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APPLICATION OF CAUSALITY TO SCATTER.D~G 

R. H. Capps 

January 17, 1956 

I. Introduc~ 

By making use of certain basic physical principles, it is possible 

to say a great deal about the outcom~ of a particular scattering experiment. 

For example, the principle that the interaction between particles must be 

invariant to a translation of the coordinate system may be used to prove 

that the tflt,al momentum of the system must be consenred. Another basic 

principle \'.rhich has received much attention recentl:r is the causality 

principle, t<Ihich states that no signal Jll.S.Y be transmitted with a speed 

exceeding tha speed of light. Gell~~~nn, Goldberger and collaborators 

have made use of the causality principle to give a quantum mechanical 

derivation of some dispersion relations, which had previously been derived, 
1 

using classical methods, by Kramers, Kroning, and ot~er authorso The 

essential features of i;his quantum mechanical derivation will be discussed 

later in these lectures. 

To simplify the discussion 1.1e shall discuss only reactions in which 

there are two par-ticles in the initial state, and two particles in the. final 

1 
See, for ex&~ple, M. L. Goldberger, Phys. RevQ 99, 979 (1955), and 

Gell=Maro.n~ Goldberger, and Thir:dng, Phys. Rev. 92,, 1612· (195l~). Their 

l<iorks contain references to previous discussions of dispersion relations. 
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state. (Examples: 1i'" + p .-:;11-+ p; 
0 0 rr= + p__,J\ +a .) Y.le shall treat. 

the masses of the heavier initial particle and the heavier final particle as 

if the,y were infinite, though this is not necessary for most of the conclusions 

derived. The possible initial and final states of the system wili be denoted 

by one of the following two sets of quantum numbers, 

(o( ' p) and 

(b) ~ , E, fl, 
' 

~!here o) denotes the nature of the particles and t11eir "internal quan'ctrin 

numbers 11 such as spin and isotopic spin. 

of the light particle, and E, f. , and 

The vector rr denotes the momentum 

J? represent the energy, orbital z 
angu~ar momentu1n, and z component of the orbital angular momentum of the 

light particle. Primes will be used to denote the final states. 

Let the heavy target particle be located at the origin of the coordina-te 

system. Then, in the region of large 1 , we may express the wave function of 

the system 'fJ as a superposition of an incoming wave, 
(=) 

l}J . , and an 
. (+) 

outgoing 'itave lf . Each of these waves may be expanded in the eigenstates 

of the (~ , E, fl., flz) representation. The complex matrix elements of the 

scattering matrix S are defined by the equation, 

(1) 

The quantum numbers q and q u denote all the quantum numbers other than 

the energy a i.e., q :;: <or j .R' ~); 
defining S only when anergy is conserved. 

(of 
1

, . J! J f.'). l<Te are 
z 

The elements Sqqu are independent of the coefficients Aq,E , 

which give the form of the arbitrary incoming wave. In actual practice~ 
( <W) 

t/J is the incoming part of a plane wave. 
I 
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I:? there h1 no inte::raction bet."t1!'sen t.he proj~ct;ile and target pa:rticle~ 

the requL·cmant, t.hat the '·la.Ve i\mction be finjJie a;(. the origln may be used. to 

show thnt 

H") 

~ ¥~uF, (2) 

·rho v;aye :function ~~j.ll be a. plane 1.1ave, wh:i.ch.~~ expanded in spherical waves., 

l'illl have t.he fo:riD. 

"~~ -;;"": ( ... ) il~·i" - /. (t) " £1J 
~ 

2: = e = A \~~·E /fqE ~! 
qE i I qE / 

'rhus in this case t.he s mc1.tr~.x is the un.i.t m.atr:ix:. 

I 1 0 0 ... 
f s = l 0 1 0 •• c 

l 0 0 1 0 •• 

\ • , 
)Ie see from the above argument t.hat the mat:r:i.x element, 

(S ~ 1) 
1 qq s i qq 

{ 'J) 
'it., ..,.I 

is propor~:;ior.:nl 'l~o. t.he ampliijude for th'3 reaction q --7 q 1 • UG define the 

:::: 
(S = l)qq". 
~':~~!~ ......... --

(Lt.) 
2~.k 

:;::~r·e i: ;:; :r:/n , p being the in:Uial momentulll. 

'file cross section for the process q """;;~ q 1 is then given by 

(5) 
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be expressed by thte ·3que:t:'..cm 

~~ "\·. 
;} 

and B refer to th€: incom5.ng a.nd outgoing sta.te3 re~;pect.ivaly. In -~.hl:.~ 

TeJ::L:lg the complex c:onj"<.lg<:v~El w<e get;, 

·A-
Subst,it.uting these mcpress:i.ona. for B .J and B j our ocp.mtioP baCCitnf:l3 

).--- .r, ... 
""""--;> ·if * 

~ .4j. A e~ > }"k l:e skj s.~j '.b' 
i j_ ~- ~ .......... , 

Y<.e. 

Sines the coeff:i.c:tents rep:~esent,tng the 5neoming 1..Jav-a A, e.re c:;:b:. ;,ra:~.-y, 

* s :ej 

... 

\'I.: 

1'his equa.t~.OL oxpro;;ses th~ J.<£1i.:~a.ry cmnr:i ~t.j_on or: ·;:.he ,::, •. · :;d.:r·i:L 

ela~rtic sr.a.tte:rir.g 
If on:,y -ene--!"f~·!!c-t-:\~~· ls pos:>:.bl: and tbn spins 1lJ' u.~ paJ•i:.::..(::iuo. mr1 
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) 
:l.s the sc:attering phase shift correspond~~ng o,,o t.he 

.1'-

orbi.tal angu~L!'lr mm::mtun J!. o From Eg. (4~ the scatt.srlng ru:.plj:ttu~e for ~-

gl van J?.. i ·1 

:tS 
= !:.. __ . ....:'8:!1 ~-

an1 the crotvj sect,ion fm• a g:L '!fm ./!... is 

I'iciW :_et us invent.igat.e t.he consequenc~s of unitad.ty 1· h sn tLora a1 ·:. 

t'fm poss5.ble f:lna.l statf!S which nmy b~l reacl- 3;d from a part.icuJ.a::- in~ tial ::·~eto. 

Fm.• example v!l:J consider ·i;,he in5.t.ial Gtate 'tc ')e 17'=+ P in a f) st: te~ 

e:cd coneid.ar only t~1e two final state·s 

Cn:..tarit.y req1.1.ires that 

+ 1\s,.., )2 
-1.", 

<ll .d 

The total ) •:•a re Cl'OSS sect.ioa for the tl-10 rossible final state;~ is 

· . ·r! [ J s11 } 

2 

·t I s \
2 

,..).., 1 •··-;; 12 I 
,""'-
~{ - . 

"1 
2 Re s11./ 

:;i), and the ·>'act "::tat 

' 
J. l 

... 
.'2. r:r 

(10) 

(: l) 
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Combining these tMO equations v:e sse that 

-
2] (j"" - 1( L -2 Re s11 + T =-2 

k 

(12) 

a.ild' us:i.ne Eq. (4) 

cr;; - !J;_T( Irwt TD~ -T (13) 
k 

Thus, the imaginary part, of the B.l!lplitude for the elastic r,rocess is related 

to t,he tot,al cross sectio;{tfor all processes. The above result is indepe:nder:tt 

of the number of final states involved. 

A f-luniJ.ar relation holds if vre use the plane wave (c) , ~) 

representation. In t.his represen'ca.tion (again neglecting spins) the init:tal 

state is completely in the stat,e 

~ 
p :: , 

..... 
where iz is a unit vector in the z d:.trection. The tc,.(;a.l cross section 

th~n is proportional to the sum ~ I (S c{l pO . 
, where 

range ove1, all possible final states. The unitarity condition is again 

~~~ ! 12 ~ ~p, '1'~' -

'l'he tnat.rh~ element of (S = 1) differs from t.hat of S only when the initial 

and final s'i.;ates are the same, l'Thich in t.his case refers to scattering in tho 

:fo:r~.·m.:rd d1.:raction. So the unitarity condition in this case g:tves a relation 

simila:.~ to Eq. (13), except, that here the imaginUfY part of the i'ol"'.tmrd 

,elastic seattering amplitude is relat.ed to t.he ·total cross section for all 

p:cocesses" Tha relation is 

'"').:~ I <'~'?"' I.m Tn (JJ;.) 
' 1: = •. t!L. ... ' 1): 
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~th€!re Tf : the :f'm:>l1fard acat·tering a'Tiplitude is :related. to the dlff'erential 

cros13 section in the for-v~ard direction by 

(15) 

This relationship shm1s that whenever any ldnd of reaction takes 

place~ there must be some scattering in the forvra.rd direc·jjion. This result 

:i.s \'Iell-knatm in the theory of optical diffraction. 

It should be emphasized that the unitary property of the S-matrix, 

and the :relation Eqo (14)J are correct independently of the assumption that 

the only possible final states are two particle stateso If final states 

involving more particles are possible, the total cross section in Eqo (ll~) 

must include transitions to these states. 

• 


