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ABSTRACT 

UCRL-2387 

A set of 69 pile yield ·curves for the production of' plutonium, 

14 -2 -1 americium, and curium isotopes in a neutron flux of 5 x 10 em sec is 

given. Thedi-f'ferential analyzer ofthe University of California Radiation 

Laboratory was use·d ·in obtaining the curves. The curves are given .also on 

log-log plots for comparison. 
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I. INTRODUCTION 

UCRL-2387 

The irradiation of isotopes with neutrons at high fluxes results in 

changes in the isotopic composition oi' the irradiated material, and the 

magnitudes of the changes are dependent on the length of time involved. The 

problem of calculating am. expected isotopic composition for. a proposed 

irradiation even when the neutron flux and the neutron cross sections 

involved are known is often dii'ficult and tedious. After an irradiation is 

completed and the c-omposition has been determined, it may be in certain cases 

very time-consuming-tocompute·the cross sections. Such problems as these 

play an important role in the work of preparing isotopes and measuring 

their properties. The success or failure of the experiments often depends 

on the preparation oi' certain isotopes in the optimum ratios or amounts for 

the measurements whichi'ollow. The d-ii'ficulties are enhanced when many 

modes of decay or destruction occur simultaneously, as is the case in the 

heavy element region. In this region, in addition to-the ordinary changes 

resulting from beta decay or electron capture, changes occur as a result of 

fissionability and alpha particle decay. 

For many experiments it is _desirable to use the highest neutron fluxes 

obtainable, and the transmutations occurring even in a short time may be of 

large magnitude. When a particular product produced is of high order in the 

reaction sequence, slight changes in the flux or nvt may produce large 

-4-
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differences in its amount. Such problems as these are corrnnonplace in 

utilizing- the high neutron ·f·lux available in the Materials Testing .Reactor 

(MI'R) at the Reactor Testing Station in Idaho. 

To facilitate certain experimental work in co:qnection with the MTR, it 

has been useful to prepare sets of yieJ:d·curves showing changes in 

composition of certain isotopes as the time of irradiation is varied. 

This report includes yield curves for some 9f the heavy isotopes. In this 

case the problems were first formulated as described in Appendix I using 

best available cross sections and other constants which could be obtained 

at that time. Then the curves were plotted by the UCRL differential 

analyzer as described in Appendix II. It wa~ necessary to assume c. ; . 

a reasonable value for·~.the flux rate which would be obtained at MTR, since 

the calculations were made before the MTR was in actual operation; however, 

the assumed value was only slightly different from the flux which is actually: 

being obtained now. The cross sections used have been in several cases 

superseded by more accurate values; however, the yield curves in general 

remain very useful in their present form and it does not seem worth-while as 

yet to revise them. 

It should be mentioned that the cross sections used here are not for 

therrral neutrons or for a particular energy spectrum. These values are cross 

sections for pile neutrons as obtained in the Hanford and NRX Chalk River 

piles. For this reason, the apparent cross sections may be different in MTR 

irradiations, depending on the energy distribution of the neutrons. Differ.., 

ences in the cross sections apparently have been observed in irradiations 

involving different reactors and even in irradiations utilizing different 

parts of the same reactor. Nevertheless, from the practical standpoint the 
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cross sections as used here give a good indication oi' the amounts of the 

products to be formed· and are· justified on this basis alone. 

Since the results to be describedhere have been very usei'ul at UCRL, 

it is beli:eved they might also be useful to other laboratories engaged in 

similar work. Thi"s report has been prepared in the hope that the methcrl. s 

used and the results obtained will have some value in this connection. 

II • YIELD CURVES 

There follow exact reproductions of the curves plotted by the differ-

ential analyzer using the assumed "pile neutron cross sections" for radiative 

capture (cry) and for total absorption (crt), the sums of the cross sections 

for radiative capture and for fission; the cross sections used are listed in 

Table l. Each curve plots the yield:o:f a particular isotope with one 

parent isotope present initially. The notation W49*·indicates the yield 

curve for Pu240 with "Pu
239 initially present. In some cases, where 

production may proceed by alternate paths, additional information indicates 

the path plotted. 

To convert the vertical scale to absolute ratio of the number of atoms 

of the isotope plotted to the initial number of atoms of the parent it is 

necessary only to multiply by the factor indicated at the upper right 

(i.e., x 0.035) of each curve. For isotopes produced by more than one path 

*The isotope abbreviation consists of two digits, the·first of which is the 

last figure in the atomic number, and the latter af which is the last figure 

in the mass number. 
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it is necessary to add the contributions from the different paths~ For a 

problem in which several isotopes are initially present the yield of any 

isotope may be obtained by summing the appro~riate curves corres~onding 

to the different. parent isoto~es; weighting each term according to the 

fr:action of the:particular parent in the original target mixture. 

Some of the results from the analyzer curves are plotted together 

on log-log plots permitting direct comparison. These plots are labeled 

Fig. l through Fig. 6. 
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Table 1 

Cros.s Se·ctions Use·d for Differential Anal'ytieal Work* 

Nuclide cry (barns) at (barns) Tl/2 (a) T1j.2 ( 13) 

48 420 438 92 y 

49 325 1043 
4 2.4 X 10 y •"':;--

40 410 410 6.6 X 103 y 

41 307 1300 5 X 105 y 14 y 

42 50 50 5 X 105 y ..,._ 

43 5 hr 

5lt 150 to 52 889 475 y 
636 to 52m 

52 2000 8000 104 y So y 

52m -··--· 16 hr (13- + EC) 

53 150 150 104 y 

54 25 m 

62 23 23 162 d 

63 assume o* assume o* :j: 

64 10 10 lOy* 

14 -l -2 
*Pile neutron flux of 5 x 10 sec em. was used in all calculations. 

tSince 52m decays ~:EC = 4:1, effective cr for production of 62 from 51 
is 588- b, and of 42, 148 b. 

*As stat-ed in the text, the above values for cross sections and half-lives 
were used in the production of the curves published herein. More recent 
data, to be published, indicate the following possible assignments: 

Nuclide cry (harns) era (barns) Tl/2 (a) 

62 15 15. 162 d 
63 250 .-v500 35.1 y 
64 10 10 19.1 y 
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Index to curve-s • 

The various chains are numbered 1 through 9 (5 and 8 omitted) and 

consist of the following sequences of nuclides: 

Chain No. 1: 49-40-41-42--53:-64 

2: 48-49-40-41-51-62-48 

3: 49~40-41-51-_52•53-64 

4: ~~40~41-~1-42-53-64 
'' 

6: 51-52-53-64 

7: 51-42-53-64 

9:* 51-62-48-49-40-41=52 

Curves are given starting with each underlined nuclide. 

*Some of chain 9 is given a second time with expanded scale. 

' 
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bl = 16.48'(3) 

b2 = 6.466 (7~7) 

b3 = 20~55 (2.4) 

b4 = 0.7885 (60) 
' b5 = 2.365 (20) 

b6 = 0.01577 
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Chain lA: 48-49-40-41-42-53-64 



-21-

... 

TIME (years) 

Figure 10 

• 
•!:'"' 

. ! ~ 

UCRL-2387 

X 1.(1) 

·,.tc::: 

U-4373 . 



-22- UCRL-2387 

Yz 

Figure 11 



-23- UCRL-2387 

Figure 12 



-24- UCRL-2387 

Figure 13 



-25- UCRL-2387 

Figure 14 



-26- UCRL-2387 

I' 

0 

Fi.gure 15 



-27-

y7 vs. t 

CHAIN lA 

Figure 16 

UCRL-2387 



Chain 1b: 40-41-42-53-64 

b1 = 6.466 (7) 

b2 = 20.55 (2) 

b3 = o. 7885 (60) 

b4 = 2.365 (20) 

·-2t?-

b5 = 0.01577 (3000) 
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14 41•42-53-64 at 5 x 10 

b1 = 20.55 (2.4) 

b2 = 0.7885 (60) 

b3 = 2.365 (20) 

b4 = 0.01577 (3000) 
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Chain lD: 42-53-64 at 5 x 1014 

b1 = 0.7885 (60) 

b2 = 2.365 (20) 

b3 = 0.01577 (JOOO) 
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Chain 2: 49-40-41-51-62-48 

b1 = 16.48 

:. b - 6.466* and 5.52f* 2 -

b = 3. 20.55 

b4 = 14.02 

b -5 - 1.924 

b6 = 6.907 

*Corresponds to cr
40 - 410 t -

**Corresponds to cr~0 = 350 

NOTE 62 23 . : crt = 1n curves; = 10 in factor. 41 factor = 0.311; checked. 
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Figure 31 
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Chain 2A: ~-51·62-48 

from chain 1a 
( 1000 Y 4 input) 

41b4 = 20.55 

51b5 = 14.019 

62b6 = 1.924 

48b7 = 6.9073 

UCRL-2387 



-50- UCRL-2387 

Figure 34 

.. 



o.zs 

~-----

~­
~---

r··-
o' 

·-r ----

-51- UCRL-2387 

I ~-.--·-

. ! '- J . - ). 

Figure 35 



-52-

2 
TIME (years) 

Figure 36 

UCRL-2387 

' t:.ti:J~"45!J9,.; 
~~~-;.r~·-n·~·:'!'.:)\.-o;--'~'.Z,:!lu.~t.; ... ..;.~o-,...:~ 

4 

~~~~a-~ 



Chain 2b: ~-51-62-48 

from chain 1b 
(input 500 Y

2
) 

41b2 = 20.55 

51b3 = 14.019 

62b4 = 1.924 

48b5 = 6.9073 
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Chain 2c: 41-51-62-48 at 5 x 1014 

b1 = 20.55 (2o4) 

b2 = 14.019 (3.5) 

b3 = 1.924 (25) 

b4 = 6.9073 (7) 

--
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Chain 3: 49-40-41-51-52•53-64 
~ 

from-chain 2 

b4 = 14.019 

b5 =J26 .2 

b6 = 2.365 

b7 = 0.01577 
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Chain 4: 09-40:.41-~-42-53-64 
• 

from chain 2 
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Chain 6: 51-52··53-64 

b1 = -~4.019 

b2 = 126.2 

b3 =I 2.365-

bl.!. = 0.01577 
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Chain 7: 4 64 14 51- 2•53- at 5 x 10 
bl = 14.019 

b2 = 0.7885 

b3 = 2.365 

b4 = 0.01577 

• 
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Chain 9: 
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14 

51-~-4~-49-40-41-42 at 5 x 10 
(23)(438) 

b1 = 14.019 

b2 = 1.924 

b3 = 6.9073 

b4 = 16.480 

b5 = 6.466 

b6 = 20.55 

b7 = 0. 7885 

62 
at = 23; factors use 10) 
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·b1 = 1.924 

b2 = 6.9073 

b3 = 16.48 

b4 .= .6 .466 

b5 = 20.55 

b6 = 0.7885 
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APPENDIX I 

The problem of :radioactive growth and decay of'members of a radioactive 

chain is represented mathematically by a system of sirnrrltaneous linear dif-

ferential equations of first order. The inclusion of neutron-induced 

production and-destruction of various nuclei can be introduced into the 

same differential equation formulation quite simply where the neutron flux 

is constant in time. 

In any network of growth and decay not iqvolving closed cycles, the 

network can be divided into i"ts component unbranched chains, since the 

dif'ferential equations are linear. 

Consider a chain of first order transformations (as a series of_ n,y 

reactions at constant neutron flux* or a radioactive decay chain): 

0 •. 0 

*If no radioactive decay processes are significant in the chain, the 

condition of constant neutron fllix need not be im~osed. The total integrated 

flux (nvt) is all that need be known. But if radioactive decay processes 

are significant, the flux variations give to the set of differential 

equations constaiDts variable wi~h time. If the variations can be treated as 

--stepwise constant, the problem may be broken up and treated in separate 

segments. A suitable polynomial in time t might be fitted to the flux 

.variation and the resulting differential equations in turn treated by the 

Laplace transformation method. We shall not, however, be concerned with 

any but the constant flux case here. 
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where a. is the constant coefficient governing the rate of production 
1 

of isotope Ai from its -parent Ai-l" If this production is by 

radioactive decay, 

ai = t..1 = 0.693/half-life 

of A· 1 · d d · f th d t · · b b dm t · 1-· 1n secon s; an 1 e pro uc 10n 1s a om ar en 

particle•induced reaction, then a. = Icr., where I is the flux 
1 1 

-of' ·bombarding particles in particles· per square centimeter per 

second, and cr. is the capture cross section of A. l in square 
1 1-

·centimeters--. 

b. is the constant coefficient governing the rate of destruction of 
1 

isotope A. by all processes. - It is then the sum of all .f... 
1 1 J 

for radioactive decay of A. by all modes j plus the sum of all 
1 

I(. crk) for all particle'-induced reactions k destroying A. where 
1 1 

cr. is the cross section of A. in square centimeters for 
1 1 

process k. That is, 

+II'- . crk 
.1 

k 

The dimensions of the a. and b. are reciprocal time. 
1 1 

The differential equations relating the amounts of yi of species Ai 

present* are: 

*The quantity yi may be number of atoms, number of moles, or other 

convenient measure of number of atoms. 

I 
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-b y 
1 1 

dy /dt = a y 1 - b Y n n n- n n 

UCRL-2387 

(1) 

It can be shown that if the above set of equations is replaced by 

the following 

~---------------~ 

dz /dt = b 1z 1 - b z , n n- n- n n 

where each an is replaced by bn-l' zn is related to yn in a simple 

manner, namely, 

n 
2<i<n 

a. 
l 

z 
n 

(2) 

( 3) 

For the differential analyzer calculations the set of equations -(2) was 

used: instead of (1) in order to simplify the operation of the analyzer. Thus, 

for each curve from the analyzer (i.eo, z ) one must apply as vertical scale n 

factor the coefficient of z in (3); this scale factor is given numerically 
n 

in the upper right hand side of each analyzer curve . 
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APPENDIX II 

APPLICATION OF THE UCRL DIFFERENTIAL .AN"ALYZER (l, 2 ) 

The differential analyzer is an instrument for evaluating the solu-

tions of ordinary differential eq_uations. It solves linear and nonlinear 

eq_uationswith a single independent variable. 

The idea of the differential analyzer is well known. (4 ,3) It consists 

of a number of integrators which can be connected together so as to solve 

an ordinary differential eq_uation directly for given boundary conditions. 

The output of one integrator may be used continuously as the integrand 

or variable of integration of one or more other integrators andthis 

system of interconnected integrators generates the solution of the eq_uation. 

As an example of this method consider the differential eq_uation: 

Expressing the highest order derivative explici tlytthe··eq_uatior! becomes 

y" ::: -y . 

Now integrating with respect to x 

y' = - J ydx Integrator 1 

and integrating once more 

Y= jy'dx Integrator 2. 

The solution of this eq_uation is then obtained using two integrators, 

connected so that the output of integrator 2 is the integrand of integrator 1 

and-the output of integrator 1 is the integrand of integrator 2 with a 

'' sign change. The variable of integration of both integrators is the 
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independent variable of the machine. The solution is then obtained from 

integrator 2 and corresponds to the given initial conditions of y(x0 ) and 

y' (xo). 

The UCRL machine is a mechanical differential analyzer--that is, the 

system·ofdifferential equations is·replaced by an analogous mechanical 

system of gears and connecting linkages. An integrator is a continuously 

variable gear of the ball and di_sk type~ The connection system is an 

electromechanical one. In order to transmit mechanical rotations, self­

synchronous electric motors ( selsyns) are used. 

The variables of the differential equations are represented by 

rotations of selsyn shafts. The numerical value of the function is directly 

proportional to the number of rotations of the shaft which represents it ... 

The proportionality factor is a pre-calculated scale factor for that 

function. 

Power is supplied to the independent··variable selsyn which drives all 

the other selsyns by means of the connections made between -units. The actual 

connections between selsyns are made by patch cords on a plug board where 

there is a socket for each selsyn properly labeled by its mathematical use. 

Tl;le solutions of the system of equations are plotted on input-output ·: 

tables. When using the tables as input tables a known functional relation­

ship is previously plotted on the regular gra;Ph paper and a person following 

thecurve with a hand crank feeds in rotations proportional to the function 

plotted·. When used as output tables a graphical solution is obtained 

directly. Any two functions generated in the machine may be plotted against 

each other. 
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The UCRL differential analyzer has fourteen integrators and six plott-

ing tables. ·There are also fourteen adders and·twelve scaling··multipliers. 

All of these components are describedin detail in references (l) and·(2). 

The differential. analyzer is well suited· for s·olving the systems of 

equations de·scribed in this report. Consider the system 

(l) 

Y -b y -by n - n-1 n•l n n 

where the b1 ' s are known constants. The initial conditions given are 

= 0 at t 

The system (l) can be written as 

yl = "" J.blyldt 

y2 = f(blyl - b2y2)dt (2) 

----------~--------

Y - f(b y - b y ) dt n - n~l n-1 n n 

The equations, written in this form, indicate the me·thod ·of' setting up the 

problem f'or analyzer solution. A system of' n equations requires n integra-

tions to be performed simultaneously. In addition, the dependent variables, 

y., must be multiplied by the constants··b. and··the indicated subtractions 
l l 

performed. The multiplication by constants· ii;• generally performed on an 

integrator. · In this case the integrand displacement is fixed proportional 
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to·the constant. The coefficients can then be set to three significant 

figures. These products can be written in the following form 

The variable ofintegration in this case· is a dependent variable generated 

simultaneously on another integrator. These products which are all 

integrator outputs are combined according·to the eq_uations on the adders 

of the analyzer. Six of the fourteen adders on the UCRL machine are 

also int·egrands of integrators • The selsyns used for this purpose are 

. 
calle·d differential selsyns and have two input terminals. The rotation of 

t·he shaft of such a selsyn is then the algebraic sum of the input rotations. 

These int"9grators then generate integrals:- of the form 

J(u + v)dx 

where u and v are any two functions being generated in the machine . They 

are id·eal for this problem since the integrals 

J(b. 1Y• 1 - boy.)dt 
l- l- l l 

are to be performe¢.. 

The given initial conditions of the problem d-et-ermine ·the initial 

displacements of the integrands. Except ·where y
1 

appears'these initial 

displacements are zero. Also in this problem the y. ~ 0 as t ~ oo • 
l 

So 

after the various yields have grown and decayed ·the inte:grand displacements 

approach zero. This is an undesirable situation as it leads to inac·cura-

cies for long running times (relative to the machine). To avoid this the 

integrand is initially displaced by an amount ±h, and the integrator output 

is then added. on a regular adder to the function ±ht. So a yield y i is 

generated as 
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y. = f(b . ly. l - b. y. - h. ) dt + h. t 0 

1 1- 1- 1 1 1 1 . 

The ht is some convenient multiple of the independent variable . 

Obviously the number of equations that can be solved simultaneously on 

such a machine is limited by the numb.er of integrators available; however, 

in this problem indefinitely long series can be solved by cutting the 

sequence off where necessary and then using a yield .solution obtained as 

an input function to solve the succeeding equations. For example, 

t Y l' Y 2 , Y 
3

, Y 4 may be solved and plot ted simultaneously. The graph of 

y4(t) can then be used on an input table and with this information the 

e·quations·for y
5

, y6 , y
7

, Ys can be solved on a later run of the analyzer. 

We can now proceed to write down the analyzer setup for a sample 

system of equations. 

Alyl == - 5~ f Bl (blyl - hl)d(Cl t) - B~gl hl t 

l 50Bl ( 
Blblyl = 50 f ~ bld Alyl) 

A2y2 == ~0 f B2(blyl - b2y2·- h2)d(C2t) + B~~2 hzt 

etc. 

-------------~------------------------------------------------------·-------

The l/50 comes from the fact that on the UCRL machinethe radius of 

integral wheel is equivalent to fi"fty threads of· the integrand lead screw. 

This is ·called the integrator constant .and figures in all scale factor 

calculations. The A., B., C. are the scale factors associated with each 
1 1 1 

function in the problem. They are determined by the range of the variables 
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and the maximum allowable. displacement of 

of the plotting tables. The scale factor i·s then the proportionality 

factor between the value of the function in :its ·natural unit.s and the 

number of· rotations representing that value on some analyzer component. 

The scal-e factors are then expressible in 

selsyn rotations 

given units of variables 

The main task in analyzer setup is to det-ermine the best scale factors. 

It is generally a trial process· as the range of the variables· is not known; 

however, in this: problem the maximum possibl-e value of any of the yields is 

known and this helps considerably. 

REFERENCES 

L Construction and Maintenance Report on th-e UCRL Schynchro;..Driven 

Differential Analyzer. E. G. Sorens-en, University of California 

Unclassified Report UCRL-1717 (February 1952). 

2. Application and Operation of the UCRL Diff-erential Analyzer. J. Killeen; 

University of California Unclassified Report UCRL-2239 (June 8, 1953). 

3. The Differential Analyzer. J. Crank, Longmans, Green and Co., 

London (1947). 

4. Calculating Instruments and Machines_, D .. R. Hartree, University· of 

Illinois Press, Urbana, Illinois (1949). 

• B!P!'l" '• __ !.:!J!I: gg ... :s&E- Ei7"'13··-"'E-·:r:·-··- I~ 
zrs=-USIFP 



- ... '\ 
~' I 

I 

..,__.,...J.rL ·,_.:.;: ~ : . 

·c:::::¢ 

) 

I• 

t 

,\ \ 

' \ 

• 

\ 
0 

~ 
·~ ,., 

:0 


