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. ·· -P-o.s.itive ... an<l...n.eg.ative.~mes.o.ns .... p:r::<?.9-uced.in .. a.., .. _c_olY'.mo.n_tar.g~t-.J.n_the_ .. 

cyclotron are received in two photographic plates. In the magnetic field of 

the cyclotron, negatives are deflected to one plate, positives to the other. 

The mesons must pass through an absorber before entering the plates in order 

to be observableo 'The experimental design is that used by Dr. Hugh Bradner 

for determining the positive-negative ratio for mesons. Observations are 

made on the plates by counting the number of mesons and taking account of 

the area covered. 

The problem is (1) to estimate the true ratio of positive to 

negative mesons produced in nuclear reactions under eiven conditions; 

(2) to fj:nd the· ste:tistical-.eTre:r--:i:n -the--estimate·. No assumptions need be -·--. . 

made about the processes involved in the nuclear reactions. 

The problem is solved by finding the maximum likelihood estimate 

of the ratio and by deriving the distribution of a vuriable related to the 

ratio of two Poissons. In the second part of the discussion the contents of 

a new theorem is encompassed and the theorem is proved. 

Let n be total number of mesons produced in one bombardment. 

Let p be the probability that a positive meson is produced, and 

(1 - p) the probability that a negative is produced. 

Let p' be the probability that a meson is observed (in a unit 

square o.f-the''pla>fey--c;·n:ceTCnas .. bee!i"'produced.·· Fo·z.-r~asorong-purpos~-s~~ ·say 

we confine our observations to one unit square on each emulsion plate. 
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Assumption (l)llq p' is the same for all mesons, and is .constant. 

Let the production of a meson be called a trial, so that there are n 

trials in a bombardment. 

' We shall'say: 

. Pr = Pr [ seeing (+) meson-in one ~rial J :: PP.,' 

Prr = Pr f seeing (-) meson in one . trial} = (1 ~ p) P' 
I 

Prn = Pr f seeing nothing? = 1 - P' 

For n trials, let~ be the number of (.t) .mesons observed, 

l'j the number. of (-). 

Then 

~Vrite: 
... nP

1 np'p A P it np' 
PI = -- = = where = 

n n n 

nPII np'(l - p) A,(l - p) 
PII = --= -n· n n 

PIII =· 1 - P' = 1 
_).. 

n 

· Assumption (2): In one bombardment· n 0..:::> 

,\ssumption· (3): P' is very.small; ,i.e.·, ). = np' = const. 

·We want to find p.Rk under assumptions ( 2 ) . and , ( 3 ) • To do this, take 

iimits· in such a -way that :1= np' 'is constant as n.~oo. The procedure 

•Note: At least two things are included under this assumption. First, we 
assume that positive and negative mesons do .not interact with matter differently 
while passing through the absorber. Second, we assume·that the observer is no 
inore·apt to overlook one type. of particle than.ari.other, whether it. is a positive, 
a negative star-former, or a negative-non-star-former. Actually, a separate 
correction must be made' on· the ideal solution~· if, as .is customary, the observer 
looks only for 11- A deca;)'s and negative stars. Positives decay approximately 
95% of the cases·; negatives form. stars in approximately 73% o;:f the cases., 
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In the limit as n 

Con~equently, though ; anq ~ were dependent variables previously with 

joint probability law P~k (n fin~te), they become inde~endent in the limit 

with joint probability lawt 

Each variable follows a Poisson distribution, 
•• •• ~ ....... ·-· ' ··- --,.. • .,.,. ••• ·~·-- ·-·-- • ,., • ~ "-11 ·' • ·'" • 

In order to esti~te -~~_£_-we will have to consider ~he distribution 
r.:p . 

of the ratio of e and ~.' Two dif'fi(S~ltiee are inV()lV@g ht;~r~~~ I!' Wf:J w~nt ~0 

find the distribution directly, we mumt deal with 5tmmmtion§ r~ther than 1~te~ral.ei . . . . . ' 
moreover, the denominator of our. now variablo will he.Ye ~ finite prol.n,.'bili ty of 

becoming zero. 

To obviate these di:f'f'ioulties, we might oondtler oontinucu.s re.ndmn 
. -

variables direotly related with··~. e.n,d ~ • The rJame problem, the.t fJf' 

estimating R, will be treai:ed. The mathemat;oe. wi~l. be d'!lpler an4 only dight 

modi£ioat;ons need be made on the.prooedure o£ observation~ S~Jppon we look . . ' 
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mnnber of. particles per unit. area, observe the area co:vered in finding each 

particle. 

' Since the total number of particles situated in a given area will be 

distributed as a Poisson; let A p be tbe average number of (+) pari:;icles per 

unit areao Let X be a random variable, which is the distance traveled from 

an arbitrary point to the point of discovery of the first (+) particle. 

Unit breadth is covered in traversing distance. 

Then X will be distributed according to the following law: 

Pr l X ~ x } = ): A~~.:. X px dx = 1 - e..: A px 

A similar definition for Y for negative particles will give: . 

. Pr ? Y ~ y ( = ~: A ( 1 - p) e~ A ( 1 - P) Y dy 

The characteristic function for X and Y will be the same except for 

the parameters involved. That for X is: 

~: x(T) = E(itx) = ~/..pex(it -A p) dx = A p .£1e- Apx cos tx + ie-~PXsin tx J dx 

t 
= 1 (" APJ 1 

+ i 2 = 
2 

+(-;~) 1 + t 1 1'- it 
(A p)2 ).P 

The characteristic function for the mean ,vvill be: 

This is the characteristic function for a variable following the 

r -distribution. 

Hence, we: know that· the distribution for X andY are: 

Pr ( X ~ x l = (xo _,(_n_).....;p::...;)'-n--=x~n..,....;_l.,..e_-_n_A_· P_x 
( 5 ) r (n) dx 
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p )) m ym-1 e -mA (1-p )y 
r (m) dy 

And their joint distribution will bet ' ' 

X y . 
(-~ 

Pr ( X - x, y ~ YJ = ( ( (nAp)n [m). (1 - p)}m -Xn-1 ·y m-1 e·nA. px-m A (1-p)y dxdy 
')o )o r (n)r(m) 

It can be shown by maximizing the joint density function of the 
• ~ p • J .. - J M J· 

variables (X1, X2, • •. xn• Y1 , Y2 , •• • Ym) _that the ~aximum likelihood 

estimate of the parameter p (which is the·probability of producing a positive 

meson) is given bya 

m 
A 1 ~·y• ,, -· ~ 
p = m i=l 

-------------------
1 n 1. m 
·- ~ xi +.· . Z:. y i 
n i=l ~ i=l 

.· 
More simply, we can show that we get the same result by maximizing 

f(x,y), where x, yare the means. 

(1) 

C) log f 

aP 
n m 

= p - "'T( 1=----p""'~"') - n.,;l x - mAy 

a log f h m ( ) a "}... = A + X - npx - m 1 -::- p y 

A ~ 
Setting equations (1} equal to zero and solving for p, the maximizing 

value, we get 1 J 

p = y. 
X+ y 

p = n 2: Yi = Z = u 
1 - p m rJ Xi X 

u may or may not be an unbiased estimate of R and we cannot yet 

present it as a solution to the first part of our problem, It may be noticed 

that as the number of observations becomes greater the variable u approaches 

\' 
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the statistic 

Ru ""'n/N 9 

m/M 
where numerator and denominator are the usual estimates for the true number 

of particles per unit area based on N and M observations 9 or 9 in other words, 

the usual estimates based on continuous observations extending over areas 

of size-Nand Mo MoreoverD though the yi 0s 9 and xi 1 s are the distances from 

arbitrary points to points of discovery of particles 9 they can also be 

distances from particle to particle~ since the position of one discovery does 
/ 

not influence that the nexto Our y 1 s and x 0 s will remain independent even 

though we make a continuous sweep across the plate and our procedure of 

scanning can be exactly as if we were to use the more intuitive R'o The one 
-" 

modification in the calculBtion of the sample ratio which distinguishes-~_l;l. from 

Ru :!.s the following modification (1) s 

The areas ~ y i 9 J:J xi must be the areas covered from an 

arbitrary starting point to the point of discovery of the last 

particle and no moreo 

Of course 9 this modification will be insignificant as more mesons 

are counted 9 but for small samples we will generally have u L R' when 

mL no We must keep in mindp however 9 that the foregoinp; calculations are 

made under the assumption that the particles are randomly distributed over 

the plate and the distances between them are directly related to one Poisson 

distribution for the x 0 s 9 one for the ynso It may be that this assumption 

is superfluous" if equal areas on positive and negative plates are 

scanned a 

The next step i.n our problem is to find the distribution of 

1\ 
p = y = u 

l = p X 
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To do this make the transformation T on the variables following f(x,y) and 

find the distr-ibution of u by integrating out the other variable. 

T gJY =uv[J 

(X"" V 
-1 {u = ~ ·· 

T s • 
V""'X 

f(u~v) (nAp)n [ m)._(l = p)]m 
"' r (n)r (m) 

m-1 n+m-1 -v{nit p+m ,A.(l-p )n) u v e J 

Z == v f nAp = m). (1 ~ p) u j 
. z 

v '"'n/{p- m/1.(1 = p)u 

' 

f(u) = (n..\p)n [ m). (1 - p)]m um-1 [z· n+m-1 e-z dZ 

r [ \ Jn+m (n)r(m) n)lp +- m/l(l- p)u 0 m 

r,. ) n[ 11 m m-1 (m ) m-1 = \n+m (nmp) m(1~pt u DR u 
r (n)r (m) [ np i+· m(1~p )u]n-~+m -

J
n+m 

*~ nR 

This distribution has not been used before, but observe the 

distribution of the variable F whereg 

u =· FR 
m-1 (:}m F m n m-1 

m n F 
f(F) = 

m ~n+m ""' 
[1 

[ ~n+m ~(n 9m) +-F ~(n 9m) n + mF 
n 

u 
F ==- follows the F~distribution with 2ms 2n degrees of freedomo 

R 
We now see that a second modification will bring an answer to part 

(1) 0 for 

Modification (2)s Use the statistic 

• 
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for which 

E(uq ::; R e 

~gain 9 as in modification (1}~ the effect is slight for large samples 

but in general gives~ 

Very fortunatelyp the distributionp f(u)» is independent of A ~ and 

the only parameter R can be treated as a scale parametero Consequentlyp we 

can easily make statements about probable error, and can construct confidence 

intervalso For instance 9 

Let 

F2 be such that 
Pr ~ ~ (F" ?= 

o95 

Fl be such that Pr [ ~) F1 J = o95 9 

where we refer to the F~tables to establish these inequalities, theng 

o90 

This is a 90 percent confidence inter~ral for Ro That is, in 90 percent of the 

cases 9 intervals constructed from the sample in this way will cover the 

true ratio Ro 

By lmown theorems 9 it can be deduc~d thatt 

t = ~ n (u/R) + (l/2m ~ l/2n) 

/ 2 (l/2m +· l/2n) 

approaches the Gaussian variables with mean 0» variance 1 9 as npm > oo 

Hence.~ for large m9 np say greater than 100 9 we can affirm~ 

u 
o6745 ( J. n R 

I 

j 2 (1/2m 

f: o50 

+ l/2n 
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When m9 n· are large and m differs much from n 9 

J o50 

greater.accuracy is 

achieved by writing~ 

Pr { ue -o6745)1/m + 1/n •(1/Zm 1/2n)(R (ueo6745jl/m • 1/n + (1/Zm - 1/zn)j 2' oSO 

This gives a simple method of approximating statistical error when mgn 

are largeo 

In the course of this discussion we have discovered and proved a 

special case of the follovnng general theoremo 

Theoremg Let A
1 

::o 2:Y" be the area covered in finding m particles 
. J. 

distributed according to a Poisson distribution. of parameter A 1 ( .A.1 being 

the average number of particles per unit area) o Let A2 ='2xi have a correspond­

ing definition for n particles of Poisson distribution and parameter /._ 2 o Then 

m 

F ~(~i)u~ where u ~ 1/m ~ i=l Y· J. 

1/n n 
X::: x. 

J. 
i==l 

is a random variable vvhich follows Snedecor us F-distribution with 2m~ 2n degrees 

of freedomo 

With m..,n becoming increasingly large 9 the variable 

approaches the Gaussian variate with varianc~g 

(T 
2 "' 1/2 (l/2m + l/2n) and mean =1/2 ( l/2m - l/2n) 

When the experiment is more refined and theoretical considerations 

single out one definite R0 as the tneratioD we may wish to test the 

statistical hypothesis that R = R0 o The results obtained in this paper may 

be used as a first step in constructing the testo 
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The same statistical analysis may be applied to meson positive-negative 

ratio studies which do not make use of magnetic separation. It may also be 

used in connection with other problems where a ratio of production of two types 

of particles is under consideration, and where it can be established that 
~ 

= R. 

Information Division 
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