UCRL._303¢%

UNIVERSITY OF
CALIFORNIA

Radiation
Laborator

TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call

Tech. Info. Division, Ext. 5545

BERKELEY, CALIFORNIA



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



UCRL-3034

UNIVERSITY OF CALIFORNIA

Radiation Laboratory
Berkeley, California

Contract No. W-7405-eng-48

i
*

MOMENTUM DEPENDENCE OF PHASE SHIFTS
‘Charles J. Goebel, Robert Karplus, and Malvin A. Ruderman

* June 10, 1955

Printed for the U. S. Atomic Energy Commission



o UCRL-~3034

MOMENTUM DEPENDENCE OF PHASE SHIFTS
Charles J. Goebel, Robert Karplus, and Malvin A, Ruderman’

Radiation Laboratory and Physics Department
University of California, Berkeley, California

4
-

June 10, 1955

ABSTRACT

A lower limit is found for the momentum derivative of the
scattering phase shifts of a relativistic neutral twe-particle system

when the interaction is of finite range.
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MOMENTUM DEPENDENCE OF PHASE SHIFTS
Charles J, Goebel, Robert Karplus, and Malvin A. Ruderman

Some restrictions on the momentum dependence of the phase shifts
for a nonrelativistic scattgring problem have been discussed recently by
Wignerol In this note we derive a somewhat stronger restriction for the
phase shifts for the’relativistic_scattéring of neutral particles confined
to a single chanhelo The latter condition essentially means that we are
dealing with a first quantized field,

The proof is based upon:the‘unitarity of the partial S-matrix
referring to a single phase shift and to the completeness; outside some
radius a, ;, of the asymptotic'ﬁave functions describing the scatterer and
scattered particle in the center-of-mass system in a givén state of angular
momentum, We shall restrict our discussion to S-wavesj analogous theorems
are valid for other angular momenta,

For nonrelativistic S-wave scattering, unitarity and completeness
have been ShQWnZ’S to lead to the conclusion that S(k)eZiak [ a > ao-]',
if it has an analytic continuation,é is a regular function of k for
Imk > 0 as long as no bound states are present., If there are no branch

3
points, Ning Hu has shown that one can therefore write

' - 248 (k) ~2iak 3 : :
S(k) = e =e ] Lk il (1)
y k-k kfik
a > a, , Imksé-o .

u,
The kg for different s are not assumed to be necessarily distinct.

The form of Eq. (1) is dictated by the absence of poles in the upper half

plane and by the condition
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21 8 (k) ~21 § (~k) |
S(k) = e = e = 8%(=k) . | (2) -

For a relativistic particle the energy is a double-valued function,
E = i:(k2~+ /U?)%; in general the scattering amplitude éepends‘both on k
and E 8o that cuts must be introduced in the k-plane aiong the iméginary
k axis from %}a to 4s0 and - to ~-ise , Following Hu,3 we can

write

Sk, B) = o T kgt B)E - EY) - (BE - B)(k - Kp) (3)

(kg KQ)(E - By = (B - Ey)(k - k)

S(k) has a pole at k = kg E = E8 = -/ké 1-)U? ~ but need not have a pole

at k= kg, E =z -Eg; we have S*(ky @) = S(=k, E) in accord with unitarity

but there is no simple relation between S(k, E) and 8S(k, mE)o 'ﬁut for
a real field (neutral particles only) S(k, E) = S(k, -E), so that for
every factor in Eq. (3) contributing a pole at kg, E; there is one
contributing a pole at” k39 aEsg When the pair of faétoré with Eg are
~multiplied, Eq. (3) reduces to the form of Eg. (1).

We may solve Eq. (1) for the phase shift and obtain

8(k) = -ak+ >, tanof (k) = -ak+ > 0,0k
8 8
' : (L)

where we have introduced the angle

o (k) = ta,n““lprs(k) , (5)

and the function o (k) ,



UCRL-3034

Y k) = 2k Im k,s/ch - lka\z) . (57)

The properties of the derivative of S(k) with respect to k,

denoted by a dot, are related to those of the derivatives of © and ¢ ,

S i SR Ay (6)
§ = -+ 20, 2o Sey
. 8

’

Because the poles of £ are all in the lower half plane;, however, o is

| aiwayls'v positiYB} *

é{s s (-2 Iixx"ks')': 1;2-1'— )kslzz o , (7)
& - | k%) |
whence :
§ >-a. (®)

Actually, the properties of o( 5 permit a still stronger statement on the
. :

lower limit of § . By comparing Eqs. (5') and (7), we may ‘conclude that

6{8> Io{sl/k . (9)

' But this implies that ®, has the lover limit

és> 1 l°<812 =1 |sinz2e, (10)
k1+o(s' 2k

- and that; in turn, a has to be greater than =a by a positive definite

amount
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S>-a+21 2. |sinze,| = -at 1 |sin28+ka)l . w
2k 8 2 k ' )

¢

The last part of the inequality can be easily deduced by induction, starting

with a sum over two terms,

| sin (Gl'f 62) I. = l sin ©; cos 92'+-cds 6, sin 92|
. (12)

félsin 01 _\) cos 8, l + lrsin 82 )) cos 61’ < \sin el\-*-\sin 0, \ .

Equation (11) above corresponds to Eq. (5a) of Reference 1, but differs in that
the oscillating term always makes a positive contribution.
When bound states are present S(k) of Eq. (1) has simple poles in

the upper half plane at k = ﬁ.K such that the energy of the bound state

is /4,«.2 - x; . Then the rhs of Eq. (1) will have a factor
/T k +41 ?Y (13)
k = 1712
and Eq. (12) becomes
S > -a4t 1 sin(28+2ka> -E X
2 k ' 2 2
k“ + ?fﬁ

(14)

Another inequality which can be stronger than Eq. (11) and is

valid_for real fields even if inelastic processes enter at higher k; follows

 from an application of Cauchy's theorem to exp (21 8(x) +'2ika;>o Since the

integrand has no poles in the finite half plane if there are no bound states,
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o’?',
Cauchy's theorem yields
2 T8+ ka .21 |8 () + ta
e[ ];_E_ dtae.i ] (15)
Ti t -k
200

By differentiating Eq. (15) logarithmically and using S(k) - - 8(~k), we

obtain
P="

8§)) = -ad 1 dt sinz(S(t%- § (k) + at - ak) (16)

(& = k)
%)

>-a.

The ihtegrana of the rhs is always positivéo .Therefore.a knowledge of 9 (x),
even over a limited region of k, contributes a iower liﬁit to the_éntire 
integral in Eq. (16)05

| For the partial S-matrix of Eq, (3),‘which descripes the scattering
of a charged relativistic particlé, even thé-inequality (8) will not hold
in general; it does not seem possible, therefore, to apply the inequalities
(8), (12), and (16) to the scattering of charged mesons. Furthermore the
possibility of charge excﬁange makes sven Eq. (3) inadequate for the S-wave
scattering of Z7°~mesons by nucleons. Under the transformation E ~» -E

_ 218, + 77*
the partial S-matrix e for 7'+ p—97 +p becomes that for

W+ P~ + P 6 In a charge-independent theory, for instance,

21 8,(-E)

177”-}— p—9ﬂ°+ n- can take place;, e can not be unitary, and

_ 83(=_E,) cannot be real.

Nevertheless some information about the range of interaction can
be inferred for the mesoﬁ«nucledn SYStemo Completeness and unitarity give

the relation
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=a8'.,.

) : =0 '
dk eikr s<k, + -/kz-,«-/uz )1— 5 dk éikr’s<k, - 7’k2+/A2 ) = 0

") 00

/2 2 1t i+
where S(k, +7k +/A, ) may be the partial S-matrix for 7/~ + p—xﬁ".}— -

or 27”-+- p.ﬁ7ﬂpﬁb n. Charge independence relates the charge exchange

+
amplitude to the two elastic amplitudes, and the 77 amplitude becomes the
complex conjugate of that for z/p when the sign of the energy is changed.

Completeness, unitarity, and charge independence lead to the single relation

' o0
2ip 2L 218, (¢ 2ig, (¢ |
2 e 1¢3(k)+ . ¢1(k) : _E_ 26 i¢3( ) + . ¢1( ) a (17)
ﬁ'i - t -k
OO0
where
¢3(k) = 83(k) + ka and ¢l(k) = Sl(k) + ka .

Differentiating both sides of Eaq. (17) with respect to k and then setting

kX = 0, we obtain

o0
280+ §(0)+3 = T 5 2 sin’ ¢3(t)2+ sin” g (¢) i
5o t (18)

With Orear's extrapolated phase shifts,

§, = - .11 k and . = +-16 k
3 /-:g 1 - e
| (19)
the .complete neglect of the positive definite integral yields a > .02 jg;.
c

A stronger limit on a 1is easily obtained if we use a linear
approximation to the S-wave phase shifts,7 The integration in Eq, (18) can

be carried out, with the result

¢
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2950 + H0 = 2 | o] +|ho] .

From t.h_is we canvinfer
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(20)

(1)
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