
I 'j: 
~ If~ 

\' 

I : 
I 

.i 

1 \ 

UNIVERSITY OF 

CALIFORNIA 

TWO-WEEK LOAN COPY 

This is a Ubrar~ Circulating Cop~ 
which ma~ be borrowed for two wee~s. 
For a personal retention cop~. call 

Tech. Info. Dioision, Ext. 5545 

BERKELEY. CALIFORNIA 

UCRL 3,2 ro 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



~nlz. t - i ·n~ .. n .. 4 

J 

() s ... '' ·r . t. H . 



-· 

t • f jG Tl,'l f•, AtJ /\!.1 r it . ..:1:~ 

J,, 11, !'lTYI ,:J 

v !lccity r:,l'l•.t~ · tra>1 tn~ spt=erl • t ) 1 ·ht. Ir, ~t"t 

r.~ ;1 11 , l . .t 

) ~ :l' ' 'I 

::.tis f'Iincl ~!.! rr:;.y be us;. to de;:ve ~ di:merSlC' ·lo.i;, c:"' 1. t 

) 0 r ;t I I . 

~-.e will cons~ _ie • t o exa ·. ·,les o- c.. ~ersior 

s1at terin~ nJublem. 

1' .1 

The com ect.im I:J~tlrJ~·en crru•nlJ t,y and iis"1el. i . re L.:.' i.on~ o 1 l -~ 

f'rcrn tl'e fact tl!r,t. t 1e !lUriE:nttl.!L 3.!1 I e erg:1 of a nt:ll i_ 

·>r' 1cl ' 

v·tri:J.bles ti', t) o. l i. ) It • ''C I L ,, 

:not l() of 1. \ we V' C 1v~t L sr-·a.;e ;· 1j 1 ir1c , 1., .J ~ .f -{I e i• t .I 

'7 d C I ....,' Il 

J.h.s ,•1 f rm r-::la 1. on· rr.d.'l -•. ir, 1 roce .. ; ht .n :' . . f, • 

'1. 1 ' f t '1 

the iY'll 'C · •. ve, r r ex a i t. e '.LT1.[7 p l" 

f 

f l N 
L 

't t ' s L r , 'l • e+.rJ. > ' ) j ·-

lv- ·! Jt 't ~ ...... l.) ' fj 4 
j or 1 • I i 

e • l '· c ': I •tt 



su ' vi::J•• be :~C~"'~&rat.ed.. fither ~r.a;e r~; __ , h! c.,,· 1 1 

.. · 
-....0 

where the co l&tants of r•r pcrtior a'j it.'l ha ~ bei~Il r)'l. t.bd 

r~' en to he D. ~·nal V'l!'i'·blc, c:uch .. s ~l\? !l&.f~l ituie f G l 

field at s.omu p~) r.t.,~~ t.h n 'Lne tr.s.n~f Nl 
-f" l)J- (u..J) 1" r-t • ac _. f 1 f 1 II 

where 'h indicd,es COIDf .LeX cor~.j .gate, 

v.Je aR3urne ,hat. the outrul ave of a D;>.rtictl <.r ·r -~·~~;.n-. t ·L 1 

(1, 

s (c.J ) i.s a complc,: numter. r)f' absolute n"gn t ud~ n-· 1,re t. ,I 

.) ( ,....., ) ( 

e 3(t)~ ·,11 

I~ 1 )d. 

ak1• , U ' f{ ·i_ - f t ' ·, 



.... 

uchy ~ tl.eor t; t0 uva.lu 1te St cl ::;n "nLe.-rral .iS 

1 
c 
J 

\:+ 

,, 

a1on~ the f llo.v1.nr~ ; Jnto 1r 1 n the ·:: mr,le.r. U)- r"'...c r e 

\ R --;t oo 
\ 

----==;;--_/.\__./.L __ __r. ____ ---~ 
- U.J'' 0 /.,.J r 

l f' lt/J a.sswnu frou 5orre T'h:· sic'il ir<{llf:lent t.h'.lt f('-<.J) or tL ' :·.__;!::_ L> 

1.' 

L:teoren: 0f 'l'jiJ-!hmarsh tel1s l.- S Lh'lt the contri.but1on fron. lhe een· •i de 

X vanishes a~ t'·1e radius h approact.e~ i<1finity 

I. I• 

1 (L..;) = a ('-0 ) -1· 1b(u..>) 

') (,_ I) ~ { - ') t,.\ .....,.._,) 

\ 
<- J 

f I 

... at f(~·, }r 1 ,( ! • & l 

( ~ ' 



c ' 

·) ( t) -· 0 wh n t L 0 

Thus the r...:ar.; ti ;r, funcL 'm ~>(u . .J. .LS the FoL.rv;r t 1·. ~ fN ,, ll 

:t. causal Cunct1on. 
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Though f((..J) h.::J.s b.;;en neflned <.nl;· for t'C'll vnlue:; of the fl·eq tm y, 

Eq. (9) may be used to defi.ne f(w) for con.nlt~X V-lltF~ r·f .. .v 

rceion Flbove the r~a.l axJ.S in the cnrrtplex u.J plan~. the AXpotHl 1. L 1 e 
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is reasornble to <Jxoect hat .f(u.J) will h<we some f.: 1r·t c.. ·!en n ::; nc .: 

property as the i::la ~J n:u·;v nart of (J..) becomes lc.rg' In fa~t a t ~arem 
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where P indic':ltcs t.he Prir'lcipal part of thu integral. Tt1is is n ~x r.J J .. 

of a disper i.on relation 

III. Cau allty H.e!'lt.ricti ms 

Isotropic Hedium 

We shall illust:1:1te with the physical ex<rrrlc of l1·~ht t.:;v)_~nt; 

through a ttomo1~e eous isotropic medi Ur.-t of comnlex. i ·1dex of rei'rac t i. >n. For 

simplicity we ner,lect thd quantum n tture and the pol:.:tnzat.ion of th; light., 

and treat the radiation as a classical neutral scalar field. 

In actual practice, in order l:.o senarate th8 inr>ut. wJ.ve ftn· the 

output wave, we must con::;ider more .han one noir.t ins .<lee. If t-e l'r:h. 

~ 

Have conGists of a plane <.:.~.ve nrop:1gating in the posit::ive x di. rc.c .ton} 

then the amplitude of Uns wave 1o~e:1sured :.J.t two ( iff._:rent noi11t~, - r) 

and x: x 0 7 O, may be considered the input and OJ.tnut, resnecttV•3l.y, 
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dis;'.ersion funetion f(u.:>) by 

f~) k(c.u) - w/c 

then t(u:)) 1s reL ted to the n:'-11 refractiYe i t.d•::x n((A.J) and n .q 

linedr absornti)n coefficient. cy (w) of the r !di by 

f(w) = t-0 [ n(w) - 1] /c +- oj (u..J)/2 ( 17) 

We define a new var·lablt=> T by. 

T (l s) 

EquatJon (15) .• 1"ntten in terms of' T and f((.J..)), b.H:cme· 
vV 

-1-. 
lj) (T) 
I 

,~ _ -iw'I' -1~ if(UJ )x
0 :: J r (w )e dw ' (P) 

- <.X:) 

Thus the Fourier transforr. of 
-1--: l}J (T) is equal ~ 

+ 
f<w) = (20) 

"'O that t he react 1-or functlcn for th1s exa· ~r~e is 

S(w) :: e (21) 

ror· Lit F'ct,. j er l'< nsfnn · r ::' (vJ) and 1 1 (<.,J, .- (19) be H• 

v ,1) di (2 J 

Ihe c- UH • 1 r •n (l 
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Th.arafore s(.,.J) is a causal function .. 
1f(u~:;)x0 

Sj nc::e S(r~~) = e depende on the :ii.stan<;e ~ 1.he . ~' 'f1U l 

dis()ersion relation in this case is an intee;ra.l rel3.ttnn invt>lVi'l~ u~l and 

If S(V>) satisfies Eqo ( 5), then mtt l 

satisfy 

By using t,nis relation, and the boundedness rgf S(r,,;) in the up H'" halt 

plane, one may show from complex variable theory that n(1 .. ¥) \.5 ~i en by 

c -== 
tf 

which is tie familiar relation between the real index of refraction and 

the absorntion coefficient o 

IV~ Dispersion Relations for a Fol"\<<ard..Scatt,eri'1&._~ 

In this section 'tie sketch the connection bet,ween causalit.-y and 

dispersion for forws,rd ecatteringo 

The s~attering of a neutral p!'l.rticle in t.he forwal"d d]reet .Nl i 

aomewhat. similar t o the nr~blem of the plane wavP in the nQ\mogenetAU: 

J•efra!!Jting medium, In the s'CI'ltter.ing problem th'lt wa cmslder ; hc·w~;rer. 

t.he intera t.ion i.ti limited t.o a finite region of epc:.ce 1 e.nd the l?h~HNa11 .1on 

a.r _ ms.de at di.startcea la)('ge compa e1 w:'i."th the Biz.e t the in e ~d · ~n rer:l ~ 

~, 

. ( E 1 f F' .J 
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where S(E) is the element of the scattering matrix cor·resro di t~t, ,Q) 

coherent, elastic e\Cattering in the forward direction~ (Here, t nc i nitial 

and fina1 states are deseribed by the same seta of quantum rrumberBo.) \-le 

are interested in the correspondi.ng element of t.he reaction matrix defined b~ 

T(E) ~ ~(E) - 1 
2ik 

(2?) 

The quantity S(E) may usually be defined for negative frequen~1~9 in such 

a way that S(E) is a causal tunctiono Let T(E) be written in terms or 

its real and imaginary parte, 

'l'(E) : D(E) + iA(E) .. (2R) 

Then, for the scattering ot neutral particlesll it ma,y usually be shwn th-1t. 

D(E) 

A(E) 0 (291 

The imaginary part. of the amplitude, A(E) 11 is related to the total cross 

section for all final states b,y the relation (Eq, (14) of Lecture 5d 

A(E) ;: \J.f k/(4/f) o 

Thenjl if <:ST' and D(E}/k are bOWlded as funetions of real energy • 

Ca1!lsality may be used to pr'Ove the analyticity and boundedness of t ( E) 

ln the upper half plane 3 and a dispersion relation may b6 derived , It th' 

tna\3S of the scattered particle is zero the dispe1•si n relation may be 

wri tt.en in the form similar to Eq o ( 13) 8 Leq, 

D{~i'} - D(O) p 

0 


