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‘University of California
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January 9, 1956

ABSTRACT

Neutron production by protons of energy between 100 Mev and
300 Mev is investigated by means of the impulse approximation, It is
found that a condition for the analysis to be possible without knowledge
of the phases of the neutron-proton interaction is that this interaction
be a function only of the momentum transfer in the scattering process,
independent of the energy of the collision. Evidence is presented that
the condition holds approximately for the features .of neutron-proton
scattering that have been investigated hitherto. The analysis of neutron
production suggests that the impulse approximation is of doubtful
validity at 100 Mev for nuclei having A >7, but improves with increas-
ing energy up to 300 Mev. Some of the main features of the process
appear to be reproduced by a theory which takes very little account of
the structure of the target nucleus, beyond the momentum distribution
of its neutrons and the effects of the exclusion principle involving its
protons. Effects of attenuation appear to be less important. In the
course of the argument a method of representing effects of the exclusion
principle is developed, in which excited states associated with a given

ground state, and thus orthogonal to it, are approximated by a variational

- modification of plane waves which preserves their mutual orthogonality.



«y

LA

4o

1. INTRODUCTION

The ease with which a neutron beam can be produced by ex-
change reactions in high-energy cyclotrons has led to extensive ex-
perimental work on the scattering of neutrons, especially by protons. 1-12
A necessary preliminary to this work has been the investigation of the
energy spectrum of the neutron beam itself. As a result, there is now
considerable information on the spectrum of neutrons produced in the
forward direction by protons incident with high energy on light nuclei
(see References 1, 2, 5, 6, and 10-15). On the other hand, no such
motivation has promoted studies of the yield and angular distribution
of these neutrons, and consequently these features have received
relatively little attention. 16-21

The forward spectrum changes only moderately with changes
in proton energy or target element, exhibiting none of the highly specific
features characteristic of low-energy nuclear reactions. This suggests
an investigation of the possibility that well-known general features of
nuclear theory, rather than imperfectly known details, may dominate
the process;, and may be adequate to account for the observations. Such
a program receives some encouragement from a theoretical investigation
of the process by Mandl and Skyrme, 22 which agrees in some respects
with the experiments, and is so simple that its improvement may not
lead to insuperable complexity.

The most promising method of treating scattering problems
with complex nuclei as targets is the impulse approximation of Chew. 23
It appears that the necessity of knowing the phases of the elementary
scattering matrix elements used in this approximation can frequently
be avoided by some means; in such cases, sufficient information about
the elementary scattering process is contained in its cross section. The

scattering from the complex target is then determined, after the

elimination of the incident proton and product neutron, by matrix ele-

‘ments of the target nucleus of simple structure independent of the

nuclear interactions that give rise to the scattering. The problem that
remains is that of representing the nuclear states in a manner simple
enough to permit the necessary integrations, yet capable of yielding

results of reasonable accuracy.
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Applications of the impulse approximation have been restricted,
for the most part, to the deuteron24--whose simplicity permits adequate
representation of its states--or else to processes that may be treated

26,28 As the problem treated here cannot be

by the use of sum rules..
simplified by either of these rhethods, the nuclear model used will
have to be oversimplified. A form of independent-particle model has
accordingly been adopted; calculations become very difficult for any-
thing more elaborate, and the success of the nuclear shell model gives
empirical support to this choice,

The states occupied by these individual nucleons remain to
be determined. A certain amount of information is available on the
momentum distribution of nucleons in nuclear ground states, 25-30 but
for excited states nothing better than plane waves seems to be known.
These states have a serious deficiency in that their lack of orthogonality
to the ground states creafes difficulties in treating the exclusion
principle. (The corresponding objection to the use of plane waves for
the incident proton and product neutron, as required by the impulse
approximation, is much less serious, because these nucleons have
much greater momenta--and thus much shorter wave lengths--than
the target nucleons). Now, the exclusion principle is a general
quantum mechanical feature, which may be expected to act similarly
in many nuclei, rather than one of the specific details whose neglect
is suggested by the experiments. There is reason to belie\;e that it is
in fact quite important in inelastic scattering processes; for example,
it is invoked to account for the fact that nuclei are more transparent
than they would be if their constituent nucleons were as effective

attenuators as free nucleons. 31, 32

It would thus be advantageous to

improve upon the plane-wave excited states at least enough to achieve

consistency with the exclusion principle. w
In view of the present fragmentary state of knowledge of nuclear

forces and nuclear states, it appears that the above-mentioned ground- v

state momentum distributions constitute the only positive information

available. Now, there exists in the theory of metals a method of

constructing excited states in terms of lower-lying states. 33 This

amounts to subtracting from plane waves their overlap onto the lower-
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energy states. The only property of the excited states used in this
procedure is their orthogonality to the lower states. Their mutual
orthogonality within a single band is ensured by their having different
propagation vectors. Higher bands can be obtained by repetition of
the process, with the inclusion of the just-completed band among the
stafes to which the states of the new band must be orthogonal.

The method cannot be applied in this simple form to the
construction of nuclear states. There is no lattice structure, and.
consequent propagation vector, to ensure mutual orthogonality within
bands, while the inductive method of successive construction of states
is difficult to apply because the spectrum is continuous. The method
has accordingly been generalized by replacing the use of plane waves
by the variational condition for free-particle states--a condition that
would be equivalent to using plane waves, in the absence of supple-
mentary conditions. T.he reason for using this device is that it ensures
the mutual orthogonality of the resulting states. The orthogonality to

the ground states is readily achieved by imposing it as a supplementary

condition, and this condition enforces a departure from plane-wave

states.

Since the states thus constructed are related only indirectly
to actual conditions in the nucleus, their use is legitimate only if the
results do not depend critically upon detailed properties of the states.
The purpose of the e1abo1."a‘te definition is merely to ensure consistency,

and of course the consistency condition does not determine the states

uniquely. In order to check the supposed insensitivity to the choice of '

states, a separate calculation has been performed by use of harmonic
oscillator states instead of plane waves. These are easipr to work
with, as the required orthogonality is ensured if the ground state of the
harmonic oscillator is given the same spread in momentum space as
that observed in nuclear ground states. The harmonic oscillator states
are less realistic than the modified plane waves, but may well be
suitable for the proposed use in checking, because they are so
different from plane waves. In particular, they have a discrete

spectrum, while plane waves have-a continuous spectrum.
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_ Even such simple states as these become very complicated in
practice if the target nucleus is lérger than an a particle. The fact
that expefi-ments show no great changes in neutron spectrum associated
with the transition from light to heavy nuclei encourages the attempt
to seek further simplification. Accordingly, the calculations have been
performed for a single a particle as target, in the expectation of pre-
dicting results for other light nuclei by adding (without interference)
the results from their constituent a particles. It may be added that
the a-particle model is supported by previous successes, such as
explanations of the 'rrv+/n'- ratio in meson production by nucleons, 34 and
of the character of the stars arising from the capture of T mesons by
nuclei,

Since some important targets cannot be considered to be com-
posed entirely of a particles, it is necessary to add contributions from
odd nucleons. The importance of the odd heutron ih Be9 is very
apparent from a comparison of the neutron spectrum and neutron yield
from Be with those from C, as has been noted by previous . investi-
gators. 18,21 Here again it is proposed to ignore .interference between
contributions from the odd nucleon and the core of a particles.

Thus, the odd particles are treated as independent particles,
and each a particle is also treated independently--moreover, each
.q particle is itself treated by an independent-particle model. In the
last step, the center-of-mass recoil of the a particle as a whole has
been ignored. ‘

In atomic physics it is customary to justify each approximation
employed by applying certain validity criteria. Such criteria are
known for some of the above-discussed approximations, 36 but cannot
be applied rigorously because the nuclear forces are not sufficiently
well known. The danger of relying on deductive discussion of validity
of approximations is shown by the success of the nuclear shell model,
despite grave a priori doubts as to the correctness of an independent-
particle approach to nuclear problems. It seems that the best way to
test approximations in nuclear theory is by comparing their consequences
with experiment. Thus, in this work, the validity of the approximations

is a hypothesis. This justifies the use of whatever consistent
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simplifications may be necessary to make the calculations feasible.
The resulting approximations are nééessary to make the calculations

possiblé, rather than demonstrably sufficient to give adequate accuracy.
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2. NUCLEAR MATRIX ELEMENTS

The scattering process to be considered is an exchange
collision, in which an incident proton loses its charge in the target,
and is detected as a product neutron. Since, however, this nucleon
will be considered to have retained its identity, while its i-s'pin state
has changed, it will always be designated by the same subscript 0. As
this use will be in connection with operators, there should be no

- confusion with the use of the same subscript with states to indicate

initial states. This nucleon may be referred to as the fast particle.

As a consequence of the impulse approximation, one of the
target neutrons differs from the others by being the one struck. Since
this is the one that receives the charge lost by the fast particle, it
will sometimes be referred to, when in its final state, as the residual

The initial and final states of the target nucleus may be called
¢0 and LlJf respectively. In its final state the nucleus may be referred
to as the residual nucleus; in this usage, the residual proton is
considered as a part of the residual nucleus.

Following the above conventions, the spin and i-spin of the
fast particle are called Q and F—O) respectively. Since the impulse
approximation implies the use of plane waves for the states of the fast
nucleon; the initial and final momenta of this nucleon are c-numbers,
54

which may be called 0 and k_f) respectively. The momentum

?3 - k fE transferred to the target is designated AK’ The initial

and final states of spin and i-spin will be denoted by X and Xg -

respectively.
The operators for target nucleons are T(?, Gi,‘: and 'ri.a The
kil and ™

initial and final values of the momentum kii are
respectively. As a consequence of the conservation of momentum,

the difference Kk_f = ki' LA ki',E while vanishing for most nucleons,

«

must have the value Ak’ for the struck nucleon.
As a consequence of (Galilean) relativity and spatial homogeneity,
the interaction between the fast nucleon and the struck nucleon requires

for its specification not four independent momenta (initial and final
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for each nucleon), but only two. These may be taken to be the momen-
tum transfer AK> and the complementary momentum transfer ?:1?
résulting from the interchange of the final states of the two particles
deéignated 0 and i. The latter momentum is defined by the relations
' @ =K -% =K - |
i 0 i f i

That this operator is defined only for the struck nucleon is indicated
ciearly by the equality on the right, which represents the conservation
of momentum for this nucleon. |

The interaction between the fast nucleon and the target may be
written, according to the impulsé approximation, in the form
7, R(0,1) O(AR, - AR).

o
i=1 0

The 8 function expresses conservation of momentum, while the factor
'7'_6 Ti+ changes the fast particle from prbton to neutron, and the struck
particle from neutron to proton, as required.

The cross section is controlled by a matrix element of the
form A _

Mgo = exe [75 71 RO @R, - BN xgbo)-

The elementary scattering operator R(0, i) has been investigated
generally by Wolfenstein and Ashkin, 37 for the case in which the struck
nucleon is free, rather than bound into a nucleus. This case will be
sufficient for the present purpose, since the idea of the impulse approxi-

mation includes ignoring the effects of binding on the scattering operator.

. The result obtained by Wolfenstein and Ashkin may be expressed in

the form

o 2 2, L2 2= =
R(0,i) = a(Ak®, q,°) +b(AKk", )T <:°i+_590)+777xp(ﬂ'@ 0. gt

where ‘
3? =AF x 7.
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The "normal vector™ rTl used here differs from that used by
 Wolfenstein and Ashkin, being in fact just half of their n, ~These
authors included in théirv interaction a term 1n —r:i- (30 - 5‘2), bﬁt this
has been suppressed as incompatible with the well-established charge
symmetry of nuclear forces. Th'ey also give a more explic,.ivt form of

the tensor 77] AR

that there is no loss of generality in requiring it to be symmetric'in A

but it will be sufficient for the present purpose to note

and e ' ,
The following notation will be employéd in the treatment of

this interaction:

S.=a. +b, n,- 0., s= = 7.ts., 8(ak - aL),
1 1 1 1 1 1 - 1 1 ] 1 1

vr=b.n N+ oM, V=% 717 5(&k. - Ak).
i i Ap 1 i=1 1 i i -

Thus, the key equations take the forms

-

R(0,i) = S, + V,- 0y,
"R=71, [5+ V0],

Mgg = Mg Xp 7o [S+ V- 05] X ¥p)

It is relatively simple to get a form for the matrix element in
which the fast-particle operators no longer appear. In the first place,
the i-spin states of this particle are known, so that the states X0 and
X take the respective forms p(0) X g (00) and n{0) Xf((IO)° - Here p(0) and
n(0). are the two possible i-spin states, proton and neutron, while
XO(O'O) and Xf(O’O) are spin (but not i-spin) states. Since

(n(0), TO- p(0)) = 1, the matrix element becomes

Mg = (exgl Tg)s [S+ V- 63T x(Gg) )

In contrast to the i-spin states, the spin states of the fast
particle are entirely unrestricted. It is thus necessary to square the
matrix element and sum over final states and average over initial
states. As there are two initial spin states, the average requires a

factor 1/2, and the fact that initial and final states form complete
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sets results in'the reduction of the_, sum to a f;'ace:
2 L — 4 '
Z | Mgy [© = 1/2 Tr [ (b, {87 +7 " ) Wy, B+TTY T ]

0 | (dp)

The trace is evaluated immediately by means of the well-

known relations

(@ 3)(@ - B) =a-b+id 2 x B,

(1/2)y Tr[1] = 1, . Tr [T7] =0.
(0) (0)

The result is

IZ

Z My

(b S* be) (b Sg) + Mgy V7 )+ (b T )
g
0 ,

+ |V

2
0l -

2
lsfo 1

The fast-particle operators have now been suppressed, and
the matrix element has been expressed in terms of the purely nuclear

matrix elements

Sgo = W S¥g) and V2o = (b, Voug).
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3. EXPRESSION OF NUCLEAR MATRIX ELEMENTS
IN TERMS OF FORM FACTORS

The three components of the vector nuclear matrix element -
'V—?o have the same structure as the scalar matrix element Sfo;
consequently, it will be sufficient to treat the latter. It may be written v
in the form A N s E '
S¢o = (“‘_f’[ii . S; OBE, - A1y .

It is now necessary to consider the nature of the states LIJO and
llJf. Despite the simplifications of the impulse approximation, it will
not be possible to evaluate the matrix elements without extreme
simplification of these states.

1 In the first place, the target nucleus will be considered to be

an aggregate of a particles. Interference between the constituent
a particles will be ignored. Odd-odd nuclei, and nuclei with excess
protons, will not be treated; consequently residual nucleons too few in
number to form an a particle will constitute either a single neutron or
a triton. The targets Li7, Beg, and,_.C12 may all be treated by this
scheme, using for 4:0 and xpf states of four particles or fewer. More-
over, t.])o will be the ground state of this set of nucléons, and consequently

its spin and i-spin dependence can be included in a separate factor,

Yoll. . A) = xql.. 0, Tin.o)¢o(,..,‘1i’i' cl)

In the second place, the new simple targets will be treated by
means of the Hartree or independent-particle model. That is, the
nucleons will have their individual states, and the state of the system
will in general be a determinant or antisymmetrized product of\these
states. For ¢0, of course, the factor X0 alone will be antisymmetrized,
and the factor ¢.0 will be a simple p'r’oduct whose symmetry is ensured
by putting all nucleons in the same single-particle state.

This approximation does not treat correctly the center-of-

«

mass motion of the target. In effect, instead of binding the nucleons
together, it binds each of them to a fixed center of infinite mass. Since
the particles treated are in fact bound to the rest of the actual target

nucleus, the principal error involved is the neglect of the recoil of
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this nucleus. This recoil may not be uncomfortably large, for targets
of seven or more nucleons. |

A more serious error is that effects of other correlations
between the nucleonic motions are also lost. This, however, is the
point of the approximation, because such correlations are unknown,
and possibly very complicated.

The correct states will be linear combinations of the states
here employed, and vice versa. Use of the incorrect states will yield
tolerably good results provided the component correct states lie within
a range of energy not larger than the resolution of the experiments,

which is perhaps 5 Mev, and provided interference effects resulting

‘from the superposition are random.

If 410 is properly antisymmetrized, then the symmetry of the
interaction ensures that only antisymmetric states lIJf will contribute.
It is thus unnecessary to write LlJf as a determinant--a simple product
will suffice. In order for this to be_true, however, it is necessary
that the individual particle states used be mutually orthogonal, to
avoid the appearance of new normalizing factors containing the non-
vanishing overlap integrals. If orthogonality holds, the spin and i-spin

factors of the product state may be collected separately:
%
tl{f=xf(.,,0 )¢f( ”..)

i’
The matrix element now takes the form

A
Seo = (xg ¢pr [ ifl "”i+ s; SR, - TH)] ¢y xg)-

Since the term containing Si is the identity operator for all
nucleons except that indicated by the index i, the state ¢f can differ
from the state ¢0 only with respect to this nucleon. Thus, the state
cbf must have all particles except particle i in their ground states

¢0(j), and particle i in one of the excited single-particle states

{(i)--F being an index which specifies the particular state. The
Ir g p

index f thus includes specification of the excited particle i, and the

summation over i is suppressed° -Then_ SfO takes the form
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The fact that the operator Si depends on the operator

-c'fi = 1_:0 - 1_:;' = i{} - 1_<"i, and thus on the momentum operator 1—<>i,
makes the result of further reduction of this expression for SfO too
complicated to be useful. If, however, the state q)o(i) has a suffi-
ciently narrow spread in momentum space, it is permissible to re-
place Efi by 1—<’f° This approximation will also be satisfactory if Si is
: -

sufficiently insensitive to gq i

Comparison of the results of neutron-proton scattering ex-
periments near 180° at various energies shows that the cross sections

for the same momentum transfer do not differ greatly. For example,

the differential cross section at several energies is plotted against ex-
change momentum transfer in Fig. 1. The fact that the curves for
different energies are not far apart when Ak is not too large shows
that the cross section is not sensitive in this range to any variable
except Ak. In particular, it is not sensitive to g. Accordingly, the
use of the mean value l_{,f for ;i may not lead to unduly large errors.
The argument is of course incomplete, since it applies to the entire
cross section, and would fail to disclose large variations of the
separate terms if they were in opposite directions.

It is true that evidence for Ef—dependence of the neutron-
proton interaction is provided by the experiments that have been per-
for’rned39 on polarization in neutron-proton scattering. In fact, the
polarization is parallel to the normal vector n = AK x c_f, and thus cannot
fail to vary with Ef Examination of these experiments, nevertheless,
is not entirely discouraging. It appears that the polarization vanishes
near 900 in the center-of-mass system, as well as é.t 1800_, and in the
intervening range of angles has a maximum of the order of 20 %. This
range of angles corresponds to the range of Ak within which q-independ-
ence of the cross section is demonstrated in Fig. 1. Such q-dependence
of individual terms as may be associated with the possibility of .
polarization is seen to be moderately small in the intéresting range,
and may reasonably be treated less carefully than the main (unpolarized)
contribution. )

The result of 1"ep1acing‘cvf’i by I—:f in Si will be denoted by §i'

As Si is independent of the momentum I-(;, the matrix element is

©
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—— —— — 90 Mev (Ref. 38)
156 Mev (Ref.8)

—— -——— 220 Mev (Ref. 9) |

— ——— 305 Mev (Ref. 6)
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.

l | 1 l l 1 | | |

100 200 300 400 500 600 700 800 900 1000
" EXCHANGE MOMENTUM TRANSFER ak IN MEV/¢c .

MU-1072]

Fig. 1. Neutron-proton differential cross section as a

function of momentum transfer.
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considerably simplified:
. 7 . + = \
Seg = @), 8 Rk, - Bk) ¢4 () (xp[ 7" 5] x)-
The factor in the ¢'s is independent of the index i, and depends

only on the momentum transfer AK, and on the quantum number K which

specifies the final state. It is convenient to introduce the definition

Fr (AK) = @pli), 0(AK, - &K) ¢(1)
NS
= (o), e g (1)),

in which the last step is an application of the representation of the
——— el

momentum transfer operator 0 (Ak, - Ak) in configuration space as

. =5 =D 1

iAk-x '

BE - E) e

; Substitution now yields

._ ) —— + -
Sfo —FE> (Ak)(xf,Ti SiXO)°

It is now easy to sum the square of SfO over the states X g

since these states constitute a complete set:

= [Fetdh) [ (xgom, 7, 575, xg)-

zZ s ;

2
0

s

The significance of the index i is that it épecifies which of
the target nucleons is excited in the final state. Which one it is makes
no difference to the energy; consequently it is necessary to sum over
all of them to get the entire contribution to the spectrum:

- 2 — 2 AL 4ok
LB, Sgo [* = IFgtaR) [T(xg, [ 2, 77 73 §; 5] Xg)-

The further reduction .r_equires the explicit exhibition of §i’
in order to exploit the form of its spiﬁ dependence. Consider first the
definition

- - —
S.=a., +b. n,c0. . Since a., b., and n. depend on the
i i i1 71 - i’ 7i i
nucleon i only through the operator q --which, however, is to be
replaced by '1€f, and thus loses its dependence on the nucleon i ~-the
index i can be suppressed in the notation for the mean values of these

operators. There results



If the state XO is not a s1ng1et in the spins, 1t will be necessary
to employ the average of . % f0 | over all orientations of the initial
total spin. The result w:ll then always be spher1ca11y symmetric in the
spin space; thus, the term in n ° _6i cannot contribute. Consequently,
an expression independent of the spins is obtained:

3 Iel = rp @ P (1P 4 5P 300

"
1 7L ] XO)-

The operator Ti- Tif annihilates a proton, but gives unity when
applied to a neutron. It is thus the projection operatof onto neutrons,
and the sum 'él' 'ri-.'.'r; is the number of neutrons N in the initial

i=1 - .
state of the target nucleus. It follows that
2 -2 e2 =2 = 12
i, o T lsfol ‘.N{lﬂ + [ n }lFf{v(Ak” .
The quantity 52 may be evaluated as follows:
-2

2]
i

(Biox K% = Bk - B x (B x B = 5% [k,° &k - (&, ZRK;)

= kAR - (& AR

For a free-nucleon target, 1_<>f Ak = 0. In order to employ the
results of free-nucleon scattering experiments, it is therefore necessary
to ignore the term in (_1:‘- KIZ)Z This is somewhat unsatisfactory in the
forward direction, where kO’ kf, and Ak are all parallel, for then
kf Ak = k Ak holds, rather than kf Ak << kf Ak. Fortunately, this
difficulty affects only the term in [b\| . It is probable, from the
prev1ously mentioned experiments on polarization in neutron-proton
exchange collisions, 39 that b does not exceed 20% of the other
coefficients in the relevant range of Ak. ‘Thus, ]1-3—[2 contributes less
than 4% of the total cross section, and neglect of the term in (A_I:- 1—(})2
leads to a relatively small error. The sum now appears as |

2 -2 -2 2 2 D
L E Sgo |7 = NA{[a[" + [B]" Ak"Kk" } [ FRHAK) |
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The result of a similar evaluation of ! Vfo !2 must be
1% Veo * =N (B] Akt i +7—ﬁ)\|¢*7—ﬁ)\p b FA [
7 In this expression also, any dependence of [‘fn-|2 on Kii’f must
be ignored. Invariance under time reversal requires that such
dépendence be approximately‘_e_ﬁr_l in any case, since Ak- 1_;f is an
approximation to zﬁ:Ef, which changes sign under time reversal.

The cross section depends on the sum of the scalar and vector
contributions. In this sum, NI Fﬁ(rﬁ) lz is a common factor. It is thus
convenient to introduce a new definition:

|RP = |3 +2|Bf x° ok’ + mf.

The sum then takes the simple form

2 Mg [" = NIR| PAR [

In the case of a fr.e.e nucleon target, | FE»(A_—’k) IZ reduces to the
0-function that imposes conservation of momentum. Thus’ [ R |2 is the
matrix element for neutron-proton scattering, and accordingly is
observable experimentally. In particular, thanks to the ignoring of
_lz—dependence,_, knowledge of the phases in the interaction is not needed.

The square of the matrix elefnent has not yet been summed over
all the states that contribute to the spectrum at a given energy. Some
type of angular degeneracy exists for the states q)i-(»(i), and this has not
yet been summed over. In fact, k represents a set of three quantum
numbers, of which the energy of the state constitutes only one. The
summation over the remaining two may be denoted 2‘/1\<, where ﬁ denotes
the unit vector l?/k No cases in which the sum is an integral, 21'2
will be interpreted to signify ) dl?; a factor such as kz/(Z'rr)3, which
might have been expected, will be included later with the density of
final states.

“When ] F-E(ﬁ) ,2 is summed over IQ, no vector remains other
than AT{ Consequently, the result cannot depend on the direction of
this vector, but only.on its magnitude. A suitable notation is then

IFk(Ak) lz = Za lF.K(FR) 12, The neutron intensity is thus
proportional to the quantity

=2 2
)f:[M = N|R|"|F(ak)[".

IZ
f0
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4. CONSTRUCTION OF MODIFIED PLANE-WAVE STATES

Although the use of an individual-particle model for the nucleus
leads to certain general relations, specific predictions become possible
only when the individual particle states arevknown or assumed. Perhaps
the best-known assumption of this kind is the use of plane-wave states,
which are often used for the sake of simplicity even when their validity
is doubtful.

It is to be noted, however, that plane waves are unsuitable as
bound states of the nucleons, and are available as approximations only
for states in the continuum Since the concept of a tran51t1on, which is
fundamental in scattering problems, has no mea.nlng except between
orthogonal states, it follows that the states used in the continuum must
be orthogonal to the bound states. The latter, however, are not
orthogonal to plane waves; such waves must therefore be modified.

| Moreover, it is necessary that the transitions be mutually exclusive,
which means that fhe ‘continuum states must be mutually orthogonal.

It is possible to construct a set of states, orthogonal to given
states and to each other,. yet retaining -some‘of the simplicity of plane
waves. The procedure is to set up a variational condition and boundary
conditions which together define plane waves, dand then to impose the
orthogonahty to the given states as supplementary conditions. These
conditions are introduced into the variation problem by Lagrangian

- multipliers, which are subsequently determined so that the conditions
will be satisfied. |

A certain awkardness arises from the fact that those states
to which orthogonality is required are most conveniently represented
in polar coordinates, whereas such coordinates are inconvenient for
treating plane waves. It is necessary to expand the plané waves in
spherical waves, and to express the various conditions in terms of
these expansion functions. , '

The argument calls, at various points, for the use of certain
properties of the spherical Bessel functions. The required properties,

with notations and definitions, are collected at this point for reference.
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Any spherical Bessel function Zl(kr), which belongs with

angular momentum £ and has radial momentum k, satisfies the

differential equation

d2[1:z£(kr)] BPRR RS o
————-—2———+[k "'—-—-—:2-——-—-] er(kr)=0.

dr
The proposed program will exploit the fact that this equation

is equivalent to the variational condition

5(kZ) = 0,
where
Jghr (A ZeE0\2 4 g4 2,2 (k) )
2 | _
k = o0 . :
[ ar rZ ZEZ (kr)
o |

. - The function.regular at the origin will be denoted by jg(kr).
The notation hiﬂ (kr) will be employed for the '"'spherical Hankel

functions, " which behave asymptotically like

. I
e (kr -7 g) respectively. The other real function

(kr) !
will be called nl’(kr). The relations between these functions are:
+ : . Lo -

h,” (kr) =n, (kr) +1ij, (kr) n, (kr) =(1/2)[h1 (kr) +h, (kr)]

jp Ger) = (1/2i)[h, (kr) - b, " (icr)]

The definition of the spherical Neumann functions n, and of the

spherical Hankel functions h;: differ by factors -1 and +i respectively
from those given by Morse and Feshbach 0 and by Sommerfeld. 41

.Explicit representations for the case £ = 0 are

1 kr sin kr cos kr

jo(kf) = - s no(kr) Il e

+ _€
h0 (kr) =
Finally, the relation between plane -and spherical waves can

be written in the equivalent forms
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o
1

by

MR

o

(20 +1)i* j, (kr) P, &-2),

WR-F - 3

anj,(kr) = [ dke f) pl(ﬂ-?)

A A
In these expressions, k and r are unit vectors in the directions
- — -
k and r respectively. Their components are direction cosines, and

A
they may as well be called direction vectors. The notation [ dk is

used for integration with respect to direction over the entire solid
angle.

By analogy with the expansion of plane waves in terms of
spherical waves, the desired modified plane-wave state may be expanded
in the form |

> -t ) A A

tpi-(» {r) = IEO (22+1) 1 Pl(k'r) fl(k,r)

In order to complete the specification, the boundary condition
at inifinite distance is required. There is a certain amount of arbi-
trariness about this condition. A suitable choice is the one used for
scattering problems, which is that the incident flux be that of a plane
wave, so that the state differs from a plane wave only in the outward
flux. This condition can be expressed in terms of the radial functions
f! (k, r) in the form

f,(k,x) - j,(k r) ~A, e lkr/kr

of the scattered wave with spherical harmonic of order £, and is to be

Here Al is the amplitude

determined in the course of the argument.
The functions f! (k, r) are now required to satisfy the same

variational condition as the functions ji (kr):

6(k%) = o0,
- (T ar (Liigler] [rflfk’r)])z +2(2+1) £,%(0k,7) )
k2=
7 ar £2 £,%(k, 1)

0
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Finally, the functions ff (k, r) are to be distinguished from the
function jl (kr) by requiring them to be orthogonal to certain functions.
The states to which orthogonality is imposed may be represented in

spherical coordinates; and have the form

Y, (8 ¢, ()

Of course, the number of values of n for any value £ may in principle
be any positive integer, but this ‘integer will naturally be small in
practical cases.

The o’rthogonality conditions can now be written readily:

< 2

Ojf r- dr cplyn(r) fi(k,r)=0. |

- Introducing a Lagrangian multiplie'r BL n(k) for each of the'se
conditions, and performing the standard variational manipulations, one
finds the resulting Euler-Lagrange equation'to be an inhomogeneous

differential equation,

5 | | |
d7lrfg )] 5 g4 ,
5z Tz e n = e By 400 ¢y o).

The solution of-this equation can be obtained in terms of the
- Green's function defined by the boundary conditions and the corresponding

homogeneous equation. This solution is

fl.(k,r). = j,k 1) f o (kK v, (k1)

4,n
- - ] i
Vl,n(k’r)— ()f ¢£’n(r“)>Gl(kr, kr') r'7 dr' .

The coefficients ap n(k)) are proportional to the multipliers
ﬁl,n(k)" .Since the B's are not of interest in themselves, there is no
need to determine the factors of proportionality.

This vsolution may now be introduced into the orthogonality
conditions, in order to determine the values of the a's. The following

notation will be convenient:
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. o o2 .
2giall) = [ 3g00) ¢y () 2% ar, -

SO ,
bf,nn'(k) = Of Vl’nv(k,r) ¢1,n(r)r dr.
The orthogonality conditions take the form

i! bl,nn'(k) o'l,n'(k) = al,n(k) ’

The solution for the coefficients a, n(k) is now obtained in

terms of the matrix reciprocal to the matrix of the integrals b1 nn,(k),

-1

Q’ﬁ,n(k) = r% bl,nn'

There remains the problem. of determining the required Green's
function Gl(kr, kr'). In the first place, it enters linearly into \f 1ﬁ(k,, r},
and thus also into bl nn,(k). It consequently enters inversely into

1 2

bi’ nn,(k) and into a; o(K). Hence, the function f (k, r) is homogeneous

of order zero in the Green's function, and there fs’ 1:10 need to normalize
it. Since the homogeneoﬁs equation is that for the spherical Bessel
functions, it is necessary only to find expressions in terms of such
functions, which satisfy the boundary conditions of being regular at

the origin and reducing to outgoing waves at infinity. These conditions

determine the function at once:
: + ] ]
Jl(kr) hl {(kr'), r< r

G, (kr, kr') = | '-
jz(kr')h;(kr), r> 1

This completes the determination of the modified plané -wave
states in terms of the states to which they are required to be orthogonal.
The results thus obtained have greater generality than will be required,
however. The case that will be of interest later will be that in which
there is only one state ¢£’n, having £ = 0, and representing the state
of a nucleon in an "a: particle." A simpler notation is possible in
which the index n is suppressed; for example, the state of interest can

be called ¢0(r). For this case, the results obtained above take the forms
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R ag (v (k, )
wp@=e - % ,
&)

_ |
vglk, T)= of $o(r") Gylkr, kr')r'® dr' = |G(kr, ke' | ¢O(r')),_

2t )= | g (kx) ég (kr) r%dr = (o (ke), ¢ (r)),

o

bolk) = J vylk, 1) ¢yr) r” dr

J
= (jf rz'dr ¢O(r) df r'zdr"q)o(r')Go(kr,kr')

= (o(r) | Golier, kr' ) [¢g (x'),

3 1
; + «y _ Sin kr-elkr .
jo(kr) hy (kr') = r< r
0 0 kzrr'
)
GO(kr’ ) + sin kr'- eikr |
jo(kr' )by (kr) = —————— r> r'fo

k"rr'
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5. FORM FACTOR FOR MODIFIED PLANE-WAVE STATES

‘When modified plane waves are introduced into the expression

for the nuclear form factor, the result is
. ik-r a.o(k)v0 (k, r) iAk-r

I o))

B 5 If the spherlcally symmetric state ¢O(r) is written in the form
(413')-1/ ¢0(r) then ¢0(r) will be a normalized function of the radius

r. The integration over angles can be performed at once; it picks out

the spherically symmetric parts of the exponentials, and introduces a

factor 4w:
: a (k
—

-Fih(mz (41;)1/2 [(jo(]fé“-Ak| r), oo lr)) - b—(’Ei (vo(k r) JO(rAk)¢o(r)>].

Since ao(k) = Gc(kr),¢0(r». it is proper to write
(ot K - BR[r). o)) = ag([K - AK).

The reinaining integral in Fl-:( KI:) will be denoted by

C . (k, Ak):

o!

Colle, Ak) = (v, 1), JolrAk) dg(x))

(@g () [Golkr, Kr') | jo(rAKk) ¢ (r)).
. Thén the feiation ‘ ‘
by k) = (¢6(r“)|G0(kr,kr') |¢0(r))=1CO(k,0)

reduces the number of independent integrais. The form factor may

now be written

. /2 ao(ll‘;-’&i’g.p . Cytk, AK)
Fp(Ak) = (4w) .ao('k) _[ 3o (K m T _CE(E,TT‘]

. ’ /\ .

Since the direction k of the vector K is not observed, it is .
necessary to square the form factor and integrate over this direction.
The result, which still depends on the magnitude of l_;, will no longer

contain any direction at all, and so is sufficiently represented by the
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notation IFk(Ak) lz., Its evaluation begins as follows:

F oK) [P = [ ak [FpaR [ =
ag(|K -AK ) Cylk, Ak) 2
Tag® C CLE Oy

4m ]ao(kj °f 4k

1

2 2 .
2 a, (VK= + (AK)“ - 2ukAk) C,(k, Ak)
= [4magw | 0/2)] dp |2 0

a, (k) “co(k, 0)

At this point it becomes necessary to introduce an explicit form
for the ground-state radial factor <1:~O(r)° Since it is simple, the Gaussian
form will be used, and, as will be seen in Section 8, this choice is not
contradicted by experiment. With proper choice of units, this state is
then

2
¢O(r) = 211'_1/4 e-(l/Z)r .
Then ao(k)'has the value

ol ., 2
ag) = [ SRE g ) rPar = qam /4 N/
0 K

and the form factor becomes

2 5/2 -k& Y } . 2ukAk - (Ak)2 C (k, AK) 2
F, (Ak)| = (4m) /2 [ au {e +
l k ‘ ™ e g “\. It;ﬂgjﬁy—

Colk, AK) | pkak - (1 /2)(Ak)*

- 2R
2 - 2
= (417)5/2 e-k { (sinh 2k Ak . (Ak) N Co(k, Ak) 2

(Co(k,Ak) sinh kAk  -fl /2(AK)°
- 2R CoT D) KAK e

[SY)
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The double integral Co(k, Ak) remains to be evaluated. Writing
out the defining equation at length, and introducing the explicit form of

the Green's function, one obtains
o2

o
Colk, Ak) = / errcbO(r) £ r’zdr"q)o(r')Go(kr,kr')jo(r'Ak)

0
¥ 2 + T2
:6[ T dr¢0(r)h0 (kr)df r' dr'¢0(r")j0(kr')j0(r'Ak)

< 2 + T2
+6[ r'7dr ¢g(r') jolr'Ak) by (kr')df r”dr ¢y (r) jy(kr).

In each of the two terms, the first integral {the one with
variable upper limit) has an even integrand. The ranges of these
integrals can therefore be extended symmetrically to negative values
of the respective variables of integration, as indicated in Fig. 2, |
provided factors of 1/2 are introduced to restore the original values.
But when this has been done, ggd_ integrands cannot contribute at all.
Since the irregular spherical Bessel function no(kr) is odd, and in
view of the relation h0+ =ng + i jo, the replacement of jO by -i h0+

will not affect the values of these integrals. The integral takes the

form

i 2 + | +
- Cylk, AK) = le_{)r dr ¢4 (r) by (kr)_j; r'“drt g, (r') hy (kr') jo(Akr')

rl

r'zdr'¢0(r")j0(Akr’)h0+(kr')f rzdr¢0(r)hg (kr).

o&.%

-1
.2__

As a result of these manipulations, the two terms now have
identical integrands, and are extended over mutually exclusive domains
which together constitute the upper right half plane. Moreover, since
the two terms arose from a single integral, there is no inconsistency

in the sign of the element of area to prevent them from being recombined:

Cylk, Ak) = ;21_ [t% dr [ r'dr hy' (kr) by (kr') ¢ (r) dg(x') jo(r'Ak).
r+r' >0
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MU-i0722

Fig. 2. Domains and coordinate systems for the
integral Co(k, Ak).
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Co'(k, Ak)
Since only'the ratio is to be used, it is unnecessary.

to substitute normalized functi%ns for 4)0(1") and cbo(r'). Substitution

2

leads to ' Y
_+ ik(r +1')

2

C.(k, Ak) = -—%——f dr [ dr' (r sin r'Ak) e

of .
2k Ak r+r >Q

L sinr! Ak —(1/2)(r2+ r'2)+ik(r+ r')
r' sinr - e

i '-(1/2)(r2+r'2)+ik(r+‘r')
+1i I&5% [ dr [ dr' cos r'Ak-e ,
r+r'>0

The limits can now be simplified, as suggested in Fig. 2,by the

transformation
(x=r -1r" r=1/2(y + x)
or
y=r+r r'=1/2(y - x) ;
whose Jacobian is 1/2. The result is
- (4 T -0/ 9Yx% +y2) + iky
C,(k, Ak) = ; .dx | dy e
o alar & 2T 0
(cos x4k sin yak sin x4k, cos yak
€°F 2 ) =z =z
d of T : -(1/4)(x‘2 +'y2) + iky
+1 dx dy e -
m o 0
x (cos )-{—éz-l-i-ocos X-ZA—I-(-? sin X—Ark sin Xézﬁ) ].

To this expression the terms in the integrand which are
odd in x cannot contribute. Mqr_eover, those even in x can be
evaluated by completing the square in the exponent, or by reference
to Peirce, Formula 508. It is found that

[ dx e -0/ 9x cos _—X‘ZAk = 2qm'e -(8K/2)
T
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Thus, the double integral is reduced to a single integral,
2 o 2 . '
-7 - d -(Ak/2)7 T - -(1/4)y"+iky . yAk
[ {e " 6fdy e | sin —-2——}

2

Cy(k, Ak) =
| 2k" Ak

+1i d {e._(Ak/Z)Z_Fodye-(l/4-)y2+ikycos y7Al<}]
"0

dAk
Unlike the x integration, the y integration cannot be per-
formed in terms of elementary functions. The fequired new transcen-
dental funtion will be taken in the standard form -
: o : 2
& (u) = (1/2) [ at e'(1/4)t sin (ut).
0

Then

7o 1/0y% ¢ ykeak/2) _ = -kxdk/2) 2} (ktAk/2).

0
Although the y integral can now be expressed in'terms of

@(k:t Ak/2), the expression for Co(k, Ak) is not very useful unless the
differentiations with respect to k and Ak can be performed. This
requires a knowledge of the prop‘erties of the function @, which will

now be investigated:

ol | 2 . A 2 _
@(u)— L [Of dt e’(1/4)t +itu j..odt e_(1/4)t. -1tu]

S 0
2 i 2 i 2. . 2u 2
=(1/2)e” " [ dqe¥-[ dge? ] =(1/2)e”" [ dq et
-u u -u
.2 u 2

=e ™ /] dq ed _
0 : 42 u 2

On p. 32 of Jahnke-Emde =~ appears a table of / ed dq for
the range u< 2. A simple method of numerical evaluatQOn for larger
arguments is to integrate the following differential equation on a
" differential analyzer. The equation follows by direct differentiation
of the lgst result,

.73?;»: -Zu@-f—l:,




_32-

This relation permits evaluation of the derivatives in Cg(k, AK).
Its solution as a differential equation requires an additional condition.
This is provided by the obvious relation

§ (0) = 0.

It now follows that @'(O) = 1. Higher derivatives can be
evaluated, and a power series set up, but these will not be needed.
Further qualitaii“/e information on the behavior of the function is con-
tained in the asymptotic expression resulting from integration by parts

of the original integral with infinite upper limit;

2 f L2
(IJ.(u) =(1/2) -e-(l/‘l)t -—-—-Colf(ut) °(|: - Zlugdt e_(l/‘l)lc  t cos(ut)]
- lel- as u = o0

This asymptotic approximation, and the obvious approximate
value Q (u) = ufor small values of u, are shown together with @ (u)

itself in Fig. 3.
The evaluation of C0 (k, Ak) is now straightforward:

2
Cotivan) = T 2 & o ) (ARG ook ak/a))

)
4KEAK dak
d , d -(Ak/.Z)2 '
2 (gt gap ) Lo 0 (x - Ak/2))
d d -(Ak/2)% - (AK/2 + k)°
+i4m ( - Ik + m) e
2 Ak .2
+iA)'n‘(§E+ fm) e“(Ak/Z) - (= -k ]

2 .
_ z{EFZk o~ (Ak/2) [ { Q (k + Ak/2) - § (k - AKk/2)}

2 2
+ iy sinh kak-e K -(1/9(AK)7
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¢ (u)

[V
c

0.0

Fig. 3.

The transcendental function @ (u)
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In the limit Ak - 0, the function becomes . .
, - 2
_Jw . -k~
Cylk, 0) = T [§rk) +i A ke ™ ]
2

VT 1k g +idrke™

The evaluation of the form factor can now be completed with-

out any further difficulty. In the first place
Co(k, Ak)

2 » . 2
e (AR/2)" (G0ch ak/2 ) - §c - Ak/2)}+ 1FF sinh kak- "X L/ HAK)
Ak {1-2k Q(k)}+ ifrke-k%

From this there follow
Cs Ak) P
C0 s

'—(1/2)(Ak) {é(k*‘ Ak/2 ) '& k - Ak/2 )}Z-i*‘n"sinh2 kAk- e
(ak)* {1-2k §<k)}2+nk2e-zk2 ,

-2k {1 /2(Akf

Cylk, Ak)

Rl =
0’

-@K/2)” ) Zké(k)}{mwk/z ) - §k- ak/2))
AK[ {1 -2k Q)+ m k* e~ 2K7]

. | 2 2
+ k sinh kak. " 2K -(AK)7/2.

+ -
AK[ {1-2k (k) }°+ w k° e-2k?]
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The form factor can now be written as

/2 e—kz-(l /2{Ak)? (-t /2)AK)% sinh 2kAk

|7 k) [ = (4m)° sinh ZkA!

2 2
+ {(d(k+ AK/2)-Q(k - Ak/2 _)}2 # m sinh® kAk- e 2K -0/ 2Ak)
(AK)“[ {1 - 2k B(k) }° + 7 k* e-2k? ]

_ 2sinh kAk
k(AK)
2 - , | 2 2
e A%/ ok G } Bkt Ak/2 )-Flk- Ak/2 )} + mk sinh kAk- e "2 WA(AK
{1-2k §(x)}°+ wk° e-2Kk?

It is convenient to introduce the notations

alk, &k) = §(kc + Ak/2 ) - §(k - AK/2 ),

Bl = 9109 = 1 - 2k §().

The second and third terms in the expression for | Fk(Ak) 'Z
have a common denominator. The numerators contain terms in a~ and
ap respectively, which suggestsattempt'ing to éomplete_ the square. The
result is a simplification of the expression for the form factor:

-kZ—(Ak)Z{sinh 2kAk  sinh°kAk
TKAK 2202

| F\ (AK) ¢ = (4m®/2

2 sinh kAk\2
, .@e(Ak/Z)-ﬁ——k—— }

(BK)2[ B2 + mke o-2K2]

2 2 .
k(A
- (4“_)5/2 . k (A k) {s12n£1 2kAk (1 - tanh kAk)

o (Ak/2)% sinh k AK «2
sk e P )
+ 2 }.
62 1+ i o2k
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For small values of Ak, the numerator of the last term cannot
be evaluated accurately without a vef‘y accurate table of the function ﬁ
It can be handled by an expansion in powers of Ak, ‘however. The

condition for this is that not oniy Ak, but also kAk, must be small. The
expansion gives

d (ks Ak/z)=§(k)¢§'(k)(1/2Ak)+(1/z)§"(k)(1/z)Ak)2i éT Q"'(k)(Ak/2)3+. L
from which fbllows

a(k, Ak) _ B(k)+-§-rf3'f(k), (Ak/2)2+ %T piv(k)(Ak/2)4+. -

Successive applications of the differential equation for E lead

to the result
B(k) =2+ [ (Zk)2 - 3] B(k).
Thus,
2
S JBK/2)7 g é_(Ak/Z)Z [1+2K°B] + ...

Now

sinh kAk

p SinhkAk _ g1y o (KAK) + (KAK) + ... ] .

This leads to the required expansion

_ 2 .
a(k, Ak) e(Ak/Z) - sinh k Ak _ %(Ak/z)z +

The higher terms in the series will not be needed.
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,6"_ FORM FACTOR FOR HARMONIC OSCILLATOR STATES

In order to determine whether the results are sensitive to the
"nature of the final states used for the p’rpton, the ca_lculation has been
repeated using for these states the excited states of the harmonic
oscillator whose groﬁnd state 'is. @0(?). This ensures the desired
orthogonality between the various states used.
Instead of an ind’ex f, the final state is specifie_d by the values

of a set of three integers. The notation adopted is

b5) =0, (F)=u,(x) u_(y) u_(z),

90F) = oo -

The energy of these states is

- - c .3
Elmn_Eﬁ+Em+En_(1+m+n+Z)w
:(N+ .%.)w’

2
where _ ' .
N=4£4+m+ n.

When these expressions are introduced, the form factor becomes

— - iAK T -
Fymnl 3K = @) e Po00())
Then )
| Py (Ak)'z =z | F,_ (AK) 12 will replace the
£+m+n=N
previously used quantity
2. i == |2 O\ . _ "
l Fk (Ak)t = f FI—:(Ak). dk in determining transition
i

rates.

It is apparent that
Flmn(Ak) = Ml(Akx)-Mm(Aky)'Mn(Akz)- ,

in which, for example
oD .
_ 1 gx
Mﬂ(q) = ;fo ul(x) e uo(x) dx.
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The summed form factor thus takes the form

F (Ak)l = Z M, (Ak_)-M_(Aky)-M_(Ak ) .
l N J+M+N=N | £ X m n z' 1

It is now necessary to introduce explicit expressions for the

harmonic oscillator eigenstates un(x):

o , 5
u (x) = N_H_(x) e’“/‘z’x .

where ' S
n 9 -xz-
H ()= (-1)7 2= ™ ,
n ax"
and
: B 1
Nn— —-—n—-——-—r—
20 n! Ju
The evaluation of Mz (q) proceeds as follows:
. £ =2 . £ 2
My(q) = L [ ggetex 4ot
. 7 ax!
w240 T x
s 2 0L
_____ L [ ax e ¥ d e’ =
1 -
. 21 g of dx

o2 2 | . .\ 2 2
[ ax e "X +igx _ (1q\ ' é(l/_4)q
" 2t gt

Substitution in the expression for | FN(Ak) | 2 yields the

result
W2l 2m 2n
l o A .2 o/ Ak)z - (Ak ) (Aky) | (&k )
N( MWo=e 7 ’ m ) n
f+m+n=N 2~ £2' . 2 m! 2 n'
_ 1 (ak)2N e-(l/ZXAk)Z

Vi
N 2N
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-0 /2XAK)?

The fact that this approaches unity as Ak approaches zero checks the

If N =0, the right side of this equation reduces to e

normalization for the case N = 0.

v The case N = 0 is not of any special importance, however; in
fact, it cannot occur at all for a saturated target. Moreover, the
condition Ak = 0 is of less interest than the condition that the neutron
production be in the forward direction. A convenient approximation
to the latter condition can be found as follows:
2MAE = kOZ - kf2=(k6+ki)(1ka‘)zzkoAk .

The relation AE = Nw. leads to an expressioﬁ for (Ak)Z in

terms of N:

2 2 2
(Ak)z ~M (AZE) - Muw NZ
: kO 2 E0
The form factor can now be written
2
2 w N
2 1 w N° N -
N A I

Not only is this expression confined to the forward direction,

but also the approximations fail unless N o.»/E0 <<1.
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7. CROSS SECTION FORMULAE

It is still necessary to express the cross section in terms of
the scattering matrices that have been found. The application of such
expressions to the case of neutron—proton scatterAinngill provide the
means for evaluating the function | R(AKk, kf) 2 which represents the
elementary scattering. The basis of the discussion will be the usual
qﬁantum-mechanical formula for transition rates. If the rate is

designated as w, and units are used in which H = ¢ = 1, this formula is

w =27 l Mfoﬂz p(Ef),

Here P(Ef) is the density of final states. It takes, for the
present purpose, two different forms, corresponding respectively to

excitation of discrete and-continuous states of the residual nucleus.

Discrete Level

In this case the density of final states is

2 2
el ke dke dwy  kpdey
p( f) - 3 -
8w _dEf

In this expression, kf, Vs and w are momentum, velocity,

3
8w \L’

and solid angle, respectively, of the fast particle in its final state. If
Yo is used for the initial velocity of this particle, the cross section can

be expressed as

kZ

do w f
= = z | M
o Vol mlivyv, o

- With the value of Z l Mfo’z ‘given at the end of Section 3, there
f

2
ol

follows
v k.. _
%%;=% (—sz?—.)z *.N‘R(IZIFk(Ak)lz

\4 .
= N o (3 IRk l? Irganl?
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The last step depends upon the nonrelat_:iyistic relation kf = va,' in
which M is the nucleon mass.

i This formula is applicable to neutron-proton scattering, since
the recoiling proton, with respect to its internal degrees of freedom,
is always in a "discrete level." In this case, | Fk(Ak) I2 = 1 and
N = 1 hold. It will be most convenient to handle this case in the center-
of -mass system, in which Ve = Voo and kf = BV (n is the reduced mass).
The result is '

P _
(82,) 1w e
Note that the use of the argument kf in R is not now an approximation,
Since p = M/2, this equation permits the evaluation of the

2 . . . .
factor | R|” in the cross-section formula in terms of

do
dw_
cm /np

It is most convenient, in referring to the experimental data, to have
this cross section in terms of the energy of the incident fast nucleon in
the laboratory system. For this purpose, the energy relation for
neutron-proton Séattering is employed in the form

2 _
0

The equivalent nucleon scattermg energy may therefore be defined by

+ (Ak))

Epp =[ (Ak) + K ]' /ZM

Then . _ \
v . AP
do . 4+ f N (d" (8K, Enp)l | g (aK) |2
w v dw / k
f o cm /np

‘This expres51on is valid in the nonrelativistic approx1mat1on.
It is understood that the variables employed are those of the actual
scattering, and that these are used to evaluate Enp' The angle of

neutron-proton scattering for which

\
do
Ean
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is evaluated is just
2 sin-l —-—-é—k— .
/2ME :
np

Continuum Level

‘The expression to be derived will not apply to the most general
case, but rather to the case found earlier to be of interest, in which a
single nucleon--called the residual proton--is excited into a continuum
level, while the rest of the nucleons are left in their ground states.

" Variables without subscripts will be used for the residual proton. The
states of this particle will be specified by means of the asymptotic
momentum k. The density of final states then takes the form |

kdk, dugk” dk de

(2m® dE

p(Eg) =

The cross section, which is now also a spectral distribution

function, has the form

do w \ kf2 K 2
waes -l vaeara,) 9= —35—— T | Mgl
771 0t f (2w) VeVoV f
kfz kz 2 2
= NI RI® | Fy(AK)|
(2m) VevoV
_do(Ak, E
- N Mk PR ( np! | F, (AK) | % .
a3 v dw ) k
o (2) 0 cm np
Remarks

It is instructive to write the preceding results in a somewhat

different form. < dg >
Discrete level: - \ 9% Yo . | F_(AK) IZ
—— prr— k

[/ do 4Vf
N( dw >
\ cm np .
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_ kM ,
= Mo E @k |

Continuum level:
a0\ 4Vt (2m)

do : : .

: <m Yo 5
(
\

The feature to be noticed is that the left sides are to be evaluated .
experimentally as fun,ctio_nsv of three arguments: the energy EO of the
incident protons, the energy E. of the product neutrons, and the
momentum transfer Ak. The right sides, on the other hand, must be
investigated theoretically by means of nuclear models, and are functions
of only two arguments, the momentum transfer Ak and the energy
transfer AE = EO - Ef, but not of EO or Ef separa.tely. Thus, independ-
ently of any model, the experimental quantities on the left must also
be functions only of these.two variables.

The experimental verification of this relation would constitute
a check on the hypotheses required for its deduction. These are the
validity of the impulse approximation, and the neglect of the q-dependeﬁce
of the elementary scattering matrix. That departures from the energy
shell produce insignificant changes in this scatfering matrix may be
considered as part of the impulse approximation. The actual deduction
has been based, in addition, on an independent-particle model, but it
is probabie that this may be replaced by a weaker condition, and thus
not be concerned in the propdsed test. , »

The data available at present are somewhat meager for the
proposed test. There is extensive information at 100 Mev from
Harvard, 21 but spectra with known absolute intensities are available
at other ene_rgvies. in the forward direction orﬂy. The Harvard results
for carbon show a spectrum that is rather insensitive to AE and Ak,
except for a monotonic decrease to zero in the neighborhood of the
threshold locus. At higher energies, such as are available at Harwell,
Rochester, and eléewhere, the spectrum shows a strong maximum not
far from thresh‘old,.- This d.iffer'ence{ between a flat spectrum and a
strongly peakedv one, represents a failure of the test for independence
of EO’ and thus a failure of the hypotheses. It is to be hoped that this
failure applies to the experiments performed at the Harvard energy of

about 100 Mev, rather than generally. In fact, as seen in Fig. 1, this
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energy is too low to escape the q-dependence of the neutron-proton
scattering cross section. It is known, also, that the index of re-
fraction and the opacity of nuclear matter both decrease substantially
with increasing energy in the range from 100 Mev to 150 Mev, thus
producing more favorable conditions for the implilse approximation
at the higher energies. ‘

If the Harvard work is omitted from consideration, the
remaining data on spectra provide no variation of Ak independently

of AE and EO” Consequently, the proposed verification cannot be

made directly.
angular distributions--which represent integrals of the spectra, rather

It will be seen later that some available work on

than the spectra themselves--provides the means to test a similar

relation.
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8. THE GROUND STATE

The ground state of the nucleons has been assigned the
Gaussian form e—(l/z)rz, but it is still necessafy, in order to complete
the specification of this state, to determine the unit of léﬁgth in which
r is to be measured. This unit determines the size of the nucieus, and
also, by a Fourier transformation, the momentum distributioﬁs of the
nucleons. Accordingly, experiments on nuclear sizes and momentum
distributions must be called upon in the evaluation of this parameter.

It is, however, somewhat difficult to interpret experiments
on nuclear sizes in terms of a Gaussian distribution‘, Moreover, the
experiments that yield momentum distributions are high-energy
scattering experiments of the type presently under considera.tioh.

.Consequently, only experiments on momentum distribution have been
drawn upon.

Henley29 has used a Gaussian momentum distribution in
discussing the production, at 90° to the beam, of positive m mesons
by 345-Mev protons (nominal energy) impinging on carbon. He chose
the parameter of the Gaussian distribution so as to fit the experiments
by Hadley and York on deuteron formation by pickup%5 using the general
1fheory of Chew and Goldberger. 26 This Gaussian gaive a rough, but
not unsatisfactory, fit to the meson production experiments also, show-
ing itself superior for this purpose to the Fermi-gas momentum
distribution, and to the distributions used by Chew and Goldberger
themselves in treating pickup. The Gaussian used is the one that
results in a mean kinetic energy of 19.3 Mev.

Wolff28 has interpreted experiments by Cladis27 on the in-
elastic scatfering of protons by means of a Gaussian momentum
distribution. Instead of using the mean kinetic energy, he reports the
value of the energy at which the probability density is reduced by a
factor e_l_ from its maximum value. A suitable designation of this
parameter is €; its value is found by Wolff to be 16 Mev. In order to
compare this with Henley'’s result, use is made of the fact that this

value would be the mean value of the energy if the momentum space

had two dimensions instead of three. Consequently, the two energies
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are in the ratio of two to three, and Henley's result takes the form of
avaluee=§-vx 19.3 Mev = 12.9 Mev.

Very direct information on the momentum distribution has
‘been obtained by coincidence experiments on quasi-elastic scattering.
The nature. of the process has been elucidated through the angular
correlation experiments by Chamberlain and Segre. 43 The possibility
of such a process of quasi-elastic scattering is itself encouraging with
regard to the applicability of the impulse approximation. Actual study
of momentum distributions by this method has been carried out by
Wilcox. 30. He finds the momentum distribution of the protons in Be to
be close to Gaussian, with e = 20 Mev.

It is apparent that the three values of € are not concordant.
They are, however, of somewhat low precision. The experiments of
Cladis allow to € any value between 14 Mev and 19 Mev, while those
of Wilcox allow any value between 16 Mev and 25 Mev. The experiments
on pickup and meson production seem to be no better in this respect.
Thus, the failure of the numbers to agree is not a serious inconsist-
ency, but a manifestation of the fact that the experiments determine
the value of the par.ameter only within rather wide limits.

As units have been adopted in which 1 = c =1, the choice of
the unit for some one quantity will fix the units for all quantities. The
unit of energy € fiﬁes a unit of momentum 1/p =y2Me , and a unit of
length p. The Henley, Wolff, and Wilcox values of € fix values of 1/p
which are 155 Mev, 173 Mev, and 194 Mev respectively.

From the considerable range of possibilities, the value
1/p = 170 Mev has been chosen. Thenp =1/170 Mev = 1.15 x 10-130m,
‘and € = 15.4 Mev. This choice is not a critical one, as the main features
of the work are fairly insensitive to it. It is apparent that the state
b = e-(l/Z)rZ has the property | LIJ'IZ = e_1 for r = 1; consequently, p

is the required unit of length.



-47 -

9. KINEMATICAL CONSIDERATIONS

The use of the impulse approximation depends upori a kine-
matical similarity between scattering from a complex nucleus and
scattering from a single nucleon. The similarity is not an actual
equivalence, however; consequently some care is called for in setting
up the relation between the two processes. The principal difficulty has

~been dealt’. with by introducing the energy Enp’ Certain difficulties
remain, however, connected with the influence of the nuclear Coulomb
field and of the binding energy of a nuclear nucleon; neither of these
effects is present in the case of nucleon-nucleon scattering.

It is necessary to consider the following variables:

.M = nucleon mass of about 939 Mev,
D = Coulomb barrier height,

k0= ‘momentum of incident proton,
E0= energy of incident proton,

>

kf= momentum of product neutron,
Ef = energy of product neutron,

6 = angle between directions of K,and K

Ak = 1-;0 - 1_{} = momentum transfer,o !
AE= EOZ- Ef = eZnergy transfer, ,
Enp=[kf + (Ak)7] /2M = E; + Ak /ZM._,
The complementary momentum transfer q cannot be considered
a kinematical variable, since it involves the momentum of a target
nucleon, and such momenta are distributed in a manner controlled by
the state of the target nucleus.
The variables in this list are not all independent. The principal

relations between them are:

, _, 2

"Eg =k /2M, E;
2 2 = =2 2

0 +kf -Zko kf--k0 +kf -Zkokfcose.

It is desirable to precede discussion of these relations with

= ku/ZM,

(AK)% = k

consideration of the manner in which the Coulomb barrier is to be
handled. The height D of this barrier is of course small compared to

the initial and final energies, E0 and Ef, of the fast nucleon. However,
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it is not necessarily small compared to their differénée, the energy
transfer AE, and must accordingly be given consideration in the
definitions of EO and’Ef, “Now; in view of the high eriergies involved,
the Coulomb barrier will usually be surmounted, and events that

" involve penetration of the barrier will be unimportant. The energy

EO should therefore be considered as less than the energy of the

proton beam by the amount D lost in climbing the barrier. The neutron,
on the other hand, has no barrier to cross in escaping from the nucleus;
thus Ef is the experimental neutron energy. It follows that the energy
transfer AE is smaller by the amount D than the experimentally
measured difference between proton and neutron energies.

It is now necessary to distinguish between the two models--
the harmonic oscillator model and the modified plane-wave model. In
the former model, the spectrum of levels available to the residual -
nucleus is discrete, and the levels are uniformly spaced with an
" interval w. This unit is closely related to the unit € introduced in
discussing the nuclear ground state,

w= 2€ =30.8 Mev.

It will be convenient to use this unit of energy even in treating
the modified plane-wave model, in order to facilitate comparisons
between the two models. V

- The modified plane-wave model has a continuous rather than
© a discrete energy spectrum. The characteristic energy that requires
'detefmination in this case is the depth B of the initial state below the
lowest level of the continuum of final states. This energy is the
threshold for the neutron production process. The energy B having
been absorbed in freeing the neutron, the remainder of the energy
transfer, E*- = AE - B, is available as excitation of the residual
nucléusa If E* = 0, then AE = B holds. Thus, B is a possible energy
transfer, ‘and like AE itself must be reduced from the conventional
value by the amount D. Aside from this correction, it is just the
difference between the binding energies of the target and residual
‘nuclei. ‘

- This definition may be illustrated by numerical evaluation of
B in the case of carbon, which will be required later. Hollander et al.,

in their isotope table, 44 give the maximum energies of the positron
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’

from NIZ(B+)C12 as 16.6 Mev, while that of the positron from

N13([3+) C13 is 1.2 Mev. Now, the pair N13—C13 is a mirror pair,
whose energy difference is all Coulombic except for the neutron-
proton mass difference. As the latter difference is the same for the
other pair NlZ-Clz, and the Coulomb energy also must be very nearly
equal in the two cases, the difference between the maximum energies
of the two positrons is just the desired quantity B. Thus,

B = 16.6 Mev - 1.2 Mev = 15.4 Mev.

A similar calculation can be made baged on the maximum
energy, 13.4 Mev, of the electron from BIZ(B-)CIZ. This time the
estimate of the Coulomb energy is obtained from the maximum energy,
1.0 Mev, of the positron from Cll(ﬁ+) Bll. Because B and [5+
emissions are compared this time, there is a correction
2 x 0.5 Mev = 1.0 Mev for the mass of two electrons. Thus, the
result is B = 13.4 Mev + 1.0 Mev + 1.0 Mev = 15.4 Mev.

The agreement of the two estimates to one-tenth Mev is in
part fortuitous, as the estimate of the barrier height D is shown by
studies of isotopic multiplets to be reliable only to perhaps 0.2 Mev.
Also, the fact that 2B = w( or B = €) is a coincidence, since it would
not hold for some other nucleus such as He4 or 016. :

The residual proton ehergy E* = AE - B is to be understood
as being measured at the top of the Coulomb barrier, since the
correction -D applied to AE is equivalent to taking the zero for the
energy of the last proton at the top of the barrier. This proton will
gain.the further energy D in leaving the nucleus and escaping to
infinite distance. The energy at infinite distance is of no interest,
however, since this proton is not detected in the experiments. On
the other hand, the momentum of this proton just outside the nucleus
is of interest, as it is used to specify‘the plane wave whose

"modification" produces the state of the proton. This momentum is

K =q’2ME*

There may appear to be a question as to whether k ought to
be measured inside or outside of the nuclear potential well. The model
used has, however, the characteristic that it never introduces nuclear

forces at all; consequently there is no well, and such a question cannot
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arise. Or it mey be said that the forces have been schematically
replaced by the condition of orthogonality to the ground state, and
hence cannot be introduced agaln in the form of a well- depth correction.
W1th these definitions settled, it is pos31b1e to carry out the

necessary kinematical calculations. As an example, consider the
transformation from the experimentally determined perameters,

E0,~ Ef
Ak, AE, and Enp

, and 8, to the parameters used in the cross-section formulae,

AE = E, - Ef,,

0 _
2 _ .2 2 _ .
(Ak)” =k, + k.~ - 2ky k; cos 6 = 2 MEj + 2 ME, - 4M-EE_ cos 6,
k2 + (Ak)2 '
. £ - ]
E 7 —am—— = Ept2E - Z\IEOEf cos e.\

The inverse of this is

2 . ' :
E, = L ,
f np 2M

o ] .
~E0-AE+Ef-Enp+A_E-(Ak) /2M,

E. + E, - (Ak)%/2M

ot B

cos 6 = : =
EoEs

2 E, +AE + 3(AKk)/2M

zj[}«:nP + AE-(Ak)Z/ZM][Enp - (AK)? /2M]

The form factor for modified plane-wave states has been
evaluated as a function of k and Ak. It is therefore desirable to
consider these as independent variables. Since EO is (ideally)
constant in any one experiment, it is a convenient third independent
variable. Since experiment.s involve definite angles, it will be
necessary to consider loci of constant 6 {and EO) in the k - Ak plane.

The most 1mportant of these loci is that for 6 = 0. Its equation is
- - N i 2
Ak =k, - k= K, ,JZMEU 2MB - k2,
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or equivalently N
2, .2 _ 2 2 onm
(Ak - kO) + k" = ZM(EO - B) = kO - 2MB.
This equation represents a circle in the k - Ak plane, having

its 'c_enter at Ak = k,, k = 0, and its radius of length

0’ S
y2M (E, - B) = \{;0?- - 2MB. Since the radius is less than kg,
. the circle does not intersect the axis Ak = 0., Because of the simplicity
and importance of these loci, they are presented, for the energies EO
of several cyclotrons, in Fig. 4.

The loci of constant 6 are determined, in general, by the

parametric equations

(Ak)?

ZMEO + ZMEf - 4M E0 ¢ cos 6,

_ 02
E, -EO—B-k/ZM.

Elimination of E_ leads to the single equation

f

[2E,-B-K*/2M-(aK)?/2M]% = 4E, cos’8(E -B-k”/2M).

0

Since cos 0> 1 is impossible, the circle 8 = 0 represents a
cutoff--all loci of constant 8 (for given EO) must lie inside this circle.
There is also a cutoff at the threshold k = 0; thus, only the semicircle
having k 20 is required. This is the reason for the importance of the
case 6 = 0. ‘

The nature of the curves for general 6 can be determined by

considering their derivatives
[2E, sin°6 -B-kz_/ZM - '(Ak)Z/ZM] k dk +
[2E, -B-k%/2M - (Ak)®/2M] Ak- dAK = 0.

The condition for a vertical tangent is found to be either Ak =0
or : 4 . .

2E, = B + k%/2M + (AK)% /2M. |

The first condition is never applicable, since the curves are
all inside the circle 6 = 0, while the axis Ak = 0 is éntirely outside this
circle. The ‘second condition., however, together with' the' equation of
‘the curve, determines a point where the té.ngent is irertical,
Ak =k k =k % - 2MB

0’ 0
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This point is independent of 6. Thus, all loci of constant 6
are mutually tangent at this point. It is apparent that the point is

indeed the point where a circle of radius

/ 2
k0 - ZMB,

with its center at Ak = ko, k = 0, has a vertical tangent; thus, the
situation is transparent for the case 6 = 0, at least.
Taking up next the case of a horizontal tangent leads to the
condition
either k=20

or 2E, sin”0 = B + k°/2M + (Ak)°/2M.

The first condition shows that the curves of constant 6 intersect
the axis k = 0 with horizontal tangents. The second condition, together
with the equation of the curve, determines a second point where the
curve is horizontal,

Ak =,k0 sin 0,

k =\/k02 sinZ8 - 2MB .

This point exists if and only if k is real, which requires

sin 8 > \/—Z—IVIE - B
- kK E
It is possible to eliminate .6 from the expressions for the

point, thus obtaining N

(AK)% - k% = 2MB. |
This is a condition satisfied by all points where the second condition -
for a horizontal tangent holds. It is thus the equation of a locus that
is intersected with horizontal tangent by the curves of constant 6. It
represents a hyperbola asymptotic to the lines Ak = * k, which
intersects the axis k = 0 at Ak = \I—Z—I\A—é It is when 6 is so small that
the locus of constant 8 intersects the axis k = 0 at a smaller value of
Ak that the second horizontal tangent fails to exist. It may be
remarked that the point where the tangent is vertical also lies on the

hyperbola.
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Since the kinematical relations for a free-nucleon target

include
2 2
(Ak)” =k = 2MAE,
the condition for quasi-elastic scattering may reasonably be taken as

either
kZ

(AK)

or (Ak)? = 2MAE = k% + 2MB.
Thus, the region between the hyperbola and its asymptote will be

considered to be the quasi-elastic region. It is apparent, however,
that the concept of quasi-elastic scattering is a natural one only where
the hyperbola approaches the asymptote.

A locus of constant 8 which intersects the hyperbola (with zero
slope) where it is near the asymptote clearly intersects the asymptote
with a small slope. The fact that a locus of constant 8 which has only
one horizontal tangent is confined between those which have two and
the circle 8 = 0 prevents its slope also from having a large value at
its intersection with the asymptote. Consequently, the loci of constant
8 all have small slopes throughout the quasi-elastic region.

It is expected -- and will later be found to be predicted by
the present theory -- that scattering in the quasi-elastic region is
more aboundant than s-catteringvelsewhere, It follows that the most
important part of a locus of constant 6 is the part traversing this
region, where its slope has just been shown to be small. In this
important region, therefore, it is a fair approximation to substitute
a locus of constant Ak for a locus of constant 8. This substitution
will be exploited to such an extent that the loci of constant 8 themselves
will not be needed. Two of them are shown in Fig. 4, howevei‘, to
illustrate the above remarks; the hyperbola and its asymptote are also

included.
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10. QUANTITATIVE RESULTS OF FORM-FACTOR )
CALCULATIONS

Since the nuclear form factor, in the case of modified plane-
wave states, is a function only of the two variables Ak and k, it may
be thought of as the altitude of a surface above the plane of these two
variables. This plane is the one depicted in Fig. 4. The sections of
such a surface, taken onloci of constant 8, are closely related to the
energy spectra of the product neutrons. The relation can be made
closer by the use of (I/Z)k‘2 das the independent variable along such a
section, in view of the relation

E = E, - B - k*/2M

which holds between this variable and the neutron energy Ef., More-
over, since the principal quantum number of a harmonic-oscillator
state is :
N=B + kZ/ZMy
the use of (I/Z)k2 as independent variable facilitates the simultaneous
presentation of modified-plane-wave and harmonic-oscillator results.

Such simultaneous presentation is further simplified by
consideration of (2m) °k | kasz, instead of | F(Ak)|? itself.
The new factor ((Zw)_"j" k is the density-of-states factor for the residual
proton, which has been (in effect) included in | FN(AkHZ in performing
N(aw 12

is plotted as a histogram, the areas under the histogram and under the

the sum over £, m, and n subjectto £ + m +n = N. -When | F

curve of (wa))—3 k. iFk-((Ak)IZ have the same singnificance-- as shown
in Section 7, the significance is that multiplication by kf(dO'/dwcm)np
gives (aside from a constant factor, the same in both cases} the

number of neutrons produced in the corresponding range of Ef,

It is also convenient to consider a third function. This is the
form factor for unmodified plane waves, obtained from that for modified
plane waves by suppressing the correction terms arising from the
modification. This function is called No(k, Ak}, and the function
explicitly considered is (Zﬁ)-3k - Nylk, Ak). The comparison of
modified and unmodified plane-wave form factors gives desirable
insight into the effect of the modification, and thus of the exclusion

principle.
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In Figs. 5 through 8 appear graphs of the form factors,
constructed in the manner detailed above. It will be noted, however,
that the sections are, for the most part, on loci of constant Ak, rather
than of constant 6. This is simpler, gives a better idea of the behavior
of the functions, and is nearly as closely related to experiment. More-
over, loci of constant 6 change as the proton beam energy is changed;
thus it has been necessary to choose explicitly the energy of the
Harwell cyclotron (170 Mev) in order to fix the locus of 6 = 0 on
which a section is taken. In examining these curves, it is convenient
to keep in mind that the independent variable, (I/Z)kz, is a measure of
the product neutron energy {with reversed sign and shifted origin) in
units of 30.8 Mev.

These curves show that the surface for (Zw)‘=3. k Ng(k, Ak) is
a ridge near the locus k = Ak, high and sharp for small k(and Ak}, and
getting lower and broader with increasing k. The surfaces for
em ik |F, (AK) | and IFN(Ak)IZ

only for large k; for small k the ridges retain much of their breadth,

, however, behave in this manner

and decrease in height instead of increasing. This difference is to be
ascribed to the operation of the exclusion principle.

The form factors (other than that for unmodified plane waves)
may be seen in Fig. 5 to be small on the forward locus for the Harwell
proton beam. From Fig. 4 it appears that the forward loci for proton
beams of higher energy lie farther from the quasi-elastic region
k = Ak, and thus in regions where the form factors are even smaller
than in Fig. 5. In considering a forward locus it should be noted that
the theory cannot be applied throughout its length; when Ak becomes
large, the g-dependence of the neutron-proton interaction (as seen in
Fig. 1) becomes significant, rendering invalid the concept of a form
factor. The line at (I/Z)k2 = 2.20, in Fig. 5, represents the approximate
upper limit of (l/Z.)k2 for which the curves have any significance.

These results may profitably be compared with those of
. Wolff, 28 which have been drawn upon in connection with the ground-
state momentum distribution. Wolff used an approximation which, as
he showed, gives correctly the lowest three moments (namely, those

of order 0, 1, and 2) of the spectrum of inelastically scattered protons
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at a given angle 8. The results are independent of the final states.
He also showed that the approximation is a good one in the case of the
harmonic oscillator. In this work, he ignored certain interference |
terms, which represent the effect of the exclusion principle. The work
reported herein is not quite directly comparable, since it deals with
the form factors instead of the spectra and with loci of constant Ak
instead of constant &; use of neutrons instead of protons makes less
difference. Nevertheless, it can be seen that the general similarity
of harmonic-oscillator and plane-wave results for large Ak shows

that his approximation is tolerably good for plane Waves, while the
differences between harmonic-oscillator and plane-wave results
indicate the type of variations that may arise as effects of the in-
accurately treéted higher moments. Cladis et a127 found that Wolff's
location of the peak of the proton spectrum differed from experiment
by 12 Mev and 27 Mev at 30° and 40° respectively. At these angles,
the momentum transfers at the peaks of the spectra (in the present
units) were 2.26 and 2.82. The harmonic-oscillator and plane -wav;e
form factors are found from Fig. 8 to have peaks at energies differing
by about 27 Mev, which is indeed of the same order of magnitude as
the difference between theory and experiment.

It may be noted that the general agreement of harmonic-
oscillator and modified plane-wave behavior, especially as contrasted
with the unmodified plane waves, tends to justify extension of Wolff's
assumption of the relative unimportance of higher moments to conditions

where the exclusion principle is effective.
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11. SUM RULE FOR ANGULAR DISTRIBUTION

The completeness property of the states of the residual proton
can be used to evaluate the integral of the form factor over all energies

at a fixed value of the momentum transfer. The integral can be written

2
Taod/a W/ @n® Fani® = lf(—-;%gdﬁ | Fp (AR 1
(Ak=const. ) ' ~ (Ak=const.)

2 — —
k™ dk ik ri 2 ’ iAk- r4 2
= | L ST - Ul 8]

(Ak=const.) _
The notation ' indicates that the sum is fo be extended over all states
,Of available to the residual proton. Although the discussion has been
made as if the states Qf were in the continuum, the result is clearly
valid for discrete states also.
'The completeness theorem cannot yet be applied because, since

the energy of the state (I) restricts the direction of Ak through the

relation
2 2 2 — —_2 > — 2
ZMAE—kO-kf—kO -(kO_Ak) _ZkO-Akv-(Ak)v,
the operator — o
eiAk° r

is not the same for all states Qf This difficulty may be overcome by
noting that the factor | Fi (Ak)l of the original integral is actuélly
independent of the direction of Ak., (This is not inconsistent, because

the restriction of the direction of Zl_: is actually a restriction only on

—»

O
of the mtegral is thus unchanged if Ak is replaced by a fixed vector

Ak and k is not otherwise involved in the integral.) The value

-——b .
Ak' of the same magnitude. The result is

Faet/ae/em’ 1 Fan 1 f = 2| (8 AT 4g)[°
(Ak=const.) | ’
with )

(ak")? = (k)
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It is apparent that the variation of the operator with the states
(Df can be avoided in this manner only in the case of integration at
constant Ak.

If there are no protons in the target, the available states Qf

constitute a complete set. Consequently, in this case,

K dk

I 3
(2m)

{(Ak=const. )

2 ; -iAK'-r iAK'-T
| F (8K) |7 = (G, e e 0g) = 1.

If the target is saturated, however, the state @0 is not included
among the possible final states (Df, because it already has its complement

of protons. In this case the argument takes the form

2 — - —
o k™ dk 2 _ iAk'-r 2 iAk'-r 2
S IR0, . 0,)1%- 100y, e 0,
{Ak=const : > B 2
B VeSS R LT
- 2 :
where the Gaussian initial state, (PO = e (/2 , has been used for the
evaluation of e
iAk'-r
(001 € (bo)

The above results apply to a free neutron, or to a neutron in
an a particle. They can be extended to many other nuclei by using the
a-particle nuclear model, and neglecting interference between con-
stituent a particles or between @ particles and odd'ﬁeutrons° The
cases of a constituent deuteron or triton are not covered, however.

A different approach would be required for the deuteron, but the
-triton may be treated by a simple extension of the above discussion.

In this case the transition to the gro'und state of He3 may be considered
from the standpoint of hole theory; a proton hole in the state 60 is
transformed into a neutron hole in the same state, and the matrix

element for this must be

o _ 2
(%, ol 1) = € (1 /4{Ak)
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The square of this quantity constitutes the entire contribution of the
ground-siate transition to the integral of N F (AKk) I_Z. Since there
©are two neutrons in the triton, the corresponding contribution of the
excited-state transitions is > V
21 - o 0/A8R%

The resuit is, finally,

2 2
[ kldk Nle(Ak)IZ -5 . o /AAK)"
(2w)
(Ak=const. )
The form of this result reflects the presence in the triton of two
neuirons, and of a proton that excludes the residual proton from one
of two otherwise possible spin states in the case of a ground-state
transition.
It is convenient to introduce the notation
—_——— 2
2 k~dk
| F(ak) | = N
(A k=(ons‘(.)( 2 'ﬁ’)
A rule for the value of this quantity, which applies to all cases except

. N | F, (Ak) | 2.

odd-odd targets and targets with negative neutron excess, is: every

neutron contributes unity, while every proton contributes

ATy 2
- e_(l/z)(Ak) . The rule is represented by the equation

| F (Ak)lz =N-2Z e-'(l/z)mk)z.

It is not apparent that this result has any direct experimental
significance. It will now be shown that it has, however, in that it
provides a fairly good estimate of the angular distribution of the product
neutrons. v

The correct angular distribution is obtained by integrating the

neutron yield at constant 6, rather than the form factor at constant Ak:

. 2
E(Tigf_ =N [ 4 kli’f. @g_ ) | F (k)2 2 g
(6=const.) .cm op .(2“)

It has already been noted that loci of constant 6 and of
constant Ak are nearly coincident in the q-uasi—elastic region, and that
it is just in this region that large values of the form factor are possible.
Thus the main contribution to the integral comes from a region in which

integration at constant 6 differs but little from integration at constant Ak.
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As further support for this point, Table I has been prepared. This
table presents, for both harmonic-oscillator and modiﬁedb plane-wave
form factors, the fraction of the sum-rule limit obtained by integrating

only up to the forward locus (6=0) for 170-Mev incident protons.

Table I

Comparison of sum-rule limit with integrated form factors at 170 Mev.

Harmonic Oscillator Modified Plane Wave
Ak Sum-Rule Integral Fraction Integral Fraction of
Limit of Sum- Sum-Rule
Rule Limit Limit
0.896 A 0.330 0.318 96.4 % 0.232 70.4%
1.500 0.675 0.665 98.4% : 0.547 81.1%
2.500 0.956 0.884 92.5% 0.626 65.5%

It is true that the loci of constant 6 cross the quasi-elastic
region again, this time with nearly vertical tangents quite different
from loci of constant Ak. This happens, however, where k is near
its fnaximum, and thus corresponds to production of low-energy
neutrons. The experiments, however, do not detect low-energy neutrons;
moreover, the q-dependence of the neutron-proton cross section ex-
cludes them from consideration in the theory presented here. The
integral for the angular distribution must accordingly be terminated
- before the locus of constant 6 re-enters the quasi-elastic region. It
should be remarked that if 6 is too large there are no high-energy
neutrons, and the theory is not applicable at all.

The case of small 8 also constitutes an exception. As see in
Fig. 5, in this case there is no strong peak in the spectrum to justify
neglect of the difference between the paths of integration. Since, how-
ever, the yield for small 6 is small, the use of the sum rule will re-
place one small value by another--namely, by 1 - e(l/Z)(Ak)Z, with small

Ak. ‘This degreé of agreement will be sufficient for many purposes.
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It is therefore. justifiable, to a considerable extent, to write

2

k
do f do 2 k- dk
~ NJ 4t [d9_ |F, (AK) |
g _ ky (d“cm> np k (-ZTI')3
(Ak=const.)

On loci of constant Ak, with Ak not so large that the gq-

dependence of the neutron-proton cross section invalidates the theory,

the factor
do
dw
np

cm
is a function only of Ak, and thus can be removed from the integration.
The factor kf, which is proportional to the square root of the energy
E of the product neutrons, varies over a limited range because of the
exclusion of low-energy neutrons from consideration. For example,
in the Harwell experiments, the ratio of the smallest and largest values
of kf is about 0.7. When, therefore, it is taken outside the integral by

an application of the mean-value theorem, its mean value 12{ is fixed

within quite narrow limits. The desired result now follows:

k, 2
do  _ f [do k“ dk 2 _
o rou oy <“d“<: > N IF (20" =
f 0 cm/ np (2m)
(Ak=const.)
k. -
_ i do 2
R <dw > | F(ak) |
cm / np

k ' 2
o £ [do -(1/2)Ak)
= 4 T—O (dw > [N-Ze /2 ]

, | cm/ np

It is still necessary to choose the value of Ak at which to
integrate in estimating the neutron production at a given angle 6, and
also to fix the best value of 11; To the extent that these choices are
arbitrary, they are not critical; if they were, the approximations could
not have been justified. A simple choice is to evaluate all parameters

at the intersection of the locus of constant 6 with the quasi-elastic locus
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Ak = k; at this point the form factor is near its maximum, and the
loci of constant 6 and constant Ak are nearly tangent.

In general,

2 _ S,
| (Ak)” = 2M(E, + E;) - 4M [E E, cos 6,
and '
E; =E;-B - kZ/ZM.
But now, in addition,
Ak = k.
Thus
2 —_2 —2 N
Ak” = 2M(2E; - B - Ak /2M) - 4M cos 6 Ey(E,-B -Ak /2M).
~ (4M E; - 2MB - Ak%)(1 - cos 6).
The coefficient of &(2 is 1 + (1 - cos 8). Its reciprocal is
1 - (l-cos 6) + (1 - cos ‘9)2 - ..., or nearly cos 8 if 6 is not too large.
Thus
=2 . 2 6
Ak™ = .2(4ME0 - 2MB}). cos 6 sin >
and
= _ . 6 B
Ak = Zko sin  —— !’(1 - Z_EO ) cos 8
.6 B
~2k0 sin —— \)cos 6 (1 - EE—()>
Then
-—2 _ _ 2
k,” = 2ME; = 2M(E, - B) - &k
.. 2 6
= ZM(EO - B) - (4ME0 - 2 MB) © 2 sin —>— cos 6
= 2.Mv(E0 - B) cos2 6 + ZMEO(sinZG -4 sinzz6 cos 6)
_ 2MB(sin% 6 - 2 sin? g cos 6)
2 4, 2
= ZM(E0 -B)cos“8+8(67) +&(B6"),
and |
- B
kf = k0 cos O(1 - >E )

0
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It will be recalled that the neutron-proton cross section is to
be evaluated at the proton energy Enp = [kf2 + (Ak)z]/ZM. Thus there
follows

= (k. + AK®)/2M = E, - B.

Enp 0

For the larger angles, the simple approximate formulae are
inadequate, and the exact expressions must be employed. In any case,

the final result takes the form

(do(Eo,_Gr)
k dw; | . o2
0. e = FER)I%= N - z o 1/2)8K"

4K, (dq(Enp, Ak) >
d-mc.m np

This relation is subjected in Section 14 to an experimental check

similar to the one applied to a related equation in Section 7.
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12. INTERPRETATION OF EXPERIMENTS.
I: EFFECTS OF ATTENUATION

The theory has now been carried to a point where comparison
with experiment is possible. Such a comparison will be more illumi-
nating, however, if pfevious theoretical considerations of the neutron-
production process are kept in mind.

Mandl and Skyrrne22 have proposed a theory of this process,
which has had some success in accounting for experimental results.
Their theory, like that developed herein, may be thought of as an
improvement of a simpler theory in which all influence of the structure
of the target nucleus is ignored except that of the momentum distribution
of the struck nucleon. However, instead _of'attempting to evaluate the
effect of the exclusion principle while ignoring possible corrections te
the impulse approximation, these authors proceed in a complementary
manner by ignoring the exclusion principle while attempting to correct
the approximation for the effects of the attenuation of the fast nucleon
beam in its traversal of the nucleus.

The result of their calculation is an energy spectrum in the

forward direction of the form

ac(0% _ doy. ao,
o ae; - {ER) gt 3E;

The second term is an additional correction for double
scattering, and contributes less than 20% of the neutron yield. The
dominant first term contains a factor f (KR} which corrects for
attenuation, and which is a function only of the product of the attenuation
constant K and the nuclear radius R; the other factor represents the
result obtained with neglect of attenuation, and is similar to the result
of an "uncorrected plane wave' calculation of the type made in the
preceding sections.

 The argument leading to a sum rule for the total neutron
yield applies to this theory, despite the fact that 6 = 0, because with
uncorrected plane waves the quasi-elastic peak in the form factor
exists for small angles: witness the plot of NO((k, Ak) in Fig: 5. This
sum rule fixes the integral of dGl/dEf, nearly independently of the
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assumed momentum distribution of the target nucleons. Since the

second term is small, the attenuation factor in. the first term is left
in control of the neutron y1e1d The rnaln features of the theory can
then be inferred by representing this yield in the approximate form

dg(o ) ~f(KR)-N <§:L)_> = f(KR)" 4N <§§32>
d '3 ‘ lab / np o . ¢m /np

The original calculations were made with the value
K=3.6x 1012 cm-l° - This value results from work on neutron total
cross sections by Taylor etal., 7 but has been corrected by these authors .
‘(see their- Erratum) to K =2.4x 1012 ‘ -’1 - With this correction, K
is quite insensitive to energy in the range from 150 Mev to 340 Mev;
thus, the factor f(KR) is the same for all these energies. (The in-
sensitivity to energy also obviates the need to distinguish between the
values of K for the incident proton and product neutron, at least pro-
vided the t.arget has a sufficiently small neutron excess.) This
simplifies the application of the theory to the neutron-yield experiments
of Knox, 18 performed at 340 Mev.

. In order that the double-scattering term may be corrected as
well as possible without the extensive calculations required for its
accurate evaluation, the corrections to the Mandl and Skyrme results
have been compﬁted from the formula

do(o°)~ doWo°>f(KR) ‘ "do \ /// <do' >
o od (o) o

cfwf dwf f{K'R) dqcm

w
cm

In this formula, the primed values are those used by Mandl and
Skyrme, and the unprimed ones are the correct ones for the ca:‘s‘e
considered. The ratio of the neutron-proton cross sections differs
from unity only for the comparison with the ekperiments at 340 Mev.
The original and recalculated theoretical results are presented
in Table II, together .with the experimental data. The ratios of the
yields to the yield from C have been included explicitly, because
such ratios can be determined experimentally more reliably than
absolute yields. (Multiple traversals of the target by the beam make
serious difficulties in measuring the effective beam intensity.) While -

the theory is perhaps reasonably close to the experiments at 170 Mev,
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Table II

Theory of Mandl and Skyrme: neutron yields

170-Mev Protoﬁs ' 340-Mev Protons
Target Theory Experimerﬂ:b Theory ExperimentC
(Originalé’ corrected) {Corrected)

C(mb ster™ ') 68 113 (81 +15) 135 (55 +17)
Be(mb ster 1) 66 103 81415 123 82 +26
Be/C 0.93 1.01+0.06 0.93 1.5
Al{mb ster 1) 105 195 192 £35 235 115+ 36
Al/cC 1.70 2.39+0.12 1.70 2.1

2 Ref. 22

P Ref. 13

€ Ref. 18
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it is apparent that the predicted yields are far too high at 340 Mev, and
also that the predicted Be/C ratio isvmuch too low. The former
discrepancy is weakened by the existence of evidence, reported by
Schecter et al., 19 for yields at 340 Mev higher than those of Knox;
in a later section, however, reasons are presented for preferring
the lower yields.

It appears, therefore, that a thelory including attenuation
while neglecting the exclusion principle is not impressively successful
in interpreting experimental neutron yields. There is some indication
of the nature of the corrections required. The difference in structure
"between Be and C is not sufficiently represented in the model used,
and some additional means of reducing the forward yields is 1"equired.
Both these objects are, in fact, achieved by including the effects of
the exclusion principle.

On the other hand, complete neglect of attenuation is also
difficult to justify. The product 2KR has a value of about 1.3 for Be,
indicating substantial attenuation even in this light nucleus. For
heavy nuclei, Hofmann and Strauch (at about 100 Mev) and Knox (at
about 340 Mev) have demonstrated that the forward neutron vield
varies nearly as AZ/3, thus showing that attenuation is significant for
the specific process being considered. It is-true that Cladis et al. 27
have reported a ratio 4/3 between the yields of inelastic protons from
Olé and Clz, but the statistical uncertainties in the work seem to make
insignificant the difference between 4/3 = 1.33 and (4;/3)?‘/3 =1.21.
Only the ratio of about 19 between neutron yields from Pb and C at
170 Mev, 13 which nearly agrees with the ratio of the neutron numbers
(21 for Pb208, for example), suggests small attenuation; but this is
only one fact, and is difficult to reconcile with results at 100 Mev and
340 Mev quoted above, which include data on Pb.

Nevertheless, attenuation receives very little consideration
in subsequent discussions. The main reason for this neglect is
convenience, but it can be rationalized to some extent. The concept
of an attenuated beam is hardly applicable in a light nucleus, where
the nucleons interacting with the attenuated beam on the far side of the

nucleus are the same ones whose interaction produced the attenuation
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on the near side. Moreover, the loss arising from attenuation must,

except in the forward direction, be largely restored by multiple
collisions, the argument being the well-known one which concludes
that attenuation experiments in poor geometry do not detect scattering.
This argument applies in the case discussed here because the neutron

yield does not vary rapidly with scattering angle. 16, 17, 20
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13. INTERPRETATION OF EXPERIMENTS
II: ODD NEUTRON AND SATURATED CORE
In reporting the fact that the neutron yield from Be is greater
than that from C at 340 Mev, Knox18 takes notice of a suggesfion by
Chew that the cause is the presence of an odd neutron in Be”’, con-
trasted to the saturated character of Clz. According to a mddel
employed by Mullin and Gu‘ch45 in treating the photodisintegration of
Be9, the loosely bound last neutron may be considered to move in the
© field of the Be8 core; in the application to high-energy processes, it
must then behave nearly like a free neutron. In discussing their
experiments on neutron production at 95 Mev, Hofmann and St:rauchz'1
adopt this model of Be9, In accordance with the AZ/3 dependence of
neutron yields which they found in heavy elements, these authors
estimate the c'ontribution of the Be8 corle to the neutron yield as
(2/3)2/3 that of Glz; they assign to the odd neutron the difference
between the observed yield from Be and this estimated yield from the
" core, and proceed to show that the spectrum and angular distribution
/of this difference are indeed very like those expected from a free
neutron target.
Application of this method to other data is limited to cases
. where information on the relative yields from Be and C is available.
Such cases are found in the experiments of Randle et al. 13 at 170 Mev,
and of Knox at 340 Mev. By use of the data of Table II, the forward
neutron yields from the odd neutron of Be have been calculated by this
" method, with and without attenuation, and the results {corrected to
the center-of-mass system by division by 4) compared in Table III
with the neutrofx—proton forward (exchange) cross section. It appears
that the agreement is satisfactory only at the higher energy, and that
allowance for attenuation makes little difference. The success at
340 Mev is a point favoring the Knox yield measurement over tﬂat

of Schecter et al,
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Table III

Odd-neutron yieldé '

Proton energy  (1/4Be - (5)2/°c]  (i/4Be- %] (a—d"“’ ’)
. .

w

cm
Mev mb sterad-l' mb'sterad-lk ~mb sterad”
170 4.8 £ 1.0 C6.8x1.2 11.2 £ 0.7

340 10 + 3.2 11.4 + 3.6 13.7 % 2.1

Since fhe neutron spectrum from C has not been studied at
340 Mev, it is only at 170 Mev that this subtraction method can be used
to estimate the spectrum of the odd neutron yield in the forward
direction. In Fig. 9 are presented the Be and C spectra and estimated
incident proton spectrum, as reported by Randle et al. The difference
. Be - %— C is also shown, and is seen to be very much like the proton
spectrum, as would be expected if the neutron were free.

The poor agreement between odd-neutron and free-neutron
yields at 170 Mev is puzzling, in view of the similarity of the spectral
distributions at that energy, and in consideration of the good agreement
between the yields both at 95 Mev and at 340 Mev. The evidence
appears, on the whole, favorable to the extended applicability of the
.idea that the odd neutron in Be9 behaves as if free.

The idea of the similarity of the contribution from the Be8
core to that from Cl‘2 is supported, to some extent, by the experiments
of Cladis et al27 on inelastic proton scattering. The energy distributions
of protons scattered from C12 and O16 are found by these investigators

to be the same, the yields being in the ratio three to four.

Hofmann and Strauch have also investigated Li, and find that
the neutron spectrum is similar to that of Be, but the yield is greater.
They suggest that this resul{t‘,&_s from the last two neutrons in Li7,
acting as if only partially freve. The partial character of the freedom,
associated with binding energies of 6 or 7 Mev instead of less than
2 Mev as in Be, prevents fruitful application of their subtraction
method. Other evidence relating to Li is provided by work of Goodell

et al.,15 who find the neutron spectrum from Li at the Columbia
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Fig. 9. Odd-neutron spectrum at 170 Mev.
Vertical lines on the curves for C and Be indicate
roughly the accuracy of the measurements.
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cyclotron to be quite similar to that from Be.  Also, Ba.ll5 and
DePangher6 have found the spectrum from LiD at Berkeley to be
distinctly narrower than that from Be; it appears unlikely that this
effect can be ascribed entirely to thes deuteron, since any possible
difference in the momentum distributions of the loose neutrons in

D and Be must be too small to account for the observed difference in
width.

The treatment of the triton, in the derivation of its sum rule
in an earlier section, suggests that Li7 may best be handled by
separating the (essentially elastic) transition to the ground state of
Be7--Li7(p,n)Be7--from transitions to excited states. The same may
be done for Be9, for comparison; it is then apparent that the ground-
state .transitions must be nearly the same for these two targets, and
that differences arise from transitions to excited states. The ground-
state transition produces neutrons in the shadow-diffraction pattern
(Babinet's principle), and thus is the source of that part of the strong
peak found in Be which lies close to the forward direction. This
accounts for much of the forward neutron production from Li, but
leaves unexplained how the four neutrons in Li yield, by transitions
to excited states, more product neutrons in the forward direction than
the four neutrons of the Be8 core.

The fact that two of the neutrons in Li7 are bound with about
half the energy of the other two, or of the four in the Be8 core, is
suggestive. In the spirit of the impulse approximation, it is even more
suggestive to find, in the work of Wilcox3o on quasi-elastic scattering,
that one of the protons in Li7 has a much narrower momentum
distribution than the other two. It may be supposed that the two less
tightly bound neutrons also have the narrow momentum distribution.
Half the yield from these two, together with the contribution from the
ground-state transition, may be expected to be similar to the yield
from a free neutron or the odd neutron in Be; the remaining two
neutrons ought to behave like those of 016, ClZ, or the core of Be;
the peculiarities of Li are then to be ascribed to the other half of the
excited-state contribution from the loose neutrons. The high yield

found by Hofmann and Strauch is explained by saying this last
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contribution is larger than that of a core neutron, presumably because
of the narrower“morhentum distribution, but not so large as that from
a free neutron because of the effect of the exclusion principle.
The success of thése discussions, ever.liwh‘en not quantitative,
indicates clearly the value of considering the specific properties of
individual nuclei, rather than representing all nuclei as larger or

smaller samples of the same nuclear matter after the manner of
Mandl and Skyrme.
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14. INTERPRETATION OF EXPERIMENTS
III: FORM=FACTOR ANALYSIS:

The special fea:tui"es of neutron production from unsaturated
targets having been accounted for to some extent, the case of a
saturated target remains to be discussed. It is convenient to consider
the angular distribution first, because this does not require knowledge
of the incident proton spectrum; moreover, there is little information
on spectra except in the forward direction, where the analysis of the
spectrum will prove to be unnecessary because the theory of the
angular distribution is already inadequate. Unfortunately, the data on
the angular distribution from C are limited to a statement, in the

9 that.at 340 Mev it is similar to those found

paper by Schecter et al. !
for Be, Al, Cu, and U at this energy by Miller, Sewell, and Wright. 16
Nevertheless, it is possible to test the theory of the angular
dis;ribution from a saturated target by considering the Be8 core of
Be’.

obscures matters, for example by contributing to statistical errors.

This is less satisfactory than C, because the extra neutron

However, there are not enough data to make an investigation feasible
except in the case of Be. In addition to the work of Miller et al.,
referred to above, there is an investigation by De.]'urenl'7 over a
wider range of angles; it is worth noting that the former authors
detected neutrons by the Clz(n, .Zn)C11 reaction, having a 20-Mev
threshold, while the latter author employed Bi fission, with a 50-Mev
threshold. Finally, there is the work of Snowden20 at 170 Mev, in
which several neutron energy thresholds were, in effect, employed.
These data may be compared among themselves, and also
with the result obtained theoretically by the use of the completeness
theorem, by first writing the latter result (of Section 11)explicitly for

the case of Be9 in the form

(do
k dw S — — 2
0 £ = |F(AR)|12 =5 - 4o /D)AKT
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The general form of this relation is tested f)y the agreement
between measurements of the initial expression as a function of Ak
at 170 Mev and at 340 Mev; the specific form of |F(Ak) 'Z is tested by
its agreement with the final expression. The results are presented
in Fig. 10, which. includes not only the above-mentioned data on the
angular distributions, but also the normalization of these data to the
forward yields measured by Randle et al. 13 at 170 Mev, and by
Knoxls- at 340 Mev. With these yields, the various curves in Fig. 10
agree as to order of magnitude, at least. J

This agreement would be lost if the neutron yield reported by

19

Schecter et al. had been used instead of that of Knox. It is convenient
to collect at this point the evidence that the - Knox result is to be pre-
ferred, beginning with a more complete account of the data themselves.
The contributions from Knox are the value 1.5 for the ratio of
the neutron yields from Be and C as measured by Bi fission detection,
together with an expression, found by Clz(n, Zn)Cll detection, for the

yield from Be in terms of the excitation function of his neutron

. detector. The latter result can be written

o :
gg—(o—) = (1 £0.30) x 42 mb stera.d-1
1 :

yield of C'%(n, 2n)c!' at 270 Mev

1
yield of C %(p, pn)C ' at 340 Mev

The first contribution of Schecter et al. is a value of the
required yield ratio in the C detector, based on data that had appeared

in the literature subsequent to the work of Knox. The value is

yield of C'%(n, 2n)c'! at 270 Mev
yield of Clz(p,pn)C11 at 340 Mev

= (1 £0.10) x 1.95.

They also measured the absolute yield, this time for C,
finding

aa(0°)

dgof

= (220 + 50) mb sterad”
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20
Snowden. 170 Mev protons. (Neutron energy > 50 Mev),
De Juren'? 340 Mev protons.

5 Miller et ol 340 Mev protons (where different from DeJuren_)-
——~ =—— = — Theory
5 e —————— —]
//
~~ Uncertainties in the form of this curve
° 7~ are about 10% for angles less than 30°, but
o //’-—7/— up to 40% for larger angles. For absolute
i / / error at Ak =0, see text. ]
< /
N
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Fig. 10. Analysis of neutron angulai- distributions.
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Substituting the quoted yield ratio in the result from Knox

[

gives the value, for Be,

da(0°)

= (82 + 26) mb stera..dfl..
dwf

This is the basis for the values that have been quoted herein as due
to Knox. |

Any quantity that has been reported on th(le basis of the Knox
value can be changed to what it would be on the basis of the Schecter

et al. value by multiplying by the ratio

da(0°)
S s 155229250 40415,
dO(OO) 82 £ 26 )

“ |K

This ratio ought to be unity, but differs from unity by more than the
probable error. Unless the probable errors have been underestimated,
there is a systematic error in the yield determinations. The most
apparent source of error is that the Be-to-C ratio of 1.5 has been
measured for neutrons of energy above 50 Mev, while the absolute
yields being compared have been measured for neutrons whose energy
may extend as low as 20 Mev. '

The curves of Fig. 10 show fhat increasing the data obtained
at 340 Mev by a factor 4.0 would not merely spoil the rough agreement,
but would indicate yields more copious than from free neutrons (given
by the high-energy theoretical value)--several times as copious, at
some angles. Even at the "low" threshold of 20 Mev, it seems
difficult to account for so many neutrons. This difficulty is to be
constrasted with the fair degree of agreement visible in the curves
as they stand, and also with the approximate agreement of the odd-
neutron yield with that from a free neutron, as found in the preceding
section.

That the value found by Schecter et al. is too large is also
suggested by the total inelastic cross section for neutrons on C. This

value has been determined by Ba11§ by two different methods. He
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obtains (203 + 33) mb directly by attenuation in poorigeometry, and
209 mb as the difference between the total (elastic plus’inelastic)
cross section of 288 mb found by DeJuren and Moyer4 by attenuation
in good geometry, and the elastic cross section of 79 mb resulting
from the integration over all (significant) éngles of his own measured
differential elastic cross section. In the absence of an estimate of
the error of.the> second method, it may be considered as a check on

the first; the discussion will accordingly be based on the value
0. = (203 £ 33) mb s'cerad—1

The neutron yield leads, on the other hand, to an estimate
of a part of this inelastic cross section. In the first place, DeJuren1
reports that his angular distribution of neutrons from Be implies
(through integration over the angles) that the total neutron production
cross section is 1.05 times the forward differential neutron production
cross section. Since the angular distribution from C is unlikely to
be narrower than that from Be, the corresponding factor for C is
probably not less than 1.05. Thus, a lower bound on the total neutron-
production cross section in C implied by the yield of Schecter et al.
is |

o, = (220 = 50) x 1.05 mb sterad™ " = (230 £ 52) mb sterad” !

The charge symmetry of nuclear interactions leads to the
conclusion that the last number is also a lower bound on the proton-
production cross section of incident neutrons, which is only a part
of the neutron inelastic cross section. In fact, the cross section for
inelastic scattering of protons ought to be of comparable magnitude.
The difference of the quoted values, however, is only

(-27 £ 62) mb sterad™!.
Thus, 35 mb sterad-!l, at most, is available for other inelastic
processes. This is to be compared with the result from the Knox
yield, which reduces Ok by a factor 4.0 to 58+13 mb sterad—l,
leaving 144 +£40 mb sterad = to accommodate the remaining inelastic
processes.

The large neutron production found by Schecter et al. could

conceivably be accounted for if the incident proton were able to produce

1]
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several neutrons having energies above 20 Mev. ‘The data for lower -
energy protons, however, do not suggest such multiple production;
and the fact that the attenuation constant in nuclear matter does not
increase with increasing energy makes unhkely any considerable
increase, with increasing energy, of multiplicity from light nuclei.

The significance of the curves of Fig. 10 may now be
considered in more detail. Aside from their mutual agreement as
to order of magnitude, their most notable common feature is the small
values at small Ak. This feature of the experimental curves is
evidence for the operation of the exclusion principle, which is known
to be thé cause of a similar feature of the theoretical curve. However,
the experimental values at small Ak are not so small as the theory
requires. Moreover, the experiments fall below the theory at large
values of Ak; the experiments even disagree with each other, in that
this decrease occurs at smaller values of Ak at 170 Mev than at
340 Mev. |

The break in the ‘high-energy curve at Ak = 575 Mev/c is
probably related to the minimum in the neutron-proton cross section
(see Fig. 1) at this vé.lue of the momentum transfer, as the assumed
independence of‘q fails at and above this minimum. The corresponding
point on the low-energy curve is at Ak = 400 Mev/c, where no break
occurs; nevertheless the greatest decrease occurs for Ak>400 Mev/c.
Thus, much of the difference between the two experimenfal curves
can pfobably be explained by the difference in Ak at the minima of
the corresponding neutron-proton cross sections.

On the other hand, the reason the theoretical prediction is
too high for a range of lower values of Ak (e.g. 300 Mev/c to 550
Mev/c for the 340-Mev curve) is presumably to be sought among the
deficiencies of the impulse approximation, such as its neglect of
attenuation. Similarly,’ the failure of the low-energy curve to rise
so high as the high-energy one may be ascribed to a greater influence
of such deficiencies at the lower energy; this influence appears to

make the approximation largely useless at still lower energies.
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The discussion of the extra yield at small Ak may be assisted
by expressing in f.e;'ms of the variables now being usedrthe discussion
of yields from core and odd neutron given previously. For example,
since C and Be yields at 6 = 0 are equal at 170 Mev, the value 1.97
of the 170-Mev curve at N{ = 0 applies to C as well, and 2/3 of this,
or 1.31, to the Be8 core of Beg, leaving 0.66 for the odd neutron. At
340 Mev, the fact that the C yield is 2/3 that of Be leads to the
partition of the value 1.55 at Ak = 0 into contributions of 0.69 and 0.86
from the Be8 core and the odd neutron, respéctively. It is now
evident that, while the odd-neutron yields are of the right order of
magnitude, the core yields are much too large. _

It is true that the theory does not, strictly, predict zero
yield from the core at 6 = 0; this result is a consequence of further
approxirhations made in order to get a simple form for the angular
distribution. The yield at 8 = 0 is small, however, and decreases
rapidly with increasing energy because the forward locus (Fig. 4)
moves into regions in which the form factor is small. This source
of neutrons probably can at most explain the difference between the
core yields at the lower and higher energies.

, Another possibility is that the neutrons in the forward
direction arise from multiple scattering. The work of Goldberger31
on multiple scattering, and the work of Mandl and Skyrme‘22 on
double scattering, however, agree in indicating that this process
produces relatively few neutrons in the forward direction.

The character of the difficulty in the. forward direction is to
be appreciated by realizing that the small yield predicted at 8 = 0
arises from an interference effect. The free-particle scattering is
corrected by a term, arising through the exclusion principle, from
the protons in the state from which the neutron is ejected. In the
340-Mev data, the interference is not quite perfectly destructive at
6 = 0, but reduces the contribution from 4.00 to 0.69. The effect of
the exclusion principlé is estimated incorrectly by 0.69/4.00, or
about 17%. An error of this size may well be expected to arise from
the q-dependence of the neutron-proton interaction, or frofn corrections
to the impulse approximation. For example, polarizations of this

order of magnitude are found in neutron-proton scattering.
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An interesting related feature is that the curve for 340 Mev
is parallel to the theoretical curve in the range 0 < Ak < 200 Mev/c,
but displaced to the left by 70 to 100 Mev/c. If this type of behavior
is general, it may help to explain the behavior of Li7 discussed in
the preceding section. It was pointed out that two of the neutrons in
Li have a markedly narrow momentum distribution; these neutrons
presumably give an angular distribution theory like the one in Fig. 10,
but correspondingly narrower. With such a curve, the strong
suppression of neutrons at small Ak would be largely washed out by
a shift to the left as large as that noted at the beginning of the para-
graph. This would account for the relatively large neutron yield from
Li. '

This narrowing of the neutron-deficient region at small angles
has the 'appearance of a diffraction effect; the exclusion principle
produces a kind of ''shadow, " into which some diffraction may occur.
The primary diffraction effect is already included in the form of the
effect of the momentum distribution in defining the theoretical curve
itself. There is a secondary effect, however, which would appear--
for example--in a second-order perturbation theory of the process;
this is thé‘elastic scattering of the incident-proton and product-neutron
waves arising from the attenuation of these waves, or what is usually
called "shadow scattering.' It is difficult to estimate whether this

effect would be large enough to explain the data.
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15. SUMMARY

The theoretical trﬂeatment Qf high—énergy processes in com-
plex targets has been faced for somé time with the difficulty, emphasized
by the work of Goldberger, 31 that the exclusion principle‘ should tend
to suppress inelastic events in the forward direction, but that ex-
periments have failed to demonstrate this effect. It now appears
probable that this is in part related to the failure of the impulse
approximation at 100 Mev, where many of the experiments have been
made, and Goldberger's e’:%plicit calculations apply. The effect is
actually demonstrable at higher energy, in the form of an angular
distribution of neutrons, produced by quasi-elastic exchange collisions
in Be, which is nearly flat at small angles, rather than a stéep
function of the angle as is the neutron-proton cross section. It seems
likely that suitable experiments would demonstrate an actual neutron
deficiency in the forward direction. The experiments should be
performed on C at a sufficiently high energy, and might consist of
determinations of neutron spectra at several angles. Such an
experiment has actually been performed with the Rochester cyclotron
by Nelson, Guernsey, and Mott, 14‘but unfortunately the beam
monitoring was not consistent at the two angles investigated, and
consequently the relative yields at these angles were left undet.ermined.

The few neutrons that occur "illegiti-mately" in the forward
direction are not more numerous than imperfections of the theory
might lead one to expect. They may arise in part from elastic
scattering of the incident proton before, or of the product neutron
after the exchange collision; in part from an uncancelled residue in
the interference between bare-neutron scattering and effects of
neighboring protons. The specfrum in the former case would
presumably be that corresponding to the angle of inelastic 'scattering,
as given by the theory presented herein; in the latter case, the
spectrum would perhaps be like that arising from uncorrected plane
waves, determined by the form factor No(k, Ak}, but possibly
modified if the perfection of the interference varies considerably
over the spectrum. It is thus not possible to predict the neutron

Spectrum in the forward direction with any certainty. The form
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factors N (k, Ak) in the forward d1rect10n, and IFk(Ak)I for
Ak = 0. 896 represent p0381b111t1es, 1ndeed they seem to be of

suitable width to accoun‘t'roughly for‘the C spectra reported from

13,14 when folded into the’ ifncident -proton

1,2,12

Harwell and Rochester,
spectra. The broad neutron spectra observed at Be‘rkeley
and Columbia, 15 which contrast not only with those mentioned
previously but also with those found at still higher energies, 10, 11
are probably to be ascribed to correspondingly broad proton spectra
in the internal beams of the cyclotrons at these two laboratories.
The analysis leading to these conclesions has been based on
the impulse approximation, which appears to be fruitful--though
perhaps not perfect--if the energy is sufficiently high. To escape
the limitations resulting from lack of knowledge of the phases of the
neutron-proton scattering matrix, it has been found necessary to
subject all arguments to the condition that this matrix be a function
only of the momentum transfer in the scattering process, but not of
the energy. Fortunately, such evidence as is available suggests
that this condition is approximately satisfied within a substantial
range of momentum transfers; however, small departures within
the range, and large ones outside it, may be responsible for some

of the divergence between the theory and the experiments.
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APPENDIX: COMPLETENESS THEOREM FOR MODIFIED
PLANE WAVES
The first step in eétablishing the desired completeness relation
is to reduce the problém from three dimensions to one dimension by
v expressing the properties of the modified plane waves in térms of

corresponding properties of modified spherical waves. The hypotheses

are
S rgiing ol | A A
=T e+ Pkx) jy k)
=0 |
- o AN
ApE) = B Byl gk

) -
[ rf drf,(k,r) f,(k',r) = [ r©dr jlkr) j, (k'r),
0 , ‘ 0 . ,

o0 5 _ <
f k™ dk f (k,r)f,(k,r') = f k™ dk j,(kr) j,(kr")

£ 2 £ £ ]
0 0
The first two equations relate plane waves and modified plane waves
to spherical waves and modified spherical waves, while the last two
assert that the modified spherical waves have the same orthogonality
and completeness properties, and the same normalization, as do the
unmodified spherical waves. The notations Q and Q represent unit

A AN

vectors; thus k-x is the cosine of the angle between e and X

By the addition theorem for spherical harmonics,
A A AN A :
Pl (1-("! ;) = Pz (k'- k) Pl (k- x) + terms containing azimuth angles.

Moreover, the azimuth-dependent terms are such that their integrals

over all azimuths vanish. There follows from this
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- - F ﬁ /\' o 2
(Pp(x), b (x)) = 4m z:zo (22 +1)P, (k- k') Ofr drf,(k,r) f,(k', r)
o N ,
= 4r Z (2£+1)P,(k k) [+ dr j, (kr)j, (k'r)
1=0 0
i} (eﬁEJ{ JK' %)

In a similar way, the addition theorem, in the form
A A A A A A
Pi(k- x') = PE (x-x") PI (k- x) + azimuth-dependent terms,
can be used to show that

Wp(), dpEn) = (%, )

Since the plane waves eik' *  constitute a complete orthonormal
set, it follows that the modified plane waves tlJ}-('(;:) also constitute such
a set, provided the functions fl (k, x) satisfy the conditions of the
hypothesis. v

The one-dimensional problem has a continuous eigenvalue
spectrum. This creates difficulties which can be avoided by imposing
an upper limit on the variable r. The problem then has a discrete
eigenvalue spectrum, yet passes into the original problem when the
bound is increased indefinitely. The usual custom will be followed
of supposing that completeness of the eigenfunctions defined by the
problem with bound implies completeness of the eigenfunctions defined
by the problem without bound, without attempting a rigorous treatment
of the passage from one problem to the other.

The comparison functions jl (kr) are defined by the variational
condition

6 {(, (kx), 2,5, (k))/(, (kr),jl(krD} = 0, in which the operators £,
have the form -d°/dr® + £(£ + 1)/r°. Instead of this explicit
formulation, it will be more convenient to introduce the eigenfunctions

lIJk and eigenvalues k2 of an operator £, using the conditions
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(Wi Q) | G Qu) 2
5 { y=0 , @) 22
T B @ 0

These conditions will be said to constitute the '"free problem.' The
following properties, common to the operators 2, will be used:
(a) the operator £ is Hermitian; thus, its eigenfunctions constitute
a complete set; | |
(b) its eigenvalue spectrum is discrete;
(c) its eigenvalues are not degenerate;
(d) its eigenvalue spectrum is bounded below by zrero, 'but is
’ unbounded above. ”

The functions fl (k, r) will correspondingly be replaced by the
.eigenfunctions (bq of a "constrained .problem" defined by the same
variational condition

o
9’ 'q
supplemented by the orthogonality condition
(f, Qq) =0.
The function f will be subjected to the following conditions:
(£, ¢) $0, ally ;

(f, f) = 1. _
The first condition could perhaps be relaxed, but simplifies the
argument without affecting the applications that are contemplated. The
second condition entails no loss of generality.

The usual variational argument leads to the equations
2
QLIJk - k ka b
2 .
Q0 _=q" 0 +p_f1,
, 'q 79 %" Py
in which k", qZ, and ﬁq are Lagrangian multipliers. From these

equations follows not only the usual expression for the eigenvalue of

~ the free problem, o i)

k O
k’ "k’
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but also, in view of the orthogonality of (f) and f, the same expression

for the eigenvalue of the constrained problem,

2 . 0g,2 0g)
(0, )

It is known that the expression (g, Qg)/(g, g) is minimized by

- the choice for g of the eigenfunction of the free problem corresponding
to the lowest eigenvalﬁe, Consequently, the lowest eigenvalue of the
free problem is a lower bound for the eigenvalues qz of the constrained
problem; aﬁd the knowﬁ lovsl/-er bound, zero, of the eigenvalues of the
free problem is also a lower bound for thdse of the constrained
probiemu | ‘
" The orfhogonality of f and Qq also permits application, to
the functions (Pq, of the argument by which the orthogonality of the
functions kIJk is usually inferred from the Hermiticity of . The

finite range of r permits normalization of these functions. Thus,

W $pi) = Bppr s

If now h is a function orthogonal to f{, and aiso to all
functions Q)q belonging to eigenvalues'qz < QZ, then the ratio
. (h, Qh)/h, h) is minimized by the .choice h = ¢~Q’ and its minimum
value is thus QZ,- Any such h whatever, therefore, has the property

(, h)< (b, ©h)/Q% .

. Since the completeness property is associated with expansions,
it is necessary to introduce an arbitrary function g, together with
its -partial expansion

T = = | o (0,
Q  q<Q? -‘q(@q )
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Since the functions (Dq are all-'orthogonal to f, it is essential
to add the function f to the set ¢q° The remainder PO in the ex-
pansion of g is thus to be defined by the equation

g=1f(f,g)+ Z +p

It now follows readily from the ofthonormal property of the
functions f aﬁd @q that Po is orthogonal to f and to all the functions
¢q included in B . It is thus of the type of the function h in the

preceding result, and consequently has the property

. j~ L
(PorPg) < gy 2p5)/Q7. |
This inequality relates the norm of Po to the quantity
(pQg' SZ‘pQ), The latter quantity may be investigated by considering

the expression
(e-ftt. 8.0l g-it6 2)]) = ( 2 +eg): 21 3 +eg])
Several of the terms on the right can be evaluated. Thus

(g 2Zq)= =, bg: 2 8.) (B . g)

q2<Q .

oo a® 0, + B, 1110, &) = 0,

.and similarly

(ZQ, QpQ) =0.

Moreover, since
. 2 i 2
, S = s ! v B £ =q'""0_ s
(0,200 =0,0a" 80+ ] =a"0

there follows

2 . .
= q (g, 0_)(0_ . g) 20 ;
a2<q? q’'*q

in which the last step depends on the fact that zero is a lower bound for

2
q .
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As a consequence of these relations, p'Q has the property

g 2eg)< (g -e.e)l.ale-f(ie)]) .

Combining this with the inequality for the norm of Po: it is found that -

Py Pg) < lg - fif.g)), @ [g - f(f»g)])/Q2

Since the numerator on the right is a constant, and since the
completeness property is just that the norm of the remainder P can
be made as nearly zero as desired by 1nc1ud1ng more terms in the
expan51on, it is apparent that completeness will follow if the eigen-
values q (of Wthh»Q is one) are unbounded above.

To show that the e1genva1ues have this property, it is necessary
to return to the relations Q t,])k k hIJk and Q (I) d) + p f, wh1ch

have been obtained previously. From them follow the equatlons

; 2 - .
Because of the Hermiticity of €, these equations lead to an equation
for (LIJk, (Dq) of the form

(- a%) g 0) = By Wy, 1) -
~ Since by hypothesis (4, , ) # 0, the vanishing of K> - qZ implies
that of Bq. Thus, Q (Dq = k2 ¢q’ and since the eigenvalues of the free
problem are not degenerate, Qq can only be Lle itself, which contradicts
the orthogonality condition (§ , f) = 0. The contradiction can be
avoided only by forbidding k2q= qz. It is then permissible to divide
by k2 - qZ to obtain an expression for (¢k, Qq). There then follows

from the completeness of the set of functions lIJk the expression

o - s D
The supplementary condition now leads to an equation for the
. 2
eigenvalues q :
i) -p (f,q;k)wkz, £)
Tk @ -q9)

)
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“When this equatmn is differentiated w1th respect to qZ, the
denominators take the positive definite form (k qZ)Z. Thus, the
slope of the right side of the equation is negatwe everywhere. The
expression has simple poles at the points q = k ; clearly it descends
from +<? at each pole to -o° at the next, passing through zero once -

and only once on the way. That is, one and only one eigenvalue of the

- constrained problem occurs between each pair of successive eigenvalues

of the free problem.

Since the eigenvalues of the free problem are unbounded
above, the eigenvalues of the constrained problem also have this
property. This completes the proof of the completeness of the set
constituted by the function f and the eigehfunctibns d)q of the
constrained problem associated with f. It may be noted that the

eigenvalue spectrum of the constrained problem is discrete.
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