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A perturbation method for the analysis of nueleon-nucleoﬁwscattering by

1 2,3,4,

central_foréés has recently been proposed by Chew and Goldberger among others.

T
Go Fo Chew and M. L. Goldberger, Phys. Rev. in presse

2Jo M. Blatt end Jo Do Jackson, Phys. Rev. in press.

&

Jo Schwinger, Hectographed Notes on Nuclear Phyéic35 Hervard, 1947.

>

Peirels and_Baxker; Phys. Rev. 75, 312, (1945).

It is the purpose of the present note to extend the work of Chew end Goldberger %o

AN
\

include tensor force scattering. We will, therefore, follow their notation as closely
as practicable and their paper should be consulted for a discussion of the generasl

problem,

The second order differential system which arise in the consideration of the

(Ssl + 3Dl) state with tensor forces, we write in the matrix form

(L(x) + F(x))U(x) = = X2U(x), (1).
where L = (Lij) end F = (Fij) for i, j = 1, 2. That is, explicitly, L;; = Eiz P
d [ ’ '
Los = TETE Lip = Ly, =0 and Fll = f(x), F22 = £(x) - 2g(x) and Fl, = FZl =

Zs/ég(x)g where f(x) and g(x) are self adjoint short renge operators. U(x) is a two
component vector, with components u(x) and w(x). There are in general four such
independent vector solutions of equation (1). The wronskisn of eny two vector functions ‘

is defined by _
= 2 R - - (
W%(Uing) ui(x)uj(x) ui(x)uj(ﬂ) + wi(x)wg(x) W;(X)Wj(x)av (2)

-,
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It is a consequence of this definition and the self adjoint nature of
equation (1) that the Wroéskian of any two solutions of (1) is & constant. We adopt
the conventién that the subscripts 1 end 3 shall indieate sélutions which are zero
- at the origin, the so-called regular solutions, and the subscripts 2 and 4 those

which are irregular at the origin. For convenience we specify that the solutions are

chosen such that
Wx(UlaUZ) = WX(U59U47) =1, . (3)

eand all other wronskian combinations vanish identically.
The asymptotic forms of U; and U3 are defined as the two component vectors
X, and .9 fespectively, which are themselves solutions of the system

= K2 '
IAXi -» "K Xio - (4)

The wvectors U2 4

forms =Xy énd-=X3 respectively.

end U, are defined to be such as to have the asymptotic

The solutions of equations (1) and (3) contain only three independent constents,
these being sufficient to characterize scattering completely. We may conveniently
choose the regular solutions such that both components of Ui heve the seme phase shift,
Sio The remaining constant will then express the asymptotic ratio between the two
components of a solution. This completes the definition of = complete set of U vectors

which are explicitly tabulated below in terms of their asymptotic forms, the X vectorss

U, — X (1/1 + Rx*%) (otm rex/ic ) (52)
- = & . a
2 1 R ®¥( 3, (Kx)/K3)
Ketg 51 (sin kKx/K) + (cos Kx)
h T %t 5 3 2 (50)
| R [Kots 8y (350D + (Km0

U, - X = (1/1 + RRY) EERRAR (50)
- . (jg(’(x)/l'(s) .
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=R [Ksctg 83 (sin Rx/K ) + K4(cosp(x):'

Kcted , (3a(kx)/k°) + (KPngkx)) (54)

In generel, Kctg glg K5e'bg 859 and the ratio R are functions of Kz. In the
limit of R2—>o the forms Kctgsl and Ksc‘bg {l are finite and are the reciprocals of

the scattering lengths 2y end a reSpeotively; The contribution to the total cross

3

section from this state is given by
- o = (47 /1) (sin26 | + sin? 83)0 (6)

The U vectors in the limit of K2 O,,'v.ve call the V vectors. They obviously

satisfy the relation '
(L + F)Vi = 0, (7)

The limiting X vectors we call the Y vectors. They satisfy the relation

(L)Yi = 0o : (8)
From equetions (1) and (7)We derive R
wxo(vi,,uj) le(vi”Uj) + K fviuj 5 (9)
- - X
o]

where scelar multiplicetion is implied by the juxtaposition of the two vectors as in
the integrénd ebove.

Similerly from equations (4) and (8) we get x
W_(Y.,X.,) =W (Y., ,X,) +K Y.X. =« 10
xof i?® 3? x]f i? J) ; [ i3 (10)
: o 4
To eliminate the singular terms occurring in this last equation in the limit
@) and x4(£')

x> 0 it is convenient to define the new vectors X, which are formed by

subtracting from the second component of X, and X49 R and 1 (one) times the first f

2
. terms in the expansion pf (Kznz(/(x)) in powers of (l(x)zg respectively. These satisfy

the relations

(L)Xi(‘Q) = -\ezxi(ﬁ“l), (11)
Hence from equatibﬁs (8) end (11) we get X1
@ - w Ay, .2 ' -1) (12)
WogYing ) = leFYi,Xj( ) ¢ K fyixj(’q

0
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Ffom equations (9) end (12) and the definitions of the esymptotic forms we

can derive several relations analogous to the central force fundemental identity,

| equation (10) of Chew end Goldbérgero We consider only the combination formed from

the first two solutions (3) 5 (2)
_ WD(Y 9X2 ) = K (Y2X2 - V1U1)" . (13)

]

Evaluatlng the left hand side we find
W (Y X, (3)) (Kcth = l/a )+ RR Ksctgé‘ (14)

2 vy

The right hand side of equation (13) can be expanded in powers of K
an iteretion procedure based on the integral equation satisfied by Ul’ which is shown

in the asppendix to be

=
]

W' V sV V « W (Vv ,U )V
(V0 U0V, + W (7,007,

xy ,Xl , '
vf(v,u)-s»v ﬁvu)mr (vv)+v |(vVv ),
1x 21 3 9 41 2011 4) 31

(15)

which by use of equations (9) and (10) can be written in the form

xX . .
2 | f ' .
=V. ¢ K <V [(VU)+V VY ) +V vV
1 1 ﬁ 3 (41) 2 (11) 4 (31)
o) v (16)
(] e .
v, ‘/\(VZUI - XY, ) + Ve v/(vzlul - xsyz) o

( - °
' 2
Similarly we find for the irregular solution Xz( ) of equation (11) the

.integral equation

00 B o0 ‘
+Ylf(Y2x,2(l) - Vy0;) + st(Y4X2(1)a V50p) | . (17)

Using these last two equations and equations (13) and (14) we can write

; 2 '
ketgé‘l = 1/a; + W K2+ W K¢ & ... (18)
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W = [(‘x/a1 + 1)° - V.V, } , (19)

o]

a -/ ° e [ x \
= W o= =R§/al + %/T(x/al + 1?}: - vlv;] \/?(vlvz? «d ﬁx/al + 1)2 ,avlvﬂfx/al+ 1)x
2 / [(x/al + l)Rox - ’Rox/5=-V4V]] (vlvé) | (20)

-2 [(x/al + 1) (,.,Rox/5a3)=mox/5a5 - vlv;z] ﬁRox(X/al +1) - Rox/]

where

[}

It can be noted here that the integral of V is larger than that of the

1V1
corresponding central force function, hence the effective range will be reduced by the
addition of tensbr forces. AMAlso thet the exact expression for Wi is eompliceated by the
presence Qf all four V solutions, however that it can be approximated by neglecting
terms proportional to R2a The result is then idéntical_with the central force case.
(The neglected terms are smaller by a factor of the order of the fraction of 3D1
admixture in the ground state of the deuteron.)

The pregeding~ enalysis was carried out by expanding about the zero energy
state, however it is Qlear that this may be generalized_to an expansion about any
energy, even to negative energies corresponding to a bound state. In particulgr since
the deuteron bound state wave function is generally available from calculations of the
_binding energy, quadrupole moment, etc., it is desirable to calculate the expamsion
coefficients using the bound state wave function, Vl(a}o We will then be able to
calculate an approximate third coefficient simply from the change in the second
coefficient. The expension about the bound state is '

Ketg 51' = = + W; (K2+q2) + W{ (k2+a2)2 + 000 , (21)

whers mQ? gives the binding energy on the bound level, and

e [.;-W- " @ n@] (22)

with an expansion for W; similar to the one for Wio
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We can further relate the scattering length to the binding energy of the
bound level, that is, we expand the bound level wave functions in the zero energy wave
functions as in equetion (15). The result is evidently

- - . 2 _ 4 ‘ *

| l/al @+ Wa®=Wa*+ oo o (23)

Combining this result with equations (18) and (21) we get the approximete expression

-

for Wi 2 | v v
W 2 (1/2a%) (W - wo) o (24)

(The coefficient ﬂ% has been given by Schwinger® using a variational pro=
cedure and is‘one‘half the effective range in the current terminology.)
Cdlculations with these formules have been made for the meson potentials by

E. W ngt‘gnd;thg present author® in connection with the analysis of the high energy

°R. Christien and E. Wo Hart, Bull. Am. Phys. Soc. 24, No. 2, F6 (1949),

scattering. The modificetions in the effective range due to the addition of tensor
forces is at most a few percent for effective ranges less than 2 x 10"15cm end with
tensor strengths sufficient to account for the guadrupole moment. For exampleg.the

13

results with a meson potentiél of range 1.35 x 10" "“em can be approximately expressed

in dimensional units by . '
2W = 1,62 (1 = <0178 By) x 10~13¢m, (25)

where Pp is the percenteage 5Dl state in fhé deuteron: The modificabtion of Wi is also
small. "

In particuler it is possible to characterize scattering below 10 Mev by meens
of only *two pgrameters scattering length and effective renge, even in the presence
of tensor forces.

The euthor wishes to thank Professor Serber end Drs. Chew and Goldberger

for helpful discussions end advices

APPENDIX
The coupled second order differentiel system, equation (1) in the ‘text, can

be replaced by a system of four first order differentiel equations by means of the
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substitutions Y14= Uys Vo3 = u% s Y33 T Wi and Va3 = W%e We can therefore write

equation (1) as the matrix eqhations

6Go Do Birkhoff and R. Eo Langers Proco. of the Am. Acad. of Arts and Sciences,
58, Noo 2, (1923).

| . Y*(x) = A(x)Y(x) (14)
where ’ - ’ =1 0. 0
= o x) 0 F 0

A(x) 1< ~ 0 lZéX) el (24)
F21(x) ) Fzz(x)zig 0

and Y = (yij)o That is, each column represents an independent solution. It is readily
verified by direct epplication of (1A) that detY(x) is a constant end further that if
C is & constent metrix, Y(x)C is the most general solution of (14).

.

. We also consider the related system
| 22(x) = -2(x)A(x) . (38)
which is the so-called adjoint systéﬁo By use of'(lA) end (3A) it cen be sﬁown that
the product Z(x)Y(x) is a constent matrix. We can therefore choose an adjoint solution,
such that Z(x)Y(x) = I, i.e., 2(X) = Y“’l(x)°

A general adjoint solution of (3A) is given by

»‘ uz(x) | muz(x) wz(x) wWé(x) .
O R C B S
20 = | w w w g (48)
éus(x) - uz(x) aws(x) WS(X)

It is further equal to Y=}(x) if the conditions of equation (3) are imposed upon the

[}

otherwise arbitrary solutions. The relation Y(x)Z(x) = I, yields the following identies

ul(x)ué(x) - ui(x)uz(x) + us(x)ua(x),m ué(x)u4(x) =1 - (54)
wl(x)wg(x) - W{(X)Wé(x) + Ws(x)wi(x) - wg(x)w4(x) =1 (QA)
Wl(x)uz(x) - Wé(x)ul(x) + wg(x)u4(x) - W4(x)u5(x) = 0, (74)

whlch are just the relation necessary for establishing the validity of the integral

equatlon (14) of the text,
This work was performed under the auspices of the Atomic Energy Commlssmn°
2-11-49/RLID/hw .



