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ON THE ANALYSIS OF NUCLEON=NUCLEON SCATTERING EXPERTI~TS 

Geoffrey F. Chew and Marvin Goldberger 

Radiation Laboratory 
University of California 

Berkeley9 California 

Abstract 

A method of perturbation calculation9 especially adapted to nucleon-nucleon 

scattering problems~ is described. Any contribution to the energy of the system 

which is relatively small where the nuclear potential is large may be treated as 

the perturbation" Two principal .examples are discussed. (1) Energy as the per-

turbationg An expansion of the phase shifts in powers of the energy is written 

do~~ which extends earlier results of Schwinger~ Blatt and Jacksono (2) The 

coulomb field as the perturbation in the proton-proton problem~ Expansions are 

given which relate the nuclear phase shifts in a combined nuclear and coulomb 
I 

field to the corresponding phase shifts for a purely nuclear problem. Attention 

is confined to central forces throughout., 
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ON THE lUqALYSIS OF NUCLEON=NUCLEON SCATTERING EXPERTiv~TS 

Geoffrey Fe Chew and Marvin Goldberger 

Radiation Laboratory 

University of California 

Berkeley9 California 

Io Introduction 

The study of nucleon=nucleon scattering has long been recognized as a source 

of direct information about the nature of nuclear forceso In the absence of a de-

tailed theory of nuclear forces, the proc~dure commonly adopted in the past has been 

to describe the interaction phenomenologically by a short range potential of some 

particular shapeo Calculations of scattering cross=sections were carried out and 

comparisons made vdth experimental data9 with varying degrees of success depending 

on the energy region in questiono 

In the low energy region ( ( 10 Mev) it was found that no potential was 

obviously superior to any· othero The underlying reason for this lack of dis= 

criminatio:rx was first pointed out qualitatively by Smorodinsky
1 

and more recently 

quantitatively by Schwinger2 
o The reason is that the scattering characteristics 

of a gi~en potential shape may be described~ in this limited energy region~ by 

only two para.meterso These may be chosen as the scattering length at zero energy3 

and the so=c~alled effective range 4 .. Since there are 'only two parameters to be 

fitted;~ it is ev.ident that any shape potent;ia~ is suitable provided the proper 

choice 

been confined thus far to central forces~ 

is based on an expansion of the quantity~ k cot tf ~ in powers of k2 " k is 

the wave number and ~ is the S phase shift for neutron=proton scatteringo 
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k cot a 0 " 
(A) 

For ,any positive (or negative) definite short range potential9 A turns out 
2 

to be so small that the third term cannot be noticed experimentally at low energieso 

Thiss of course9 is the underlying reason for the well shape independence of low en-

ergy cross sectionso It is not clear from Schwinger~s pro@edure9 however9 why the 

quantity k cot ~ should be representable by a rapidly convergent power series in 

the energyo In factJJ the appropriate quantity to expand in .the case of proton-proton 

scattering is considerably more complicatedo In this paper we derive a general ex~ 

pression for that quantity which in a particular problem can be expected to have a 

convergent power series representationo The actual determination of any number of 

the terms in the expansion can be carried out :i.n a straightforward way~ and the form 

of these terms is., in general, simpler in appearance than that given by Schwingerns 

variational methodo The high~r terms in the energy expansions are of physical in-

terest because of the information they give about the shape of the nuclear potential, 

5 but we shall not discuss this aspect of the problemo Blatt and Jackson have made a 

detailed investigation of the coefficient A ~ using the variational principleo They 
2 

discuss the physical implications in details 

The expansion (A) will also be generalized to an arbitrary angular momentumo 

The possibility of making analogous expansions in parameters other than the energy 

is pointed out9 and in particular the case of the coulomb field as a perturbation 

.is discussed in considerable detailo The usefulness of the various expansions will 

be discussed in Section V o 

We shall confine ourselves~ for simplicity9 to central forceso The general-

ization to tensor forces has been made by Ro So Christian and will be published by 

himo 
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II The General Method 

The problem to be solved is the determination of the asymptotic form~or the 

regular solution of the following differential equationg 

t L + f J u(x) = = £g(x) u(x) 

where 
d2 

L=- + q(x) ~ 
dx2 

(1) 

(2) 

f is a short range self adjoint operator~ ~is a parameter of smallness, q(x) is an 

arbitrary function no more singular at the origin than l/x2 , and g(x) another 

function no more singular than 1/x e 

Equation (1) is therefore a general form for the radial Schrodinger equation 

for an arbitrary angular momentum., The choice of q(x) ~ E ~ and g(x) will vary from 

problem to probleme The asymptotic form of u (x) shall be called X(x); i.,e.,, X(x) 

is an irregular solution of the equation 

(3) 

Since an expansion in powers of Cis the object here~ we define explicitly 

the limiting forms of u(x) and X(x) as e approaches zero.. Thus, vR(x) is the reg= 

ular solution of;.~the, ~qua tion 
' ,, 

. , [ L + f] 1]' B. (x) = 0 (4) 

and YI(x) is the asymptotic form of ~R(x)~ being in turn an irregular solution of 

the equation 

L · Y (x) = 0 
I 

It is convenient also to define at this time an irregular solution of equation 

(4) and the regular solution of equation (5) o These will be designated as 

and YR,(x) respectively, and chosen so that 

V:(x) 
I 
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for all x (6) 

W (Y
1

.\l Y ) = 1 
X R 

and so thttt asymptoticaJ.ly V: (x) approaches ""'y (x) o The notation W (f»g) 
I R X 

·. [ dg(x) ~(x) means f(x) =g(x) o These conditions can be achieved by a proper 
. d.:x: dx 

choice of the constant in the following representation of V (x) 
I 

{ 

\X cixD 
)F I (x) = VR (x) - J y!f.2(x') + constant] 

i. .e:.:,r~, 
........... ',)',;;. ·-, .. .: .. -

g 

We now de~i ve the fundame'lilal iden~i ty from which all subsequent re.sul ts can 

be obtainedo From equations (1) and (4)~ one sees that 

W~ (Ya,U.l = Wii· (}!R, u) +f sx, g(x) :VR(x)u(x) d:x 

Xo 
Similarly from equations (3) and (5) 

J,Xo 
W (Y :. X) = W (Y 9 X)+C g(x) Y (x) X(x) dx 

x 0 I xu I I 
. Xo 

The difference of these equations gives 

W (Y 9 X) = W ( )}:;R 9 u) = W.,. (X I , X) ... W"'Pu ( li:R' U) x© I x~ ~ ~ 
'"' u x, 

+ E S g(x) [r1(~j X(x) - )J"R (x)u(x~ d:x 

Xo · · 
Now pass to the limit XJ.. ~ oo 9 • x ) 0 o We obtain 

a:> . 0 

lim Vi (Y X)= lim c J g(x) [Y
1

(x) X(x;) = )JR(x) u(x)J. . d.x 
x0~o xtCJ I ~-+o 

Xo 

(7) 

(8) 

(9) 

(10) 

since the Wronskian of the two regular ~nctions u(x) and "U_ (x) must vanish at the 
R 

origino Henceforth the limiting process9 x ~ 0 9 will be implied wherever x is 
.o 0 
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···.: 
Later examples .. v?-11 show that Wx

0 
(Y19 X) is a measure. of the" influence of the 

term E g(x) on the scattering characteristics of the system. It is evident that 

W:x: (Y 9 X) can be represented by a rapidly convergent power series in ( whenever 
o· I . , . 

the functions 9 u(x) (: .1 and X(x) , can be so represented in the region where 
r:~.-. ., 

~nuclear potential. k important., This, in turn, will be the case if e_ g(x) is 

relatively small in the region where r is effective., 

It should be noted that equation (10) is homogeneous~ ioe"SI it is independent 

of the normalization of v (x) and u(x) o This follows from the fact that if v or u 
R R 

is multiplied by a constant factor, the corresponding asymptotic form must be multi~ 

plied by the same factoro In subsequent examples the normalization will be chosen 

for convenienceo 

A procedure is now set up by which any number of terms in the required expan­

sion can be obtainedo The expansions of u(x) and X(x) 9 if they exist, can be obtained 

by the iteration method which follows6 
<> 

The differential equation (1)~ together with its boundary conditions~ may be 

replaced by the following itntegral Jequ;tion.\1 s· x, (ll) ·, 

u(x}=W (vi9u)vR(x)+( v (x) g(xV)v (xn)u(xti)dxU+v (x) g(xe)v (x'}u(r)dxuJ 
X1 I .. _B. R I 

o X · 

If we choose x9 sufficiently large to be outside the range of f~ then 

Wx
1 

(v1.\lu) = Wx
1 

(=YR21 X) 

5
)(, 

=""Wo; ("Ya,X)+ f . g(xn)YR (xU) X (xu) 

Thus o 

(12) 

~ X 

LA. (X) = - W0 (Y0, X) + t. 1Ji (w) f. •~ (v•) 1ijj (Jcj «.t••J ~<' -. 1Ji (M) f; c..oe •) "i {~t') k. (~'J J J(} 
+ l}R£~t) r ~ l~& ') [ ~ (x•) r (x•) + ~(Ito) ~ lJt~ d)( I 

() 

It; is obvious now that x
1 

may just as well be taken as+co IP and one can always 

adjust the relative normalizations so that 
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Assuming this to be done and defining 

(13) 

we arrive at the final integral equation X 

u(x)= v· (x)+f [v (x)JX g(xu )v (xU)u(xn)dxu =v (x) 1 g(xu )v (xu )u(xu )dxu 
R I R R o I 

. 

0 

t.V (x)Joc g(xU)fl (x9)dxU 
R tL 

0 

(14) 

The corresponding equation for X(x) is 

X(x)=Y (x)+W (Y ,X)Ya(x)+t[Y (x) (Xg(xU)Y (xU)X(xU}dxU J 
I x 0 I I ),., R X 

. . 
0 =~(x) J g(xU)YI(xU )X(x&)d.x8 

. . . . ~ 

(15) 

The three equations (10) 11 (14) and (15) may now be used to find the desired ex= 

pansibn of W (Y_X) g x0 r-

W~,.- (Y .\lX)= E 
""'o I 

Designate the corresponding expansions of u(x) and X(x) as fo11owsg 
. _00 

. ·u(x)= C u (x) € n 
· n=O n 

n 
X(x) = x (x) € 

n 

It is convenient to define 

The zeroth order terms are written down at onceo 

u (x) = v (x) 
o R 

X (x) = Y (x) 
o I 

W0 ~(x)~(x)dx 

(16) 

~17) 

(18) 

(19) 

To obtain W , we must substitute in (10) u + E: u1 for u and X + E. X_ for Xo . 1 0 . 0 -'], 

x1 is written down from (15) ~ 
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=9= 
X 

X. (dr:)= W Y (:g) +Y (x)Jg(x~) Y_ (xU )Y_ (xU )dxU 
• oR I · -a I 

0 

and ~ f'rom (14) 

J
}( 2 

· u
1 

(x) = 'l."
1

{x) g(xo )vR (xo )dxo 
. 0 Jx oo 

""v (x) v (x0)v (i)+ v (x)'r g(~)n..Y2(xn}dxu R I R R 'J -l. . 
0 D 

· This leads t,o 
m X Q!) X 2 

W1=2 J g(x)hll (x) J g(x' )YR(x' )YI(x' )dx' - 2 J g(x)I'J}xJ J g(x' )vR {x' )dx' 

Xo o Xd o 

(20) 

This procedure may obviously be continued to give any number of terms which may 

be desired.e We write down only one more.11 since the complication is rapidly increasing 

' 
and there is a.s yet not sufficient experimental information to permit conclusions about 

the size of higher terms&~ in the energy expansion at leasto 

~ = ~3''' [ l-l .. c..l [ s.;,,.> Y. L<·> Y.c·~ o~xJ'"- 2 ~·c.{ f.;<•·> Y,~x·J~ '"> J.1[ {; <d.l,.cx•j <~<] 

+-lJ.ll()[~~t)('}~~c~)c.t~t]l.- ~l,,_C>')[ f.;cx•>'Y;t~t•)~xj[ r,; C~t·~~~,(x'~J}(J 
i= 1;1-(lt)[ ~~ <~·>.l.~l~·) J)tj J. - J, Y~l Cx)[t~ (at') 1r,t{~t') &x] [£~tat'~ 1., !ltu) Jx] 
- 1R, (,r,{ G ,. ·J 1 .. !<'lrl·T- ~ 'IIi- C•\1/,l ~x{ r; .. ·) "''"'·)~·X s:; ~.~ .! .• "' .. )J.y J < :U) 

Applications of the expansion (16) will now be giveno 

IIIo Neut~on=Proton Scattering 

(a) Low Energies 

The chief motivation for th.i.s investigation was to find a. systematic scheme 

f'or deterrniLing the coefficients in. the expa..."lsion (A) o The differential equation in 

question is that for an S state of the n=p systemg 

___a:_ +r ti (x) = = .X u(x) t 2 Jo 2o 
dx2 

(22) 

where the unit of length has been taken to be the range of the nuclear potential$ f.) 

11nd I( :is the relative wave number of the incident proton in these unitso As usual 9 
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u(~) is I' times the radial wave functiono We wish to treat the energy as a perturba= 

t:i.onD so tbat i.n. terms of our general notation~ q(x) = 0~ g(:x:), 1 9 and € =X2
o 

Let us first determine the meaning of W:x:
0 

(YI' X) , Write 

g 

!' (x) = )( cot / sin: x t cos d( x 

where G is the S phase shift, A possible way of writing Y
1

(x) is 
0 _L.. 

YI(x) = 1+ a 
0 

where C1 i.s the scattering length,. It follows immediately that 
Q _L 

W (Y 9 X)= tK cot S - J 
xo I 

and we have from (16) 

(;! 0 (l) 

where W
09 

W19 W29 o e o are given by the expressions (19) 9 (20) 9 (2l)o o o in which 

·,~R (x) is taken as the zero energy solution of equation ( 22) 9 normalized to ( 24) a·t 
0 

(23) 

(24) 

(25) 

(26) 

i:nfini ty 9 and v I(x) is the irregular solution9 normalized 't,o ... ~ (x) ::::: -x o 

I I .,., . ) . h ff. ' t W
0 

o half th ff t ' d f ' d . S 1 o 

29 4 
n ~,~6 9 't e coe J.CJ.en 

0 
J.S · e e eo .. J.ve range9 as .e· J.ne by c lWl.nge:t· 

and the coef.f'ic.ient *l has been obtained by Blatt and JEwkso:n
5 

'by a variational methodo 

Their methodll however9 does not introduce expliciUy the irregular zero energy solution 
0 

''lr (:K) ,9 and consequently leads to a more eomplica ted expressi.ono W has not previously 
I 2 

been gl~re:no From a practical point of viewll the introduction of' ~ (x) is justified r . 
0 

because _it c:;an al1nrays be constructed from its representation (7) in terms of v (x) D 

R 
ow.:;e 'tile la tt.er is knowno 

The ~':lxpansion (26) is correct for both singlet and triplet S sv.:.1tes r•f th8 

Tlc·p sy:''ltemo In the triplet casell however.9 it is desir.a.blf! t<'-' relate the scattoaring 
0 

length.? a 21 to the binding energy of the deuteron.. 1'he relation may be obtained 

at once .from the above formalism .. 



The radial equation for the bound state of the deuteron is 

r d2 J 2 (""'d7" + r "D (x)=o< "D (x) 

with r the range of the forceS~ B the biri.ding energy of the d'euterono) 
()' 
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... u<Sll 

(27) 

The bounda~ condition is that U (x) approach zero for large Xo We must set 
---- . D 

E"=-c:l( 2 
, q(x)= 0, and g(x)=lo Then vR(x)~ v1(x)~ \_(x)SI Y

1
(x) will be the 

same functions as above. If we choose 
-«t ' 

x.,(x) = e 9- t~en 

W
0

(Y
1
,X) = W

0
(f+ t, e-f"') =-

so that 

oe- I 
o-' d 

(28) 

The coefficients in (28) are the same as in (26), so that we may rewrite the latter 

for-the triplet case as 
-

0
- 1. :l-.9. 4 4o .6 6o 

){<Jot a=-a+(~=J-o( )w +(J( .;.~ )W
1
+ (K +o< )W + 

-- 0 ' 2 
(29) 

The coefficients here are defined in terms of zero energy scattering functions 9 not 

the deuteron functions, as is sometimes done. 

(b) High Energies 

If the va+ue of .K cot cf is known at some energy other than zero~ say at 
\ell.. -
' ' , then the energy dependence in the neighborhood of this value is given by the 

' '; ~ ,;,. 
id~ntity {10). The generalization of the procedure in (a) is obvious. The result is 

o 4-. r' n. o o I 
~cot 8 = ~· cot Oo + (If~-~ ) 'vi,+ ()\l..- X !1..) vv. +. . . (30) 

I 
where the coefficients ttn are defined in terms of the regular and irregular solu-

1 l. 0 -1 
tions at the energy ~ and 8 is the corr(''",-onding phase shifto 



(c) Higher angular momenta 

We next generalize equation (22) to 

I d2 _JU~tt) +~U(x)~-x~ U (x) 
[dx2 x2 ~ z L 

still treating It 2.. as the perturbation., Choose 

~(x)= x2.l+l cot 8 u (x) x.e (x) 
L xt+' + /Y\;R. 

and 
0 

_ (2.1.)/ x-£ I 2./l .if L+l 

UCBL .,. 272 
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(.31) 

YI (x)- 2.1.1,/ + al (2.etl)j X .£ . .!. 

where ~ (:x;) and /Y1J 11 (x) are respectively ("'f:-)2 J 
1 

.!.(~X) and (-1) (71[1 2 J_L_ 1 (Kx)., 
u~ ~ ~+2 . 2 

Asymptoticallyll lt (x)~ sin. (Kx~..t2.'lf ).jl/Y\J£(x) --7 cos (~ x= "'::!_) 

Then 

w.,. (YI))X) =I\ 2i+a co.t Jn = _J_- (2£)/ 'vl..x (x-LJ XL"" ) 
""o /(/ ~ 2."// 0 "fJL 

(.32) 

" The last term on the right· hand side will in general become infinite as x approaches 
0 

~ero9 but reference to (10) shows that this will be exactly compensated by terms on 

the right hand side of that equationo This fact is guaranteed by the identity {9) o 

~:.'herefore let us define a series ~ 

~2_.~) j Wx
0 

(x-L, ICe,.,., ,e)= X a ~ D L,, (X~)'""' ~. 

and write out the expansion (16) as 

~~ .l!+i cot S.e- -t-= (\4..~ ()- D£ o) X+ (w.id- D .t I) M+ + . . . (.3.3) 
ll ) 'J J J 

where the ~A l'nJ are defined in terms of the zero energy solutions of equation (.31) ., 
~ 

For potentials without "a tail" 9 such as the square well 9 the expansion (.3.3) 

converges equally well for all ,£ ., The criterion for convergence stated in II shows 

us? however.ll that if a small tail is important in producing the phase shift in question 
~ ' 

the pert1xrbat:i.on approach fails as soon as the energy is comparable to the strength of 

the tailo Since the phase shifts for higher L have a strong tail dependence, the 

c:onvergen0e of (.33) will become rapidly poorer as .-£ increases. 



UCRL -.--272 
=1.3-

It i.s quite feasible, however1 to use the analogue of (.30) to investigate 

the effect on any phase shift of small fractional changes in the energyo 

IVo Proton-proton scattering 

(a) Low energies 

Proton-proton scattering may be treated in much the same way as aboveo 

The radial equation for the S state of this case is 

t :
2 

_fl;x + r] u(x) = -l\2 
u(x) (34) 

where f):~(~/Me2) , with r the range of the nuclear pot~ntial and M the proton 
0 

masse For low energies, we again identify X 2 
with E. to obtain the expansion an-

alogous to (26) o Choose 

X(x) =- Co2 4( cot cf ~:(~ + C0 G0 (x) (.35) 

where F (x) and G (x) are the regular and irregular solutions 
0 0 

in a repulsive cou~ 

lomb field defined by Breit~ Wheeler and Yost6 ., 

F = C K A ~I+ ft.1:.- -J,. )\ 'l.X l. + 
o o l L o 

Go =do ~ _If~ X."'+ ~ ,(3"-'lf..._ + j3~ [..t.. r7h: -/+ Q 1 + . J ( 36) 

where 

F 
0 

a..s.> sin (~X.+ ~- ) 

G0 ~cos (~X.+ /c ) o...s. 

C 2 2?fd._/(e2 lfd<. ... 1) 
0 

£. arg lCI+C:<XJ-~h ~~ ~ 

cJ.. . !3/~lif 

= l Real Part 
1 1

(-io<) 

l (- {of.) 

The zero energy asymptotic form is taken as 

YI = j[(x) +I(x) /a (.37) 



where 

I(x) = 1/p l(d't- I, ( ~ Vfitf ) 

K<x) = '2. ) f3 ~ :!, (2..Jf3 ~ ) 

and a might be called a dimensionless "coulomb scattering length" o 

UGRL - 272 
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I (x) and J((x) are the modified Bessel functions of the second kind of pure 

imaginar,y argument as defined by Watson7 
o The behavior of I(x) and K(x) 

near the origin is 

I(x) r.J x +[j x2 
/2 

K(x) --v 1 +,eX t .£n, T fj ~-/ J 
allowing us to calculate 

W (Yp X) = G 
2x cot &-L + R Q 

o o a f/ 
' ' 

The required expansion is, therefo+e 

C
0

2 
X cot 8+f3Q l/a+Jf1... W0+tK~+Jf6 w2 

(38) 

(39) 

(40) 

where the Wn are defined in terms of the appropriately normalized zero energy solu­

tions of the equation (34) o Here a~in the coefficients W
0 

and w1 have been obtained 

and discussed by Schwinger and otherso We believe that the method of approach given 

here is simpler and makes the relation between the n-p and p-p expansions clearer • 

It is obvious that the results of III (b) and III (c) can be generalized to 

the p-p caseo The formulae become quite complicated~ sore shall write down only a 

single special case, one that might be of interest in the near futureo This case 

is the p phase shift for triplet proton=proton scatteringo The appropriate e~ 

pansion turns out to be 

(41) 

-:. )t'l (Wo- (3.R.- '(''(~Xo- Y)(
0

) t" Kt- Wo + ~c.~ t- · • • 

where 
'' 

and the Wn are defined in terms of the solutions 
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of the equation 

[ ~-f3/x_2/x2rf}{~J=o 
normalized at infinity to 

and 

Y =-_2_ l f?r" I ( 2 V R 't ) 
R pUfi :3 ~ 

(b) A treatment of the coulomb field as a perturbation 

Up to this point we have consistently had g(x)= 1 in all applications. 

As was pointed out in the introduction~ there is no reason why this must be done. 

One might, for instance, investigate the effect of small changes in the nuclear 

potential itselfo We describe here an application, in which the coulomb term ~ 

IS!x ' is considered as small. This is possible even though outside the range 

of the nuclear force, the coulomb term may represent the main contribution to 

· the total energyo The point is that the integrand on the right hand side of 

equation (10) fails to vanish only within the range of the nuclear forceo . What 

the perturbation may do to the function u(x) outside the range, therefore, does 

not affect the value of the integralo The only requirement is that its relative 

effect inside the range is small. This condition is clearly satisfied by the 

coulomb field, even when the kinetic energy of the incident ·proton is smallo 

Let us consider eq~ation (34) again, therefore, this time regarding -~/x · 

as the perturbation~ ioeo, €=-(3, g=l/x 

is now to be 

X is again given by (35) but Y 
I 

0 

Y = ~ cot 8 sin X 1t + cos ~ x 
0 I X 

where J is the phase shift produced by the nuclear field alone. We calculate 

Wx
0

(Y1, X)= c
0

2
r:.·cot S--~o.cotG+(3-&rvr'lJ~J-/3Q· (42) 



The expansion (16) becomes 

C0
2 X co~ 8+{1Q=1f,cot&-/i (W

0
+iw?"/3J-o) +fJ2w1-{33 

w2 
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(43) 

where the coefficients Wn are defined in terms of the purely nuclear ~ve functions 

at the energy in questiono, Since j3 is always of the order 1/10 or less, the series 

converges rapidly and we have a method f9r computing coulomb phase shifts without 

actual recourse to the complicated and only incompletely tabulated bypergeometric 

functionso The corresponding relation for the p phase shift is 

(1 +«2) C
0 

2 ~3 cot S,+(3'1i 2(Q1-· 2) -+133
Q

1 
/4-~ 3 cot ~ = 

=-f3 ~0+k o2/1~0-l/2Xo2]~ [w,.-l/2.x.o] (44) 

-(3'3 E2+tkr2,Bx0 + 31~+,8 4 w3 + ... 

. where the Wn are defined in terms of,,the purely nuclear p-wave functions at the 

energy ~ 2 normalized as in III (c) o 

(c) Coulomb field plus energy as perturbation 

The last application of the identity (10) to be given here is provided 

by the case in which the energy term and the coulomb term are simultaneously con-

sidered as perturbationso We restrict our attention to S scatteringo In equation 

(34)~ therefore~ we regard ~ 2-(i/x as £ g(x) o Here we use (35) for 

X(x) and (24) for YI(x) o This leads to 

wx (Y ,X)=: c 2 ~ cot S+{1Q't-f3~ r 'l:lx' - I 
o I o o ~ 

and thus to 

A comparison of (401 ) wi-th (40) ~lows us to express the coulomb scattering 

length and effective range in terms of the corresponding purely nuclear quantitieso 
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- J..~,_ he)('~ ,;-R1 6t•) - J.~l. Cx.) (~ l. (x') J)( 1 
jo J( ~ Jc1 R 

These last two formulae are of considerable practical use, because the best 

way of analyzing low energy p-p data at pres'ent is to Prot the l~ft hand side of (40) 

.·:~+' versus energy (or ~ 2) and then read off (in dimensional units of course) the inter-

cept and slope of the resulting straight lineo The problem is then to find out what 

these two numbers~ the coulomb scattering length and the effective range, imply 

about the nuclear potential which is actingo A definition of 1/a and W in terms 
0 . 

of a purely nuclear zero energy wave function is much easier to interpret than one 

which involves the combined nuclear and coulomb fie1do The terms actually written 

above give sufficient accuracy for the available data~ the residual error in each 

expansiom being less than 1% o 

Discussion 

The advantages of analyzing nucleon-nucleon scattering data via expansions 

in powers of the energy have been mentioned in the introduction and are discussed 

in great detail by Blatt and Jackson5 e Unfortunately the data available at pres-

./ ent make this a completely practical procedure only for singlet-s proton=proton 

scattering. Higher angular momenta and n•p scattering in general still require 

the direct computation of phase shifts from an assumed potential for at least 

part of the analysiso We believe that in many cases expansions such as pre"" 

sented in this paper afford the most convenient means of making such comput~tions. 
'··' 



.;_ 

It is necessar.y to determine a wave function, in general by numerical integration, 

and then to evaluate various definite integrals involving this function. Once these 

integrals are known, the behavior of the phase shifts over a considerable region of 

'variation of the parameter in question is also knowno We give a few typical examples. 

,. (1) Energy dependence of phase shifts g 

(a) A knowledge of i 0 and *l in the expansion (26) will yield the 

n=p singlet...S phase shift with an accuracy of 1% up to an energy of itJ Mev. A 
' 

similar situation exists in expansion (40) for the P'"'P singletS phase shift. ·. In 

the expansions (33) and (41) a knowledge of the coefficient of ~ 2 yields qr, to 

2% up to the energies of 30 Mev for wells without tails. ·;.. .. 
...;_~ 

Triplet phase shifts are given with a comparable accuracy. The triplet S 

i! an e!peeially favorable ease because of the nearness to 90° during much of the 

interesting rangeo 

(2) Modification of the nuclear phase shift due to .the coulomb fieldg 

Expansion (43), keeping only terms proportional to~, may be used at all energies 

with roughly the same accuracy. At 32 Mev the error in the phase shift is about 

0.2° o The accuracy of the formulae in Section IV (c) has already been discussed. 

We have been· purposely vague about the nature of the potential, fo The 

only requirements that need be made are that it be a short range, self adjoint 

operatoro Professor Breit has pointed out in this connection that an oper~tor 

of the form 
f 'j' (r)= J dr1V(r,r') IJf (r') 

may be treated by this methodo 
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