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INTRODUCTION 

The first section of this volume displays the kinematic quantities 

T, (y-1),Hp, f3 or (1-[3), and Pf3 as functions of particle momentum for the 
•. _ \ ~: 

most common elementary particles (the notation is given below). The sec-
2 

ond part presents the dynamic quantities TT)t , 11M , f3 or (1-[3), 11, (y-1), and 
p 

w as functions of incident-particle momentum for the most common elemen-

tary particles interacting with a proton. The particles L:-, L: 0
, 8°, and n 

were not plotted, being so close in mass to one of the particles that has been 

included that they cannot be distinguished graphically. 

Now a word about notation. In this publication, mass, energy, and 

momentum are expressed in terms of energy: M is an abbreviation for 

Mc
2 , and momentum P is an abbreviation fo; Pc. The total energy (W) 

equals the kinetic energy (T) plus a rest energy (M). Capital letters refer 

to quantities relative to the laboratory (LAB) system, and lower-case letters 

refer to quantities relative to the center-of-mass (c. m.) system. The Greek 

letters f3, y, and 11 are used for the transformation quantities that relate 

motion of the c. m. system to the LAB system. The numerical subscripts 

designate the particle to which a quantity refers: 

LAB Name c.m. 

T Kinetic energy t 

p Momentum p 

w Total energy w 

e Angle f) 
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We are concerned only with reactions of the f<:?rm M
1
+M

2
- M

3
+M

4
, 

and of these possible cases we discuss only that one in which M 2 is at rest 

and bombarded by M 1 with a momentum P 1 . The final state of the reaction 

is represented by M
3 

and M
4

. 

This 1965 revision of UCRL-,2426 Volume III has attempted to correct 

the errors and omissions found in the 1963 edition. These errors were found 

in the text and headings but none were discovered in the plots. 

W. P. Trower 
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ELLIPSE-PLOTTING METHOD FOR SOLUTION 
OF THE RELATIVISTIC TWO-BODY PROBLEM -

A useful graphic solution for the relativistic two-body problem is 

known as the ellipse -plotting method. 
1 

One may wish to know, for a given 

P 
1 

in the LAB system, what the momenta P
3 

and P 
4 

are that correspond 

to a 8 3 Or 8 4 (where e3 = lT - 8 4 ). Vj e first perform the following calcula­

tions, recalling that the quantities described above in the Introduction can all 

be obtained from the graphs constituting the bulk of this volume: 

(a) Find the total energy in both systems from 

[ 
2 2 ( 2 2 ) 1/2]

1
12 

w = M 1 + M
2 

+2M 2 P 1 + M 1 

[ 2 2] 1/2 
W = p 1 + M1 + M2' 

where w is the invariant mass of the system and is plotted in the dynamics­

of -collision plots. 

(b) Find the transformation quantities fro:rn 
/pi 

y = ~ , 13 = --w- , and 11 = l3y = w 

(c) Find the total energies of particles 3 and 4, in the c. m. system, 

from 

w = 
3 

(d) Find the momentum, in the c. m. system, from 

p o p3 o p4' p o ( w3 2 - M3 2) 1/2 

(e) Finally, compute 11w
3

, 11w
4

, and yp. 

1 
J. Blaton, On a Geometrical Interpretation of Energy and Momentum Con­

servation in Atomic Collisions and Disintegration Processes, Kgl. Danske 
Videnskab. Selskab., Mat.-Fys. Medd. 24, No. 20 (1950); and M. L. Stevenson, 
Reaction Dynamics for Scan.ne1·s, Lawrence Radiation_Laboratory, University 
of California, Berkeley, Alvarez Group Memo 300, June 196f (unpublished). 
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The construction of the ellipse follows directly from the Lorentz 

transformation of the c.m. to the LAB quantities: 

y 0 0 T] p cos 8 

l 
/ypc~s8+T]w p cosE> 

0 1 0 0 p sin 8 ~ P sm .e p sine 

- 0 = 0 0 1 0 0 0 
I 

0 0 
I 

T]pcos8+yw T] y w / w 

Taking the quantities associated with particle 3 for our construction, 

we can write-

Px = P 3 cos€>3 = yp cos 8 3 + T]w3 , 

P y = P 3 sin€>3 = p sin 8 3 , 

which are simply the parametric equations of an ellipse. The term(yp) is 

a measure of the eccentricity, the degree to which the circle in the c. m. 

system has been dilated because of momentum P 
1

. The quantity T]w
3 

repre­

sents the translation of the center of the coordinate origin in going from the 

LAB to the c. m. system and is due to momentum P 
1

. When 83 = 0, P x is 

the semimajor axis, and when e3 = rr/2, p y is the semiminor axis. 

Having calculated all the necessary quantities, we construct a plot 

by performing the follov,;ing geometrical operations (see Fig. 1): 

(a) Construct a Cartesian base (y ordinate and x abscissa). 

(b) Draw a circle of radius p with its center at the origin. 

(c) Mark off an arc on the circle corresponding to the desired e
3

. 

(d) Through this point on the circle, draw a line parallel to the x axis. 

We then have steps (c) and (d) represented in Fig. 1 by two dashed lines. 

(e) Multiply the value for x at y by y, and plot the new point (yx, y). 

(£) Repeat (c) through (e), picking enough po;ints to generate an ellipse. 

(g) On the x axis, locate a point (3) at a distance T]w
3 

to the left of the 

y axis, and a point ( 4) at a distance T]w 
4 

to the right of the y axis. The 

distance between points (3) and (4) equals the LAB momentum of the bombard-- -ing particle P 
1

, and is the vector sum of P
3 

and P 
4

. 

(h) Draw verticals through points (3) and (4), and locate points (3') and 

(4') at distance M
3 

and M
4 

above (3) and (4) respectively. 
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_,. _,. 
(i) From points (3) and (4) draw momentum vectors P

3 
and P 

4 
to points 

on the ellipse corresponding to the c. m. angles desired. 

(j) Measure LAB angles E>
3 

and E>
4 

with a protractor. 

_,. ' _,. 
(k) If desired, P

3 
"and P 

4 
can be measured, and their values converted 

to T 
3 

and . T 4 respectively, by reference to the. graphs. Or alternatively, 

T 
3 

and T 4 , can be ascertained by construction by applying Pythagoras' 

theorem as follows: 

Placeonetipof a pair of dividers on point (3), and extend the other 

tip a distance P 3 on the ellipse. Pivot the dividers about point (3) until the 

other tip touches the major axis of the ellipse, at point (a). Then pivot the 

dividers about point (a), and open them so that the other tip is on point (3'). 

The dividers now show 1a separation 

Next, pivot the dividers about point (3') to where the other tip is vertically 

below points (3') and (3), at point (b)'. Point (b) then lies at a distance T 3 
below point (3), since T 3 = W 3 -M

3 . Now an energy scale plotted downward 

from point (3) permits a direct reading of T 3 . This procedure, once mastered, 

is simple to perform. It is demonstrated in Fig. 2. 

It is interesting •. to note that in the extre:me relativistic limit a particle 

going backward in the c. m. system (i.e. ' e3 = rr) approaches a constant 

momentum in the LAB system; namely, 
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Fig. I 

Fig. 2 
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MU-29966 

1-2. Typical diagram for a reaction of the type 
1T- + p -+ K+ + :2::-. M1 is the bombarding particle 
with kinetic energy T 1· M3 and M 4 are the rest 
masses of the resulting particles. 
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MNEMONIC DEVICE FOR RELATIVISTIC KINEMATIC FORMULAS 2 

FrankS. Crawford, Jr. 

In order to obtain slide-rule accuracy for kinetic energies, one should 

use formulae expressed in terms of kinetic energies, because if one uses the 

total energy, the rest mass often uses up the first few significant figures. 

The foUowing mnemonic device enables one to write down the exact 

relativistic (R) formula, if one remembers the nonrelativistic (NR)one: 

(a) Write the correct NR formula. 

(b) To the rest energy of each moving particle add one -half the total 

kinetic energy in the center-of-mass (c. m.) system. 

Example 1: 

A particle of rest mass M 1 and LAB system kinetic energy T 1 is 

incident on a stationary particle of rest mass M 2 . Letting c = 1, what is 

the total kinetic energy T in the c. m. system? 
i 

(a) NR: . t = T 1 
\ ( Mz I 

M2 + M1 / 

Mz ) 
t 

M2+M1+ 2 / 
I 

(b) R: 

To solve this quadratic expression numerically for t, it is easier 

and faster to consider this as a recursion formula, and use a slide rul~, 

rather than to rewrite and solve by radicals. For example, a 600-MeV pro­

ton on a proton gives 

t (n+1) =boo( 938 .·. )= (O), 
t : 

\ 938+938+ ___1& I 
300, 27$, 279, 279, ···MeV. 

t t 
NR R . 2 ' 

Example 2: 

Two particles of rest mass M
1 

and M 2 share the kinetic energy 

t = t 
1 

+ t
2 

in their c. m. system. How do they divide up t? 

2 From Am. Jour. Phys. 26, 376 (1958). 
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(a) NR: t 1 = ( M2 
t M2+M1 ); 

~ M + T 
t 

~ (b) R: t 1 = t 2: 2 T( M2 + 2 

M2 + ~ + M1 
,) 

+z M 1+M 2 +t 

For instance, what is the kinetic energy of the fJ. meson (rest mass 

106 MeV) in the decay of a rr meson (rest mass 140 Me.V) rr _. fJ. + v? 

t 
fJ. 

Example 3: 

34 
(0+ _,-) 

(.., 

= 34 (0+106+34) -- 4.13 MeV. 

A single particle M 1 moves relative to the LAB system origin, 

where an infinite mass is located (so that the laboratory and c. m. systems 

are equivalent). Express the particle 1 s kinetic energy in terms of its momen-

tun1 and rest energy. 

2 
(a) NR: · T = ~ M , 

(b) R: 
2 ,p T -- ~..;....:.. __ _ 

2(M + J) 
This example exposes the underlying root of the 11 mnemonic 11 in the 

exact relativistic formulae. We added an infinite mass at the origin so that 

we could use the 11mnemonic 11 without modifying the phrase 11in the c. rn. 

system. 11 One could perhaps say that the infinite mass provides the inertial 

frame in which special relativity is true. 
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SOME SIMPLE RULES FOR RELATIVISTIC KINEMATICS . . . . I 

Frank T. Solmitz 

I. Energy-Angular Distributions 

In many problems in particle physics one has to transform an energy 

angular distribution from one frame of reference to another (say, from the 
' 

LAB system to the c. m. system of a reaction). This transformation is given 

simply by 

where P, W, and~ are the momentum, total energy, and solid angle in one 

frame, and the corresponding lower case quantities refer to the other frame. 

In other words, (P dW ~) is Lorentz invariant. 

II. Two -Body Decays 

Consider particle 1 decaying into particles 3 and 4, with respective 

masses and momenta M 1 , M 2 , M3'. P 1 , P 2 , P 3 ; let the angle between the 

directions of particles 3 and 1 be e2 , and. that between 4 and 1 be e
3

, and let 

f) = f) 2 + f) 3 . Given two of the momenta and one angle, or both angles and one 

momentum, one can identify the type of decay process wit~ the help of kine-
3 

matics tables and graphs. However~ one can often rule 'out certain possible 

identifications, even if only two quantities are measured, by the use of 

simple inequalities: 

Pz sin e2 = p3 sin f) 
3 

..::::; p, (a) 

pi sin e2 = P 
3 

sin fJ ..::::; (M1/M
2

) P, (b) 

p1 sin e3 = P 2 
sin f)..::::; (M

1
/M

3
) p, (c) 

Here p denotes the momentum of particle 3 (or 4) in the rest frame of 

particle 1: 

3 See, for example, Howard S. White, Identification Curves for Heavy­
Meson and Hyperon Decays, University of California Radiation Laboratory 
Report UCRL-3514, September 1956 (unpublished). 
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Equation (a) is a consequence of the invariance of the momentum components 

transverse to the direction of flight of particle 1. Similarly, Eq. (b)· follows 

from consideration of the momentum components transverse to the direction 

of flight of particle 3, and from the consideration that the momentum of parti­

cle 1 (or 4), in the rest frame of particle 3, is (M
1
/M

2
) p. 
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SOLID ANGLE SUBTENDED BY A FINITE RECTANGULAR COUNTER 

FrankS. Crawford, Jr. 

A geometry problem that arises in particle detection is the calculation 

of the solid angle n s:ubtended by a J "finite" detector at a source of particles. 

For a rectangular detector and a point source, a simple formula can be ob­

tained for the integrated solid angle. First consider the special case in which 

the point source P is located a distance c perpendicularly above a corner 

of a rectangle of length a and width b (see Fig. 3a). Then we have 

where 

tan n = ab 
2 

r eff 

ab = area oJ rectangle, 

r eff = ( cd) 
1

/
2 

= geometric mean of smallest and largest distances 

from P to the rectangle, 

d = (c2+a2+b2)1/2. 

Thus the finite solid-angle formula.is obtained from that of an infini'­

tesimal detector by replacing r
2 

by r
2
eff' and n by tan n. 

The above holds only for the special case in which the perpendicular 

from P to the plane of the detector intersects one corner of the detector. 

We can now use this result to obtain the solid angle subtended by a rectangle 

oriented arbitrarily with respect toP. Let CJ be the intersection with the 

plane of the rectangle of the perpendicular from P to the plane of the rec­

tangle. If CJ lies inside the rectangle (Fig. 3b), it implies the four sub­

rectangles A, B, C, and D; we simply apply the formula to them and add the 

results. If CJ lies outside the rectangle (Fig. 3c), then we apply the formula 

to the four rectangles A+ B + C + D, B + C, C + D, and C, and find the desired 

quantity from A= (A+B+C+D)- (C+D)- (B+C) +C. 
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Fig. 3. Geometrical solution for the solid angle subtended 
by a finite rectangular counter. 
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This report was prepared as an account of Government 
sponsored work. Neither the ~riited Statesi nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assume~ any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed 1n 
this report. 

As used in the above, "person acting on beha1 f of the 
Commission" includes any employee or contractor of the Co~­
mission,,or employee of such contrac~tor, to the extent that 
such~mployee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, ariy information pursuant to his,employment or contract 
with the Commission, or his employment with such con~ractor. 
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