional deviations from this monoenergeticity ha~e bee·n found by Fry and 
others. 7 
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of pions of mass rr and muons of mass f.L· T_he above equality -~pplies only to the 

so called Bohr straggling, to which most of the observed variance is attributed. 

Additional small contributions to the variance are discussed in ·Part V, A-5. 

III. APPARATUS 

A. The Magnetic Field of the 184-Inch Synchrocyclotron 

The magnetic field intensity (H) of the 184-inch cyclotron has a gradual 

(and nearly linear) decrease from the center of the magnet to the 80-in. radius, 

beyond which point the decrease becomes very rapid (see Fig. 4). The standard 

value of the field at the magnet center is assumed to be 15, ooq gausses and at the 

80 -in. radius is 94. 6 percent of this .. Therefore the orbits of particles produced 

from targets in the volume of the vacuum 'chamber of the cyclotron have varying 

radii of curvature. The centers of the orbits prece·ss about the center of the 

cyclotron, resulting in trochoidal trajectories (see Paper I, Sec.III,. A) .. These 

facts are of importance in calculating the momenta of particles. 

B. The Circulating Proton Beam . 

The level of the circulating proton beam of the cyclotron varies as it ex

pands radially. Both vertical and radial oscillations are present in the beam. 

The oscillations couple at the 81-in. radius and th~ beam loses stability. Thus 

targets are not placed beyond 81-in. · 

C. The Experimental Setup 

1. Design of the particle "camera". 

The velocity of the particles was the quantity that determined the dimen

sions of the particle camera. In order to compare range straggling it was neces

sary to have the velocities of the pions and protons approximately equal to that of 

the muons emitted in the decay of stopped pions (!3 ~ 0. 27). 

The techinque of this study requires that the protons and pions be received 

in the film during the same exposure period. As in a previous experiment, 
5 

this 

was accomplished by mounting two targets on the apparatus. The targets were 

placed at such distances from the. emulsion-coated plate that the Hp 's of orbits 

terminating on the plate, from the nearer and more distant target respectively, 

would be in the ratio of the mass of the pion to the mass of the proton (see Fig. 1). 

The surface of the emulsion was placed slightly below the horizontal plane that 

passed through the centers of the targets. Thus detected particles entered the 

' ~ } l -.~ ' ' : 
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surface. with wyll.-defineq .e,.nt.ra.nc;;e points.. T]J.gs_e particles, having left the target 
' '. '-- ·~· • • • ' ,' ' :. I 1) .. • ·.• • : ' . ,.',; ~~ ,;'. · 

in a fairly flat~;~ownward-spiraling trajectory1 . e~tered ~he sU:rfa~e of the emulsion 
. ' . ' ' " ~ " . ~ .· 

with a slight dip angle (which we cal~E}~, y1). Th~. _¢lip angle ,is defined as the angle 

between the emulsion surfac:e and the pa~h of the ~articles, 
. I 

The apparatus was a refinement .. of previous designs. The entire assem-

blage was so constructed that a straight line from the center of the cyclotron pas sed 
,, ., 

through. the_. centers. of both targets and along the lo11g ;axis of the plate. We 

called this the .Central Radial Line. ' For purpo9es of reference and calculation a 

local rectangular COOrdinate system was adopted SUCh that_ the X axis extended 

from the target along the Central Radial Line. The magnetic field was perpen

dicular to the xy plane. 

': = 

2. The channels • 

. yJ :.:Limitations of space and considerations of background made it advisable 

to receive pions and protons on different parts of the plate. Consequently, after 

exposure .to protons the proton target was removed and the entire assembly was 

moved 2 in. farther away from the center of the cyclotron so that the pions would 

be received at 80-in. (F_ig. 2). Eighty inches from the center of the cyclotron was 

chosen·as the,distance for reception of the particles in order to have the highest. 

bombardment energy on the targets and yet keep the orbits of the detected particles 

from going out to where the field falls off rapidly. 

The apparatus was carefully designed to avoid contamination by piqns not 
/-.f l ~ 

from the target and by those that scattered .from the channel walls. .The pion ch~;n-
• I I_'.' 

nels were built of copper around a central orbit 7-in. in diameter. .The aperture 

of the channels permitted orbits of.± 10° emission angle with respect to the local 

y axis through the target to enter. The channels we_re designed so that particles 

scattered from their walls could not enter the emulsion at the proper entrance 

angle ( ~ ± 10°) for the desired particles. The proton channel was built around a 

central orbit 46. 4-in. in diameter. The channel aperture allowed entry of orbits 

of ± 2° emission angle with respect to the y axis through the proton target. The 

walls of these copper channels were lined with polyethylene, with the idea that the 

scattering of particles hitting the walls would be reduced. The channel assembly 

including the two targets and the nuclear track plate constituted the particle camera. 

The camera was mounted on a large cart affixed to the end of the cyclotron 

probe (see Fig. 2). ·.The probe \vas'a cylindrical shaft of brass 12-ft. x 4-in. which 

passed into an air· lock through a \hicuum seal in the door: When the air-lock door 
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had been clamped into place and vacuum had been established,' the door to the 

vacuum chamber was opened and the probe' was inserted into tlie cyclotron" The 

cart and apparatus were thus moved into position in the tank.) Because the dimen

sions of the necessary prot~n orbit were greater'than those of the air lock, the 

proton target was mounted 'on an extensible rod which was retracted ·while the 

equipment was in the air lbck. When the cart was moved toward the center of the 

vacuum chamber, the rod was extended (by mearis of a length of strong vaccum

hose rubber under tension) tintll it was brought up against a positive stop when the 

target was the proper distance from the plate. 

3. The targets. 

The pion target consisted of a small rectangular ·parallelepiped of copper 

of width 2a = 0. 044-in. , length 2b = 0. 832-in" , and height 2c = 0. 361-in. The 

width 2a was parallel to the Central Radial. Line and the length 2b was parallel to 

the bombarding proton beam. The holder for the pion target was a thin 8-in. bar 

of brass with 1-1/4-in. arms projecting at each end. The target was suspended 

between the ends of these arms by means of 0. 001-in; W. wire, which was under 

tension to keep the Cu target in place. No orbits from the body of the target holder 

couid terminate on the plate; no particles from the bottom of the channel could enter 

the surface of the emulsion; any particle that scattered from the top of the channel 

and entered the emulsion would have too large a dip angle (y
1

) to be accepted. 

The proton target was an 8-in. cylinder of 0. 125-in. wolfram, fitted tightly 

into a vertical hole on the end of the extensible rod. It was firmly seated by means 

of a setscrew whi{:h clarnp~d it into position" The effective height 2c of.the target 

was obtained from the vertical spread of radioactivity over the cylinder after bom

bardment. The activity was found to be significant over a distance of 1-1 /2-in. 

Thus 2c = 1. 5 -in. 

The vertical spread in the bombarding beam must also be considered in 

pion production. There is a possibility of pion emission from the 0. 00 l-in. W 

wires which suspend the pion target. Consideration of the volumes involved, how

ever, lead one to expect only one pion from the wire for every 1, 000 from the 

target. 

4. The plate holder. 

a. GeneraL The experiment consisted. of two parts. The plate holder was 
l • •• 1 t 

slightly different for the two. The plat~ ho~de:r ~~~ essentially a brass block l-in. 
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x 3-in."'x3/8.-in. Attached,to the top.edges were three,sm,aU phospor-bronze leaf 

springs~ which:.:served. to align the detector plate with .respect·to the top ,of the 

holder as well as .to clamp it tightly in place ·anQ. insure that it be flu$h with. the top. 

b. ·Part L Since both positive and negatl."ve pions were to be deteCted, the 
I 

top of the plate holder ~.ras in a horizontal plane. The height of the plate hoider 

was governed .by, our decisiorito have the pitch angle ('y ) of the spiral of the ten-
. 0 

tral orbits originating frbm'th~ center of the target be z 7°. The center of the 

pion target was L 36-in. abo;v~ the plane of the emulsion. We called this distance 

z . The z .. of the protons·,-, however, was· o. 61-in. (owing to the radial variation 
o, . o. . . , .. 1.'" . 0 

of the beam level). Thus y for the protons was z 0. 5 . 
0 

•. ~. ! 

c. Part II. In this part of the experiment only positive pions and protons 

were required. The pitch angle y of the central orbits was reduced in order to 
0 . 

reduce the error in the secant. This was accomplished by raising the channel 

assembly (with the plate holder) 0. 38-in. Furthermore we wanted the pions to have 

about the same angle of dip as before in order to obtain a good estimate of it and 

yet insure that the pions stop in the film. Therefore a 2° slant toward t~~ :~oii~i"ve 
channels was put in the top of the plate holder. The Z

0 
for pions was 0. 98-in.. and. 

for protons 0. 23-in. Here Z was the vertical distance from the center of the tar-
0 

get to a horizontal plane through. the long axis of the pl~te. We defined the angle 
. -1 

of tilt as tan e. 
. ( ~: : ,• .. 

d. The fiducial slits. The positions of the targets with respect tothe 
. ;:·. 

entrance points of the particles were established by means of fiducial marks placed 

directly on the emulsion. This was accoumplished with a slit system built into the 

apparatus as a part of the plate holder. The system consisted of two cross-shaped 

slits spaced 2-in. apart with the center of each l/2,in. from the edges and adjacent 

end- of the plate holder. The arms of the slits were aligned with the Central Radial 

Line to better than 0. 2° on a milling machine. Behind each of these slits was a 

small flashlight bulb. The bulbs were lighted for a few seconds after the detector 

plate was mounted (emulsion up) on.the plate holder. A latent image of the slits 

was thereby left on the bottom surface of the emulsion,· A phantom view of the 

plate holder, the fiducial slits, and the light-bulb. container is shown in Fig. 3. 

5. The Distance Measurements, 

The distances from the targets to the respective fiducial slits.:were measured 

with respect to lines inscribed on a long brass bar. The bar was aligned parallel 
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with the Central Radial Line and clamped tigntly to the apparatus. Three lines 

were inscribed on the bar: one was near the pion fiduciaLslit,Lanother near the 

pion target, and the last near the proton targeL The distance. from these objects 

to their adjacent scribe lines were m~asured by means of a micrometer micro-

s cope. The microscope was aligned so that its travel was parallel to the Central 

Radial Line. The distances between the lines on the brass bar were measured 

with an accuracy of -1 part in 40,000 onajig-boring machine. The distance be

tween the pion and proton fiducial slits was measured s·eparately with a traveling 

micros cope. The pion fiducial slit was the principal reference slit. The proton 

fiducial slit was chiefly for the purpose of alignment. The uncertainty in the dis

tances :from the targets to the respective fiducial slits . .was -; Lpart in.LO, ·ooo. 

IV. PROCEDURE 

A. The Exposures 

The targets were bombarded for '==' 30 seconds each by the circulating pro

ton beam. The bombarding energy on the proton target was ::::: 70 Mev. 

The pion target was struck by ::::: 290-Mev protons. During the exposure to 

pions, the proton channel was plugged to eliminate background from scattered 

particles which might enter the channeL The protons received in the plate were 

those scattered in the backward direction· {with respect to the beam direction) by 

the heavy W nuclei. The detected positive pions were emitted in the backward 

direction while the negatives were from the forward direction. The negative chan

nel was plugged during the exposures for Part II of the experiment. 

B. The Microscope Work 

The exposed plates were developed and examined under high-power micro

scopes (98x and 12x) using oil-immersion objectives. The long axis of the plate 

was aligned with the lateral motion of the microscope stage by lining up the centers 

of the fiducial marlu. (If the plate had been skewed during exposure, it was shim

med until the fiducial centers had a true lineup with the motion of the stage.) The 

coordinates, on the microscope stage, of the fiducial centers were recorded and 

the plates were scanned for the .tracks of the desired particles. When these were 

found the coordinates of the first developed grain in the track were taken. The 
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.. . :;~~..: ·~] ::. ~ 
angle of the track with respect to a local y axis through that point was measured 

- ,,· 1.} ...... _':":) ,."f.:·· . .· '· .. 

with an eyepiece goniom~_~er. The range of the particle was measured by record-
• ' ' ' , ~ l, .. 

ing the length of successi~e straight segments of track as measured either on a 

calibrated eyepiece reticle or on the verniers of the stage.* The depth of penetra

tio~ into the emulsion between the beginning and end of each segment of track ~as 

measured by means of the micrometer fine adjustment. A correction was applied 

to the depth measurement since emulsion shrinks on being processed. A study of 

emulsion shrinkage under fairly wide ranges of humidity and temperature has been 

made. 
8 

A shrinkage factor of 2. 3 ± 0. l seems best for the conditions' of humidity 

and temperature at Berkeley and was used throughout the experiment. 

C. The Momentum Calculation 

l. Measurement of H. 

The magnetic field (H) of the cyclotron was measured by means of a nuclear 

fluxmeter, which measures the precession frequency of protons in a hydrogenous 

matei·lal placed in the magnetic field. 9 The measurem~nt was taken the'·same d'ay 

as tlie.'particle exposures were made and while the exiting current of the ·mag'net 

was maintained constant. It was performed in vacuo and was made along the' c:;J 

cyc'lotron-probe center line. Many determinations wer·e made and it was found_; r 

that the relative variation of the field with cyclotron radius remained constant, 

although the absolute values varied slightly from day to day. This study did not 

require knowledge of the absolute values of the field since, essentially,.· only the ,· .· •, 

ratio of momenta was involved. In order to find the decay momentum of the muon, 

however, the absolute values were required (see Paper III). An azimuthal meas

urementi~ v.r.a.s_, taken along the proton orbit. It was found that the radial variation 

of the field along the proton orbit was the same as that along the probe line. The 

* Three observers took data in this experiment. One measured tracks by means 
of the eyepiece reticle, the other two used the verniers of the microscope. (Dis
placements of the stage could be read directly in microns.) Great care was taken 
to insure that all three were using comparable standards. Many cross checks 
were made: One observer measured a track using his microscope and method and 
then the plate was given to another observer who used his technique to measure the 
same track. In all cases the difference found was/of the same order as the error 
in measurement for a single observer (-:::- 0. 1 x R 1 2). Since any one observer meas
ured ·pion. and proton ranges by the same method, an absolute calibration of his 
range scale was not necessary for finding the ratio of the masses. The subsidiary 
study of the muon range straggle, however, required the absolute measurement 
(.also see Paper Ill). 
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variation was slightly different on the other side of the probe line along the. mirror 

image of the proton orbit. This difference may have been caused by a perturbation 
t 

in the field due to the proximity of the vacuum -tank wall. This difference, how-
. .. 

ever, was not observable over the orbits ot'the pions. The results of these mea-

surements are shown in Fig. 4. The relative values of the field over the orbits 

were measured to an accuracy of 0, 01 o/o. Figure 4b shows the percent difference 

between the field along the proton orbit and the field along the mirror image of 

the orbit in percent gauss. The error envelope is included. 

2. The calculation of Hp. 

The calculation of Hp involves integration of the expression 

/
1"1 + xo 

rHdr 
rl 

K =--------------------~---------
r 1 cos (e' + ~) + (rl + xo) cos e' 

from the target to the plate (see Paper I, Sec. III). In this expression r 1 is the 

distance from the center of the cyclotron to the target and x is the distance from 
0 

the target to the point of reception of the particle on the x axis (see Fig. 5). The 

angle ( 8' + A ) is the emission angle with respect to the local y axis at the target 
0 

and 8' is the reception angle with respect to the y axis at the point at which the 

particle orbit crosses the x axis. The angle of precession of the center of the 

orbit about the center of the cyclotron is the angle A
0

. * 
The results of this type of calculation can be expressed in graphical form; 

the labor involved in the calculations therefore was reduced. 

The apparent Hp was calculated on the assumption that the particles came 

from the center of the target. In calculating the effect of the finite target size, 

the assumption was made that the particles came with equal probability from each 

element of the target volume. This assumption was justified by the results of 

bombarding a test target and checking the radioactivity throughout its volume. A 

test target was used that was of the same dimensions as the actual pion target, 

but it consisted of four 0. 0 11-in. layers stamped together. After bombardment 

· Because the field is nearly uniform the expressionfor K is insensitive to r and 
therefore to the exact location of the target-dete·ctor assembly in the magnelic 
field. If the field is uniform A = 0 and the integration gives K = Hx /2 cos e', 
which is independent of r 

1
. 

0 0 
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by the circulating proton beam the four layers of the test target were separated 

and the activity was checked~ The activity was the same on the four sections, 

which indicated that the centroid of activity was the center of the target. The 

graphical representation used in the calculation (the nu.ln.erical integration of 

(Hp) = (K) sec 'I 
0 0 0 

sec 'I 
0 =----

r + x J 1 0 
rHdr ) 

rl 

was for orbits received at () 1 = 0°, 'I is that nominal value of the pitch angle of 
0 

the helical orbits defined by tan 'I = 2 Z /rrx . The distribution of the true value 
' 0 0 0 

of the pitch angle ('{) around 'I was included in the calculation of the effect of the 
0 

finite target and detector dimensions. (See Sec. IV~ 

If the particle found entered the plate on either side of the radial line at an 

angle () with respect to a local y axis through that point, then r
1 

+ x
0 

= 80 + ~x + y' 

tan(() ... a') (see Fig. 5). The small part of the orbit from the point where the 

particle entered the plate to the point at which it crossed the Central Radial Line 

was in an essentially uniform field-- the maximum variation was 0. 07 percent. 

. Therefore the projection of the orbit (the small distance y' tan {e - a 1 
}) on the 

radial.line was calculated for a circle, The Hp found from the graph was .then 

corrected for the angle () 1 that the particle made with the 

RadialLine and for the emission angle (()' + A. ). For the 
0 

y axis as it crosseq;the 

small orbits of the pions 

A. ~ -0. 2°, thus ()' + A. :::: () 1 , The larger orbit of the protons precessed~ 
0 0 

0 
-1. 5 i •. 

Therefore ()' +A. = ()' - 1. 5. 
0 

The actual magnetic rigidity was then (Hp)
8

, ::;: (Hp)
0 

·~· .· 

sec ()' for pions 

and (Hp)
8

, = (Hp) 
0 

for protons, These expressions are good approximations to Hp = K sec 'I where 
0 

K is the exact expression given at the beginning of this section, 
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V. ANALYSIS OF THE DATA 

Ao Range Straggling of Muons in Nuclear Track Emulsion 

1. General~ 

The particles used for this subsidiary study were the positive muons 

arising from decay of stopped positive pionso The method of measurement was 

the same as for the other tracks. The measurement began from the terminus of 

the positive pion tracko Those muon tracks which showed large scatters were 

eliminated from the study because they might have suffered appreciable energy 

loss during the scattero 

During the course of the study, tracks of 558 positive muons that had ex

pended their kinetic energy in the body of the film were examined, 

2. Expected difference between the observed distribution and that in an 

infinite! y thick film. 

The probability that a given track will stop in the emulsion depends on its 

length. The staying-in probability is :::: t/2R where t(< R) is the thickness of the 

film and R is the range of the particle 0 Consider an observed distribution of muon 

ranges in a film of thickness t. Let n. be the observed number of tracks with 
. 1 

range Ri and (RfJ.) the mean of the observed distributiono One can arbitrarily let 

the observe(i number of tracks of range (RI-'-) be the number that would be found 

in an infinite emulsion 0 The number of tracks with range R. that would be observed 
1 

in the infinite emul-sion·.is 

where the correction factor is simply the ratio of the staying-in probability of the 

track of range Ri to that of the tracks of range. (RI-'-) o The cor,rected distribution 

will then have a mean 

:E (n.) R. 
. 1 0 1 
1 

N 
= 

R. 
1 

N 

where N is the total number of tracks in the distributiono If one adds 2 ( Rl-'-) and 



(R ) . :: < R ) + 
!.!. 0 !.!.· 

2 
(J 

& 
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ni (Ri : (RI.l.) )2 

N 

(J 

(the observed variance). In this study~ " 4. 5 percent and <R~)" 600~. 

Thus the mean of the distribution is incre~ed -::-,one micron by the staying-in 

correction. 

3. Normalization of the emulsions. 

The events examined in this study were sampled from· 12 plates 0 ··.Since 

the stopping power varied from plate to plate, it was necessary to normalize 'the 
. . 

emulsions 0 The ranges of the muons in the individual plates were normalized to 

th~ same mean. In the previous section it was shown that the cor·rection for: the'; 
staying-in probability raises the meari-:::- 1 micron. For this reason a ~earl: 6£3 "'!': 

599 microns was used ~posteriori to normalize the tracks (in order to obt<'i.itl .· ). 

600 microns as the arbitrarily chosen mean of the final distribution). The 6h.:! :·': J 

served ranges were normalized to a mean of 599 microns by means of the 

formula: 

where R .. and 
1J 

the j -th plate. 

R = R (599) 
1N 1j ~ 

(R)were respectively the observed i-th range and the mean for 

Then RiN is the normalized i-.th range. 

4o Correction for the thickness of film. 

The correction to the normalized distribution for the probability of the 

particles' stopping in the film was 

(ni)o = ni G~oj 
where n. was the number of events in the i-th range inte;~al.in the histogram 

1 

of the distribution and R. was the central range for that ihter~al'. Then (n.) 
1 . 1 0 

is the corrected frequency for that interval. 
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5. The Straggling• 

Figure 6 shows the final distribution of the ranges of the 558 tracks meas

ured ior this study. The mean of the final distribution was 600 microns. The 

amount of straggling, shown in Fig. 6, was 4. 5
3 

percent. In Appendix I it is 

shown that this is higher than the true straggle by only '==' 0. 01 percent. The total 

straggling to be expected from the Bohr straggling for the emulsion used, the 

straggling due to the heterogeneous character of the emulsion, and the straggli~g 

due to observer error (see Paper I, eq. 25) was 4. 0 percent. The difference 

between this value and that actually observed may be due to the distortion produced 

in the emulsion by the loss of a fairly large volume of silver upon processing. 

One can expect two types of distortion: the large-scale distortion produced by 

strains developing in the emulsion during the fixing and drying processes, and the 

small-sca~e distortion resulting from the nonuniform removal of silver halide. 

The latter distortion arises from the collapse of small cells when the silver is re

moved and a stretching of their neighbors, The shrinkage or stretching is random 

in nature. This small-scale distortion produces a variance in the range of part

icles which one would expect to be proportional to the range .. The large-scale 

distortion can be relieved considerably by good processing technique but the small

scale distortion is an inevit-able result of the nonuniform removal of silver. It 

would be expected that a thicker emulsion would have a greater large -scale distor

tion and the variances of the muon range distribution would be larger. This seems 

to be the case.* 

An additional amount of straggling might be expected from the pion's decay

ing while still in motion after producing the last grain (f3::: 0. 01 7). A calculation 

of the upper limit to the time it takes the pion to slow to thermal velocities (as sum

ing it loses its energy only by elastic collisions with protons) is::: 2 x 10""
12 

seconds. 

Since the mean life of the pion is 2. 5 x 10-8 sec., 
10 

the probability of a decay's 

occuring in the estimate~ time interval is exceedingly small. Thus the contribu

tion to the range straggling from decay in motion is negligible. 

6. The asymmetry in the distribution of ranges• 

The amount of skew in the range distribution to be expected from Lewis's 

prediction
6 

is sm:an (.z -0.03). An additional amount of skew due to a possibility 

of inner bremsstrahlung during the pi-mu decay process 
7 

might be expected. An 

* A. M. Siefert, Private Communication to W. H. Barkas 
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~- ~.-~ ··::- ;:-;; :.:'' 

estimate* of this skew yields:::: -0. OOL The skew from these effects, then, is 
': } ~ ' 

not inconsistent with that found for the observed distribution ( -0. 03 ± 0. 12), 
. .. ' '\ <.l. : 

although such a small skew is masked by the statistical,e:rror. (The skews quoted 
. . '. ~ -~ .: .... - . :. 

are dimensionless quantities, i.e.' the ratio of the third moment about the mean 

to the cube of the standard deviation. ) 

B. Straggling in the Normalized Range of Pions 

In order to insure that only pions were measured, the tracks chosen for 

measurement were those negative tracks which terminated in stars (negative 

muons rarely produce stars 
12

) and those positive tracks which showed a definite 

decay secondary. (Since C-2 emulsion is not sensitive enough to render electron 

tracks developable, the electron emitted in the decay of a stopped muon is not 

seen.) 

The quantity studied statistically was eM l-q = R
1 

p -.q (the normalized range). 

The R 1 in the expression is the measured range corrected for the probabili_t_y that 

the first developed grain in the track did not lie on the surface of the emulsibn 
;:·j-. 

(see Paper I, Sec. IV, c~4). The correction is equal to the average gra'in 'spacing 
' 

at the beginning of the track. This grain spacing was 0. 9 microns. This m1ght 

seem somewhat surprising for C-2 emulsion (particle 13 z. 0. 26)~ but the surface 

layer was presensitized by a small amount of light leakage due to a glow in the 

tank at the time of exposure" The amount of correction to the range 'of pions 

( (R)::: 7251-L) was 0. 124 percent and for protons <(R) = 45801-L) was 0. 020 pe~cent .. 
The p. in the normalized range is the magnetic rigidity and not the momen

tum. The factor by which they differ (e/c) is absorbed in the constant c which 

multiplies M l-q 

When the magnetic rigidity had been determined (see Sec. IV, C) and the 

range had been measured for each particle, the normalized range was calculated 

and the mean was evaluated for each plate studied. 

Figures 7 and 8 show the distributions of the normalized ranges of pions 

from parts I and II respectively of the experiment. All tracks meeting the angle 

criteria are shown. 

*The probability function given by Eguchi 
11 

was approximated for range losses 
up to 90 microns (the interval in which ranges were ,.observed). Th.e approxima
tion was then used to calculate the additional skew and additionaL variance pro
duced in the range distribution. The additional straggling due to inner bremsstrah
lung as found from this calculation was '=' 0. 008 percent. 
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Table I lists the means of the normalized ranges and the actual straggling 

calculated for each of the six plates studied. The ex~stence of a variation in the 

stopping power from plate to plate is seen in the normalized ranges of the pions 

and protons. ' The ratio of the normalized ranges, however, is nearly constant 

{see Table II). 

The theoretical straggle in the normalized range was calculated using Bohr 

straggle, heterogeneity straggle, observer error, target size corrections, {see 

Paper I, Eq. 28) and the straggle expected from distortion effects. 

The amount of distortion straggling was calculated assuming u~ = kR (see 

Paper I, Sec. IV). The k was assumed to be constant and dependent only upon 

the emulsion used. The value of k was found from the difference between the 

observed straggle of the muon range distribution (see the previous section) and the · 

straggle predicted by the first three terms of the theoretical straggle mentioned 

in the previous paragraph. The predicted straggle for the normalized ranges of 

pions was 4. 0 percenL The observed mean straggle for the six plates s·tudied 

(Table I) was (4. 1 ± 0. 1) percent. 

The same type of analysis of the normalized range was carried out for the 
. * protons received in the plates. An expected straggle of 1. 3 percent was cal~ulated, 

whereas .the mean observed straggle determined in the six plates was (1. 2 ± 0. 1) 

percent. These values are certainly statistically compatible .. The sample, how

ever, was rather smal1;..-it consisted of 60 protons, lQ.on each of the plates. 

Fig1.1re 9 shows the distribution of the normal~zed ranges of the protons . 
. -22 

The distribution was normalized to a mean of 68;0 x 10 for comparison. 

The agreement between the predicted straggling in the normalized ranges 

of pions and protons and the straggling actually observed leads one to believe that 

no tracks ·that could be considered extraneous were found. 

C. The Masses of the Charged Pions 

l. 
The positive pion._ ( (Rlp _3 . 44>,) -l/2 . 44 

The quantity M 
1 

-
<Rlp,-3. 44) 

was calculated for each of 

* For an infinite emulsion one would calculate 1. 5 percent as the expected straggle 
in the proton ranges. However, since the emulsion used was only 200 microns 
thick and the proton ranges were:::: 4600 microns, most of the track lay in the region 
where the emulsion-glass adhesion would limit the small-scale distortion. There
fore the effect of this distortion has been neglected in the calculation. 
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the six plates ccmtaining po.sitive pions and protons .. The unprimed quanitites refer 

to pions and. the primed to protons. M 
1 

is the apparent ratio of the mass of the 

positive pion to the mass of the proton. Or it is the u.nco'rreeted mass of the posi

tive pion in units of the proton mass. This mass differs from the 'actual'' mass 

M by a factor: 

(1'. + M=Ml 
e 1 - e "! w - w' ') + q q 

q-1 q-1 

The e 1 is the Lewis .Effect (.see Paper I, Sec. IV, C-1) on the mean ranges, 

is the effect o{the finite tar get size on the momenta. 

w 
q 

The mean ratio of the mass of the positive pion to that of the proton and 

its variance calculated for each plate are shown in Table II. 

The e
1 

increased the ranges of pio~s (13:::: 0,26) by0.197 percent and eJ. 

increased the proton ranges by 0. 029 percent. Thus the increase in the apparent 

positive. pio.n mas.s..due to. this .effect was e 1 - e:j/ q -1 = 0. 168o/o /2.44 = 0. 069o/o. 

Since the targets were uniformly illUm.inated with beam protons (see Sec. 

IIlh the only terms of sign1ficance in_the corrections to the momenta {see Paper I, 

Sec. iii, B) were given in Table J of Paper L Substituting these quantities into 

the expression given by Barkas for w , one ha.s: . q 

w - g 
·q --z- [~ a

2 
+h

2 
+_.§.._. c

2 
+ 8 :·-3-. 3 2 • -. 3- -r 

x 
0 

.As defined in Sec. III: 

4x E 
0 

z 
'IT 

"2a = the width of the target 

2b = the length of the target 

2c = the height of the target 

'IT 'IT 

Z
0 

= the vertical distance from the center of the target to the horizontal plane 
. along the surface of the emulsion. 

e = the tangent of the angie of tilt of the emulsion .surface. 
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for the cylindrical proton target of radius r we substitute. 
0 

2 ·2 
2 

r 
a b 0 

-3- = -3- = .-,--
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The first three terms are constant and depend only on the dimensions involved in 

the apparatus. Although Z 0 and e werT R-ot the same for parts I and II of the 

experiment (see Sec. IIi, C-4),(e~andW were the only statistical variables on . I x 0 . 

the six plates. The correction to the mass of the positive pion for this effect was 

then 
w - w 1 

----=q....____.q...__ = 0 • 0 2 5 o/o. 
2.44 

(see Appendix II) 

The total amount of correction to the positive piort mass, which involved 

these effects as well as the correction to the range for the grain spacing, came 

to ~ 1 part in 2, 000. 

The variances in the masses were calculated by means of Eq. 31, Paper I, 

i.e. • 

. 2 
n'(Rip'·q) 

2. '( 2 (]' (]' ' 

+-t- ff 
2 

. ' (]' f 
..... p 

<;y 
- 2r + 

)

2 

The (]' 
2 

is the variance in the normalized range of the particles (unprimed quan

tities refer to pions, primed to protons). 

(J'q is the uncertainity in q (3.44 ::t: 0.03): 

(]'; is the second moment in the distribution of mg_menta of mean ( p). 

r is defined as: M(l + r) =(p )/ (P'). 
(J'S is the uncertainty inS (2. 3 ::t: 0. 1). 

y
1 

is the angle. of dip into the emulsion of the tra~k. · ' ·. ' · 

The first two terms (including the factor; f.q~l} ) are simply the variance in 

the mass due to the straggle in the normalized ranges of pion and proton. The 
• ' ' • ! . 

third term is the uncertainty in the mass due to the uncertainty in q over the 
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2 2 ':. . ' 
(j (j i : 

spread of momenta observed. In· ali six plates (p)z _; (~\z~~s-n:egli~ibl~.--.co:rnpared 

to r=f< p) ~(p ·) - ·~) ' whi.ch w.as ~ 0. 0 l: The lasl term lS rhe unce rtalnty m the 

mass due to the uncertamty 1n the shrmkage factor (5)--which reflects in vertical 
' . . . 

components of the ranges. A measurement of the angle of c;lescet:tt int~ the emulsion 

of small, straight segments of tra~ks of 40 pion~ yi~lded <sin2 -y1) = 0. 015, and _
7 for protons ~in2 yl) was 0. 001. . The first two terms are of the·order of l. 5 x 10 , 

the third~ 0. 016 x lo-7 and the last~ 0. 003 x 10 ... 7 . Thus the dominant term in - . 

the spread of the mass is the range straggling. 

The final weighted mean and its variance are shown at the bottom of 

Table II. The weighted mean was found by the well-known expression 1.1 = L w. J.l. 
. 1 1 
1 

where 1.1 = weighted mean of i determinations of the mean 1-li with variance u f and 

weight wi' cr 2 :: ~- wf cri2 (follows from the definition of variance). 
-, 1 

. 1/u?-
Here w. = ~-1 

· . (found by minimizing 'the variance with respect to the weight w. 
1 . 2 1 

~ l/ui and using a Lagrangian multiplier on the constraining conditions,. 
1 ·. . . . . 13 

-~ wi = 1). Assuming a value of 1836.1 me for the mass of the proton, the de-
l . 
rived mass of the positive pion in electron masses is: 273.3 ± 0. 2 where the 

error has been converted into a probable error. 

2. · The negative pion. (<R -
3

. 44)~- · -l/2 . 44 
The quantity ml = ~ lp I W(il.S calculated for each of 

1 ,-3. 44 
1 p . . -

the three plates that contained both negative and positive pions. Here the unprimed 

qlia1}tities '-are"- .::those: of the negative pion while the primed quantities refer to 

those of the positive pion. Then 'Y/'h is the apparent ratio of the mass of the 

neg~tive pion to that of the positive pio~. The difference between this ratio and 

the 11actual' 1 ratio is negligible, since the three effects discussed in the previous 

section essentially cancel. 

The mean ratio of the rp.asses and its variance calculated for each plate 

are given in Table III. 

Again the variances were calculated using Eq, 31, Paper I (see the 

previous section). Here the first two terms are the variance in the rat.io of 

masses due to the normalized range straggling of the two pions. The third term 

is negligibly small and the last term is zero. 
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The final weighted mean of the ratio of the mass of the negative pion to 

that of the positive pion and its varianc.e are shown at the bottom of Table III. 

The weighted mean was found as in ·the previous section. This ratio is 0. 997 ± 

0. 002. Prof. E. Fermi* has made a calculation for pions in the C-2 emulsion 

based on the Matt theory of scattering. 
14 wh~ch predicts a difference in stopping 

crof:)s section for particles o~ opposite sign. Fermi shows that the negative-to

positive pion~mass ratio will apparently be redyced by::: 0. 1 percent. A correc

tion for this expected differe~ce in stopping cross section was applied to our data 
' • ! \ 

and the final ratio is shown at the bottom of Table II--a value of 0. 998 ± 0. 002. 

VI. DISCUSSION OF RESULTS 

15 . 
In an earlier report the mass of the negative pion was given in units of 

the proton mass. Upon a review of the data** it was decided to consider the 

experiment from a slightly different point of view. 

It is believed that the ratio of tl!e mass of the positive pion to that of the 

proton as shown in Table I is a reliable value for that quantity. There were two 

independent experiments (performed _on different days) involving three separate 

exposures each. Thus there were actually six different experiments on the meas~ 
. ' 

urement of"the' mass of the positive pion. The apparatus had to be newly positioned 

before each exposure;: therefore the .exposures were not identical in absolute 

position and magnetic field intensity. The target used in part I was not the same 

(although .the dimensions were approxim~tely the sci.me) as that used in part II. 

The mean ratio of the positive pion mass to the proton mass in part I was 0. 14895 ± 

0. 00024. The ratio in part II was 0. 14873 ± 0. 00022. These results are well 

within statistics. and. show that the two determinations are equivalent. The ratios 

in the individual plates are all quite consistent and the ratio of external error to 
. 16 . . . 

internal error for the six plates is l. 0 ± 0. 2. In addition, the sign of the posi-

tive pion charge is the same as that of th.e proton, so that a possible dependence 

of the stopping cross section upon the sign of the charge does not complicate the 

matter. 
14 

Thus it was decided to regard the ratio of the mass of the positive 

pion to that of the proton as the fundamental measurement of the mass of the pion. 

:il< 
·E. Fermi, private communication to W. H. Barkas~ 

** The: maximum value of e' accepted was slightly reduced in order to reduce 
the error in the momenta. 
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Next an investigation was made into the apparent ratio of the masses of 

the negative and positive pions,' making use of the data obtained from the three 

plates that were exposed simultaneously to positive and negative pions. A number 
r 

of possible sources of systematic error thus were eliminated, since the particles 

had come from the same target during the same bombardment interval and the 

apparatus was co.mpletely symmetrical for the reception of the two types of par-

. tides.· For this reason georne'tricalfacfors were'exeluaed arid the ratio Of the 

mas.ses was obtained essentially from the observed ratio of the normalized ranges. 

The statistical error is slightly higher than that of the previous calculation since 

the range straggling of the comparison particle is larger. 

In Table III~ it is to be noted that two of the piates give a ratio of negative 

to positive pion mass that is very nearly equal to LOOO. The third {plate No. 27152) 

indicates a ratio of masses of 0.9908 ::t: 0.0032. an amount that might be considered 

significantly different from the other two. Examination of the data revealed nothing 

to throw doubt upon the result. therefore it has been included. Although the ratio 

of external error to internal error for the three plates is 1. 6 ::t: 0. 3, the internal 

error was used, as no reason could be found for suspecting a large systematic 

error. 

A small effect that might cause an apparent increase of the negative-pion 

· normalized range would be contamination by negative muons from decay of the 

pion in flight. The probability for this is very small because of the stringent 

criteria used (::t: 10° entrance angle, ~ 7° dip angle. and star formation). At the 

most an increase of~ 1 micron in the mean range could be expected. 

·-·····:··. 



TABLE I 

SUMMARY OF THE NORMALIZED RANGE DATA 

POSITIVE PIONS PROTONS NEGATIVE PIONS 

Me'an Mean Mean 
Normal- Standard N b Normal- Standard 

Number Normal- Standard 
- Number i.zed Range Deviation urn e r ired R:t nge Deviation 

of ired Rarge Deviatiot;J. 
Plate of (x 1020) (percent) of . 22 (percent) (x lo20) (percent) Events (x l 0 ) Events Number Events 

Part I: 27152 56 70.13 (4.5±0.4)% 10 67. 18 (1.2 ±0.2)% 54 71. 73 (3. 7::1:0.4)% 

27153 49 70.85 (3. 7::1:0.4)% 10 67.29 ( 1.2::1:0 .2)% 49 70.97 (4.7::1:0.5}% 

27154 51 70.77 (4.2::1:0 .4)% 10 68.31 (1.2 ::1:0.2)% 44 70.57 (4.0::1:0,4)% 

28848 65 70.85 (3.8::1:0.3)% 10 68.07 (1.1 ::1:0.2)% 

28849 69 . 72.47 (3. 7::1:0 .3)% 10 68.72 (1..5 ::1:0.3)% 
Part II: 28853 78 70.74 (4.6:1:0.4)% 10 67.41 (1.0 ::1:0.2)o/o 

.. 

Totals 368 60 147 

M N 1· d R . <R - 3 · 4, R · · · ean orma 1ze ange = 1p • .. 1n m1crons~ p 1n gauss m. ~· 

Mean Straggle of the Normalized ranges of pions = (4. l ::1: 0. l )% (515 events) 

Mean Straggle of the Normalized ranges of protons = (1. 2 ::1: 0. 1)% (60 events) 

I 
N 
0' 

c::: 
() 
~ 
t-t 
I 
N 
lN 
-J 
....... 
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TABLE II 

SUMMARY OF THE RESULTS ON THE RATIO OF THE MASS 
• ' • J 

OF THE POSITIVE PION TO THAT OF THE PROTON, 

-- -- -

Number Ratio ot Variance o£ Standard 
Plate· o£ the the Ratio Deviation 

Number Events Masses (M) (uM2 ) (0' M) 

27152 56 0. 14902 19.20 X 1o·8 :t:O. 00044 

- - -8 27153 49 0. 14847 15.94 X 10 :i:O. 00040 

27154 51 0. 14944 18.85 X 10'"8 :i:O. 00043 

.28848 65 0. 14914 12.98 X 10-8 :1:0. 00035 

28849 69 o. 14833 15-.87 X 10-8 :i:O. 00040 

28853 78 0. 14864 14.02 ---8 :tO. 00037 X 10 . 

( 10 protons on each plate) 

< 
2 )- - 6. - - - -8 O'M =2.-4x10 

( M) = 0. 148 8 3 :1: 0 ~ 0 0 0 16 

The errors shown are standard deviations. 

Using 1836. 1 nL as the Mass o£ the proton, then: 
e 

1. ~JT+ = (273.3 :i: 0.2) m~ _I 

whel'e the final erl'Ol' shown has been ·c:onvel'ted to a pl'obab1e el'l'or. 

~ ' . 
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TABLE III 

suMMARY oF THE :R~kuLTs oN THE RATio oF THE ·M.Ass 
, .. · .. ·\ ... ( 

OF THE NEGATIVE PION TO THAT OF THE POSITIVE PION'· 

Nurnbe·r· Ratio of· Variance of Standard 
Plate· .. ·of ·· the the Ratio Deviation 

Number Eve"Q.ts Masses (97'}) (cr 2 )' {cr .. ) 
- + m tn 

1T. 1T 

.. - ·• .· -6 
271'52 54 56 0.9908 10.15 X 10 . ±0.0032 

Part I: 27153 49 49 0.9993 12.26 X 10 -6 
±0.00~4 

27154 44 
'. 

51 1.0009 11.94x'lo-6 
±0.0034 

, . . (cr'rn 
2

) = 3. 79 x 10 -b 

",) 

·. ~--. (rn) =·o. 9966 ± o. oo2o 

On making the Fermi correction for the difference in stopping-

cross secfion we obtain:,. 

1,: 

1
, 1T~;1T+ = 0 .. 998 ± 0. 002 r 

The er.rors shown a-re -standard deviations. 

;·:. . ·",. 
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APPENDIX I 
'.·' 

The effect upon the value of the range straggling of muons due to normal

izing all plates to a mean of 599 microns. 

It is reasonable to assume that if a number of batches of emulsion were 

sampled, it would be found that the effective n.umber of particle -stopping electrons 

per unit volume would be distributed in a narrow Gaussian distribution. The mean 

of this distribution can then be chosen as the number of stopping electrons per 

unit volume in a "typical 11 emulsion. Let (R
0

) be the ~mean of the muon-r;ange 

distribution in this emulsion. 

Suppose there are n samples of emulsion, each with a muon-range distri

bution .. In order to normalize each plate to the typical emulsion, a normalizing 

factor k. must be found for each of the n plates. The k. will be the ratio between 
J J 

the number of stopping electrons in the j -th plate and that in the typical emulsion. 

ThenkjRij = _Ri where Rij is the i-th range in the j-th plate, kj is the normalizing 

factor for the j-th plate and Ri is the range the i-th particle would have had in the 

typical emulsion. 

Now kj = (R
0
)/ (RJ) where (Rj) is the true mean ofthedist,ribution in 

the j ·th plate. Then the true variance of the distribution of all events is 

2 
u 

2 
u 

= 

= 

n 
~ 

j=i 

n 

n· J 
~ (k.R .. 

i= 1 J lJ 

c ) ~ n. 
j= 1 J 

- (RJ)2 

N 

where n. = no. of events on the j -th plate or 
J 

n 
where N = ~ 

j=l 
n. = total no. of 

J 

2 
particles in the study and the true relative variance (u R): 

n ll· (Rij - (R))2 n n. ~ J J 
~ ~ ~ ~ 

J 

2 (Rjl (Rj) 2 u j=1 i=-1 j=1 i=l 
UR = =-z- = -

(R? 
N N 
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Now (Rj) is not known, as there was but a single estimate of it from the range 

distribution on the j-th plate. Let (Rj)e be this estimate. Then: 

Placing (Rj) e in the expression for the relative variance instead of (Rj); one 

finds that the relative variance is slightly higher than the true relative variance: 

2 
aR 

. (apparent) 

2 
= a R 

. (true) 
+ 

n n· 
J 

2: 2: 
j=l i=l 

where, in the case of normalizing to 599 microns, 

n n· J 
2: 2: 

j=l i=l 

N 

N 

Thus normalizing the emulsions has essentially no effect upon the· relative variance" 



.. 
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APPENDIX II 

Calculation of the correction to p -q due to the finite size oi the tar;;et 

and detector. 

Part•! 

Part II 

In Section III the dimensions of the. targets were given: 

{dimensions in inches) 

Pion target {parallelepiped) 

a = 0. 022 

{x =7.00) b = 0.119 
0 . 

c=O.l805 

z = l. 36 
0 

E :::: 0. 00 

z = 0. 98 
0 

E = 0. 035 

Proton target (cylindrical) 

a = b =1fl4 r = 0.0555 
0 

(x = 46.4) c = 0.75 
0 

z = 0. 61 
0 

E = 0. 00 

z = 0. 23 
0 

E = 0. 035 

Placing these values in the expression given in Section V, C:-1, one has: 

Part I . 
-2 

W = 7. 02 X 10 
q 

-3 
W 1: l. 60 X 10 

q 

~. 15 x 1 o-
2 + o. 49 ( ( e ') + 0')TI 

0 

@. 116 + o. 24 ( ( e ') + <;) 21 
0 

w 
q 

= 7 . 0 2 X 1 0 -
2 ~. 1 5 X 1 0 -

2 + 0 , 2 6 ( e ) + 0 . 1 0 ( ~ 2] 
. 0 

w, 
q 

= 1. 6o x ,lo -
3 ~· 116 + o. 1~ (e')+ o. 69 <;)] 

0 
.. ,'. • .. 



-32-- UCRL-2371 

From: the six plates studied it was found that: 

For Pions For Protons 

(e) hl (e) hl 
X X 

0 0 

-9 X 10- 3 
-2 X 10- 3 

4x 10- 3 
2 X 10- 3 

-3·x 10- 2 
3 X 10- 3 3'x 10- 2 

3 X 10- 3 

2 X 10 "" 3· -3·x 10- 3 
4x 10-2 

2x 10- 3 

1 X 10- 2 
-1 

-2 
2 X 10-2 

2 X 10- 3 
X 10 

3 X 10-3 
1 X lo- 2 6 X 10- 3 

4x 10- 3 

1 X 
' -2 

-6 10-4 1 X 10-2 2x 10- 3 • 10 ·x 

Thus the 'finite target size increased the p -q of the pions by ~ 0. 08 f percent over 

the p -q calculated from the center of the target. The increase in p·' -q for protons 

was~ 0. 019 percent.· 
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PION__.....,.. 

i 

CIRCULATING 
PROTON BEAM 
( ~ 290 MEV) 

NUCLEAR 
TRACK PLATE 

UCRL-2371 

TAR7ET ~ 

NEGATIVE PION (I" x 3") 
TRAJECTORY 

MU-7188 

Fig. 1 - Basic plan of the apparatus showing the two targets and 
the detector plate. The targets were not in place- simul
taneously during the bombardments. The surface of the 
emulsion was somewhat below the level of the circulating 
beam so that the particles entered the emulsion through 
the 11upper 11 surface with a small angle of dip. 

., 
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MU-7189 

Fig. 2 - Detailed sketches of the top and sid~ view of the apparatus 
mounted on the probe cart showing: 

a. The scattered-proton target. 
b. The stop for defining the amount of extension of the 

proton target. 
c. Elastic member which extends the proton target when 

(i) is not in contact with the lock door. 
d. The pion target. 
e. The positive-pion channel. 
f. The negative-pion channel. 
g. The proton channel. 
h. Nuclear-track plate on top of the plate holder. 
i. The end of the extensible rod that contacts the air

lock door. 
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rPHOSPHOR BRONZE 
J1 LEAF SPRING 

BOX CONTAINING 
TWO LAM PS AND 
TWO LIGHT-COLLIMATING 
TUBES . 

MU-7190 

UCRL-2371 

Fig. 3 - Phantom view of the plate holder showing the fiducial slits 
and the light-bulb container. The 1 11 x 3 11 plate is held ·in 
position with the emulsion surface up by the leaf springs. 

,, 
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Fig. 4 - (a) Radial variation of the magnetic field strength of the 
184-inch magnet as measured along the scattered-

. proton orbit and along the central ra,dialline. 

(b) Radial variation of the difference in field strength 
between the proton orbit and its mirror image. 
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Fig. 5 - Schematic diagram of a particle orbit terminating on the 
plate showing: 

a. The local y axis through the target. 
b. The local y axis through the fiducial mark. 
c. The local y axis through the entrance point of 

the particle. 
d. The local y axis through the point at whi~h the 

particle orbit crosses the Central Radial Line. 
e. The Central Radial Line (x axis is along this line). 
f. The pion fiducial mark. 
g. The proton fiducial mark. 
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Fig. 6 - Distribution of the ranges of 558 tracks of muons ar1smg 
from decay. at .rest of positive pions stopped in the emulsion. 
The standard deviation is 27 microns. 
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PLATE * 27153 
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61 64 67 70 73 76 79 

NORM-ALIZED RANGE ( x 1020
) 

PLATE *27153 

(R, p-3.4
4

) =70.85 ± 0.37 

(R
1 
p~.44) = (4.5±0.4)% (R, p~.44) = (3.7± 0.4)% 
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MU-7193 

Fig. 7 - Distributions of the normalized ranges of the negativ.e and 
positive pions in the three plates of part I of the experiment. 
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Fig. 8 - Distributions of the normalized ranges of the positive pions 
in the three plates of part llof the expe.riment . 
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Fig. 9 - Distribution of the normalized ranges of the protons from 
the six plates used in the study. Each of the six distribu
tions has been normalized to a mean of 68.0 x lo-22 
comparison. 
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