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ANALYSIS OF BEVATRON TAU MESONS
| ‘Roy Phillip Haddock

Radiation Laboratory
University of California . .
.Berkeley, California

" November 5, 1956
ABSTRACT -

One hundred and seventy seven 'r+ mesons, obtamed frorn

large nuclear emulsmn stacks exposed to the Kerth -Stork K beam

- at the Bevatron and located by’ systematlc. track-foll_ow1ng, are

analyzed for (a) Q value of the tau-decay, (b) tau spin and perit'y,
(c) possible polarization effects. - A Q of 75.13 # .20 Mev is obtained.

The corresponding tau mass is 966.5 + .74 m_. _'A'rela'_t’ivistic treat-

‘ment of the Dalitz analysis was used to assign the tau spin -pari_ty.,‘

The obs.elfved energy and angle distributions do not'a'gree with any'
of the'cases ‘compatible with the decay of'the tau into two pions
whereas the cases (0 -)s (2 -), (3 +) were about equally probable and. no

final conclusion concerning the spin was p0551ble. In this connection

no,po'larization effect was found, which does not contradict a ‘pseudo-

" scalar meson.



I. INTRODUCTION |

A.. Statement of the Problem

Until recently the methods employed to collect information
about the "7'" meson have been inadequate in the sense that the
accumulated number of taus was small and strongly biased, and

measurements of the tau characteristics were subject to significant

‘unctertainties. Improved techniques and experimental conditions now

make it possible to surmount these difficulties. It is the purpose of

this experiment to collect a significant number of accurately measured
bias-free taus. This sample will then be analyzed for the ene rgy re -
lease of the tau decay, spin-parity of the tau, and possible polarization |

effects.

B. Historical Background

Soon after‘the perfection of photographic emulsion sensitive to
minumum ionizing p_arﬁcles, Brown1 and co-workers dis’»covéred and
correctly intérpreted an event in .which a singly .chargéd particle of
apprdkimately 900 m decayed at rest into thr.ee coplanar charged
pions. This event, the first T meson, was not, ‘however, the first
evidence for heavy unstable mesons. Rochester énd Butlef, 2 in 1947,
reported the observation of two cloud-chamber events which they in-
terpreted as the decay of.a neutral pafticle and the decay of a charged
particle of mass considerably greater than that of the pion. Since then,
many different decvay modes of a pé.r'ti’cle of mass about that of the
T rheson, which are positively and negatively charged?’_7 as well as |
neutral, 6,7,8 have been observed. .This' particle is calle_d the K
méson‘. '

Paramount interest in K-meson physics centers about the question:
Is the K meson a 'sing_le particle with many different modes of decay -
or is it several distinct particlés of about the same mass? 'What
must be done to answer this question is pei'fectly clear. One must

-
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determine the mass, spin-parity, electric and magnetic moments, and

production and inte.rac_fion cross sections for the various modes.. |
Dalitz has suggested that an im‘resti:ga'.tion of the angular distri-

bution of all piop‘s and of the energy spectrum of ™ mesons emitted

in the decay of the T meson,

xR -
'ri.—>1r +1r++1r + 75 Mev -

—>‘n’i + Z'rro + 85 Mev,
might reveal its spin and parlty 9 If the tau spin- par1ty resulting
from this type of 1nvest1gat10n were consistent w1th that of the decay
of the meson into 2 pions,
ot oty 1r0 + 220 Mev,

60 - gt + Tr'~v+ 215 Mev,

00 - 2n04 225 Mev,®

this would be considered strong ex}idence that at least thev two -pion
and three -pion decays re'sulted.,frofn.the decay of the same particlé.

‘In 1953, Dalitz analyzed the tau decay. At this timé most taus
had been found in single glass -backed films of emulsion; the glass-
backed film technique generally did not permit identification of the
charge of the pions; therefore Dahtz s 1953 analysis was an average
over the pion charges. 9 Later, the technique of stacking emulsion
films into solid blocks of emulsion became general, 10 and it was
possible to identify the pion chafge in more cases. Dalitz then
presented his analysis for known pion charges. Fabri has restudied

the analysis in order to confirm Dalitz's main assump’tion'(viz. , that

- the momentum dependence of the decay amplitude is the simplest of

those compatible with a given tau spin and parity), and made necessary
relativistic corrections. 11_ The Fabri form of the Dalitz énalysis is
reviewed in the next féw paragraphs. _

If the orientations of the decay- plane normal and the rotation

of the decay conf1gurat10n about the decay-plane normal are neglected
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then only two independent variables are 'necessary’tvo describe the de-
cay configuration for taus decaying at rest. These are ¥ , which is
proportwnal to the distance between like pions, and v , wWhich is
proportional to the distance between the unlike pion ‘and the center of
mass of the like pion system. The momenta E and p' are the
conjugate momenta, and f and T' the correspondmg angular momenta
(2 1is even by Bose -Einstein statlstlcs) '

The conservation of angular fmomentum requires that the spin of
the tau be the vector sum of £ and . T' , i.e. ,;-.-f _f +2'. The
conservation of parity requires l:hat the parity of the tau be the product
of the intrinsic parity of the three pions and their orbltal parity, i.e.,

P07 -0 T o

. The decay probability of the T meson is obtained from first-
order time —.dependent perturbation theory, where the initial state
is a T meson with parity P and spin J, and with projection j in

a given direction. The final state is a linear combination of all three-

| piovn states, which are Characteriz’ei_d by £ and £ ar;d have the same

P,J,j as the tau. The square of the matrix element is given by

Fabri as \
0,00 [ i 'A;I/z
Fyp=2 |3 (P s5fat d@ern@esnee-fiht /e +lih:
i e, . ’ _
P, Mlcos 6) 2 (@1
1 } . ' .
"where SJIO lJ are the CIebsch-Go’rdan'coeffiCients.@nd cos 0 =

7 /1 2P o
The relative decéy probabilitieé c'l.l' are derived under the
following set of assumptions: '
.(a) ‘The free -pion wave functi'ons are approximated by the
lowest-order term in the eipansion about the origin,

i.e., the spher1ca1 Bessel function of order
2, 4, ¥ (pv) /2£+1) !
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- Coulomb interaction is small (1 Mev)and the pion-pion 1nteract10n

s

(b) The interaction radius is a tau Compton.wave length.
{c) Final-state Coulomb and pion -pion interactions are
neglected. o v

(d) The interaction is independent of £ and {°.

- Using these assumptlons, Fabri glves

: a 1 v N fv '
¢yt = AJ o £ +L g+t (e! +1) , (1.2)
Bk T HT4)! ! (2£+1)" (2¢° +1)” M

where Gy g " has modulus less than 1 and decreases with f+£'; M is

» ‘the tau mass. Both p and P ' are much less than (M(c 1), so that

under the above assumptions for a given initial state (J, P), only the

Cpygr with A= £+{' = minimum are important; in fact all other Cypgt
are less by at least two orders of magnitude.

9

The validity of these assumptions has been discussed by Dahtz,

Fabr1, 11 and Eisenberg, 12 with the followmg conclusions. If the

‘1nte_raction radius were a pion Compton wave length, (a) would still

be reasonable and the major effect would be to replace M by m(the

‘pion mass) in c¢,,,, perhaps necessitating the inclusion of terms of
Coy p ‘ g ;

higher order in A. Dalitz has'proposedv a methoed for treating

‘separately the final-state Coulomb and pion-pion i‘nt.eractions ‘The

13,14,15

is unknown. Eisenberg states, however, that the only possible effect

of such interactions would be to increase the interaction radius to a

.’pion‘ Compton wave length. Assumption (d) is the most critical, for

if the interaction is strongly dependent on £ and . 2" 13,14, 15 the

Copr will differ grossly from those computed above. Furthermore,

there may be partial or absolute selection rules for some values of

4 and £'s Even in the spirit of the Dalitz analysis, Assumption .(d)

may not be taken to exclude magnitude variations on the order of unity

or phase difference of’ Gy gt in the degenerate cases (those for which

there are more than one term with  £+£' = min).

Dalitz16'and later, Amaldit” compared the Dalitz theory with
‘all 7's whose charge was known and concluded (a} for spin less than

4 and 7 -and 6 do not have compatible spln and parity, and ((b) a
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pseudoscalar tau was quite possible. Cc.mclusvion (2) was based on thé
distribution in cos 6, which is thought -to_be insensitive to bias. Con-
clusion (b) depends critically on bias. The obvious biases are:

(1) a geometric bias, brought about because the finite dimensions of
the emulsion stack in which it is necessary to bring at least two pions
to rest restrict certain decay configurations; |

(2) a bias brought about by area scanning (which may depend on grain
count at minumum ionization as well as the deca'y configuration).

Brene et al. 18 have recentiy_ derived the effect of the geometric bias
as a function of the number of emulsion plates in a stack., The
scanning bias is very difficult to evaluate and consequently must be
eliminated (e.g., by use of scanning technique that is independent of
the decay configuration,) The samples used by Dalii:z16 and Afnaldi, 17

composed primarily of cosmic-ray T mesons for which the finding

" rate was low, represer%ted efforts of many workers, and none of the

contributions was corrected for the above bias.
Teucher et al. suggested an independent test for the spin of the
tau, which consists in examining the orientation of 7 decay planes

19,20 4, general, if the tau has a

for possible polarization effects.
spin, a polarization effect would be expected (though not necessarily

found) - -especially near production threshold. There are reasons to

believe that a beam of polarized taus would not be depolarized while

being brought to rest unless the tau has ai'high anomalous magnetic

21,22

moment. Clearly, a null result would not indicate a spinless

tau, whereas a positive effect would be a clear indication of a tau with

" a spin.

Even after inception of Bevatron operation little new knowledge
about K mesons was gained until the development of the Kerth-Stork
strong -focusing magnetic_spectrometer. 2_3 This sYstém made it
possible to accurately .measure the mass of K-meson modes by appli -
cation of the range-momentum method, 3 and in conjunction with
scanning by track-folloWing, the K-meson finding rate was increased

by several orders of magnitude. Subsequent experiments to measure
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34,5 _lifetime,"»7 and excitation function, 4,5 indicated that these

| 'pafanieters' are very rnearly the same for the principal modes of decay

of the K meson. . .The_s”e results, in the_li*ght of‘ihe Dalitz -Amaldi

~ conclusion (that a tau could not decay'into.two pions) leaves us with at

least two different particles, which happen to have al_moet the same

mass, lifetime, and exc1tat10n functlon

. Several: con_]ectures have been advanced to exp1a1n th1s apparent _

mass degeneracy 24-27. "Some authors .would have the T (or 6) have

a significant branchmg ratio of gamma decay to' 6 (or 7) where the

daughter lifetime is a great deal less than that of the parent. 24,25

Then the apparent masses as rneasured by range -momentum rnethod
would be the same, but the mass as measured by energy released in
decay would be less for the daughter. Although the degeneracy may

be accidental, the possibilit'y that it may be a nece,seary degeneracy
has been exploited. Lastly, the nonconservation of parity is a .possible
explanatlon |

In any event, it is important not only to re -examine the Dalitz-

. Amaldi conclusion, but to measure the masses of the K -meson modes

by the range -momentum method and by measuring energy release in
dece.y. A s{igniﬁ'can‘t mass difference between the two mass measure -
ments would critically affect the above conjectures. This thesis dis-
cusses one aspect of a systematic in#estigation of the K meson, as:

described above, by the members of the Richman group.
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-C.. .Experimentel‘_Method

The technique used. in this emulsion eXperiment’depends upon the

production of the K mesons ‘at a laboratory angle of 90° and on the

fact that their lifetime is long enough to traverse (w1thout 51gn1f1cant

d1m1nut10n) a magnetic analyzer and focusmg system external to the

"Bevatron vacuum system Thls K-meson beam is arrested 1n a known

volume of three separate emulsion stacks large enough to stop most
pions from the tau decay. _ ' _

The track-following method of s‘canning'for Kvmesons is employed.
The ranges and direction cosines (relative to a Bevatron coordinate _
system) of the pions resulting from the tau decay are measured by use
of high -power m1croscopes and cahbrated stages. Measurement of
the ranges yields the pion energles, the - Q of the tau, and the decay
configuration. Pion -direction cosines are used to test each decay for
cbpianarity and for momentum balance. The _p0381b1e spin-parity

assignments of the tau are obtained from the 'Dalitz analysis.
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1. EXPERIMENTAL ARRANGEMENT
"A. K Beam -

The general experimental arrangement is shown in Fig. 1 and
the es'sentialelernents of the strong-focusing spectrometer are shown
in Fig. 2. h - | |

A"target was plunged into the 6.2-Bev proton beam in one of the
straight sections of the Bevatron. Particles of provper charge and

momentum coming from the target at 90° to the incident beam passed

. through the 0.090-inch aluminum wall of the Bevatron vacuum tank,

then through a compound lens formed by a series of quadrupole magnets,
and were brought to a focus in a stack of nuclear emulsions placed behind
a momentum -analyzing ma’gnet.rn The flux of positivve"ly charged particles
consisted mainly of protons, K mésons, and pions. The momentum
selection of the anaiyzing magnet restricted the protons entering the

stack to ranges typically in the vicinity of 1.5 cm and the K mesons

~ to about 7 cm, while the p'io_ns passed completely through the stack.

Brass was placed on the low-energy side of the magnet to shield the -

.detector from neutral radiation from the target, and a considerable

amount of lead and concrete was also used to shield from beam ''spill-
out'' during the early part of the accelerating cycle and from _as‘sociatevd,
Secondafy radiation. The copper target used was 3/8 inch high and

5/8 inch in the proton beam directio‘n. The apefture of the lens was

2 inches and the analeing magnet had a 2.5-inch gap. ‘

In order to obtain sufficient sfrength in the lens it was necessary
to use four quadrupole magnets. The first two formed a lens converging
vertically and dive rging horizontally, while the latter two magnets were
operated so as to diverge v'ertically‘and converge horizontally. The
compound lens fvorvrr_led by these two elements was both vertically and
horiZontally convergent; however, it was astigmatic. . Since the mo-
mentum resolution of the system was determined. largely by the horizontal
size of the target image at the stack there was an incentive to minimize

the horizontal mag.nification to a value that was satisfactory in considera-

tion of the concomitant increase in the vertical magnification. If the
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Ly i
o
Emulsion-
Stack
_Analyzing Magnet
Pole Pieces
Central Trajectory
Strong-Focusing -
Lens
Vacuum Wali
; Target
Proton Beom_h_,_ Ly
Lu
- MU-12454
_'-.Fig, 1. Sketch of the basic ekpe rimér_ital arrangement,
" -indicating the Bevatron coordinate system to which the
direction cosines of the pions are referred. ’
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12"x 30" BENDING MAGNET (22" GAP)
v | M oo
_ — M 1 ) : "
2 77/ TARGET |
QUADRAPOLE | 090" AL
LENSES (2"GAPS) [ WINDOW |
STACK SO " | PROTON
BEAM >
"
. Mu-9lel

Fig. 2. The strong-focusing spebcv:trbr'neter. o
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latter became too large, particles would be lost by striking the pole

pieces of the anal"yzing magnet. The horizontal magnification used

.was about 0.6 %, and the vertical magnification Wa_s about 1.5 x.

Proper cufrent values for all the magnets were obtained from

- a.series of wire-trajectory measurements made for particles of

momenta in the vicinity of 360 'Mev/‘c. This method was found to be
quite satisfactory in achieving proper focus énd magnification conditions.
The meaéurements Were fnade considerably easier and more accurate
by a current regulator, constructed by Mr. Leroy Kerth, which icompen-
sated for currents indiced in the wire by motion in the magnetic field,

The trajectories obtained from these wire measurements were.
u‘se'_d to position the stacks Whenvthe' exposure was made, so that the
particles would enter'app'roxbimat'ely" 'p.erpendicular to the front face of
the stacks. ‘ |

The exp()sures were monitored by (a) a counter telescope, located

 above the Bevatron tank, that measured secondary-particle flux from

the target; (b) a series of test exposures meas;iring the proton flux

of the stack, usirig 1-by-3-inch glass-mounted 50-p G.5 emulsions,
which weré exposed, developed,_ and scanned during the.expostre, and
(c) the Bevatron ‘permanently installed proton-beam monitor {(""induction
electrodes'’). The total proton flux required at the stacks was. estimated

from the preixiously obtained ratio of K mesons to protons, and was

| -méasured by correlating the sampled data from Method (b) with the

relative prim_ary-protori beam flux obtained from (a) and (c).
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B. Stacks

Three large stacks of 600- p. Ilford G.5 electron sensu:lve emulsion
were used. De51gnat10n and part1culars of each:stack are presented in
Table I. The stacks were made by firmly clamping _the emulsion sheets
together (without tissue paper betweén the pellicles) between two sheets
~of bakelite. All four stack édges’v)ere machinéd to close tolerances to
permit accurate measurer'n'en'ts of th_e volume of Ehe_, stack and thus of
its density. Fiducial marks _foi' aligning the erhuisi’o;is after develop-
ment were provided at various points by e‘xpos‘ing the milled sides to _
‘x-rays paséed through a slit system. Tabs placed on the glass-mounted,
developéd emulsion were ground until the x-ray marks on neighboring

plates were aligned.

Table I

‘ K Part1c1e Exposure Energy and Stack Parameters for
each Stack

 Stack number K-beam Number  Pellicle Average  Stack

energy of - area - pellicle densitg--
(Mev) Pellicles =~ (in.) = thickness (g/cm?)
' B . ' (microns)
16 "114 107  35%3.5 599 . 3785
17 170 40  3x 6 620 3.880

20 114 95 9x17.5 594 3.800
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I1I. - MICROSCOPE WORK
A. Scanning by Track-Following

- K mesons entered the stacks with _.a relative ionization about
1.8 times minur’num‘.' A swath perpeﬁdi_culai‘__to the general beam
direction and about 1 cm behind the stopping. protons was scanned for
tracks whose grain densities We‘iﬁe from 1.5 to 3.0 times minimum
(pions were at minimum).  Such tracks were followed, and if they |
stopped in about 4 cm and multiple -scattered appropriatély,— they

were identified as K mesons. Endings were examined to dete rmine the

decay mode. This method of scanmng is thus unbiased with respect

to the tau-decay configuration.

B. Measurement of Pion Ranges

1. Method

Two different criteria were used to measure the pion ranges,

| dependlng on whether or not the ranges were used in the Q measure -

ment. For those used in the Q measurement the average plate thlcknesst;_
(Table I) was used to compute the chord between points where there was .
either an integrated 10° change of pion direction, or a visible change :

in the diving rate. For those ranges not used in the Q measurement, a

- similar precedure was followed,?uéing a _20‘0 criterion. . The range of

‘the p'ion was taken to be the sum of these chords (corrected for air gaps

between pellicles).
2. Errors .

a. Air Gaps. The average.densities of the emulsion stacks, obtained
from their measured areal densities (0 = maSs ‘per unit area) and the

thickness of the stacks, were 0.7% to 1.1% less than 3.826 g/éfn3,

. which is the density for Ilfdrd G.5 emulsion when it is shipped from the

factory.. From measurements of individual pellicles of fresh emulsion

it is evident that there is little water loss through the shipping wrappings.



-18 -

There also should be little change in the density in the process of
stacking the ei‘nulsion or by evaporation or absorption through the edges
of the machined stack. The difference between the average density of

the stacked emulsion and of individual pellicles is attributed to air gaps

~ between pellicles. The air gaps (about 5 microns on the average) in-

crease the total stack thickness above its true value and so reduce the
stack density. .
Let. fm and pm “be _the measured average pla'te thickness and

density for the stack, and t and Pt the true average thickness and

¢ 2nd |
density of the emulsion. . The ranges of the pions can then be computed
as follows: ‘.

(a) The value t, is used to obtain the shrinkage factor. This gives

the_length of the track through both emulsion and air.

(b) The true'dénsity p, is assumed to be 3.826 g/cm:-)’,‘

- (¢) The avevrage air gap ‘thicktiess", ta; is taken to be

t st -t =0 (/e ., - 'l/rP ¢
(d) The range in emulsion alone, . R’E’ is then obta_Lined from

Rp /R, = _in/zi. =2, -N, ;a/zi .

i i

- where R is the length of the ith chord in emulsion,

R, is the length of the ith chord in emulsion and air,
E. is the vertical height between chord ends in emulsion,
; 1is the corresponding height through air and emulsion,
N, is the number of air gaps traversed.
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b. Range straggling and reading error. These determinate errors,

which are statistical in natuire, are not explicitly computed. . They
affect the spread of the Q distribution but not its average value. 'In

the following sections errors are considered which may be systematic.

c. *Al'ignment. Generally the position of neighboring plates is known

to within 25 microns, from the x-i‘ay fiducial marks, but there was some

'sys'terna'tic shifting of the stacks, To eliminate or réduce this shif'tin'gr

the coordinates of the x- ray marks were measured on a mlcroscope

-stage and used as correctmns

'd. Stage-stop error. This error arises when the tabs have not been

properly positioned against the microscope stage stops. The effect

is to introduce an error which is the same regardless of the number

‘of plates between chord and points. It is estimated tobe 25 to 50

microns, which is negligible for the average pion (range about 1 cm);
for short tracks that pass through one or more plates however, it may

be significant.

e. Distortion and Rub.— off Errors. The distortion and i'ubfoff-'e'rrors

enter to first dpprdkﬁmation as errors in the position of both tau and.

plon decay An error in the position of an intermediate p01nt such as"

to increase any one chord length reduces the following chord length.

 These errors are then negligible.

f. Range Shortening. The percent difference between the arc and

chord lengths along a piori track was estimated to be O.48% in range -
for ranges measured by the 100 criterion. This estimate is good to
30%. The uncertamty of 30% is due mostly to an uncertamty in how

closely the 10° crlterlon was followed.
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C. - Measurement of Direction Cosines

1. Method

The direction cosines of the pions were measured by a microscope

equipped with a goniometer and a calibrated reticle. Thus the angle of

~a track 0., the length of a track in the plane of the emulsion p;» and

the rise of a track AZi were measured. These measurements’ r_elative
to the microscope system are then transformed to the Bevatron

system (Fig. 1).

2. Errors

‘The nﬁc_rbscope field of view, ;although not all in focus (i.e., '

flat), fell off‘sv)'rmm'etricall'y from the center. Therefore the center of

the pion track to be measured was placed in the center of the field of
view so that the ends were essentially on the samé isofocus contour.
The end points of the measured track section were distinct g'ré.ins in
the-' track. This greatly improves 'the measurement of p and especially
AZ. The length of track was in general not over 100 microns, and in
most cases about 50 microns, since the longer the track the more
likely a large scatter in Z. In fact, on some of the first measure -

ments on tracks 200 microns or so in length, the cases which at first

. appeared to be noncoplaner were shown to be scattering out of the plane

“of the emulsion (i.e., this was a scatter in Z).

The effect of measurement errdrs and multiple scattering is
derived in Appendix A by the usual method of propag_ating errors. The
direction cosine errors are used to estimate the expected errors in

momentum balancé and coplanarity.. Since an estimate is all that is

‘'desired, it is convenient to arrive at an average set of measurement

errors to facilitate the calculations. Some of the considerations used

in arriving at a suitable set of measurement errors are as follows..
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a. Error in éngle (SB) . For reasonably flat tracks (< 450) and high-

energy pions (>20 Mev), the error in__measurihg angles is insignificant,
i.e., about 0.2°. Furthermore, multiple scatteringbih the plane :of'the
emulsion can be greatly reduced because such tracks are not "clogged"

and a best fit to the tracks with the reticle is easily obtained. For

_steep tracks, low-energy pions, or both, the uncertainty in angle can

be of the order of 2.0°. 1t was felt that 0.37° represented a suitable

average error.

b. Error in p(Sp).' “The primary measurement is the length of the

track projection in reticle units (r); this must be rhultipiied by a con-
version factor (f) to obtain p in microns. The coﬁversion factor f
was measured to 1% with the microscope stage; an error of 2/3 reticle
units is avpessimisti'é: estimate of the reading error. The latter takes

into account the scatter of a grain about its true position.

c. Errorin z(s;). The rise of the measured track section, z',

.(measu'red'with the Z screw of the microscope) is multiplied by the

shrinkage factor (s) to obtain zv, (the rise before development.) The

'shrinkage factor is the ratio of the plate 'thickness before development

(tb) to the piate thickness after develbpment (t,a), and the error in s
due to the errors in t, and tb is about 1.8%. The reading error is

taken to be 0.6 microns, which includes the scatter of the grain.about

~its true position,

d. Effect of multiple scattering dn‘_the direction cosine. Multiple

scattering in the plane of the emulsion is greatly reduced because the
projected track section is judged to be stré.i'ght- ‘by comparison with a
cross hair in the microscope reticle eye piéce. . This sets an upper
limit on p. The effect of multiple scattering out of the plane of the
emulsion (multiple scattering in Z) is considered in Appendix A-1. The

projected rms scattering 'angl_e is used, and we note that one should
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instead use the projected rms scattering angle, subject to the con-

dition that the scattering appear to be small in the orthogonal plane.

e. Effect of direction-cosine errors on coplanarity.. The angle § is

that included between the normal to the plane containing two of the pions
and the third pion. The effect of the direction-cosine errors on cos &

is computed in Append1x»A-2. Figure 3 shows a histogram of number - -
vs normalized deviation--i.e., cos 6/S cos § --and also shows (for
reference) a gaussian with unit standard deviation. Becauee we have

chosen a single set of measurement errors, which is large for most

. cases and small for a few cases, we should expect this to make the
good cases better and the bad cases worse. This is demonstrated in

‘Fig. 3, where the histogram has a standard deviation of 0.84. We

conclude that these taus are coplanar within measurement errors.

» In'a few cases the tau decayed at the surface of an emulsion sheet,
hence one or more.pions were not visible at the tau decay. For these
cases the angles between pions_ could not be accurately estimated, and

momentum balance and coplanarity were not computed.

f.. Effect of direction-cosine errors on momentum balance. Components

of the momentum unbalance along the x, vy, and z directions are
AP s AP , and AP respectively, and ‘total momentum unbalance is

\/AP ‘ + AP & + AP <, The effect of the'direction-cosine and

' energy errors on the momentum balance is computed in Appendlx A-3.

The estimate of the energy error was obtained from the Q distribution

(discussed next).. Figures 4 and 5 show histograms of number vs

normalized deviation for APX and AP respectively. These figufes-
also include refer'ence curves. obtained by assuming that APX, APy’
and APZ. are independent and normally distributed with unit standard
deviation. As for coplanarity, the result of choosing an averaged set
of measurement errors is to decrease the standard deviation of the

histograms. We conclude that, for these taus, momentum is balanced

-within measurement and energy errors,
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F1g 3. This histogram shows the deviation from coplanarity
- when an attempt to estimate the measurement errors and

take into account multiple scattering has been made. The
angle § is included between the normal to two of the pions
and the third pion which will be 90° for a coplanar tau.

The quantity S cos § includes estimates of the measure -

'~ 'ment errors and effect of multiple scattering. The curve -
" included in the plot is a gaussian with unit standard

deviation. It is presented for reference because the true

~distribution is expected to be symme tr1c about the -origin
~ and nedrly Gaussian. :
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Fig. 4. Plot of the momentum’ unbalance d1str1but10n along a
coordinate axis normalized by an estimate of error
which includes measurement errors, energy errors, and
the effect of multiple scattering. A gaussian with unit
standard deviation is also shown for reference.
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5. A histogram showing the total momentum unbalance
normalized by an estimated error which includes measure -
ment errors, energy errors, and the effect of multiple
scattering. The curve shown for reference was derived by~
assuming that the momentum unbalance-along each
coordinate axis was independent and normally distributed.
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IV PION ENERGY AND MASS OF TAU MESON

A. Method

The mass of the tau is obtained by measurving the energy release
Q of the tau decay in conjunction with the known pion mass. 28 The
sum of the pion energies yields the Q in which the pion eriergies are
obtained by measuring the pion ranges and using the range -énergy

29

relation given by Barkas ans Young. . When only two pions stay in
the stacks the energy of the other pion is obtained from the energies and
the angle between the stopped pions (the conservation of momentum is

assumed).

B. Discussion of Q

To obtain the average - Q of the tau, a sample of 67 taus was
chosen. For these taus, all three pions stopped in the stack and none
of the pions made a large -angle scatter. The pion'_ ranges were measured
by the 10° criterion discussed in Section III-B. We recapitulate the
conclusions of this section.- An investigation of possible sources of
systematic error éhowed that the resulting err‘ors', with> thef_fexcéptiqr’-l
of range shortening, either Were~_9r1fialliioré;.t»ende’d:@_‘c_):.'bje‘,:_,ra‘ndbmiy distri-
buted. Becéuse randdm_ly distributed errors onl;r increase thé‘“ spreala of
the Q distribution, their effect is included in its standard deviation.
The range-shortening error was estimated to be 0.25% in energy. These .

ranges were corrected for air gaps (the emulsion was assumed to have-

a density of 3.826 g/crh3). Any uncei‘tainty in this density ( p t) is due

to an uncertainty in t_he._equi-lib‘riurn value of the relative humidity of

the emulsion. Because the stopped power of emulsion per g/crn2 is a
sldwly varying functidn of its Water content (felative humidity), an error
in the P'g leads .to a relatively smaller error in Q. The effect of an

errorin p on the Q values is given (see Appendix B) by

AQ/Q = -0.046 Ap/p. (1V-1)
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Barkas and Youn.g29 givé the density of emulsion at 35% relative

humidity as 3.90 g/crn3. This is the upper limit of the emulsion

‘density, and the measured stack density is the lower limit. Inspection .

of Eq. (IV-1) shows that for 1% _err'o_f in the emulsion density the
error in the average Q is 0.05%, or AQ =0.04 Mev. The error in
Q due to the uncertainty in e.mul‘sion' density is therefore negligible.
The range -energy relation given by Barkas and You.ng‘?'9 was
used. It is based on Vignefon‘s parameters; in particular, the |
mean ionization potential of 322 ev is used to extrapolate to high
velocity. This relation is fdr Ilford C.2 emulsion of density 3.815
g/¢m3 at a relative humidity of 55% Ilford G.5 emulsion has the same

composition, however. The discrepancy in densities between them

(i.e., G.5has a density of 3.826 and C.2 a.density of 3.815 at 55%)

is not considered. Stack 17 had a density greater than 3.826 (see

Table I). and a new range-energy relation was made, using the method.

‘ éuggested by Barkas and'Youn"g29 and the range-energy relation in

30

C.- »Re‘sults
An average Q of

74.94 + .19 Mev (range shortening) "
¥ g:} Mev (uncertainty in w ater content of emulsi‘on')

+ .18 Mev (standard deviation of the‘average Q)

. .17 Mev (errof in measurement of the stack derisify)n

or 75.13'% .20 Mev, " | |

‘'was obtained.. Figure 6 éh,(_)ws the distribution of Q values. _This

distribution is quite consistent with a normal distribution (which is

- also ptotted) '.'\
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Fig. 6. Plot of the distribution of Q values for 67 taus which had
all three pions staying in the stack and none of the pions '
making a large -angle scatter. -The average Q is 74.94
Mev and the median is 75.0 Mev, The distribution is
fitted with a normal curve and the agreement is observed
to be quite good. ' ‘ '
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The corresponding mass of the tau (in electron mass, 'r_ne) is

966.1 + .37 m_ (range shortening)
' .+ .08 m ' ' - :

14 €% (uncertainty in water content of emulsion)
.36 m (standard deviation of the kavera'ge' Q)

.44 rhe (efror in measurement of the stack derisity)

e

*
*
| o E: .62 me‘(standv_a-lv'd deviati}dnv o'fkv the pioh masse:s), :
or 966.5::*:_ 74 m

The pion masses from Barkas, Birnbaum, ahd-_Smit:hZ'8 were used,

- These are

273.3£03m_,
272.8£0.4m_ ,

m_ +
' T

m -
™

- where the errors indicated are standard deviations.
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V. SPIN AND PARITY

A. Design of Experiment

1. Selection of a Bias-free Sample

This experirhent was 5pecific_ally designed to avoid any bias due
to scanning technique or of a geometric »nature. (see Sec. I-—B). The
geometric bias was almost totally eliminated by .chossing the stack
difnensions about ‘twice: the maximum range of a pion resulting from
the tau decay. (Stack No. 16, the first exposure made by the Richman
Group in the Kerth-Stork beam, was a 3.5-inch cube, as suggested by

"Robert W, Blrge for exactly this reason)° The degree to which

geor'netric'bias was reduced is illustrated by the fact that of 192 taus
only two had a single pion stopped in the stacks. Scanning bias was
eliminated because only taus found by systematic track-following are

included in this analysis.  This includes 179 out of a total of 192 taus

 found.. Omitting the two taus with only one pion stopped, the sample we

discuss has a total of 177 taus.’

2. Coplanarity and Momentum Balance

The Dalitz analysis is‘valid only if the sum of tlié pion momenta

is zero ( P + B + P, = = 0). To insure that the sample ‘complied w1th

2 3
this requlrement both coplanarity and momentum balance were checked

A coplanarity test (Sec. III-C-2e) tells only about errors out of the

decay plane, while momentum balance is three-dimensional {Section

(III-C-2f) . However, for taus with only two pions stopj;)ed in the stack,

or if one of the pions makes an inelastic scatter, momentum balance is
used to obtain the energy of the third pion so that in these cases only

a coplanarity test can be used. As stated previously in Section IIT-C-2e -
and III- C 2f the taus discussed in this ana1y51s balanced momentum

and (or) were coplanar within measurement errors.

3. Statistics and Sample Size

It was decided that a XZ test would be used to discrimina_ﬁe be -

tween various cases of spin-parity. The procedure is to test the
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theoretical distribution for each case of spin-parity against the expefi_
mental distribution and to find the probability that the latter distribution
would result from random fluctuations from the theoretical distribution.
This probability is calle.d the Pearson probability, ‘It is an accurate

estimate, provided at least five intervals with at least 10 events in

‘each interval are used. To comply with these requirements the energy

spectrum and angular distribution are each divided into five intervals
such that about 10 events are expected in each interval. Because these
distributions are independent, we add the XZ obtained from each, and
the Pearson probabilities éré calculated for the sum 6f the degrees of
freedom. A Pearson probability of 1% was used as a confidence level;
i.e., if the Pearson probability for a case of spin-parity was less than
1% we rejected that case. -

: Differentiation between the various cases of spin-parity depends
on the sample size and, to some extent, on which comparison test is
used. @ecause we used a XZ test it was necessary to decide on the
basis of it what the minimum number of taus must be for significant
results. Such a decision.isv made when u»sing a xz test by the power
test. 31 The power is the probability that a hypothesis will be rejected
in favor of another when in fact the hypothesis is false, or--to put it
another way--the power tells how "lucky' one may expect to be in
attempting to distinguish between two hypdtheses. A power of 1.0
means that a definite decision may be expected, and a power of 0.0
means no decis_ion is 'pjossible. The power depends only on the theo-
retical hypotheses, the sample size, ahd of course, the confidence
level. Table II gives the pbwer'for distinguishing the case of spin

0 -odd parity [0 -] from all other cases that we shall consider, for

samples sizes of 100 and 200.. For the degenerate cases the minimum

power is given.
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Table II

Table of powers for sample 'siiés'of 100 and 200 taus. Powers
' are presented in the form 1 -.10-X .

v » , . Power .
~Spin-parity - Sample size 100 Sample size 200
Unique Cases _ o : _
1+ o 1.10°%74 1 -10"70
1- 1107t
3. 1 - 10-1.7’4 i 1. 10—5.60:
Degenerate Cases v
2o - 1.1070-08 1 -1070-26
3+ ©1-1070:06 1-1070:08
44 1ot 1.1038
-1.3 10742

- 5- o 1-10

We see that for samples sizes of between 100 and 200 taus we can

- expect to distinguish between [0°] and [1+],[17],[24], [37]; for samples
‘of about 200 taus we can expect to distinguish between [07] and [4+]

-and [5-]. We cannot expect to be able to distinguish between [07] and"

[27] and [34] .
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.'B. Discussion

To facilitate discussion of the details of Dalitz 's analysis we

recapitulates: The square of the matrix element is

| | - | N 1/2
F. plPh 0 =2_1>_ () S o Y (2yz+1)(z;z'+1) ) (L)
5,2 F ;\EL,T' i | JOJ (2 +|J|) E

‘ :Pi, lji‘\(cos 6) a

. ; :
where - S - are the Clebsch Gordan coeff1c1ents. The relative decay

JOj
probab111t1es (Cu') are der1ved under two essential assumptions:
(a) that the interdction radlus is a tau Compton wave length and (b)

that final -state interactions can be neglected. Then we have

1 . 1 .n, P Lin L' :
g = Agp L (12>u )t ! (_> (_P_> (v-2)
_ (lz +£'+4)' tAM (24 +1v)" (2!2 +1)" m/

where m is the pion mass and . M is the tau ‘mass. Both 24 and p'

- are less than m(c = 1), so that for a given initial state (J, P).only the
Copt with \ = ]Z_+l' ='min are important; ‘in fact all other Cpgr BTE less
by at least two orders of magnitude 'This reduces the computation of

(P 6) to only the pairs of £,£' to the left of the dotted line in
Table .

Table III

~Pairs (£,4') for a 7 with Spin Jb and Parity P
U IR
o * R - = ; -
- - (0,0 | : (2, 2); (4, 4); ------
Lt oy (2, 1) (4, 3); ----o-
- 2,2 1 (4, 4); (6, 6) —---i- |
2 ¥ 2,1 - (2, 3); (4, 4) ~-----
- (0’ 2); (2! 0) - ) (2’ 4); (4:2): """"
3t (0, 3); (2, 1) B R - ) PR § Py
_ - (2 2) ; (2, 4); (4, 2); -=-n--
4 ¥ 2, 35 (4, 1) (2, 5); (4, 3) ----- -
- (0, 4); (2, 2); (4, 0) (2, 4); (4, 2) ------
g ¥ (4, 1); (2, 3); (0, 5) ’ (6, 1); (4, 3); (5, 2); ----
it (4. 2); 2,/ 4) (6, 2); (4, 4); (2, 6); -----
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There are five cases with an unique pair (£,£"') with £4+£' = min.: (0 -),

(1 4),(1 =), (2 4) and (3 -). Thefe afe four cases with only two pairs with
£ +14' = i;nin.:'_(Z =) (3 +), (4 4), and (5 -). We consider only these

nine cases because with any more than two pairs there are enough

free variables that a-good fit is insured. Of these nine ceses, five

are eorhpatible with the decay of:thev tau into two pions: these are:

(1-), (24) (3-), (44), and (5 -). Table IV gives the square of the

matrix elements, FJP" for the cases'té'b'e considered.

Table IV

Square of Matrix Element

JP Fip

0 - 1

1+ Pt

. Y i
24| o P2 gin2g |

2 - Pt +2cos ¢ P2p'% (3 cos B-1)

34 - p4p7"4 sinze (5 + 3 cos’6)

3 - p'6 + 21/1“6p4'p (2+cos e) + 3N7/4 cos ¢p /o (3 cos 29 _ 1)

44 p4p'6sipz”é' (14cos?6) + (5/-6)3P8p 25in%0 + 5/6)2\@7?;.cos¢p;5 Si2a5c o0,
5 - gép'g -+P8P'4)sin2 6(149/7 cos’6) - cos ¢p.p' ®sin 9(1-32/7cos fcos6)

For the degenerate cases, the ratlo of a! 's was assumed ‘to have un1t
magnitude but allowed fof a phase difference of ¢. *In Appendlx C the

. effect of increasing .the interaction radiu‘s is considered and shown to

be neghglble in most cases unless the rad1us is several plon Compton
wave lengths. Therefore, only the matrix elements of Table V are
considered. These matrix elements are relativistically correct provided
the relativistic _relati'on between morhentum and energy is used through= -

out. Although the tau Q is only 75,0 Mev, relativistic effects are as



-35-
large as 20% in some c’ases. A strictly relativistic treatment of the
data and of the analys1s was made '

. The theoretlcal energy spectra and angular distribution are ob-

' tained from F pP dTd cos 6, where p is the phase space. The

JP! .
following formulae were found useful in deriving these distributions:
cos 0 = p17.- . P 2'/'[21332(1: 24Pl P 2/2) Ve ey

‘whe,re P,-2 T. (T + Zm), T1 and T are the kinetic energy of the 11ke
"pions (T1 >T2), and T3 is the energy of the odd pion;

12

H

P .3/2 T3(T3 + 2 m),

_ . ' . _1
2 M(T,, - T, [ 1 - 2/3p’_‘2 cos? 6/(M -m-T'3)2] , (V-4)

P

where 'TM = (M + m) Q/Z M is the maximum kinetic energy of a pion
lfrom a tau'decaying with energy release Q; '

(T, +m)p' [ (M - m - T, -4/3p,o cos? 6]

AT

M~ T3) (M -m T3)
-.Computation of all the ve‘ry_ tedious integrals involved in the calcuiation

of the distributions was done by the IBM-()SO_ Computing Machine.
Figﬁres‘? and 8 show the angular distribution for the unique and degenerate
cases, respectively, and Figs. 9 and 10 show the energy spectfa for the
eorr’esponding cases. For the degenerate cases the best fit to the experi-

mental distribution are shown. In Appendix D the parameters for each

‘ tau are listed. '
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Fig. 7. Thisfigure shows the expected angular distribution
and the experimental histogram for the unique cases of
the tau spin-parity; (0 -), (1 +), (1 -), (2 4), and (3 -)
The curves shown are plotted by connecting the expected
number in each interval. The angle 6 is included be-
tween the relative mormentum of the like pions and the

momentum of the unlike pion. The cases of (0 -) and
(1 4) give a very nice fit. . S
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Fig. 8. Plot of the expected angular distribution and the ,
experimental histogram for the degenerate cases of the
tau spin-parity: (2 -), (3 +), (4 +), and (5 -). The
curves shown are plotted by connecting the expected
number in each interval. These curves were adjusted by
varying the phase angle, ¢, until a best fit was obtained
(the value of the cos ¢ which the curve corresponds to
is indicated). The angle 6 is included between the

‘relative momentum of the like pions and the momentum

- of the unlike pion. The cases of (2 -) and (3 +4) give a
~good fit and also are very close to the cases of (0 -)
and (1 +) shown in. Fig. 7.
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AN Tmax /NAT

* MU= 12460

Fig. 9. This plot shows the expected energy spectra and ex-

' perimental histogram for the unique cases of spin-
parity. The theoretical curves are plotted by drawing a
smooth curve through the expected number in each interval.
The variable is the odd pion energy divided by its max-
imum possible value. The case of (0 -) is observed to
agree well with the experimental distributions.
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Fig. 10. This plot shows the e'xpected energy spectra and
: ‘ experimental histogram for the degenerate cases of spin-
- ' parity. The theoretical curves are plotted by drawing a

smooth curve through the expected number in each interval.

The energy spectra are very insensitive to the phase be -
tween degenerate states and in fact in the classical cases

arée independent of it. The variable is the odd pion energy S

divided by its max1mum pos sible value.

e
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- C. Results
Table VI lists the Pearson p‘fobabilities_ for-each spin-parity

case. These were obtained by the precedure described in Sv"e’ction V-A-3,

For the degenerate cases ‘the maximum probability ‘i‘s given.

' 'I‘able Vv

. Pearson Probability

ILP Probability
| Unigque Cases | S
‘ | 0- 10'9'4
14 | N 10-511.3
1- . 10720
24 S 10730
sl _ 23!
Degbenerate Cases ,
| 2- 1070-38
i . 10-0-13
44 - 10760
-8.1

5- o 10

The_'r‘e_sult is that (0 -), (2 -), aﬁd'ﬂ(3 +)' are all equally likely, whereas
all other cases are either highly unlikely or have a probability, that
for all practical purposes is nil. Further, none of the likely cases

has spi"n_-parity compatible with decay into two pions.
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Vi. POLARIZATION
A. .Meth'od

Information concerning possible polarigation effects is obtained
by inspeeting the distribution of tau decay-plane normals and the distri-
bution of odd -pion.direc_tiohs. A \cen-ve_nient set of \rariab_les to describe
these distr'ibutietrs are the'Eulerian angles @, E, -and _‘ID_'_. "We have taken
the Eulerian angles that defined as follows: rotate by.§'about the z axis
in a counter- clockwiée direction from the x axis (thls defines the 11ne of
‘modes), then rotate about the \hne of modes by an angle ® (th1s def1nes
a new polar axis, z'),, and then rotate about z' in a counter- clockw1se
direction by an angle § from the line of modes. The x,v, z are the
coordinate system of Fig. 1 and. z'is anng the o'dd-pion' direction.
Here ® and § define the decay plane normal and E defines the
position of the odd pion in the decay: plane

B. Discussion and Results

A sample was taken which included .a.ll the taus .in steeks No. 16
and No. 20 that were found by systematic. track-following...‘ These taus
have a nominal energy of 114 Mev. Although they passed through the
; Bevatron's magnetic field and the strorig -focusing spectrometer, the
only possible effect of these' fields is to rotate the diirection of pola-ri»_
zation of the tau beam. They enter the stacks and are arrested in about
7 cm. The effect of slowing down on a polarizedproton'beém has been
investigated, 22 down to ene rgies at which polarization disappears for,

: iother reasons, and was shown to maintain its polarization. Nothing is
known experimentally about the depolar1z1ng effects of matter on. arrested
beams, i.e., a population at thermal equilibrium.’ However, Wentzel
has made a theoretical calculation which shows that the‘ effect is expected
to be small unless the tau has a high anomalou__s‘___,,tmagnetic moment. In

any event, the result of this test must be poSitivé in order to be significant,
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‘The phase space foe Eulerian angles is d cos @d d E, therefore
Figs. 11, 12, and 13 show histograms of number vs cos @, §, and T,
respectiv’el'y. EXarhinatidn of these histograms reveals no serious
deviation from isotropy, which is the egpeéted distribution‘ in case
there is no polarization.. The _probability that the distribution in
cos ® and ¢ is due to.random fluctuations from isotropy was obtained -
by a XZ test as 10%. ' |
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Fig. 11. Histogram of number vs cos @, where ® is the
‘ polar angle of the normal to the decay plane. The
horizontal line is_ the expected curve if there is no

polarization. . e
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Fig. 12. Histogram of number vs ¢, where & is the
azimuthal angle of the normal to the decay plane. The
horizontal line is the expected curve if there is no '
polarization. : '
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.- 13, Histogram of numbef vs {, where ¢ is the

Eulerian angle which defines the direction of the odd
pion in the decay plane.  The horizontal line is the ex-
pected curve if there is no polarization.
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"VII. SUMMARY OF CONCLUSIONS

A mass for the tau meson of 966.5 + .74 electron masses was
found by summing the total »e‘nergiesv of its three decay pions. Petersen,
- who_ugéd the same sample of taus, found a mass of 966.3 :E-1.9 electron -
i;nasses by the range-momentum method. 3 These results indicate that.
for the tau meson, at least, there is no significant difference between
- its "primary' mass and its ''secondary' mass and any pfoposal to

explain the apparent mass degeneracy of the 7 and 6 must be reconciled
~with this fact. This means, for example, in the .genetic scheme of Lee
and Orear25 and ° T}eimah and Wyd, 24 that the tau decay does.not re-
sult from a (0;0) transition of the 6O because this transition requires
about 15 Mev mass difference.

_ The energy spectrum and angular distribution of the pions from
the tau decay, when c‘ompared.with-thé Dalitz analysis, indicate that

| the tau has a spin-parity 'incorfnpa‘tible with that of the 6, and further-
more, these distributions agree quite well with those derivable purely
from phase space. These conclusions ‘do not suffer from the objections
raised against previous results that (a) a scanning bias for low-energy"
pions éxists, (b) there is a bias which arises from restriction of cer-
_tain decay configuration by toov.-sm_all stack dimensions, (c) relativistic
effects are not considered. The statistics are stili to meager to permit
a final decision on the spin-parity of the tau; however, the negative
results of a search for p.ossible polarization effects do n"o.t contradict

the possibility that the tau is pseudoscalar.
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APPENDICES

A. Direction-Cosine Errors

A-1. Derivation of D1rect10n Cosine Errors Due to Measurement
‘Errors and Multiple Coulomb Scattering '

The measured quantities are 0, the angle of the track to the
x axis of the microscope system; the length p of the track in the
plane of the emulsion; and the rise of the track, Az. In terms of
these the direction cosines relative to the Bevatron coordinate -systern

(Fig. 1) are: -

,[3:"'—"'.0'—__.9‘ ’ | (1)
where . . o -
:R=\/pz+Az2; p = fr; Az =sAz' .s=;—]o~-' (2)
. - t -
. . . a

The mu1t1phcat1ve constants f and s convert from reticle units to
microns and from postdevelopment to predevelopment dimensions,
respectively. The. standard deviations of the variables p, 0, Az

due to measurement errors are

6 r ~f
. — . (3)
C . ; ”v’ ( . 2

S50 S0 8,75

Propagating these errors through the expressions for the direc‘ti_on

cosines, By‘the usual method, we»obt_ain
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2z
S = YZSGZ' + uz [34, FZ )

552 - 82(1 - p&)2r?

2 2.2 . 2.4_2
N aSe+AyB’F,

(4)

.
|

F% =g 2/pz’+s-'?‘/m',"‘_s /f +s RN
| P Az
S¢ /f +s /

For stacks No. 16 and No. 20 the normals to the emulsion sheets were
along the y axis of the Bevatron system; we set up a new cbordinate
systerh with polar axis along the y axis of the Be_vatron; in terms of

this s_ystefn we have '

a=sin 0 sin ¢!, p=cos 6, y=sin 0' cos ¢' ,  (5)

where 6' is the polar angle and ¢ the azimuthal angle. Now,
multiple scattering out of the plane of the emulsion produces an error
in 6' Wh_ich'fo‘r a track of length 'R (microns) and kinetic energy T

(in Mev) is

Sg = /ex'2 -/3/2 /180 K/ZT‘(R/IQ'(_))I/Z radians, (6)

where K is assumed to be 27 degree-fMev/IOO mic‘rbns. Here

/9;2_. is the rms projected SCattering angle. Then we have v

,,ﬁ/— ﬁ?ﬁsy lﬁ/__

Finally, the error in direction cosines due both to measurement

errors and mu1t1ple scatterlng is

e 2_ 262, 2 a4t 7T
S(1 =y SB + o, [3 F + ‘1_2__6 6x B
2 L2, 222 2 7 S
S = B (1-52) P +.(1_.p7‘) o-, 8
.S =aq S6 B F + Y 9 , »
Y | [3

2 _ 2,2 2
F -Sp/p fsAz/A =S /r +SA./Az' +5; /f 5 /



_50_

A-2. Effect of D1rect10n Cosme Errors on Coplanarlty

- The unit radius vectors of the three pions are

=

ja?'1L+515+Y1 ‘ | | |
f;: U+ B, ] +y2-i<, ' ‘ - (9)
c=a %. ‘

3L+B3J+Y3

In terms of these the normals to alternate pairs of pions are given by

A=bxc x‘é,é’:"’x"ﬁ, : o (10)

o
» B =

-
C

and the angle 8§, Wthh is 1nc1uded between the normal to two of the

pions and the third plon, may be taken to be

Ccossc €. TE » (11)

cC C

Then an error in cos & is

dE . € - de - C S(dC/C +dc/c)
C

dcos& = (12)

where dC—d(axb)_gaxb+ax&E _

and = da = da. L + dﬁ J+ dyI , —12 , and sirnilarly for db and gc
 Putting in a; b, c, da, db dc exp11c1t1y and. rearrang1ng terms, one
‘obtains

dcos & =’<}A day +Al dpy + A a-yl

X

- B_da, -B dpz -Bzdyz ' (13)

+Cdo.3+C dB3+C dy3}/C

from which it easily follows thet we have
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2 2 o 2

S cos § = l/C {sz» Salz.-+ AYZ ‘5[31.'_ +A, S’Yl
+B_%8a,% + B};Z, s8," + B, sv,” (1)
+.C 2 Su_$2'+ C ZtSB?. +"czz. Sa32}1/2
..:S/C, S -
and cos §/S cos 5 = M - | o (15)

The quantity cos §/S cos 6 was computed for each tau, for which
measurement of direction cosines was possible, using the IBM-650
computitig machine. These data are presented in column 16 of

Appendix IV, and Fig. 3 shows the distribution of cos /S cos §.

. A-3. vEffeC't‘of Direction-Cosine and Energy Errors on Momentum
Balance : ’

The momentum unbalance along each coordinate axis is

AP, Apy,_ Ap‘z s aﬁd the total unbalance is Ap:
- APX = Z .Pi qi’
. . i=]
AP, = 2. P.B.> ' ‘ . ‘ 16
py » i=1 pl ﬁl i : (16)

AP, = 3 P, ¥
'Z 1):-[ it

y

" 2 Z
AP =\/APX+ Ap 'l"ApXZ

" Propagatingithe direction cosine and energy errors through these

expressions, one obtains



¥

2 3 2.
S = 5 a5 +p, Sa, ,
3 Apx e SRR TS T 1
2 3 2. 2 . 2 2
S =3 B.°S_ " +p., SB. ,
Apy i=1- 1 pl 1 _ ,1 .
o “{17)
2.3 2.2 2.2
S . = 5= a.”§ 48
Apz o1 @4 Py +f1 h o.b
@2 _tan e 2.2 2 2 27/, 2
s Ap - [ap, ”SAPX, +Ap.y. AP + APy SAPZ 1/ ap

The percent error m energy; ST/T, varies by 16% over the enérgy

interval considered, but for the puzépose of this computation was

. p 1 St |
assumed to be a constant. Then, —— = — -—— is about 8%. The
, T 2 T ‘

'quént1t1es AI‘)*{"SAPXA,A Apy/SApY ’ APZ/SAPZ ’ AP/‘SAP

were computed for 'ea;ch 'taﬁ that had all three pions stopping in the

- stacks with none of the pions making a large -angle scatter, by use

of an IBM-650 computin‘g machine. Column 15 of Appendix IV gives

Ap/SAp for individual taus. Figures 4 and 5 show the distributions

of A.PX/SAPX and AP/SAp* ‘respectively.
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B. Humidity Error

The error in Q due to an error in estimating the emulsion
density as PE T 3.826 g/cm arises strictly from the difference in
water content between the assumed and true values of the emulsion

density. To estimate the effect of this error:

1. R., ‘Z., RE ) ZE are defined in Section III1-B -2a. Rt is
e it | i ; v i

is the chord length for the true emulsion den51ty Py -

2. As in Section III-B-2a, we have
‘Rg /R.—Z /Z‘,,‘R/R._Z | o _
4T TG/Z; and py= o= ety Tpyty

Now we see R /R1 = ZE./Z.t. = _t’E/tt = pt/pE )
from wh1ch follows

ZRE =l"t/"’}z:ZR or Rp = p/Pg R,

3. dT/dx = const xnxf(v), where n is the number of electrons
- per unit volume of emulsion. To within 'the accuracy of
measurement the water and dry emulsion volumes are additive.
'Therefore n depends linearly on the emulsion density, i.e.,
n=bp +d. Barkas and Young”’ given n = (0.2522 p + 0.0830)

24 3

/cm -as the dependence.of n on p. Now the range is

o o To
R(T) =’j - dT/(dT/dx) = _r j dT/£(v),

const. x n
0

0
. nR = g(v)
a :‘"'Asaume forconVemence that T a(Rn) » where k = '—1'— :
1.71

The range index k varies by about 14% over the

region of interest; we ‘have taken the mean value.

‘ k
4. T, - Tg/Tg = AT/Tg = (Rtnt/REnE)k -1 = (pgny/png) -
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5. Assume p, =pp + A and make a Taylor's expansion of
nt/pt about_': nE/’pE. One ob'tai‘ns
nt/pt = nE/p»E('l -dA p/nEpE).
Then we have '
AT/TE =(1 -vdApv/‘nEpE) - 1 = kd Ap/pEpE .
. Putting in the values of k,‘ d, and PE given abov’ev, one obtains .

AT/T = - 0.046 Ap/p .

Then we have

Z7 AT, =aQ= 5> (-0.046) B8 T, =0Q(-0.046)ap/p,
i=1 =l . p |

and

AQ/Q = - 0.046 Ap/p .

C. v, Effect of Increasing the Interaction Radius .

In the Dalitz analysis, increasing the interaction radius will
necessitate consideration' of terms of higher A =£ +¢'. From
Table III it is seen t.hatv \ increases by at least two from its mini-
mum value when additior;al states are considered. For the low-spin
‘unique c:ases,'- (1 4) and (2 +) have terns with \ two greater than
minimum and (0 -), (1 =), and (3 -) have terms with A four greater
than minimum. We shall investigate the effect of increasing the
interaction radius for (0 -) and (1 +), which typify the two situations.

. 1
- In the expression for Cpgr We rewrite the quantity (m/M)l H

as (R/Z(n)l +2!

the pion Compton wave length; then the expression for Copt becomes

. | . | : “  '
| Cepr T A3p Ml (@t ()(Ji)l (_E)g(g_),.z |
T ' (N +4)ti2e+n)t22741)0 0 K m m

, where- R is the interaction radius and X is

)
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. : e _ ' T _ ot o : ,

In the following, the variables @ =P max’ % =P /P"max are
. 1 . . X N

used where Pmax’ P max 2T¢ the max1mqm values of pPand P,

re spectively.

C-1. Case of (0 -)

The pairs ( £,14') that may contribute to the matrix element for »

this case are (0, 0); (2, 2) - (4, 4); ...; with corresponding \ of

0, 4, 8, ..., The square of the matrix element for the terms A=0,
4 is ) ' '
Fo=1+K g 9™ (3c0s®6, -1 + 2 K cos 02°9'%(3 cos”6 1),
| K = 3/2\/; Z/MZ oy /MZ (d4/a0) (R/X)4 |
. - Pmax y ' _

-f.d4/§O(R/x1ﬁ4

1.9 10°

The quantity a is a monotonically decreasing function of », but for.
the purposes of this calculation the ratio of a's wﬂl be taken to‘be_;-
unity. Estimating that K must be greater than 0.01 to show any

effec_:'t, we obtain
(R/A ™% ~ 1.9 %10,

R/Am o 6.7.

C-2. Case of (1‘ ;I-)

The paris (£,£') that may contribute to the matrix element for -

this case are (0, 1); (2, 1); -+ with corresponding \ of 1,3,---,

The square of the matrix element for the terms A = 1,3 is

vF1+.=$'Z +Kzi'234. - 2K cos 4)?'2 52(2 éos2 6 -1),

az/a;

K:,-——-—2
3.81 x 10

(R/Xm)
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Again, letting K = 0.01 we have -~ ‘
0.3/0.1 =1,
A 2
(R/’Kn) = 3.8,

(R/Xm = 1.95;

fora K =0.05wehave

»l 0—3/0.1 ‘: 1 >

(R/Am) = 4.4 .

‘In this case it is conceivable that the effect of higher terms in A may

be felt if the_intei'acfion radius is about a pion Compton wave length.
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'D. Table of Original Data

Explanat;ion of Table

Columns 1 and 2: .Taﬁ identification

Column 1is the sfack number and column 2 is the K -meson
number in the stack. There Were three stacks of 6004 G.5
-emulsion, numbered 16, 17, and 20. Stack No. 16 consisted of
© 105 pellicles 3.5 by 3.5 in. in area, stack No. 17 consisted of
40 pellicles 3 by 6 in. in area, and stack No. 20 consisted of
95 pellicles 9 by 17.5 in. in area.. The nominal K-beam energy
“was 114 Mev for stacks No. 16 and No. 20 and 170 Mev for
| ‘stack 17. o

Coiumn 3 Scannihg -

. T.F. signifies sea.nning by systematic track-following.
S.A.S. signifies scanning' by sys.tematic area scanning.
N S. signifies the tau was found nonsystematically. One found.
such taus while following a selected track, ._v.vhi_le following a
secondary pion, or while relocating a tau. Stack No. 16 has’
sighiﬁcéntly more norisy's'tema_tt,i,cs because it was exposed twice

and the tracks from the two expoéures were at right ahgle's.

Columns 4, 5, and 6: . Pion energ}.r‘

The a,b, or ¢ before eaeh’ energy indicates a designation of the -

pions between which the angles with cosisnes a- b b-c, c- 2 are

. 1nc1uded.

Columne 7 and 8: Dalitz variables

The varﬁl: ffmCo umn Tis.r =T /[T ’max i where

2M

Q. The variable cos 0 is the cosine of the

T .
angle between the relative momentum of the like pions and the

momentum of the unlike pion.



- -58-

Columns 9,10, and 11: Eulerian angles.

The Eulerian angles @, E and IF describe the orientation of the .

, normal to the decay plane and the .direction of the odd pion, where
z 1is the normal to the production plane and positive upwards, x
is along the T -beam direction, y 1is the third member of a

right-handed system, and z' is along the old pion direction.

Columns 12,13, and 14: Angles bétween pions

These columns give the cosine of the angle between pions designated ’

in columns 4, 5 and 6.

Column 15: Momentum unbalance |

"The ratio of the measured rnomentum unbalance (AP) to an es'ti-
mated uncertainty in the__morne_ntum balance (SAP) was computed
for the taus having three pions ‘stopping in stacks.. The un-
ce rtainty in the momentum balance was computed By propagating
measurement errors and range straggling through the momentum -
balance equation. The same set of sultable averaged measure -

ment errors was used in each computatlon

In a few cases the tau decayed at the surface of an emulsion,
hence one or more pions were not v1s1b1e at the T decay. For
| these cases the :angles_.between pions could not be accurately
esti'm_ated and mom'entum u’nbalance and coplanarity were not

computed.

Column 16: Coplanarity
The angie 6 is included between the normal to the plane con-
'ta1n1ng two of- the p1ons and the third plon The uncertainty in

cos §--i.e., S cos 6--was computed as for momentum un-

balance, and used the same set of measurement errors.
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TABLE OF ORIGINAL ‘DATA

(1 (2} (3) 4 (B (6): (M 8 (9 oy (i1 (12) (13) (14) (15) = (16)
. ) " Pion Energy (Mev) . FEulerian Angles i

Stack  Event . |Scan- . + _ ) V] Y e . | AP/ coss/

Number Number|ning L m T - r cosB cos® (deg) (deg){ a-b b:c c-a SAP Scosd
16 5 T.F. | a 46.0 c 114 b 17,3 |0.361 0.918 0.243 154 200 |0.9503 0.7309 0.9065 |1.09 0.59
16 7. |T.F. c 32.9 b 12.4 a 28.9 [0.607 0.513 0.0081 141 135 |0.2063 0.4028 0.8121 |0.90 0.87
16 36 T.F. | c[45.4] b 17.6 a 9.5 |0.204 0.942 0.0655 110  48.6/0.8901 0.9785 0.9646 0.77
16 40 T.F. | c 30.6- a 30.6 b 12.3 |0.263 0.0185 0.0913 155 240 |0.2836 0.3364 0.8074 0.51 - 0.34
16 51 T.F. | c 32.7 a 'l5.7 b 25.5 |0.538 0.427 0.7345 119 185 [0.1714 0.7779 0.4852 |1.19  0.60
16 85 T.F. | a 19.0 b 11.3 c 44,2 |0.925 0.332 0.2711 117 206 |0.5966 0.8448 0.9329 |0.91  0.50
16 86 N.S. | c 42.0 a 11.6 b 20.7 |0.435 0.774 ' 9.3347 0.8751 0.7487 |1 36 0.24
16 103 T.F. | c¢ 40.4 a 28.0 b 5.2 |0.110 0.550 0.1836 242 202 |0.2818 0.6227 0.9256 |1.68  0.80
16 - 123 T.F. | ¢ 186 b 17.6 a 38.0 |0.798 0.0296 0.7002 240 10l |0.6808 0.0238 0.7479 [1.90 0.91
16 131 T.F. | a[46.2] b 20.0 8.9 {0.185 0.900 0.4019 115 326 |0.9635 0.8387 0,9525 1.63°
16 163 T.F. | ¢ 39.3 b 19.6 a 15.0 |0.316 0.558 0.1266 134 270 ]0.2713 0.8415 0.7481.[1.67 0.06
16 181 T.F. | ¢ 14,6 b 13.4 a 49.5 |0.996 0.237 0.5022 248 -11.1/0.9691 0.9053 0.9811 |1.44 0.91
16 203 T.F. a 395 b 17.5 c -18.2 |0.377 0.579 0.3025 156 304 |0.7454 0.1190 0.7503 |1.64  0.49
16 219 T.F. | ¢ 30.0 b 9.0 a 35.8 |0.746 0.564 0.0618 211 217 |0.4142 0.0635 0.8819 |0.41 - -0.14
16 236 T.F. | b 2.7 c 14.2 a 39.1 [0.813 0.224 0.0776 257  86.5/0.7987 0.0902 0.6710 {1.15 0.76
16 248 T.F. | c 42.2 b 21.6 a 11.6 |0.240 0.635 0.6448 156 113 |0.4108 0.8914 0.7783 [0.91  1.00
16 273 T.F. | b 31.2 c 23.4 a 21.3 [0.438 0,198 -0.6969 179  12.1{0.5744 0.6540 0.2433 |1.71  0.22
16 279 T.F. 42,2 b 6.4 a-25.7 |0.539 0.875 0.7698 135  63.6/0.5915 0.7890 0.9619 |1.36  0.27
16 298 T.F. | c 28.5 b 2.7 a 4l.4 |0.889 0.914 0.0894 162  87.0/0.8914 0.8250 0.9913 |1.27 0.64
16 307 T.F. | a 35.3 b 21.4 c 17.6 |0.369 0.374 0.3436 161 273 |0.7543 0.0136 0.6455 |1.21 - 0.68
16 308 |N.S. | ¢ 39.0 a 17.2 b 18.7 |0.389 0.571 ' 0.1677 0.7420 0.7848°|1.59 =~ 0.64
16 311 - JT.F. | c¢ 31.5 b 22,0 a 20.5 |0.432 0.247 0.9543 102 320 [0.2338 0.6258 0.6117 |0.72  0.54
16 315 T.F. | c 186 b 145 a 40.9 {0.862 0.139 0.6994 104 117 [0.7559 0.2800 0.8400 |0.85 0.16
16 33 T.F. | c 4.3 b 13/9 a 20.0 [0.415 0.700 0.5991 242 101 -|0.3464 0.7958 0.8436 | 1.12  0.29
16 -~ 338 T.F. | b 20.7 a 13,9 c 39.6 |0.832 0.213 0.5192 93.0 286 [0.2376 0.8309 0.7378 |0.18  0.00
16 349 N.S. | ¢ 38.0 a 345 b 3.9 [0.0796 0.175 0.0155 0.2503 0.9640 ‘| 1.20.  0.71
16 397 T.F. | ¢ 18.0 b 14.6 a[40.0]/0.859 0.116 0.2710 99.7 234 |0.7691 0.3282 0.8557 0.94
16 398 T.F. | ¢ 33.0 b 15.7 a 24.6 [0.523 0.439  0.3516 130 258 |0.2193 0.5454 0.6980 |1.86  0.04
16 405 |T.F. | c[47.5] b 13.3 a 13.5 {0.283 0.991 0.9937 174 288 [0.9786 0.9932 0.9955 .0.57
16 431 T.F. | c 26,1 b 20.2 a-27.8 10.585 0.149 0.9731 268 299 10.4551 0 0

3575 0.6686 10.87. 0.76

ZN-1544
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kulerian Angles’

Stack  Event Scan- | . Pio+n Energ.};(Mev)‘ _ : $ oo, L4 4o AP/ c'osS/
Number Number|ning L T ™ T cos8 cos® (deg) (deg)| a-b b-c -c.a SAP Scosd
16 443 |T.F.. | b 42,0 c 11,9 a 20.9 [0.436 0.762 0.9472°187 226 |0.8884 0.7357 0.3422 | 1.07 -~ 0.66
16 451 |T.F. | b 27.5 a 9.7 c[35.6]]0.762 0.501 0.2067 187 160 [0.0030 0.8642 0.5002 0.47
16 457 |T.F. 29.5 b 26.8 c 18.4 [0.384 0.072 0.2320 127 157 0.7029 0.3207 0.4481 | 0.66  0.09
16 . 458 |T.F. | c[28.2] b 23.0 a 26.3 |0.529 0.126 0.1773 233 292 |0.4232:0.4909 0.5773. 2.17
16 477 [T.F. | a[42.6] b[30.8] ¢ 1.75/0.0370 0.875 0.6144 260 - 129 |0.9933 0.8246 0.8842 0.17

16 494 {T.F. | a ot ¢ 6.6 b out ‘ 0.9078 0.2949 0.6681 _

16 502 |T.F. | a 36.0 c 20.2 b 17.8 |0.375 0.424 0.2619 91.2 349 |0.6936 0.0004 0.7200 | 0.86  1.06
16 A-1 |N.s. |'c 302 a 12.3 b 31.4 |0.663 0.459 ~ 10.2937 0.8240 0.2990 | 1.05  0.43
16 A-2 |N.S. 24,0 a 13.0 c 38.7 |0.797 0.316 0.0889 0.8174 0.6460 | 1.51  0.39
16 A-3 IN.S. | c 144 a 13.0 b[46.7][0.983 o0.121 0.9715 0.9759 0.8972 10.33
16 A-5 [S.A.S.| c 43.1 a 4.9 b 25.9 [0.546. 0.934 - 10.5723 0.9720 0.7478 | 1.33  0.83
16 Nl |T.F. | a 31.2 c 28.8 b 14.1 [0.297 0.070 0.4672 266 160 |0.3792 0.3408 0.7408 | 1.88 0.57
16 N10 |T.F. | c 34.6 a 8.8 b 32.5 [0.668 0.641 0.5389 238  99.5(0.8480 0.8959 0.3661 | 1.36  0.50
16 N20 |T.F. | a 383 «c 16.9 b 19.5 [0.407 0.555 0.1015 150 194 [0.7474 0.0617 0.7090 | 1.79  0.27
16 N23 [T.F. | b 29.7 a 29.1 c 16.7 |0.345 '0.016 0.6641 142 287 [0.7359 0.3934 0.3326 | 0.58  0.45
16 N32 |T.F. c 19.6 b 17.5 a '38.2 |0.791 0.060 0.8320 183  71.6[0.6793 0.0871 0.7901 | 2.29  0.39
16 N80 |T.F. | c 43.7 a 16.4 b 13.0 {0.277 0.814 0.2053 187 199 |0.6216' 0.8927 0.9076 | 1.14  0.57
16 N84 |T.F. | a 43.0 b 23.0 c 9.8 [0.202. 0.659 0.6964 197 352 |0.9285 0.4365 0.7383 | 1.42  0.92
16 N89 |T.F. | c 20.1 a 12.2. b 43.1%0.891 0.288 0.6265 217 142 |0.7991 0.9043 0.4671 0.8l
16 N119|T.F, | b 37.6 a 7.9 30.2 |0.622 "0.723 0.9735 142  93.4}0.4845 0.8944 0.0582 .
16 NI129|T.F. | a 30.1 b 18.7 c 26.5 |0.549 0.282 0.4340.143 107 {0.5100 0.3188.0.6525 | 1.47  0.16
16 NI45|T.F. | b 3.0 a 1.6 c 43.2 [0.889 0.986 0.0820 107 348 |0.8604 0.9959 0.9029 | 0.31  0.17
16  NI49|T.F. | c 39.0 b 15.0 a.20.0 |0.421 - 0.622 0.7528 168 267 |0.1471 0.6993 0.8097 | 0.90 . 0.28
16 N162N.S. | a 36.0. b 36.0 ¢ 1.9 ]0.040 0.000 0.9784 0.0678 0.2724 | 1.56  0.41
16 - N194|T.F. a 32.6 ¢ 25.3 b 16.5 |0.346 0.206 0.5807 235  53.6|0.4585 0.2711 0.7310 | 1.49 ~0.17
16 N197|T.F. | b 28.6 a 22.2 c 24.0 [0.503 "0.161 0.3012 265 147 |0.5112 G.6461 0.3255 | 1.47  0.23
16 'N210|T.F. a 35.0 c 28.9.b 12.7 |0.259 0.181 0.9729 202  42.7|0.4878 0.0974 0.8211 | 0.61  0.05
16 N214|T.F. b 38.7 ¢ 5.4 a 30.7 .[0.640 0.820 0.5753 243 166 |0.9359 0.4429 0.1857 | 3:06 ~0.73
16 N225|T.F. | a[42.8] ¢ 3.4 b 26.6 [0.570 0.973 0.5125 231  39.5/0.9941 0.8360 0.8899 0.00
16 N24LIT.F. ‘| ¢ 47.2 b 7.8 a 20.0 10.416 0.994 0.2578 209 294 0.59  0.63.

0.9952 0.9975 0.9992
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. Pion Energy (Mev) ) B

Eulerian Angles

cosd/

Stack Event Scan- + + _ : ¢ P e e AP/ - )
Number Number| ning T T L r cosf ~cos® (deg) (deg)| a-b b-c. .a-c SAP Scosd
17 1 |[N.s. b 40.3 a 7.0 ¢ 27.5| 0.573 0.811 0.5521 0.9048 0.1452 | 1.60 2.05

17 7 |N.s. | a[38.7] b 25.9 ¢ 11.1]0.229 0.402 ’ 0.8774 0.1152 '0.5773

17 40 |T.F. 5[28.7] b 20.0 ¢ 21.0| 0.556 0.215 0.4343 0.3840 0.6643 0.88
17 42" |T.F. | a[35.1] b 27.0 c 14.5|0.295 0.229 0.7867 0.1266 0.5127 . 0.35
17 47 |T.F. | b 42.7 a 17.0 c-15.8 0.326 0.703 0.8333 0.8388 0.3984 | 0.87 - 0.09
17 90 |T.F. | <[46.3] 2 9.5 b 20.0| 0.411 0.926 '0.7815 0.9670 0.9141 0.56
17 97 |T.F. | c[31.2] b 14.5 ¢ 30.0| 0.618 0.413 0.3353 0.3490 0.7656 0.48
17 115 [T.F. | ¢ 45.7% a 7.1 b -21.8| 0.456 0.959 0.8406 0.9765 0.9373 0.35
17 145 |T.F. | c¢ 29.3 a 24.5 b 20.5| 0.430 0.125 0.3293 0.5106 0.6434 | 0.44 0.17
17 152 |T.F. | ¢ 20.2 a 8.4 b [45.0] 0.953 0.622 0.9188 0.9729 0.8030 0.15
17 170 [N.S. | ¢ 349 b 16.8 a 24.0| 0.494 0.448 0.1289 0.5798 0.7329 | 0.77  0.11
17 187 |N.S. | a 40.5 c 16.5 b 18.5| 0.382 0.626 0.7987 0.2488 0.7812 | 0.45  0.37
17 188 |T.F. | a[34.5] b 26.4 c 18.1'| 0.357" 0.209 0.7375 0.1989 0.5147 0.64
17 193 [T.F. | a 43.2 9.0 22.3| 0.467 0.852 0.9287 0.5453 0.8165 | 1.02 0.73
17 204 |T.F. | b 19.3 a 12.1 c [45.5] 0.923 0.299 0.6067 0.9100 0.8814 0.24
17 215 | T.F. a[40.0] b 22.0 < 11.2|0.239° 0.571 0.8724 0.3113 0.7352 0.91
20 111 | T.F. | b 20.2° ¢ 20.1 a 36.2|0.738 0.003 0.6223 177  57.8/0.6802 0.0788 0.6759 | 1.53  1.35
20 125 |T.F. | ¢ 35.0 a 1.0 b 39.5|0.816 0.957 0.3406 141 139 |0.4366 0.9911 0.3139 | 0.78  0.30
20 165 | T.F. ¢ 24.5 b 7.4 a[43.2] 0.897 0.625 0.9275 183  59.3/0.7806 0.5496 0.9508 | 0.56
20 185 |T.F. | c 28.2 b 6.9 a 39.8| 0.829 0.641 0.4720 143 191 |0.5718 0,1995 0.9175 | 1.03 ~ 0.67
20 198 | T.F. | b32.2 ¢ 145 a[26.2] 0.560 0.450 6.3237 159 209 |0.7822 0.4807 0.1696 0.79
20 © 200 | T.F. | c 29.7 b 2.9 "a 4l.6 0.874 0.888  0.6704 215 105 .[0.7760 0.6036 0.9310 | 1.79  0.38
20 233 |T.F. | b 44.2 ¢ 21.2 a 10.8| 0.221 0.725 0.1182. 208  24.3/0.7868 0.9118 0.4648 | 1.76  0.60 -
20 268 | T.F. | a 35.0. c 33.0 b 7.0 0.146:.0.077 '0.0476 225 . 199 |0.3193 0.1144 0.9048 |0.51  0.03
20 - 270 | T.F. c 33.8 a 28.1 b 13.0| 0.271 0.170 0.1965 131 172 [0.1828 0.4226 0.8136 0.93  0.12
20 274 | T.F. | b[45.1] c 18.0 a 10.8]| 0.228 0.864. 0.3044 262  12.2/0.9162 0.9494 0.7447 036
20 283 |T.F. | a 22.8 b 18.9 ¢ 32:2 | 0.679 0.102° 0.5687 229  15.2/0.1845 0.5877 0.6868 | 0.71  0.62
20 297 |T.F. | a 39.0 c 9.0 b 26.0| 0.549 0.742 0.0664 122 268 |0.9044 0.2821 0.6641 | 1.23  0.48
20 307 1T.F. | a b 3.45 c [44.7] 0.967 0.1391 265 150 10.9535 0.9828 0.9920 - 0.12

26.6

0.932
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Stack Event
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Pion Energy (Mev)

Eulerian Aﬁg les

L

@

Scan-. + T+ _ s g - o AP7 cosd/
Number Number| ning R ” m T cosf cos® . (deg) (deg)| a-b b-c a-c SAP Scosd
20 383 |T.F. | c 46.0 = 18.6 b 10.8 |0.223 0.8655 0.5705 152 ~ 116 0.7592 0.9179° 0.9544 | 0.82  0.86
20 393 | T.F. [.c 40.5 b 2l.1 a 14.4 |{0.295 0,549 0.4061 173 = 18 [0.2310 0.8347 0.7279 | 0.77
20 397 |T.F. | ¢ 38.0 b 19.3 a 15.5 |0.332° 0.528 0.9858 ‘188 102 [0.1918 0.7953 0.7472 | 0.59 - 0.29
20 408 |T.F. | a 37.2 b 1.3 c 37.0 |0.764 0.941 0.0510 198 244 |0.1792 0.3742 0.9441 | 0.96 0.59
20" 420 |T.F. | .a 402 ¢ . 32.2 b 3.5 [0,072 0.423 0.9952 102 348 |0.5576 0.3278 0.9669 | 0.46 ~ 0.71
20 446 |T.F. | b 32.4 ¢ 27.1. a 15.0 | 0.314 0,150 0.0534 216 90 |0.4474 0.7757 0.2170 | 0.85 .0.31
20 480 |T.F. | c 20.7 b 19,7 a 34.5 [0.718 0.027 0.5141 216 73 |0.6922 0.0780 0.6648 | 1.25 = 1.09
20 497 | T.F. 365 a 1.6 c[36.4]]0.762 0.926 0.5705 219 327 |0.1052 0.9772 0.6792 0.00
20 506 |T.F. | ¢ 34.7 a 23.2° b 17.8 |0.367 0,305 0.5203 164 116 |0.1385 0.6037 0.7052 | 1.25  1.25 -
20 518 | T.F. | c[44.8] 2 9.8 b 17.90.385° 0.935 0.7436 115 294 |0.8188 0.9726 0.9296 | 0.28
20 534 | T.F. | a 31.9 b 5.2 c 37.7]0.786 0.741 0.2355 203 1 |0.0824 0.4196 0.9389 | 0.59° 0.51
20 552 | T.F. | ¢ 41.6 a 202 b 13.3 [0.276 0.626 0.8850 181 163 |0.3528 0.7650 0.8721 | 0.94  0.59
20 " 574 [ T.F. | b 35.7 ¢ 4.8 a 34.9|0.722 0.790 0.6910 109 276 |0.9384 0.1661 0.1839 | 1.43  0.90
20 644 | T.F. | c 39.3 a. 8.6° b 27.0 [0.562 0.749 0.7637 185 203 |0.1793 0.8885 0.6104 | 1.03  0.28
20 699 | T.F. | a 31.0 b 6.3 c 37.0 |0.776 0.685 0.1084 147 332 [0.1143 0.4695 0.9302 | 0.89  0.67
20 703 [ T.F. |- ¢ 341 a 5.9 b 36.0 [0.739 0.730 0.8660 138 173 |0.2667 0.9085 0.1596 | 1.09  0.46.
20 707 | T.F. | c[33.3] a 7.0 b 37.4 |0.751 0.678 0.4393 155 101' |0.3519 0.9055 0.0785 | | 0.06"
20 734 | T.F. | c 24.8 b. 6.4 a 42.0|0.895 0.679 0.5136 208" 36 |0.7932 0.5735 0.9536 | 0352  0.44
20 . 749 | T.F. | b [41.7] ¢ 16.2 a 15.3 |0.326 0.718 0.0341 106 13 |0.8508 0.8467 0.4410
20 753 | T.F. | a 4l1.8 ¢ 15.5 b 18.1 10.374 0.690 0.1405 213 1 ]0.8426-0.3548 0.8002 | 1.71  1.63"
20 757 | T.F. | ¢ 24.2 b 21.8 a 27.0 |0.577 0.061 0.2415 144 177 | 0.4850 0.4039 0.6035 | 1.16  0.53
20 759 | T.F. | a 45.8 ¢ 13.2 b 17.5.|0.357 0.851 0.2734 243 26 |0.9085 0.6052 0.8821 | 0.61  0.35 _
20 768 | T.F. | b 33.0 c 26.0 a 16.0 |0.333 0.1930.9389 161 84 6.5094‘6}7657 0.1622 | 0.77 . 0.16
200 . 794 |T.F. | b 38.2 c 266 a 10.5|0.217 -0.374 0.3239 267 186 |0.5538 0.8590 0.0496 | 0.52 0.11
20 859 | T.F. ¢ 35.8 b 10.9 a 29.2 [ 0.600 0.607 0.6918 234 254 10.0800 0.4356 0.8620- 1-071' 1.12
20 860 | T.F. | a[39.9] ¢ 11.7 b 22.8 | 0.478 0.706 0.8541 238 97 |0.8297 0.2506 0.7041 | 0,72
20 966 | T.F. | b 35.0 ¢ 17.0 a 21.6|0.458 0.463 0.0134 169 241 0.7354 0.6649 0.0169 | 1.43  0.60
20 - 967 | T.F. | a[39.6] b 17.6 c 16.3 [ 0.346 0.607 0.9167 148 - 110 | 0.8174 0.2579 0.7676 ' 0.44
20 994 {T.F. | b 36.0 c 21.6 a 16.1 |0.341 0.400 0.5092 184 254 |0.6542 0.7737 0.0286 | 1.43  1.15
20 1001 I'T.F. | a 27.0 b 11.8 ¢ 33.6 {0.724 0.415 0.9634 118 106 |0.1546 0.4551 0.8091 | 0.88 - 0.51
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Stack . Event Scan- P10n Energy (Me\:') _ ap/ cosd/

Number Number| ning nt .ow ™ r cosf cosO (dq:)eg) (dqég). a-b b.c a-¢ | SAP  Scosd
20 © 1009 T.F. | ¢ 293 b 2.6 a 42.6|0.892 0.929 0.2599 106 -274 |0.7908 0.6624 0.9822
20 1016 T.F. | ¢ 36.8 b 16.2 a 21.3|0.447 0.526 0.1276 120 272 |0.0299 0.6779 0.7545 |
20 1021 T.F. | b 23.9 a 21.2 ¢ 30.8]0.633 0.067 -0.8191 156 166 |0.3088 0.6328 0.5409 | 0.37  0.02
20 1024 [T.F. | b 24.8 a 15.1 ¢ 36.3|0.743 0.259 0.8084 266 89 |0.0258 0.7942 0.5866 | 0.56 0.22
20 1111 T.F. | ¢ 39.3 b[21.9] a 14.9| 0.305 0.486 0.1236 221 263 |0.1623 0.8212 0.6962 | - 0.09
20 1126 |T.F. | b 29.3 a 7.2 c 38.9|0.804 0.633 0.8633 100 137 |0.0482 0.9207 0.4337.| 1.71  0.32
20 1129 [T.F. | c 25.8 b 22.9 a 15.0|0.317 0.367 0.6282 176 268 |0.0467 0.7540 0.6198 | 1.19  1.10
20 1143 T.F. | a 25.7 b 5.0 a[45.0] 0.927 0.848 0.5864 100 145 |0.8004 0.8979 0.9824 0.06
20 1145 T.F. | c[32.3] b 13.9 a 20.0| 0.601 0.456 0.4724 109 213 |0.2448 0.4023 0.7874
20 1156 |T.F. | b 29.7 a 2.2 «c[42.1] 0.887  0.945 0.8968 177 92 [0.7796 0.9903 0.8584 0.13 -
.20 1166 |T.F. | a 36.8 b 6.7 c 30.3|0.640 0.754 0.7456 192 166 |0.4126 0.0225 0.9193
200 1170 | T.F. | ¢ 29.3 b 27.6 a 18.3]0.379 0.045 0.1058 197 206 |0.3524 0.6916 0.4312 | 1.21  1.22
20 -1172 | T.F. | b[36.6] a 36.1 c 2.3§ 0.050 0.032 0.4740 143 106 |[0.9697 0.1597 0.0861 - 0.31
20 1201 T.F. a 37.2 c l4.4 b 24,3|0.499 0.560 0.7858 154 26 |0.7872 0.0496 0.5762 | 0.96  0.56
20.. 1204  |T.F. | b 27.2 a 9.9 c 37.8| 0.787 0.490 0.8307 195 ‘153 |0.1335 0.8801 0.5875 | 1.00  0.51
20 1218 | T.F. | a[39.5] b 13.7 c 19.7|0.421 0.676 0.0523 236 53 |0.7467 0.2781 0.8464 0.41
20 1231 |T.F. | b 342 a 195 ¢ 17.9]0.390 0.403 0.7642 126 101 |0.7359°0.6805 0.0049 | 1.05  0.04
20 1232 | T.F. | ¢ 20.5 a 12.8 b 43.0 0.879 0.266 0.0443 220 349 0.7499 0.8583 0.3044 | 1.52  0.14
20 1239 |T.F. | ¢ 29.7 b 6.0 a 37.5|0.799 0.688 0.0055 119" 249 |0.5365 0.1931.0.9312 | 1.39 = 0.89
200 1282 |T.F. | c 24.7 b 10.9 a 39.5|0.820 0.414 0,4008 122. 217 |0.6646 0.2080 0.8689 | 0.36  0.25 .
20 1287 |T.F. | c 17.2 b 12.5 a 43.6'| 0.927 0.209 0.3797 220 295 |0.8644 0.5795 0.9090 | 0.51  0.03
20 1318 |T.F. |'b 39.5 c 27.0 a 7.6]0.160 .0.462° 0.3291 196 216 |0.5785 0.8989 0.1639 | 0.21  0.89
20 - 1339 |T.F. | b 40.0. a 19.7 ‘¢ 14.7]0.308 0,576 0.1264 188 158 |0.8472 0.7705 0.3144.| 1.43  0.19 °
200 1382 |T.F. | ¢ 42.9 b 30.6 a 2.6 0.053 0.748. 0.5408 101 267 |0.7827 0.9830 0.8832.| 1.45 0.11
20 1392 | T.F. | a 24.0 b 6.4 c 44.8]0.929 0.744 00352 106 102 |0.6592 0.8343 0.9644- 0.98  0.59 .
20 1409 | T.F. | ¢ 30.1 b 16.6 a 25.9|0.556 0.345 0.5319 195 216 |0.2774 0.4533 0.7303 | 1.00 = 0.35
20 1461 | T.F. | a 27.5 c 11.5 b‘34.3|0.730 0.434 0.7914 108 7 10.8407 0.5085 0.0384 | 0.62  0.17
20 - 1487 T.F. | a 455 b 10.3 ¢ 16.9| 0.410 0.889 -0.4662 204 72 |0.8501 0.6072 0.9345 | 1.97  0.34
20 1488 |T.F. | a 28.9 c 20.4 b '25.8|0.536 0.211 0.3065 194 353 |0.6409 0.3695 0.4758 | 1.06  0.96
20 1494 IT.F. | b 3400 2 a 25.110.520 0.440 © ) 0.5631 0.1076

c 16. .8038 221 205 |0.7602
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.Stack  Event - .Scan— _liion Eneriy (Mev) _ : : - o - »AP/ cosé/
Number Number| ning o ™ r cosf cos® ' (deg) (deg)] a-b . b:c a-c SAP Scosb
200 1495 [ T.F. | a-20.9 b 17.3 ¢ 37.1 |0.768 0.100 0.2890 143 44 |0.0699 0.6237 0.7360 | 2.10  0.11
207 1514 | T.F. | c 20.7 a 19.8 b 33.9 [0.710 0.024 0.2645 243 34.|0.6274 0.6869 0.1346.| 0.86  0.43
200 1519 .| T.F. | ¢ 32.2-.a 12.0 b 31.0 [0.643 0.505 0.2068 123 349 |0.2270 0.8228 0.3659 | 0.88° 0.51
20 1520 | T.F. | ¢ 28.3 b 10.8 a 37.3 {0.761 0.471 .0.4597 102 218 |0.5850 0.0650 0.8472 | 0.97  0.27

20 1525 T.F. | ¢ 34.2 b 17.2 a[25.1]]0.512 0.415 0.7089 106 309 |0.1823 0.5535 0.7173
20 1526 T.F. | b[27.6] ¢ 9.2 a 39.7 |0.809 0.528 0.0280 186 214 |0.8894 0.1577 0.5913 10.34
20 1532 T.F. | b 33.7 c 14.5 a[25.4](0.538 0.483 0:1809 92 207 |0.7897 0.5273 0.1046 0.02
20 1544 |T.F. |-c 17.9° b 17.4 a 37.5 |0.803 .0.015 0.1432 192 206 |0.7490 0.1549 0.7702 | 1.12  0.77
20 . 1546 T.F. | b 18.6 a 17.9 < 38.1 |0.796 0.020 0.8660 172 128 |0.1149 0.7558 0.7372 | 0.56  0.51
20 - 1605 T.F. | a 41.0 b [27.6] ¢ .6.7 [0.139 0.524 0.7236 123 64 |0.9388 0.3556 0.6554 0.52
20 1611 [T.F. | c 41.4 b 11.8 a 21.3 |0.446 0.748 0.5693 152 187 |0.3150 0.7266 0.8805 | 1.76 _ 0.60
20 1625 T.F. | ¢ 23.9 a 10.7. b[39.2]]0.828 0.409 0.6461 113 353 |0.6737 0.8714 0.2248 0.00
~ 20 1640 | T.F. | a[47.6] ¢ 13.9 b 13.0 [0.272 0.989 0.1335 103 - 60 |0.9942 0.9782 0.9946 10.70
20 1643 T.F. | ¢ 27.9 b 2.7 al[44.4]/0.923 0.994 0.6172 101. 293 |0.9973 0.9905'6.9979_. 0.12
20 1646 |T.F. | a 46.7. b 10.0 c 17.0 [0.360 0.984. 0.6544 236 114 {0.9813 0.9422 0.9889 | 0.43  0.47
20 1657 | T.F. | b 18.7 a 11.0 c[42.1]{0.914 0.323° 0.5390 90 97 10.5654 0.9017 0.8659 - 1.12
20 1667 | T.F. | c 42.5 a 19.9 5 12.2 [0.255 0685 0.4740 172 32 |0.4766 0.8199 0.8937 | 0.69 - 0.60
20 1674 T.F. c[28.0] 2 17.0 b 30.5 |0.630 0.275 0.9282 241 337 |0.4251 0.7340 0.2018 | 0.94
20 1675 | T.F. | c 44.2 a 235 b 7.5 |0.156 < 0.765 0:6192 155 301 |0.6721 0.6652 0.9525 | 0.72  0.62
20 1688 | T.F. | b 30.0 a 8.4 c 37.2 |0.767 -0.537 0.4699 254 77| 0.0508 0.9206 5.4370 | 2.20 .0.74
20 1689 | T.F. | c[38.3] b 4,2 a 30.2 [0.648 0.361 0.3218 108 283 |0.2410 0.5522 0.9421 " 0.01
20 1692 | T.F. b 34.7 ¢ 10.4. 2 33.3 |0.662 0.586 0.0980 137 - 266 |0.2570 0.1933 0.2398 | 3.66  0.26
20 1700 . | T.F. /| c 23.3 b 20.3 a 29.5 |0.629 0.077 0.9159 197 236 |0.5182 0.2021 9.6740 [ 1.81  0.54
20 1729 | T.F. | ¢ 39.6 .a 27.8 b 8.8 [0.180 0,407 0.1421 iG: . i | 0.0627 5.5672 B.2608 | 2,32 0.00
20 1745 | T,F. | b 29.8 a 29.4 ¢ 14.5 [0.307 0.012 0.4455.236 159 |0.7601.0.356% 0.3353 | 071  0.68
20 1765 | T.F..| c 45.2 b 18.8 a 12.6 |0.256 0.778 0.4519 91 198 |0,5825 0.9192 0.8420{ 0.51  0.28
20 1788 | T.F. | ¢ 14.7 b .12.2 a 48.0 [0.999 0.926 0.2974 215 219 |0.9916 0.9671 0.5917 | 0.44  0.41
20 1800 | T.F..| a:30.2 c 1.4 b [32.8]|0.687 0.486 0.7773 258 335 |0.8324 0.3592 0.2179 | 0.11
20 1806 _T..F.' c 20.7.a 13.6 b [40.2]|0.841 0.226 0.3803 113 25 |0,7555 0.8317 0.2653 056
1835 | T.F. b 12.8° a 37.2 10.778 0.334 0.6401 175 10,5908 0.0354 0.8271 1 0.37  0.21

20

24.6

169
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- 2
: Pion Energy (Mev) " Eulerian Angles - . _ _
Stack -~ Event |[Scan- + " - SR R N - 5 | AP/ cosd/
Number Number| ning 4 T ™ r .- cos@ vcvos®» (deg) (deg)| a-b - b-c_' a-c SAP Scpsﬁ
20 1846 |T.F. ~|b 161 a 13.8 ¢ 44.5 |0.933 0.105 0.8823 159 42 |0.6529 0.9074 0.9108 | 0.97  0.27
20 . 1868 |T.F. |a[42.4] b 18.3 ¢ 13.7 [0.287 0.700 0.8831 146 135 |0.8736 0.4467 0.8248 | . 0.93
20 1870 [T.F. |c 45.9 a " 4.9 b 24.4 [0.506 0.990 0.3657 229 357 [0.9791 0.9975 0.9908 |.0.54 . 0.22
20 1901 |T.F. - |b 316 ¢ 17.1 a[25.4]}0.534 0.364 0.8531 184 254 |0.7036 0.5080 0.2538 o l.24
20 1937 |T.F. |a 45.7 c 12.2 b 16.4 [0.344 0.907 '0.3476 144 105 [0.9625 0.8392 0.9549 | 1.15  0.49
200 1949 |T.F. - |c 33.1 b 21.7 a 20.7 |0.427 0.291 0.6472 100 206 [0.2361 0.6421 0.5935 | 1.29. 0.20
20 1956 |T.F. |c 37.5 a 23.6 b 12.2 |0.260 0,427 '0.5393 105 46 |0.1617 0.6634 0.8456 0.88  0.56
20 2003 [T.F. |c[38.8] b 6.4 a 30.8]0.632 0.785 0.1288 250 327 [0.1138 0.4858 0.9233 | ©0.68
20 2005 |T.F. |b 35.7 a 13.8 c 26.2 |0.540 0:536 0.8929 188 93 |0.5232 0.7894 0.1096 | 0.90  0.49
20 2006 |T.F. |c 41.3 a 3.0 b 32.40.659 0.917 0.4056 148 - 0.-0.3550 0.9783 0.5395 | 1.14 1.15.
20 2012 ~|N.S. a 244 ¢ 158 b 34.5 [0.720 0.229 _ 0.7400 0.5572 0.1452 | 0.85. 1.45
20 2013 |T.F. |c 23.9 b 11.7 a[39.5]/0.820 0.367. 0.5520 144 302 |0.6727 0.1981 0.8578 " 0.78
20 . 2014 |T.F. ja 37.8 8.0 b.28.4 {0597 0 0.9041 0 0.5135 086" 0.79

736 0.1314 180 69

.0980

" '*% a'star above an enérgy indicaies an inelastic scasier.
the energy.. ) C

" a,b,c indicates-a counter -clockwise ordering of the pions.

[ ] parenthesis around an energy indicates this energy was obtained by using the conservation of momentum,

-Conservatior_i of momentum was used to determine

. ZN-1550
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