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The Distributiog of the Positive-Negative Ratio for Mesons
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December 14, 1949

- - - Positive. and negative.mesons produced in.a.common target in the .
cyclotron are_received in two photographic plates. In the magnetic field of
the cyclotron, negatives are déflected to one_platé, positives to the other.
The mesons must pass through an absorber before entering the plates in order
to be observable. 'The experimental design is that used by Dr.vHugh Bradner
for determining the positive-negativé_ratig for mesons. _dbservations are
mede on the plates by counting the number of mesons and teking account of
the area covered.

The problem is (1) to estimate the true ratio of positive to
negative mesons produced in nuclear.feaqtiqns under given conditions;

(2) to find the-stetistical-errer-in the-estimate. No assumptions need be ----.
made about the processes involved in the nuclear reactions.

The problem is solved by finding the maximum likelihood estimate
of the ratio and by deriving tﬁe distribution of a vuriable related to the
ratio of two Poissons. In the second part of the discgssion the contents of
a néW'theorem is encompassed and_the theorem is provedo.'

Let n be total number of mesons produced in one bombardment.

Let p be the probability that a positive meson is produced, and

(1 - p) the probability that a negative is produced.
| Let p' be the probability thgévg meson is‘obéerved (in a unit
square of the platd) ones it Has béen produced.” Fé‘i—“‘"fé'a:’s’dﬁ*fﬁé*‘pu?ﬁos‘éﬁ“’, Bay

we confine our observations to one unit square on each emulsion plate.
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Assumption (1)#: _p" is the same for all mesons, and is constante.
Let the production of a meson be called a trial, so that there are n
trials in a bombardment.

' We shail%éyé A

[

- Py =.Pr'{ seeing (+) meson -in one trial } ’ pp! -

(1= p)p*

P11 Pr z seeing (-) méson in one_trial}

{

‘ ?III = Pr { | seeing _no’ching..? l - pt
For n trials, let& be the number of (+) mesons observed )

N the number of (-).

Then ' »
L ) : £  x n-$-k
Lo P {gf L= k} TETE -7 fro P Pin = Fx
Write: . : V ‘ | )
P = I _'np'p -Ap where A = np*
‘1 n n . n -
P = nPrg - np'(l - p) _ Al - p)
tII T no : n :
o _ A
PIII =1 = ?' ’— 1 -—ﬁ—

“"Assumption (2): 1In one bombardment n —— 0 0— 5 0o
Assumption (3): p' is very.small; i.e., A= np! = conste
- We want to find Pﬁk under essumptions (2) and:(3). To do this, take -

limits in such a way that l: np!'is constant as n —>02, The procedure

#Note:s At least two things are included under this assumption. First, we

assume - that positive and negative mesons do not interact with matter differently
while passing through the absorber. Second, we assume that the observer is no
fore -apt to overlook one type.of particle than another, whether it is a positive,
" a negative star-former, or & negative non-star-former. Actually, a separate
 correction must be made on the ideal solution, if, as is customary, the observer
looks only for W-. decays and negative stars. Positives decay approximately

95% of the casess negatives form stars in approximetely 73%_o£ the . cases, .
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ig as follows:

Tt e (2 )Q()\(l-P)) (2
Q.!k:'(n =R = kj)i N BN

12

=n@';&ﬁ?'£‘k*ﬂ Apgeonmv'z /gn"

n»xe—k

b

((Alp)) (5,& (1:p {/) (A - 1)t - Qe = ] [1- 27"
o L (1 - A)Ih ko |
In thg limit as n —— oo . , | : ¢

B <»~p>2<{/\ G- on* > o
R ks

Consequently, though & and n were dependent varisbles previously with
joint probability law ka (n finite), they become independent in the limit

with joint probability law:

prf& -4, n=x } () :;)" b\g - p)f“ ,,\(1 ~P>

. Each variéﬁle.f9}19ﬁsw%u59i§%8n.¢i$triPPt%94a_ : -

In order to estimate R ='IE" we will hgvg to consider the distribution
of the retio of £ and Ne Two dizgicultlies are involved here, If we want to
£ind the_dis%ribu“ﬁion,di_.reqtly, we must deal with sunmations z;&-th@r than integrals; :
mereover, the denominator pf our new variable will have a finite prébability of
becoming zero, |

To obviate these difficulties, we might consider cqntinucus random
yariables 'aﬁ,f'e_otly rel_e{te'_dlwiﬁh & and N+ The sems problem, thet of
estimating B, will be trehf’éd.' The mathamaﬁ;cg(wilybe ai@plez’ end only slight
ﬁodifiegﬁiéhs'ﬁeéd be ﬁéde on the procedure of observation. Bﬁppoge we look

-forlmves:ons, ,-oﬁ,ly; ,oirerv._d:{_ '{é,'re:a, where ,'p.!‘_i'_s constant. H.I.r.yatg,ﬁiib.cf observing the
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number of.partidles per‘upit_areaJ observe the area covered in finding each
particle.

Since the total number df_pérﬁicles situated iﬁ é éivén area will be
-distriﬁﬁted as a Poisson, let a:p be the average nﬁmber of_(+) particles per
unit area. Let X be a random variable; Whigh is the'distance traveled_from
an arbitrary point to the'point of discovery o? the first (+) particle.

Unit breadth is'covered in traversing distance.‘_
~ Then X'will be digtributed éccoraiﬁg %Q the félléwihg law:

,Prﬁx-‘xz i g#)pe-"?ﬁpx dx = 1 - o= APX
) e . v

A similar definition for Y for negative particles will gives.

vyl - gy AQ - p) AL =Ry gy

o]
The characteristic fungtidﬂ'fdr X and Y will be the same except for

the parameters involved. That for X iss

¢:JIC(T) = E(itx) :/-ﬁpex(it -AP) 4z = ADp 'ﬁm[e- )‘va cos tx -+ ie~APXgin tx] ax

1]

o]
= 1 . i CAp) _ 1
B —————— 1 =
14 % 1 4-(1:' 1= it
(A D)2 AP/ AP

The characteristic function for the mean,will be:

$z(¥) = [(Dx (Eﬂn =41 "

1 - it
nAp

This is the chéfacfefistic function for a variable following the
[ ~distribution,

Hence, we’ know that the distribution for X and Y ares

dx

© r(n)
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And their joint distribution will bes

i S
Pr ({ X<x, 7€ Y} =§ I (@A p) [mA(1 - )] Pty mel gmAPE-mA(L-PIY gzay
JoJo r (n)r (m)

A X ¥ o : .
-1 | £ ) axey |
o o . . RN P . - . . . . . *

It can be shown by meximizing the joint dépéity_function of the

L=

variables (xl, Xz, see &, Yl, Yz, Xy Ym)hthat the rpaximumlikelihood
estimate of the parameter p (which is the probability of producing e positive

meson) is given bys

.ms .

A 1 Ji
p = m i=1
n S m ’
le=x +1 > ¥y
n i m i=l-

i=1
‘More simply, we can show that we get the same result by meximizing

£(x,y), where x, y are the means.

Qlogf _n_  _m - - mA
Y (1) 9P P T-p) 2 i
361;8 £ -.-%f/.mi- npx -=m (1 = p)y

A
Setting equations (1) equal to zero and solving for p, the maximizing

value, we get:

- _J
P x+y =1

u may or may not be an unbiased estimate of R and we cannot yet
present it as a solution to the first part of our problem, It may be noticed

that as the number of observations becomes greater the variable u approaches
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the statistic
21 2w/
where numerator and denominator are the usual est;mates for ?he‘true number _
of particles per unit area based on N and M observations, or, in other words,
the usuel estimates based on continuous observations extending over areas
of size N and M. Moreover, though the_yi“sg and x;'s are the distances from
arbitrary points to points of discovery of particles, they can also be
distances from partiéle to particleg since the position of one discovery does
not inflé;nae that the next. Our y's and x's will remain independent even
though we make a continuous sweep across the plate and éur procedure of
scanning cen be exactly as if we were to use the more intuitive R'. The one
modificetion in the’calculation of the sample ratio which distinguishes.u from
R® is the following modificatiqn (l)s__
‘The areas 5o yisgzjxi must be_the_areas quered‘frém an
arbitrary starting point to the point of discovery of the last
particle and no more, -

Of course, this modi fication Will be insignificant as more mesons
are counted, but for small samples we will generally have u £ R when
m< ne We must keep in mind, however, that the foregoing calculations are
made under the assumption that the particles are.randomly distributed over
the plate and the distances between them are directly related to one Poisson
distributiqn for the x's, one for the y's. It may be that this assumption
is superfluous, if equal areas on positive and negative plates are
scanned, |

The next step in our problem is to find the distribution of
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To do this make the transformation T on the variables following f£(x,y) and

find the distribution of u by integrating out the other variable.

‘f(x;y) ) (n/\p) fm)\(l - p)]m o=l ym-»l -nApx.m,\(l_p)y

{n)rm)-
I LY
Tz*y 1_1‘79 Tﬂls * *, |J|=v
X =v T o= X
f(u;v) - (n/\p)n[m)L (1 - P)Jm 1;m»-»l %n+m—1 e-»v[n/l p+m):('1-=p)n}
r @rm
Z=v§n)pmmk(1=p)u5) .
(. - .

= nAp = mA(1 = p)u.

£(u) = (n/\p)n[mA (1 = p)J" u™” - me—l é-Z az

@) @) [nAp +m AL - p)an”’“

= rén;»mzj (nep)*[m(1-p)] ™ u"~* ( &) o
[{n)(m np # m{lep)u]B+n
. [np (1-p)yJ B(n,m) [l *.?.mg

n+m

This distribution has not been used before, but observe the
distribution of the variable F wheres
u = FR

m m=l
(.’2) F mn _me=l
. mn F

B(n;m) [1 +%an+m = B (n,m) [n . ijIHm

follows the F=distribution with 2m, 2n degrees of freedom.

£(F) =

ou
F=_
R

We now see that a second modification will bring an answer to part

E(u) {_I.;T)R o

Modification (2)s Use the statistic

<n=l) w = (- 107y,

o myx,
‘ i

(1),., for

u? =
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for which
E(u?) =R o
#hgain, as in modification (1}, the effect is siighf for large samples
but in general gives: _
‘u“<u<R90
Very fortunately, the distribution, f(u), is independent of A,’ and
the only parameter R can be treated as a scale pafametero Consequeptly, we
can ;asily meke statements about probable error, and can construct confidence
intervals., For instance,
Let

295

FZ be such that Pr §%<Fa g

xFl be such that Pr[%>Fl§ = .95 , | : S

where we refer to the F-tables to establish these inequalities, thens
F F ) R = 090
SRS ILI RIS RN
, 2 . 1) . .
This is a 90 percent confidence interval for R. That is, in 90 percent of the
cases, intervals constructed from the sample in this way will cover the

true ratio Re

By known theorems, it can be deduc~d that:

t = Ra (w/R) + (1/2m - 1/2n)
/2 (1/2m +.1/2n)

approaches the Gaussian variable; with mean O, variance 1, as n,m — 5 oo

Hence, for large m, n, say greater than 100, we can affirms

| u o |
Pr {= 6745¢ A n® (6745 § & .50
J 2 (1/2m + 1/2n
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- / 6745 /1/m + -
Pr §ue 26745 f[1/m + l/n)<R Cue 6745/1/m + 1/n (. 5o

When m,n are large and m differs much from n, greater accuracy is

ioeog

achieved by writings

Pr {uem;6745/1/h * l/% +(l/2m = 1)2n><R <ge°674$/£/h *-1/h‘+ <1/2m - 1/29253f4§0

This gives a simple method of approximating statistical error when m,n

are large.

In the course of this discussion we have discovered and proved a

special case of the following general theorem.

Theorems Let A, = . be the area covered in finding m particles
Lheorem .Y

1

distributed according to a Poisson distribution of parameter /ﬂl (AAl being
the average number of particles per unit area). Let Az ¥§in have a correspond=-

ing definition for n particles of Poisson distribution and parameter ,Rzo Then

m
F = )1>ungm113 1/m ﬁiyi
A2

n
1/n 7 %3
i=1

is a rendom variable which follows Snedecor's F=distribution with 2m, 2n degrees
of freedonm.

With m,n becoming increasingly large, the variable

£ =1/ jZn(kl “)

e ——

A2
approaches the Gaussian variate with variance:
7 % =1/2 (1/2n + 1/20)  end mean -1/2 (1/2m - 1/2n)
When the experiment is more refined and theoretical considerations
single out one definite Ry as the trueratio, we may wish to test the
statistical hypothesis that R = Ry. The resultsxobtaiﬁed in this paper may

be used as a first step in constructing the test,

Yo
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The same statistical analysis may be applied to meson positive-negative
ratio studies which do not meke use of magnetic separation. It may also be
used in connection with other problems where & ratio of production of two types

of particles is undg; consideration, and where it can be established that

A

[av

=R.
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