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ABSTRACT

~ The Hamiltonian fdrms of the spin zero and spin one wave equations
are obtained simultaneously starting from the Duffin<Kemmer form of the
equafions using only algebraic properties‘df the f; matrices, From the
mode of derivation the Hamiltonifan forms-for all integral spin equations
of the Dirac-:Fierz—Paulil';type follow immediately.
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NOTE ON THE HAMILTONIAN FORM OF INTEGRAL SPIN WAVE EQUATIONS
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I. INTHODUCTION

2 . ' ’
Recently 3 it has been shown that both the vector and scalar wave

equations can be put in the Hamiltonian form

1Y = vy, » (1)
x V.

where

H = E°L+ k@l&’ (2)
and the wave function is subject to the initial condition

(H ﬁh - )Y) gp‘ = 0, (3)

The f%& form a 10 or 5 dimensional representation of the Duffin»Kemmer
algebra depending on whether it is the vector or scalar equation being
considered.

The deductions of Eq, (1) were obtained starting from special
representations of the /3u . However, since it is seen to hold for both
irreducible representations it would seem that it must be possible to obtain
this form using only élgebraic properties of the /éy& . This is done below,
Tﬁe present method has the édvantages of handling spin O and 1 simultaneously,
of being shorter, and of making the proofs of the proper?ies of the /%}& in
. Eq, (2) almost trivial. Lastly this present method can be carried over to

obtain the Hamiltonian form for all integral spin equations of the D-F-P

type 0



. IL. SPIN ZERO AND ONE |
For .simplicf%y we ;;astz;iét _‘oﬁréelves" to fiej_.d vfreer équationsg The

DuffinaKemmerk equations are.

(fedrogao W

Here the /8/& -satisfy the relations

b et fo = 8 fot S

- If we put

5)

g and separate the term involving @ hs”EQo (4) becomes ™ ... . o
Bod s @Oy - o
Y “Multiplying Eq. (7) first by @ and second by (1 - F ) and’ “"ing |

“Eq, (A1) we obtain the two equations
o Y ﬁwmzlf
- Pg B0 vf oo

and

It is seen that only the time derivative of iﬂ’ is

det.ermined by the equations.. The components (1 - ﬁhz) Y)" are given in

tems of these by means of the supplementary aondition (9) However, if we

.«

.
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take the time derivative of Eq. (9) and use this as one of our equations along
- with Eq. (8) we need merely require that EQ, (9) hold as an initial conﬂition,

S _a—‘l'

It will then hold~at.gll later times as a consequence of}ﬁhe eqﬁéiionsvof

motion. Thus Eq. (4) can be replaced by the Eqs. (8) and

1 9,1 /3:‘)715* = - Q- gf (1o, V.
X o

(10)

Admissible solutions are subject to the initial condition of Eq. (9).
| Eqﬁ (10) ean be simplified by writing EL/ on the right as

vp pk Y+ a- /3,’)7}' W

" Using Eq. (A2) we see the. second term in (ll) does not. contribute to the

right hand side of (10) which is then |
2
iau«ph)gb _______fl__,(,eg)ig /81, :
(12)

The time derivative of fﬁh yD may be aliminated from (12) using qu (8).

Hence we obtain

16,0 - ,8,‘)31)' ‘ «T—-‘L@(E&ﬁ(ﬁaﬂr)y
(13)

Equation (AB) shows ‘the term second order in spatial derivatives in (13)

vanishes. This then bacomes

1 9,01- ,B,f)?? = -Q =ﬁ:‘) ,@wﬁ /847}) ; (24)



e a6

' Adding (8) and (14) we obtain

1%% =By, o  ' '“7,’(.15')  T

where ' | ' e .
q A
H = Eﬂoi‘ + Fha K . | . (16)
- Here g o
LI B = P> an
and

/g; = -1 - ﬁa);@k £t i/Bh/Bks k=1, 2, 3).

(18)
Using ()\l) Eg. (17) canbe simplifiéd to

Fe = Yfufim Fef ‘ , k=12, (19> |

._‘_\_’.Thus-t.,hie Duffin-Kemmer Equatibn (4) has been put into the :ﬁ'amiltéhian form

of Eq‘, (l) and (2). It .is readily verified that the initial eonditicm qu (9)

‘is just Eq. (3) with the H given by (16). v
We must still, however, show. that the /Q/u, satisfy the. algebraic
.relations ( 5). This is readily done by exhibiting a similarity transfomation

expressing the }@/,, in terms of the /3//. « Such a transfomation is ‘ .

/%;;Sﬁ;swl s‘ (/,L 12,39.1;) | .-
. . (20) | ({

s - 62418 . @)

where

ei w /8,‘/2
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We note that if the matrices ﬁ“ are chosen hermitian, the matrix 8 is
unitary and hence the /g/* are also hermitian.
The situation is remarkably similar to that occurring in the case of

the Dirac equation. Here we can pass from the covariant form

Ga+X¥ =00 @

to the Hamiltonian f'om
1 0¥ :5‘(&-4- ‘(hkg?lb , (23)
at -
by multiplying by‘ YA o (Héfe we have denoted the conventional (of , /9 )

matrices by ("9:9, 2{;) to stress the-analogy:) ° "‘I'.Ex"é’"':"'f thenglven by

o
L]
X

(178)

o
8

1 xh’z’k; , k=1,2,3) .. (19)

"/

" These . "g.,_ are related to the b;“ by the similarity t-ransforihat_i;on -

' -1 e
Yo = 5% (k=l23, W (20a)
where . 7)"3// ‘ '
MG iy
8 = e Wl l. ,+,..__i {A 5 (21a)
1z

and hence satisfy the same anticommtation relations as the b/’“ .
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.- III, HIGHER INTEGRAL SPINS

It has been shown by Moidauers that the integral spin equations

describing spin k "of the D-F-P type can be written in the form

(/B(D ae"" X )?/fx;/'k"“i’“'k@l = 0 | .’(2,[*)

where the function ?}7 is subject to the subsidiary condition

ﬁﬂ w’}"‘z“'/"kgf‘o ’ - &

Here the F?: matrices satisfy the‘relations (5) and act 6n:a suppressed
index° yD is symmetric and traceless in the indicated tensor indiceso
,Following precisely the same procedure as’ in Section II we obtain the

Hamiltonian form of these equations

g THeocer {uly, o, (26)
R " et -

with . ‘ o
. ) 9 ¢ ' .
he fEFALE . en
The admissible solutions are subject to the initial condition
(H ) ‘ (28)
B X Ve oy | .
and the supplemantary condition (25) This last can be expreésed in terms

of the /B by multiplying by S. Thus

; S/gv%hooﬂ;l = S/?) S?’ﬂzmkl
- A By

where S 1is given by Eq. (21).

(29)
or
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g Some special consequences of the relations (5) t.ha'c are used are:
o (B, B S
| (1-»/32),30.9(1-’ é)'-o (x2)
E-3AEY -0 | W
One obtains (A1) by putting’ /L( Yy = =p= 4L in Eqv (3)9 - To prove
the remaining relations we will let Latm let.ters denote indices which run.
‘.only from one to three "The identity -
a- B, )/31(1,73& ) = /@ = (/@a/g +/31/64 ) + /ga /@1/84
. ()
‘becomes, on using': (AL) and the?_z"elat;.iox;r - L
/Ea /Bi /‘9 /ﬁa = fy (s)
_ (obtained by putting /4,« ;) .e - i ‘4n Eq, (5))
- /6’1. )]81(1 /Qh : e
. Muitiplying by d, and sununing yields (A2). Putting /“ - 1, ';') =k,
/‘ e -k in (5) givea ' . - o

Pufufet Prfufs = ° - w

Multiplying by &, §, and suming yields (43).
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