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I.- INTRODUCTION

The experiment of Alvarez et al., in which negative K mesons are

- stopped in a hydrbgen'bubble cﬁamber, has led to the approximate détermi-

'nation of the branching ratio for the various end-product states of the

- T o1 . . ' _
K - p absorption reaction. -The absorption of negative K's also has been

2,3

observed in photographic emulsions. The charabteristiés of the end-

. : + "
product reaction states involving 25 and S particles are best
known, since the "strange" particles in the other states are neutral and

diffieult to identify. .

Analysis and comparison. of the photographic-emulsion and bubble-

. chamber experiments leads to information concerning the interactions of

‘charged sigma particles in nuclear matter. In this paper the results of

: \ _
the emulsion experiment by Gilbert, Violet, and Whiteh are interpreted

in terms of a simple optical model in which it is assumed that the charged

@

pions and sigmas are produced in nuclear potential wells. These particles

_may be reabsorbed within the nucleus or may be emitted; the principal

mechanisms for sigma. absorption are conversion to neutral sigma or lambda

- particles by charge-exchange interactions with the nucleons. The numbers

and energies of the emitted charged sigmas are related to the strengths
of the charged-sigma absorption reactions and the neuclear sigma potential.
This potential is related, ‘in turn, to the sigma-nucleon elastic-scattering

amplitude.
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Since such a ﬁodel oflbrocééses $C¢ﬁrring Wiihih‘complex nuclei
cannot be made preéise, it is clearly impﬁééible'to accurately measuré the
interactioné by an analysis of theéﬁﬁisionﬂdaﬁa. Therefore, the approach
used in.this paper is not to "fit the’dataﬁ'aé Wéll as}possible,'but rather
to show that some values of the sigma-nucleon interacpions are conéistent_
with thelexpériments; while oihers are not. It is.shéwn that siénificant
limitations may bé placed on thé éigmaenucleon.scattering andLébsofption

interactionse
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II. MODEL FOR SIGMA PRODUCTION
- In the experiment by Gilbert, Violet, and'White,hﬁK°nparticles are
étopped in é photographic ;mulsion, and an.analysis is made of all stars
containing.only two prongs, a heavy ( :Ej+ or > ) prong and a light -
(7~ or Z/+d prong. The e&ents océurring in hydrogen are separated.froﬁ
thé events occurring in the coﬁplex»nucléi of the emulsion.  The enefgies
of the pions éﬂd sigma pérticles.of'the éomplek—nuclei events.are measuredr
If the sum bf the pioﬁ.and sigma energy is greater than.about 60 Mev, it
is assumed that the K~ is absorbed by a single proton of the nucleus by
one of the reactions K-v+ P~ Z‘t fvﬂ;, and tﬁat the sigma and pi
particles maintain their identity and lose little energy on their path
out.qf”the,nucleus.- In thﬁ;manner GVW separaté out.and.analyze ah,
vimportant group of the K~ absérption eveﬁté; |
| In ofder'to interpfet the data of GVW several assumptions must be
“made,. Since thé number of sigma'particles involved in the experiﬁent is
small, we cannot hope ﬁo test the validiﬁy of too many of thesé‘assumptions'
by comparison with experiﬁent,v Our aim is to be able to test only those
"assumptions‘ipvolving the nuclear interaétionsvofvthe' zz:_ particles
by»éomparisop withvthe resulﬁs éf GVW. Fortunately, most of the other '
assumptions fall into one of_tﬁb categoriésé (a) they.gay be justified
fairlylwell, dr_(b)‘they influence £h¢ calculated‘resulté oﬁiy weakly.

- A. Creation of Sigmas within Nuclei

~ The basic model to be used is an optical model in which the nucleons
énd other reaction particles maintain their essential particle identities

when‘they are "inside" the nucleus. It is assumed that the K~ particles

are absorbed by a single nugieon in the nucleus by one of the reactions,
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‘Haskin, Bowén; and Schein have estimated, on the basis of the energy spectra
of hypefoﬁs ahd'ﬁﬁcleons emitted iﬁ K~ stars, that multiple nucleon
absorption“occurs in fewer than 5% of the K~ éndings°3 The emitted hyperon
or.éigma particlé may Be reabsorbed within ﬁhé nucleus,'ofchﬁrsé;"

Since the events analyzed by GVW are identified with K absorption
in which thé ébsorbing'nﬁcleon is a proton, we develop the model to apply
to this specific case. If the proton and K are at rest the wavelehgth

7(01‘ the > of 7/ particle emitted in the reaction K +- P> +7
a3 -

is given approximately by ;Ti -~ A/P - 1.1 x 10 cm, where P 1is the
magnitude of the sigma or pion momentum. This length is small éompared
with the radius of the absorbing nuciei (R = 5.5 lO“=l3 em for ‘the

13

silver and bromine; R % 2.9 x 101 cm for the carbon, oxygen, and nitrogen).
Théreforé, we assume ﬁhat eaéh particle produced in the reéction is created
completely within the nUcleus; wiﬁh an internal kinetic energy that differs
from the measufed extéfnai energy of thé partiéié.by the dépth éf thé
ipoténtial well in which the‘particlé is creatédn In this'Simple optical
model, the pion and sigma‘pdteﬁtials are taken to be velocity—independént,'

and ihdependent of pbéition within the nucleus. These potentials are
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composed of two parts, an’electrostatic part, and a nuclear-force part that
results from the short—range scattering ihteracﬁionfbefween'the pion or
"sigme-and the nucleons, | Thus, the relation between the external energy
in

ex
Eq‘ of the particle denoted by q’ s, and the internal kinetic energy E*

is glven by the equatlon,

ex in ' '
E +C, + V

y =% THtYL @)

whefe-‘qx denotes the Coulomb potentiai ofvthe particle q/e; and 'Y¥
denotes the correspondlng muclear-force potentlal assumed to be independent
" of the charge of the partlcle of . The magnitude of the Coulomb potentlal
(attractive for the negative particlee_ehd'repulsive for the positive
~“particles) is takenvto Be 11 Mev invthe heavy emulsion nuclei and 3.5 Mev
in the light nuclei. - The pion nuclear-force botential is taken to be
attractive and 35 Mev deep; this valﬁe is takee from the optical-model
ahalysis by Frank, Gaﬁmel, and.Watson,s and represents a rqugh average of
the Velocity-dependent potentiel of this feference'ever the pion internal
energy range 60 to 140 Mev. The megnitﬁde and sigh of the sigma nuclear-:
force potential.are to be determined by the enaiysis.

The effeet of the potentiel'energy of the absorbing proton is
taken into account by the assumptlon that the energy- requlred to convert
a proton to a sigma is 20 Mev more than if the proton were free Since
the binding energy of the proton is approximately 8 Mev, thls 1s equlvalent
to assuming that the ex01tat10n of the residual nucleus is about 12 Mev,
va figure which corresponds roughly to the average excitation determined
from e.xperiment.°

In this model, the internalikinetic energy Ein» available for

the sigma and pion in the rest. system of the nucleus is
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20 Mev -V, ‘ | | | -
1 ov 5 .‘ o (3)

where the symboi, Mq’ repreéents thé_maés.of the particle cy‘-,.and¢ ZE
denbﬂes fhe sigﬁa nuclear-force potential.

A further assumptionﬁmuSt be madé concerning the manner in which
the energy is'shéred between the pion and sigma particle. Since the
absorption interéctidn is a short-range interaction, we use the impulse
approximation; and assume that,£he sum of the internai momenta Qf the
sigma and pion is'equal'tolthe.internal momentum of the proton annihilated
~in the reaction, The internal momentum of the particle ol is denoted

by ;ﬁ% and is related to the internal kinetic energy EY?n by the

equations o o : :
v e 2 2 X 2
in . h Y 2 . :
., | | : (1)
in in 2 , D
: : = K M c e
6@( o + x ’ -
— y ’ - l
where M is the actual mass of the particle of . The above procedure

L _
neglects the fact that the part of the K~ wave function which overlaps

the nucleus is not constant, but this neglect is unimportant for the /
calculated results. The impulse assumption and ﬂhe possible effeét og
velocity-dependent forces are discussed further in Section IV.

If the nuclear—force sigmé potential results from two-body
7 interactions between the sigma and the nucleons in the nucleus, it may
be shown by the méthod of Watson6 that WE 7 is given approximately in

terms of a sigma-nucleon -scattering amplitude fR by the equation
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2
M
(' i) .
where ME: and Mh are the masses of the 51gma and nucleon, and n is

the number of nucleons per unit volume in the nucleus° The amplltude fR
is the real part of the average over spln and 1sotoplc spln states of the
sigma-nucleon coherent forward-scatterlng amplitude, expressed in the
sigma-nucleon centerfofnmass system. 181nce the energy dependence of the-
forces is neglected in this.work YZ:_ and va are to be considered as
averages over the energy range of the 51gmas involved.
| In order to calculate the dlstrlbutlon in 1nternal energy of the

created sigma partlcles, several further assumptlons are madeo_ These are

listed below.

7 Nuolei‘Involved in Capture

| The fractlon of the captures occurrlng in the light emu151on nuclei
(pr1nc1pally carbon, oxygen, and nitrogen) is taken to be 1/3. The‘correct
value of this fraction is unknown; the value 1/3 is chosen because it
approx1mates the experlmental value for the fraction of negatlve muons
stopped in emulsion that are captured in the light elementso7 The calculated
results in Seotion»III are not, very_sensitive to the assumed value of this
parameter, provided it‘is somewhat lese than 4. The captures of Kf by
hydrogen in the emulsion may be'identified experimentally when charged
particleslare given off. Such events‘are found to'constitute fewer than

L
1% of the cases,
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Proton~Momentum Spectrum

The internal-momentum distribution of the protoné in nuclei is
known only appr_oximately.,g In this paper the distribution is taken bo be
a Gaussian, i.e., f(p) = (AW”% pOmB)p2 exp(—pz/pog), where f(p)dp
répresents thé'probability tﬁat the ﬁagnitude of the protonfs‘moméﬂtum o)
is in the range dp. The constant p, 1is chosen sévthaf pbz/ZMﬁ ::15 Mev.
It is assumed that the probability for K capture is indépendent of proton
momentum-in this.rangé° | | |

lAngular Distribution in K - p Center-of-Mass System

_The_range of the réaétionsé Egs. (l); is of the bfdef"ﬁyMk c.
Since the wavelength correspon&ing to the relative momentum pré1"of the
Kﬁ - p system is comparatively long, (for a 30-Mev proton
' ;{/;’H7§ré1  ¢3 6K/ Mg ¢) it is reasonable to assume:thaf the relative
orbital angular momentum of the K p p system is zero, which iea@s ﬁo an
isotropic emission of §:"s' in the X - p‘ center-of-mass éystem;.'lt
should be pointed out.that this assﬁmpfibn does not imply that the orbital
angﬁlar'momenpumiof the absofbed K~ with respect to the nﬁéleus‘as a
whole is zer‘éo | |

If a value of v is assumed, oné may use the model qutlihed
above to calculaté ﬁhe inﬁernal—energy spectra fer the ;E:+’ and S~
ﬁarticies created in the émulsion nuclei. One caiculateé‘the-contributién
to the spectra of a fixed value of the proton intergal momentum by making
use of Egs. (3) and (L), thelimpulse assumption, the’iSOtropy agéumption;
and the relatién Efllz E%mén (1 - vz)%, where E;in_ is the sum of the
internal kineﬁic‘enérgy and mass energy of the_sigma andvpion in ﬁhé lab
system; E%m?n is'the éorresponding energy iﬁ.the K - p (orvsigma—pion)

center-of-mass system;
: ve
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‘and v is the velecity of £he K - p centeféof—maSS.syétem; The caiCulatioh
is facilitated by the theorem of Poweli and Barscha11;9 which, in this case,
' implies that the absorption by protons of a fixed momentum contributes a
rectangular partial spectrum to the :Eft internal-energy spectra. One
adds these rectangles (by integrating over the proton momentum distribution)
to obtain the spectra of Ezin |

The calculated spectra of ]%t;ll are independent of the.size‘of
. the absorbing nucleus and the charge of the sigma (the difference in mass

3

_ o . - .
between the :E: and :E: is neglected). The dependence of the result

on the assumed value of Vs: is slight, for reasonable values of %s..
The calculated spectrum is shown. for vgé: = =~ 10 Mev in Fig. 1.

B, Behavior of Created Sigmas within Nuclei
"~ The relation between the internal—energy spectra and external-
energy spectra of the  :§:“£ ﬁarticles dependS'eh the behavior of these
particles within the nucleus. The further aseumbtiens-made in order to

calculate the external-energy spectra are listed below.

.Absorption and Inelastic Scattering of Sigmas and Pions

. + v .
The ;E:'f particles may be reabsorbed within the nucleus; the

dominant mechanisms for this absorption are the charge-exchange interactions,

+
2 +n—A £,

S Hro A Fn
STtr—ox+n o

(6)

3

The mean free path before absorption is assumed to be independent of sigma
energy. 4As the average internal enefgy of the nucleons is comparable to

the sigma energies involved here, the assumption is not unreasonable. The
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magnitude of the absorption path,length is not assumed; limitations on
this parameter are determined from the analysisu‘ The energy dependences
of the pion-absorption processes, and of the sigma and pion inelastic
scattering processes, are also neglected.

The mean free path for absorption is denoted by ;La , and is
related to the total cross section g for :E:"~absorption‘iﬁ nuclear
matter by the equation

oz REEE )
where 7{ is the number of nucleons per unit volume in the nﬁcleusw .The
cfbss section o .differS'from the corresponding free-space absorption
cross section because of the effects of nuclear binding and the Pauli
prinqipal in»the nucleus;lo If therdominant absorption ﬁechanism is
cdnffersion of the . Z t to a /\0 R the energy released in,tv,he.absorp,tion
is large ¢ompared witﬁ'ﬁhe nuclear binding forces. In this case CF;'
and the corresponding free-space créss section should be nearly equal.

In Section II-A it is assumed that the residual ﬁucleus is exgited
by about 12 Mev during the absdrption of the K~ by a proton of the nucleus,
Such an excita@ion seldonrleads to the emission of charged particles.
Therefore, if a charged sigma and charged pion are créated’within the
nucleus by the K absorption interéction and emerge without undergoingl
" inelastic scattering, the eyent generally satisfies the two-prong criteria
of GVW, Howe#er, these criteria do not eliminate evehts in which the 
created sigma or pion loses some energy by inelastic scattering before
leaving ﬁhe nucleﬁé, prévidéd the addifional huclear excitation does ﬁot
lead to_the emission of additional éharged partipleé, Su¢h inelastie

scétteriné of sigma particles results in a shift of the measured sigma-
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energy spectra to lower energies. In all but'a féwiof thefévéﬁts‘acceptéd-
:by the‘Criterion of GVW, the éxcitatioﬁ energy of the residual nucleus
-(determined’by'subtracting the sum éf ﬁhe proton-binding enéfgy,'the‘ 
ﬁeasured‘sigma énergy, and the measured pion energy from the Q valué of
thevprimary.absorpﬁiqn interaction) is within the range O to 30 Mev. The
average'value of tﬁié nuciear_excitation isjclose to the 12 Mev assumed

in the model presented here. Hence we agsume that the effect of sigma
inelastic scattering oﬁ.the data of GVW is unimportént, and consider ﬁhese

~ data to represent evehts in which no sigma inelastic scattering'@akes place.

Reflection at the Nuclear Surface

Of the sigmas and pions reaching the nuclear surface, some emérge
and others are_refiected back into the nucleus. Since almost all the
‘pions Undef consideration here have external energies greater than 20 Mev,
i# is reasonable to aééume that all pions incident’onvthe,nucleaf surface
are'transmitted through it. For the 2:' partiéles we define a.transmission
parameter 'Z’i(EZex), where the subscript i is a generai index which
denotes the chérge of the_‘z:_ particle, the size of the nucleus involved,
and the depth of the potential VZ . The parameter ’Z’i(EZ ex,) denotes’

the fraction of tfhose: > 's of charge i incident on the nuclear
surféce which are transmitted. The simpiest choice of '?E(EZLeX)- one
might make for the :E:#- particles is to assume T = 1 for particles'
with sufficient energy to go over)the Coulomb}barrief, and T = 0 for.
the other :E:ﬁ- particles. Since such‘a model would give an unfealistic
picture for energies in the neighborhood of the top of thé'barrier, we
shall use é more fefined model. It shoﬁld belpointéd out that the experi-

mental-resﬁlts are not known with sufficient precision to test the validity

of any reasonable assumption concerning surface reflection.
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It is now well established that the nuclear edge is not sharp, but

Euk _
13 cm thick. Consequently the edge.of the sigma

is on the order of 2 x 10 ~
nuclear-force well must be at least this thick. In order to obtain a
' reaiistic model of the sﬁrfacevtrénsmission we must consider this finite
width,'though we continue to neglect it when considéring,the,other aspects

of the model; Since the internal waﬁelengths of most, of the created sigmas
are_iéss than the wiath.of themédge of the nuclear-force pot?ntial,vwe
ﬂregtvtheAsigmas as if they were created at specific»points% and use the

WKB approximéﬁion to study the tranémission.andvreflection? _The_magnitude

of the angular momenﬁum in the nucleus of such a localizable sigma pa:ﬁicle
may be written v)? = pb , where p is the magnitﬁde'of the m§mentum;'and

b is ihe "impact paraﬁéter,"-defined as the perpendiculaf»distancé from
the‘égténded‘line of flight of the :E::t in the nucleus to the centerrof :
_ the nucieusov S
We shall estiméte the parameter ,Tri(Eex) by using the WKB

approximation and assuming a'feasongblé form for thevéffective potential

V(r) felt by a > particle of internal energy lEin ,énd~impgctdparameter

b near the edge of the nucleus. For Y«r) we choose the form
. o -

| | Vo , e R
v(r) = 2 + CR o = — (8)
S . o . .

1+ exp“[(r - R)a"-lj o r

(for r = R) ,

where tﬁé three terms.on the:right ére a nuclear»forée pétentiél; a Co@lomb
upoteﬁtiél,‘and a céntrifugal pqtentialé The nucieaf radiué. R is takén

to be‘:l,2 A¥/3 b« 10_13.cm, the width parameter Ia- oftthe nuclear edge is
taken £o be 0;5 X ];O“l3 cm, and C_ represénts the.magnitude of the»Céulomb

potential at the point r = R. The form of.the v, term in this expression

z
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is a‘standard form for representing a nuclear potential or nuclear density
with surface of finite width.

In the WKB approximation a.particle with sufficient energy:to gef
Qﬁer the top of the barrier behaves like a classical particie and.is
transmitted., If the particle must "tunnel through" the bafrier in order

‘to emerge, its transmission probability T may be estimated from the

1
formula 3 ‘
r o v
2, r 3
. ex
T:e(—2 2 M |_vfr - E ] dr :
xp ( { v -5 , )
ry. :
ex in
where EE: is related to EE: by Eq. (2), and the integration is to

ex

2
lengths of most of the Sf's are smaller than the width of the "nuclear

be taken over the region in which ¥({r) - E > 0. Since the Wave-'
.~.edge", the ;E:'s ‘behave nearly like classical-particles; that is; the
‘transmission coefficient T (as a function of Eex and b)_ is very neariy
zero or very nearly one for ;imost all the sigmas; To illustrate this |
~point we. consider the case € = li Mev (}E:P particles. in héavy nuclei),
Us = -10 Mev, and EZ,,eX = 10 Mev. For this case, if the impact
parameter b -is‘less than 0.6 R, the centrifugal potential contribution

to the barrier is sufficiently small that the :E:ﬁb is able to get»over‘
the top of the barrier; thus T =% 1. On the other hand, if ‘b';> 0.8 R,
one may compute from Eq. (9) that T &£ 20%. There exists oniy a narrow
v.range of impact parameter for which the reflectivity is neither very high
nor very low., Therefore, we make an approximation in which all particles
with impact parameter less than a cerﬁain eritical valué are transmitted,

and all others are reflected. The dritical‘impact parameter-is denoted

. oex, | ' , :
by bi(E:E ), where the index 1 again refers to the sigma charge, .nuclear
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. size, and value of Vz o The value of by (EE' ) for a particular case i
and external energy E X is chosen so that the transmission T computed

=
from Eq. (9) is about 50% for b = bj. We make the approximation in which

all sigmas reflected'once are)absofbed (although they may be:refleqted
;sgveral_times_before absorptiqn), since tﬁe,transmissicn‘coeffiqientAis ,
nearly zero for most sigmas that are reflected, and sinée the absorption
“processes (Eq, (6)) are strong processes.

The model is essentially the same for the >~ particles,'for
sigmés in liéht nuélei, aﬁd fpf other negativé values of ‘%Z ; In eéch
case one assumes that a S particle reaching the nuclear surface is
~transmitted if.and only if the impact parameter’of the parﬁiclé isiless
than a critical value tﬁatvis estimated‘in the saﬁe mahner as in.the above
-example,

: ex
In this model the transmission parameter "'t*i(EZ ) is equal to.
Ezex and type ‘i incident

- on the nuclear surface that correspond to an impact parameter less than the

" the fraction of all S 's of external energy E

ex

eritical impact parameter bi(E ). To calculate this fraction we assume

>
that the 5 's are created with equal probaBility‘ét all points within
the nucleus, and are emitted with equal probability in éll directions. In
this case, if the 3> absorption is -not very -strong, we have
ex | 3/2 R . SRR

't'l(z ) = (l-—b> : - - 0)

The probability of penetration of the nuclear surface; as é -
function of . enérgy, and hence the shape of the Zf *and - s
-external-energy spectra, actually deéepends oﬁithe absorption péth length

‘;Ka,-because the distribution in impact parameters of particles reaching
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the surfaée depends on ;Ra. Fof‘example,'if the path leﬁgth is short
(strohg absc;rption), Z-t- particles created near the center of the :
nucleus have little chaﬁce of reaching the surface. This effect leads
to & modification of Eq. (10).' If ), 1is large, so that a small fraction
of the particles are absorbed before reaching tﬁe surface, the dependence
of the barrier-penetration factor on ;Ra 'is-slight.: The values of  )aa
uﬁder consideration here are large ehough'so that there ié liﬁtle_error.in
-computing the barrier penetration as if 'Aa were infiﬁite;.

| ‘Caléulatéd-curves representing ’t&(ESZeX) for heavy -nuclei are
shown in Fig. 2 for two negative-values of ZZ -+ It is seen that thé
. difference between the present method of estimating the surfact transmission
and the simple Coulogb cutoff prbcedure is imporfant only fdr‘-§E+ particles

in the energy range (for heavy nuclei) 7 to 20 Mev.~
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ITI. RESULTS OF THE MODEL

A, The Sigma Energy Speétra

If the assumptions of ‘Section II areAmade, there are two undeter-
mined parameters that may be related to the experimental data; the real
‘ part  VEE . of the sigma nuclear-force potential, and £he mean free path
Xa, for absorption of :E?i: particles in nuclear matter. Since the
energy dependences of ;ﬁa and the cérresponding.path length for charged-
pion absorpti}on are neglected, the theoretical Z+ and 3~ . energy
~ distributions are essentially indepehdent of . ;3a and therefore are wéll

+-
suited for a study of . . We shall examine first the 2 . energy

s
distribution from GVW to see wﬁat_values of %: are consistent.with'th?se
- data. - To tgst the model, we use these values of ‘%: ‘to-calCulateAthe
E:" energy specﬁrum and then compare the results to the '»ZZf ‘data. of
GVW. By making use of further emulsion daté, we then discuss the limitations
" placed.by the experiments on the mean freelpath for EETi absorption in
nuclear matter.

The external-energy spectra are computed separately for the light
and heavy nuclei by multiplying the internal energy Speqtra by the
'corresponding surface transmission parameter, using Eq. (2) to relate the
internal and external energiés° The heavy—nﬁclei results and light-nuclei
results‘are theﬁ combined in éccordance with the assumption that 1/3 of
the K~ éaptures are in light ﬁuélei, A correction is made to account
for the greater absorption of sigmasin heavy'nuclei, bﬁt,this correction

does not alter the results significantly since the spectra of the heavy

and light nuclei are similar.
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The predicted dis;ribupions in: '§::+ external energy éorresponding
to the choices VE: = -10 Mev and Yi:‘ = =25 MgY are shown in Fig. 3,
together with a histogram of the two-prong (§E+-3 777) events of GVW.

The curvés and histogram are normalized to include the same-area. That

the two predicted;energy«spectra'are pracfically identical may befunderstood
by*the following argument. The spectra aré.detgrmined primarily from the
captufes in heavy eleménts, in which case the relation between the‘inﬁernalv
_and external kinetic,energies is | |

ex in

E.+ =1l1Mev ¥+ U_ + E

> 2 ()

>

As seen from Fig. 1 the spectruﬁ of the j{ﬁ- particles created inéide
“the nucleus peaks ét an internal energy of about 20 Mev. If t@e :Z:’k
potential Vs: 4 11 Mev is nearly zero or negative,this peak is’ét an
energy comparable to or less than the top of the Coulomb barrier. In-this
césé the energy of the peak'of the externdl energy spectrum is determinéd
by thé Coulomb barrier and is.approximately 15 to 20 Mev,. The‘comparative
rate of decrease of the '2:.+ spectrum as the external energy iﬁcreaseé
~ from 20 Mev also is rather independent of %Z . in the ran%e'vgi;( -10 ya@ _
because of the gradual s%ope in the high-energy tail of the proton—momentuﬁ
distribution. If the sigma potential were chosen to be still more strongly
attractive, T & 25 Mev, the calculated S°1 spectra would not
differ markedly from those of Fig. 3 (in fact, the fit to the h&stogram
would be improved élightly). queﬁer, such an assumption leads to %he_
conclusion that a very high percentage of the produéed“Ef*-'s are not

able to geﬁ out of the nucleus, in contradiction to the experimental data

on the total number of such particles observed. This possibility,
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Vo & -25 Mev, is discussed more fully later, in connection with the.,

P

discussiokn of the path length for absorption of ;,Zi in nuclei. .
On the other hénd, “if VZ is_'choseh, to rep-resent a repulsive
force, ioe,g-VZ_ > 0, it may be seen from Eq. (11) that the peak in the
spectrum of internal Z+ energies corresponds to aﬁ external energy
greater than 30 Mev, considerably above the Coulomb barrier. This repulsive-
- force assumptien leads essventia"lly to a shift of the curves of Fig. 3 to
energies greater by the amount VZ + \ 11 Mev, and thus-is not in accord
with the data.
A comparison of the shape -of the predicted > T-energy spectra
. with the ',data of GVW suppori':s the conclusions obtained from the Z+ spectra.
The_‘ea»lculated_results for V: = =10 Mev and Vi = -25 Mev are shown,
together with a -histogram of the experimental results, in Fig. 4. -As for

the Z+ spectra, the fit to the data is satisfactory for

- =25 Mev &£ V'Z 4‘ -10 Mev, but the predictions by the model are insensitive

to the choice of V}: j’..n thj"_.s range. ‘The assumption of a positive value
~of VZ leads to a- calculabed > "~ ‘external-energy spectrum shifted to

 higher energies and in poor agreement with the data. For such a repulsive -

potential, the peak of the calculated S~ spectra occurs near the
ex .
s =V s + 11 Mev, rather than near zero energy.

- The tetal number of Z+ - 7r~ two-prong events seen depends on

external energy E

the number of 3~ T % pairs produced in the nucleus, and on the. .
depietion of this number by abéorpt.ion and inelastic scattering of-the
,Z+ and'the #— within the nucleus.. The e.mount of this depletion is
- not known, hence the calculated curves in Fig. 3 are normalized so that

the area under each curve is equal to that in the‘-experimental histogram.
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Since, as far as we knéw, the étrong forces are charge—symmetrié, and since
the number of neutrons and protons in the emulsion nuc':le:"L'“are ‘vneafly.équal,-
we. assume that the amount of ‘thié c’ieplet'ionlv 1s the same for the X1 - %~
and thé > - al events. The normalization of the calculated s
curves of Fig. L ié determined from ﬁhis assﬁmption and fhebassumptién
that the ratio of :E'—‘-to jf'f | partiéleé created from K :absorptions
by protons iﬁvthe nucleus is the same as in the corresponding‘capture by
free protons, ébouthtwo.

The experimenﬁal>rati6 of Z:— to E:f# bérticles seen in the
itWO—prong data anélyzed by GVW is gi&en apbroximéte;y by 6E ?3 21/25% 22 0.8.
This ratio contrasfs.sharply with the corresponding ratio &%' observed
when K~ are cépttired in hjdrogen, i.e., @f ;\; 2. It has been suggested
by GVW that the difference in the Coulomb potential of the $.  and

EET+ partiéles produced in:nuclei is rééponsible for this effect, the
attractive Coulomb force inhibiting the ‘E:—' particles ffom emerging
‘froﬁ.the nucleus. The calculated results shown in Figs. 3 and h'verify
this hypbthesis in a qﬁalitative manner. The calgulated value of 6E is
approximately eqﬁal to l:h, indicéﬁing that‘the Coulomb interaction does
inﬁibit the emergence of thev :E:_}s vsignificantly more than the :£'+ s,
However, it does not appear that this effect is large endugh to explain
the smallness of the experimentélly'obser&ed‘ratio;

B. Absorption of Charged Sigmas

If the experimentally observed fraction of K~ endings that yield
+ . , _ .
:E: particles (denoted by Fexp) is compared with the predictions of
the model presented here, information is obtained concefning ;Za, the

. _ o . + o
path length in nuclei for 2: absorption by conversion toa A or
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E: partlcleo A1l events yleldlng 'E:+ partlcles must be cons1dered
of course, not Just those satlsfylng the two-prong crlterla of GVW From
a compllatlon of 135 K endings by GVW the fractlon Fey is about 7% L
This fractlon is to be compared with the predlcted fraction of X~ end;ngs
in which a :E:+. is created inside the nucleus If this ﬁlnternal

creation probablllty" is denoted by Fcr’

the rat;o F = Fexp/F |
" represents the fractlon of created EE”*'S that emerge from the nucleus°
.Under the assumption that the ba31c capture reactlons are those glven in
qu (l), the fractlon.FeXp could be calcu;ated_lf the relatlve strengths
' of the interactions (la) through (1g) were known. The relative strengths
~of the proton-capture reactlons are known approx1mately from. the hydrogen
tbubble chamber data, but no direct information concernlng the relatlve
strengths of the K - p and K—.— n absorption exists at the present
time., It has been polnted out by many authors that if the stroné K—-f
absorptlon 1nteractlon is charge~1ndependent the strengths of the seven
1nteractlons, Egs., (la) through (lg), may be expressed in terms of four

15
real parameters:

E - + ~ 1 ‘ ' e

M2, 7)) ~ & ,le' t3 \TOF‘_‘ * ('5) Ny Tr (g
st o 2 -1 1l » '

M ,7) ~ % ?;zi + 6\ 02‘_1 _() Rele T_oi (12v)
‘ o o 1 "
RZ , 7)) ~ % ’ 05 ' Hae)
RA% T b }Tl/\ , ' | , _ - (124)

Wi
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- (12f)

RS, 7)) ~ 3 \ le

(12g)

. O _ .
‘R</\_’ ) o~ 'Tl/\
The symbol RG*-,/Q ) fepreseﬁtsntheArelatiye strength. of the . K_—nucleon‘
absorptiog reaction, in which ?( and /3‘ denote'the final particles.
The’complex nUmbers. Tli:' and\'Tozl .represent tbe-ampiitudes for the |
production of sigma-pi pairs in states of.toial isotopic spin one and zero,
while Tl/\' denotes the éérrespondingvamplitude for broduction of a
lambda-pi pair (which must have a total isotopic spin of unity). If one
 ihterprets’the bubble chamber data to indicate that the ratio of the four
'proton-absqrption interactions (1a) through (1d) are 2:131:0,5; then the
ratio of the quantities on the right side of,Eqs; (12) are défermined'from
Egs. (12a) through (izd) to be, I TIEL, 2 - 2a2; ‘ Tos:l 2 - 6a?;
Re le* TOZ = (3/2)% a.2'-; | TlA, 2, - '2a2. " The symbol a? represent’s
a positive constant, the magnitude of which is npt important here. ' With
" these amplitudes the rélative stnmgths of the seven interactions, Egs.
(1a) through (1g), are 2:1:1:0.5:1:1:1. In this case,‘if: 2/3 of the K
are assumed to stop in heavy emuléion nuclei,.and the neutronjexcess of
the heavy nuclei is takén inté account, the ﬂinternél creationvprobability"

~in emulsion is given approximately by Fcr o~

12%. !
Unfortunately, the determination of the isotopic spin amplitudes

from the bubble chamber data is not accurate because of the difficulty in

N

identifying the -events involving.neuﬁral pions and hyperons. For example,

{

.a ratio of relative strengths for reactions (la) through (1d) of

2:131.2:0.3 :isinotAinconsistent with the bubble chamber data. However,
' ' S L2 B
if this were the correct ratio, the quantity ] Tlii) would be small
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2 - . ’
-~ a’), the X - n interaction would be much weaker than

2
([ g |

the K= p interaction, and the approximate value of 'F would be given

cr
by Fcr 2~ 16%. It is hoped that measurements in a deuterium bubble
chamber will soon allow a more preciée determination of the relative
"strehgths of the K- - p-and K —.n<'absorp£ion reactions.

- From the above discussion it is seen that the fraction of created

§£+?s that emerge from the emulsion nuclei is given approximately by

Pz Fopffer =0.60 05, (1)
In order to relate this fraction to ‘the path length for ":E:+'_absorption |
we. divide the absorbed . ,EE:+- pérticles into two classes, those that are
absorbed before reaching the edge of the nucleus; and those thaé are
.refleéted at ﬁhe edge of the nucleus and -subsequeritly absorbed. Aé-pointed
-out in Section II-B, practically all the 52747 -particles that .are
~ reflected once should be absdfbed, though theynméy'be reflected several

-times before absorption. Therefore, the emergence fraction F may be

written as the product of two fractions,

~where F1 represents the probability that a produced .§:+7 feaches

“the surface, and F2 représqnts the probability that a EEfF reaching
the surface is transmitted through it. The fraction Fl<:is directly
‘related to the absorption path length A,> while F, is essentially .
independent of f,zao, The relation between F; and :aa depends upon the.

manner in which the probability of: K~ absorption by a nucleon depends on'

the nucleon's position<iﬁ-the nucleus. If the capture probability is
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independent of the nucleon's position, and the emission probability is
independerit of direction, the relation between Fq 'and ;}é for a'hucleus
of a particular size may be obtained from the integral,

| o -(D/4)

Fp = -2 \awane 7°
LV -

The integral of Eq. (15) is to be carried out over all positions within

)

the nucleus, (dV), and all ;E:f. emissién directions, (d<%). The
-length D denotes'thé distance aloﬁg the pathzof the 2:4. from the point

,

of its creation to the edge of the nucleus. Evaluation of the integral
yields the result

Fl = ——2—- . + e . (A +' l) -1 5 - o (16)
A’ 2. | - |
where - A 2R/:3a , and R 1is the radius of the nucleus.

If the'nuclear—fofce sigma potential (assumed to be attractive) is

not too deep, most created :E: - particles have sufficient energy to be

transmitted through ﬁhe sufface° For example,_for %: ﬁ.—lO'Mev the
‘calculated value of F2 is nearly d.9 for both the heavy and light emuISion.
nuclei. In this case, if. the emergence fraction F of Eq; (13) ‘is taken
to be Q,é, it is seen from'ch (14) that Fy :Q 0.7. If 2/3 of'the/K—
capturés are in heavy ﬁuclei, Eq. (16) may be used to calculate that the
abs@rption path length, in this case, is given approximately by ‘28'q51o”12
cm.' If the nuclear radius is taken to be R = 1.2 x 16_13 Al/3 cm;
'substitution of ;ia = lOul? §m into Eq. (7) leads to a value fdr the
absorption cross section ¢, of about 8 millibarns,‘

On the other hand; if the nuclear-force sigma potential is attractive

and deep, many sigmas do not have sufficient energy to be transmitted

(
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through the nuclear surface; .For example? if.'gi, :.-25vMev; rhe Ealculated
value of F, is oply about 0.55, (The_calculated fraction is 0.52 forv
‘heavy nuclei, and O. 6 for light nuclei' the value 0. 55 is an approoriate‘
average of the two. ) Slnce the emergence fractlon F is greater than 0.45
" (See Eq° (13)), it is seen that for %Z = —25‘Mev5 the fraction F; is
large, > 0.8, If 2/3 of the K~ captures are in heavy nuclei, it may
be calculated from qu (16) that the condltlon Fl j> O 8 corresponds to a
long absorptlon path lengt.h ) R, 2 x lO -12

If the nuclear—force 51gma potentlal is attractlve and deeper than
25 Mev,‘even fewer ':E:+- particles are able to penetrate through_the .
surface. va.%Z = =35 Mev, only about AO% of those Eflr particles

reaching the surface are transmitted,l Sincecif appears- from the experimental

1

data that at least 4OB of the created sigmas emerge, one may conclude that

the attractive potential V is no deeper”than 35 Mev,
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IV. POSSIBLE MODIFICATIONS OF THE MODEL

Several assumptions made in Sectioﬁs IT and III are'notbwell
founded, yet are reasonably important for the calculated results. In
this sectionlthe effects of modification of some of the assumptions are
examined,

The principal.features of the calculated reéesults are insensitive
to the assumed value of the fraction of K s captured in.the light
emulsion nuclei, provided this value is somewhat‘less'thén 4. There is
one éimple feature of the results which is quite seﬁsitive to this capture
.fraction; ?owever,f—the number of :E:'f particles emitted with low
_ _e;nergies,.l-6 Because of the difference in th‘e Coul'omb potentials of the
héavy and light nuélei, the ﬁuclear surfacentrénsmission'parameter

fZ‘i(Ezex) vfor Z""-ls with energy less than 7 Mev is very ‘neariy'Zero
fof heavy nuclei, but is of appreciable size for light hucléi,_ Thefefore,
the nunber of §:+?'s seen with energies less than 7 Mev is an approximate
meaSur; of the light-nuclei capture fraction. If this fraction is'denoﬁed
by g, a calculation based on the model of Sections II and iII indicates
that the fraction of emitted :E:*- 's that have energy less than' 7 Mev

is about 0.10 g. No such low-energy :Ejf's have been observed by GVW.
vHowever, the number expected in their 25 events is only about one, so that
these data are insufficient to esﬁimate the magnitude of g.

The velocity dependence of,the nuclear-force pion potential and
the possible velociﬁy dependence of the gorrespbnding sigma potential -
aré neglected in Sections IT and III. Cne may estimate thé éffect of the
velocity dependence of the pion potential by making use, of Fig. 2 of

Reference 5.  As may be seen from this reference, the principal effect
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of the velocity dependence may be taken into account. (for  pions of internal
energy less than 120 Mev) by attributing to the pion an effective mass of
about 1.5 times the free-pion mass. Because of this_heavy‘effective mass
a pion created inside a nucleus.tends to také a smaller fraction of‘§he _
available enefgyvthan a pion created in a similar reaction in free space,
At first glance it might appear thatvthis effect-mgst;lead to a significant
raising of the calculatsd :Ej+ —energy specpra, thus improving the fit to
the data of GVW. In order to be consistent, however, one must consider
the constant part of the pion‘?otential, %& ,- to be nearly zero if he
attributes to the pion such an increased mass, This decrease in the
magnitude of %”, decreases the am@unt of internal kinetic energy available
to the sigma and pion, largely compensating for the effect of the increased
pion mass, -

By similar reasoning it may be,Shownvthat the inclusién'of a
velocitymdependent sigma potential would not substantially alter the
» gzrtex, provided that the,constant potential %E »

‘in the calculation -of Sections II and III is interpreted as representing

calculated spectra of

an average of the velocity-dependent potential over the range of energies
involved (internalrsigma energies in the range 0O to 60 Mev). A numerical
estimate indicates that inclusion of ?elocity dependence in the pion and
sigma potentials is not likely to shift the tail of the external enérgy
spectra relative to the ﬁaximumvby more than 5 Mev. .

Because the captured K mesons are moving slowly, we have been
uﬁable to give a convincing argument that the use of the impulsé
approximation in this calculation is jgstifiedg. If it is not, however,
one would expect the. distribution of energy between the pion and sigma

“to be intermediate between the distribution computed in Section II-A and
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a statistical distribution, in which case'the'sigmaaenefgi'spéeﬁrévauld“
be displaced toward higher’energies'and'broedened,.’Such speetra'weuld not
correspond'fovthe ekpefimental:deta as well as the results of Section III-A.
It would still be true, however, that. the cofresponqence is signifidantly
better for ‘Vz' 4 -10 Mev than it is for V}‘: > Q..'

In Section III it is assumed, for simplicity, that the probability
of K absorption by a nucleon is independent Af the positien of the nucleon
within tﬁe nucleus. ‘This‘assu@btion is not well founded. If the K~ is
originally'captured‘bj the nucleus in a Coulomb orbit of smali but finite
angﬁlar‘momentﬁm.(With respect to the entire nucleus), the overlap of'tﬁe
K wave function with the nucleus may be appreciable, in which case there
is a strong probability that the K~ will be absorbed before an electro-
magnetic transition can take place. Such absorption from Cbﬁiomb states
of finite angular momenﬁUm oceurs preferenfially with nﬁcleons near the
surface of the nuclees.

If the sﬁrface_absorption of the K 's.is preferred; the calculation
in Section II-B of the surface-transmission perameter ?&(Esrex) shoﬁld'
be modified. Suep:a modification‘would-be important only for 2[4' particles
with‘energies near thet of the top of the €oulomb barrier, however,“ As
p01nted out in Section IT1-B, the relatlon between the fraction Fy of
31gmas reachlng the nuclear surface and the absorption path 1ength ;ﬁ

is modified if the K 's are captured preferentially near the surface° If

the captures were exactly on the surface the relationship between Fq

and A - Z)a/R would be given by
. . ) R } -A g )
Fi = 2 4+ 1-c¢ o | -@an

7 24
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The correct relation ?hould'be intermediate between Eq. (lé).aﬁd_Eq..(l?),
,Equation (17) represents an outside limit,_whiéh.cannot corresPOng FQj_

rgaiity, not only because some Kf's.must penétrate thefsurface appreciébly,
~ but also because the range of the sigma-nucleon scattering potential is

probably greater than that of the primary absqrptién interaction.



UCRL-3707

30-

V. CONCLUSIONS
A repuisive sigma—nucieué scattefing'potehﬁial‘for lowéehergy;i
sigmas;interpreted in terms of a simple.éptical model, is iﬁéonsiétent
with the experimental results of GVW, cOncérning the energy spegpra of
the Zr particles. emitted in two-prong stars initiated by stopped K~
particles in photographic _e_mulsions_° The energy spectralare.insensitiye
to the mﬁgnitude of:the scattering interaction, however,_proyided'the' N
intefactiqn is atﬁractivg,”so that the magnitude cannot be estimated froﬁ
such an emuision expe}iment alone, |
| If the results of other emuléion experiments and the hydrogen bubble
chamber experiment on stopped K~ particles are cdnsidered in conjunction |
with the results of GVW, the depth of the effective nucleus~-sigma scattéring
potential and ﬁhe size of the cross séction iﬁ nuclei for Efjt absorption
(by conversion toa A° or :ETO) are related by the model presented here.
- If the-effecﬁive muclear potential well fdrllQWnenergy sigmas is attractive
Iand shallow <VEE == -10 Mev), the ' EE'i: absorption cross section in
nuclei ﬁust be réasonably strohg, Sh, = lO_m.b° On the other hand, if the
well is attractive and dgep UEE & =25 Mev), the-absorption;must be wéak
(Qfé % 5 mb.). It is Helieved that an attractive sigma potentialvdeeper
than-35 Mev would inhibit the emission of Z.'t suffi:ciently to be in
contradiction with the experimental fesults, even if the absdrption cross
section o, vwere quite smail°
These rough estimates concerning the charged-sigma absorption could
be méde with much improved accuracy if more were known about ﬁhe rélative.

strengths'of K~ absorptien by neutrons and protons. It is hoped that more

infprmaﬁion concerning the K -n absorption will be obtained soon by



UCRL-3707
31-

-

experiments'in deuterium bubble chambers. Eventually, of courée, direct
measurements of sigma absorption and scattering by nucléi and nucleons

will be made.
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~ FIGURE CAPTIONS

Calculated internal-energy spectra of the :E: particles. The

vertical scale is arbitrary.

The surface-transmission parameter Ci s calculated as a function of

. o<t v s
external energy for. :Z: .and | ;E: particles in heavy emulsion nuclé€i.

Solid curves refer to the case V = =25 Mev; dashed cur&éé refer to

p2

the cése v = —lOvMev.
P

' + . _ :
Calculated EE' external-energy spectra. The histogram represents

the experimental results of GVW.

Calculated 2{:- external-energy spectra. The'histogramfrepresenté

the experimental results of GVW.
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