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Errata

The term "electromagnetic field" refers to the static electric and magnetic
fields discussed in this paper. |
Following the first sentence after equation (1) add:
The x!' and x" axes of Fig. 1 are normal to y' and y" at O! ahd cn
respectively, directed_outward, so that the ion just described ap-
proaches the field along the x! axis negatively and leaves along the

x" axis positively.

15 After equation (32) read:
If the value Qg = n/2 is substituted in (32) the following numerical
values are obtained:
21  The last term on the right of the second of equation (A4) should read:
) .
" eH my oH
&n - S t 22 -
= (p-p1) " —=91 mot —=(P-£1)
27 In the first equation in the middle of the page y is measured froh the
inner condenser plate, at potential -V,.
The following equation is valid for y =~Eleé—g2, that is for Vg = 0, rather
than for y = O, It should read:
2x 1
Mg = Vo | 22— + 2 Jn 4
. [Rl - R2 n
Figure
5 The separation between magnet pole faces should be lateled Sy, not Sg.

1l
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Eleetron-0ptical Froperties of Homcgenecus llagnetic and Radial klectric Fields
&. A. Garren and Lloyd Smith

’

Radiation Laboratory, Department of Physics
University of Californie, Berkeley, Califcornia

Februery 9, 1950

For varisus rurpsses it is often desired tc change the direction or alter
the charzcheristics of & given beam of icns. This cén be done with various
combinations of magnetic and electric fields, of which é homogeneous magnetic
field and a radial electric fleld, such as is found ingide an electrostatic
deflector, are among the easiest to produce. It is the purpose of this report
to summarize the optical properties of these two types of fields, .and of various

combinatlong thereof. 1t is always assumed that the electric and magnetic fields

o

sre perpendicular wherewer they are superimposed, are plane tounded, and that the

'

eein 1s imowhat shali bte called the horizontel plane, which is defined as the
plane perpendiculsr o the magnetic field and/or parallel to the electric field.
The discussion will be confined to effects of the first order in the deviations
in position, directiion, velocity, and mass of the ions from reference values.
The theory of fccussing effects in the horizontal plane is based on a paper
by R. dertzog,” who was interested chiefly in applications to mass spectroscopy.

of his discussion have teen generalized somewhat; further the focussing

i
o
3
o+
t
&

effecis in fhe vertical plane (the plane parallel.to the magnetic field and/or
perpeadicular to the electric field) are given. All optical properties are
expressed by eguations whicn snow the analogy with thick lenses, and so far as
possible Herisog's notstion has been used. Lastly some discussion of the appli-

cation of the theory to the problem of injection into the bevatron has been

[t ¥)

inziudsad,

L g, Hertzog, weine . Fhys, 29, 447 (1934}
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are the rad;i of curvature‘that would exist if the electric and magretic fields
were present alone, respectively.* If the curvatures are opposed the smallest
of ag or ap is taken positive, the largest negative.

Consider now ar ion with velocity and rest mass

vo (1 + A)

v

(4)

whose path in regions I and II, with respect to axes x'y', and x"y" is

]

yi yl + QFX! (5)
yn = }’2 + hrx". (6)
It is shown in Appendix I that the path of this ion in region III, to the

. ’ - I}
first order in A, v, at, %—, and z = £—28 is given by

~~%i sin Kp + 8(1 - cos K¢) +-§l cos K¢J (7)

™

r - &a=&

where K and § are defined by

2
2 = + (B - B2
K2=1+ (&) -p8) ®
K24 = v + A l+a—+—ﬁ%—' =y + BA - (9)
] ae l -ﬂ% = .
and‘pc): Z‘C-‘o
Hence
y, = r(d) -a=a [»-%1 sin Kp + § (1 - cos KP) +-§;-cos K@] (10)
Q" :_i_ (%d%)q) = - a' cos K§ + §K sin K - %l K sin K.(D (11)

¥ If V(a) # O the analysis is unchanged provided that in equations (2) and (3)

vo is replaced ty vy = vg [l - (1 - ﬁ%)B/Q i—ngl], the velocity of the same
. Mg Vv
particle at potential vV (a).
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s that from (6)
-j?i = yz + Q"X" = g {;. %isin KG\ + é (1 - 003 }f.q:} + .}él Cos KQ\,}
+ x" F a' cos K§ + § ¥ sin K - %i—K sin K@J. (12

3 Generalization to Arbitrarv Plane Boundaries

e

Suppose now that the bounderies of regicn III* are not the y' and y" axes,
but a¥e inclined at angles €' and €" to these axes, respectively, as shown in
Fig. 2, where x'010"x" again represents the reference orbit,

! and n" are the normals to the rlanes bounding the field. A1l quantities
are to be teken as positive when the arrangement is as shown in Fig. 1 or Fig. 2.
Q2 is the angle between the field-bounding plares and is to be taken as -positive
when the intersection of the planes is on the same side of the orbit s P, the
ceniter of ithe reference ray's circle 0'0%, ;t is related to 0§, é', and é" by

=0 - ¢ - " - . (13)
Further, if ¢' is the distance between 0' and the intersection of the field
bounding planes, then it may be shown geometrically that
sin £"=2—'sinﬂ~sin (a+ er). | (131)
an ion described by (4) which passes through the point x' = ', yi = bf
with angle a' will have a path in I given by
yreE e (- g) an (14)

It will enter the field at the point 3';, leave 1t at Q¥, and will helrave as

if it had entered a field bounded by FQ' and PQ". Hence its orbit is given with

rasyect to Cartesian axes X'F' in I and X"y" in II (see Fig. 2) by equations (3)(6)

o

and (12), with bzrs placed over sll variatles.

3]
1G]
+

he relztions between berred and unbtirred varighles, ir uer, are
The reletions between barred and untazrred v hles, to fi order, arel

(@]

<% . . . - . . . - .
The effect of itke fringing fieldes is discucsed in appendix

T For brevity the notation ¥n is used for tangent, instead of tan.
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S-xvadd  P-D-od - ofy
S y=v st = Lt @ | (15)
aea-od agn = 22 fn en.
From (14) it is seen that
y, = b - atl (16)

?§ubstituting equations (15) and (16) in (12), where all variables in the
1attéf are.barred, and discarding terms of higher than first order, there is

obtained for the path of the ouﬁgoing ion the equation

y" = bt {;x" Qgi_ﬁm (K Inkd -tn &' -fne" - dn & tn &n'ihiﬁm)
+ cos K (l +%n g XD—KKQ)}

+ qi {}:"{_ﬁ' ..,95_@ (K tn K§ - tn gl - in ENn - #n st fnen ﬁnKKQ>

cos K
a
- cos K{ (1 + tn en ibiﬂﬁ)]

-cos kb [0 (1+ tn & B K. ath]}

+ 4 {x" [K sin K + (1 - cos K) n e"] +a (1 - cos KQ)}u (17)
This is an important equation, since from it all the optical properties of
the system may be deduced.

4. Optical Properiies of the System

The point (£, b') is called the object point, and 4' the object distance.
411 ions from ({', b!) with the same § will converge at a point (L", b"), called
. the image point. The image distance 4" is that x" for which the dependence of

y" on a' vanishes. From (17) it is seen that A" is given by

2 (1« tn e —MKK )+ aM‘KK
1 -a ,ﬂ' (K fn K ~ In e -dner -t e 1 E"jLKK‘Q‘) - a (1 + In En IDKKQ)

.(18)

RN

The analogy with a cylindrical lens is facilitated by the introduction of
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the following varishbles

-1
fza [cos X9 (K In K - dn &' - fn e - #n € fn én_ﬁnK Q)] (19)
g' = £ cos KO (l + I en Ynyﬁ%)
g = £ cos KD (l + In g'-igiﬁﬂ)

f, gV and g" are also related bty
£2 . gigh = af. (19')
In addition is it convenient to introduce

o = %5 [K sin KD + (1 ~ cos KD) #n &)

q z<§§ (1 - cos k0). : (20)
AN

Then using equations (19)and (20), (17) can be rewritten

y* = bt &"_"__}(_'1_4__?‘-_' [(X" - gn)(ﬂi - g') - f2] +$K2 [X"p” + q] (21)

SUIE- AR LTI L - S ¢ (22)
dx*® f £ -
and the object and image points are related by
(" - g (4" - g') = £2 ' (23)
When L' = g', 4" =00 and when A" = g", A' = 0© so g' and g" are the alscis-
sas of the first and second focal planes G!' and G", respectively.
The principal planes H! and H" are defined by the property that, for & = 0,

they form images in each other without magnification. If their abscissas are

called h'! and h", then 1 = ht, ﬂ" = k', b' = b", so from (21) and (23)

b* = b" = b! Eﬂ—g—ﬁﬂl, (h" - g")(n' - g') = £2

g - h" =g ~h' = £ (24)

Ui
i_J
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plane it can be identified as the focal length of the lens.
With the help of (24) and (25) it can be shown that
1.1 1
1 pe f/{n TR (25)
The ordinate of the image, ", is given by (21) as
B = B! A + 6K2(,Q"p“ + q). (26)

Lot

Sinece the rays are reversashle a&ll of the foregoing equations are valid if

primed and doubtle primed varisbles szre interchanged. In particular

bt = b BLZ Al e sk2(gps 4 ). (26) 1

bd

Hence all particles will be focussed at A", O for which the relation between b!

and § is )
Ht = 5K4(ﬂipi + q) (26)11

which is the condition for velocity-mass focussing.
In order to have the emerging beam entirely parsllel to the reference ray
it is seen from {22} that

2o sxPpn, " (27)

L= gty
©  If these conditions are satisfied the crdinate of the emergent parallel reay
is, from (21)

M= -t £+ SK? [gnpn + q] (28)

5. Focussing Properties of the System in the Vertical Plane

A description will now be sought for the behavior of an ion which approaches
. - . bl LRI - . . . °
v the field at a slight angle gy with the horizontal reference plane, and which is
displaced from that plane a distance small compared with the dimensions of the

system. Suach an ion will te deflectea vertically only at the edges of the mag-

£

lie deflections are propor-

ch

netic field by the magnetic fringirg fiel Since

i
. 2 bv 1. L. . \ .
tional to ay and o where by is the vertical distasnce avove the horizontal
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rlzsne of the wvertical source, the first orde: horizontel deviations and mass and
velonity deviations may be neglected in a first order theory. The situation is
shown schemetically in Fig. 2.

Fig. 2 1s a vertical cross section of the system along the curve x'00"x"
of Fig. 2. It is shown in Aprendix II that sn ion which passes through the

. a ] 7 2 ° » . .
point x' = Py, z'= b} at an angle ay, i.e., an ion whose vertical path in region

I is

z = by ¢ (xP - Lyg) ay (14v)

KR

will te so deflected by the fringing fields thet its path in region II is

Loedt K
aM = b EJ_T:f_ . 21 [(Xn - g Y - gd) - f%} (21v)
- N -y
whars
P - a. Kv

Vioofn et o+ #ne w-%— fn et #n e
v

P /‘x ]{b- ﬁ-n e
\ . (19v)

/ . \
gl = £y (1 . ji fn E‘)

o
e
L
ey
<

}_
]

4 uvzeful relation is
b n g
£2 - gy gl =ad iy (19v+)

oy

Since (20v) is identical in form to (21 ) excert for the absence velccity-
mess dependence, equations (22) to {28) are valid in the vertical plane if sub-

e2ripSs v ere rlaced on all variables and Sy is set identically equal to zero.

Thus ot /Q ’ i
b'ij [ o~ h! -
af = o ==+ Ay —X—f EV (22v)
—s7 87 .
Uy - ety - g)) = 13 (23v)

M + 1 = 1
Je - Ry AP -l fy

(25v)

where hd and h) are The abscissas of Ile first and second vertical rrincipal
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planos, respectively, defined by
| gh - bl = g4 - h! = £, . (24v)
Again £{ 1s the abscissa ‘of the vertical image whose height is related to that

of the object by

gy -ty Iy (26v)
by fy &v - Ly

If the beam is to emerge parallel to the horizontal plane it is necessary that
2y = & by = 0 - (27v)

' ““In which case the height of an ion which starts with angle af will be
2" = - ay fy. (28v)

6. Compound Systems

Suppose there are two systems in series as shown schematically in Fig. 4.
The beam is assumed to approach from the left.
xi and yi {x’ and y'] . .
The " , {axes are the " . [ axes for the entire system.
x5 3 X y -
Note thatvin Fig. 4, 5£ is negative. To obtain the path of the emergent ion
vhich passes through {', b' at angle a' equations (21) and (22) are used to
calculate the ordinate and engle of the ion when it crosses the first focal
plane of system 2. We have ) i
x3= 8 X =d-g
8o using (21) and (22)

b) = y] = pr 8L - (d - g3) %i [(d - g5 - gi)(ﬂ' - g}) - fi]

£y
+ 81K8 [(d -8 p) ot ql] (29)
? 1 f b! iy '8' 2 _n : .
¢ -Gzﬂal*’-?l"*a'-——fi—l*éllilpl (30)

from (21) the equation of the outgoing beam is
= gn - x" 5
- = bt 6o e , n .
| 7" b2 5, 2 2+ 8% [X"pz * 4, ] (1)

0

- e GO o S @
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Substituting (29) and (30) in (31) gives
y! o= b (gi + glé - d) (gg - :‘1") _ £2_
1 2 f1
*_O’._' ] y ] ] 2 (gg_xu) 3 "i
T g{(d - g5 -e ) - gy) - fl] 5 + = r,
(32)

This may be put in the form of (21), which can be rewritten, using (9)
R L r : 1
y'= bl .\:‘.l_F__:’i.f‘_ + %l L(X" - G”)(_U.’ - G?) - 'FQJ - (Y + B?\) [X" P o+ Q:} (210)

by means of the following subkstitutions:

£1F
F =

. - d
él + g2
: f
G! = gi “'f% F (19¢)
f2
G = g5 - ==F
and
)]
___d"gz 1 w1
B S Pt R T

(20c¢)

while B is to be construed as an cperztor which changes py, p5, q1, ap into
B1 pj, By p5, By q1 » By gp respectively. The B's are defined by (9).

With these definitiocns, (2lc) describes the path of the cutgoing ion and
equations (22) through (28) are-valid for the system as a whole where, of course,
K28 = vy + BA.

-
In case the systems are oriented with curvafures oprosed, that is, so. that



CCRL-599
‘age 13

the y] and y» exes are opposite ir sense from each other, the signs of b2 and aj} in
(29) and (30) are reversed. The effect is to change every sign in (32) except the
last: 9, K% {x" ps + qz}. This is equivalent to replecing fz by -fs in equa-
tions (19¢) and (20c).

Similarly equations (19¢), (20c), and (2lc) describe the vertical focussing,
except that there is no first order dependence on Y or A, so iﬁ equation (21c) the
term (Y + Ba)[i" Fv + Q] should be omitted. Naturelly the vertical f's wnd g's
defined in (19v) must be used in (1Sc).

The foregoing may be generalized to the case in which the two systems are
rotated relative to each cther. Thus suypcse the yé axis in Fig. 4 is rotated

about the xé axis out c¢f the plane of the paper through an angle 6. Then

¥5 = y) cos @ + 2z} sin @

25 = - y] sin @ + 2] cos €

if' the notation is changed to

yi=v1 2] = ¥2
)
; Yé =¥ Zé = Y2
C11 = cos © Cip = sin ©
Cpo1 = - sin 6 Cpop = cos ©
Then Ip = E:,ij V-

o

The value of yy when the beam crosses the first focal plane of "2"for the
m direction, that is where x = go, x] = d = g, is
1 !
bom = > Cpj ¥5(d - gom)
J

3 1
- (d - gop) . Qs

i (@ - el - ey - £2,] (
£13 £13 L Eom ~ E1j 1j

D
iNe)
\_'/

gl';
-5 o (i

DY)

Its inclination in the m directicn is
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v _ GYm A¥m _ . 9Yi _ "
%om = a;; = E;E = = Cmj Tl Omj @lj
bi L 4 - el |
= =2 Cnjy |- fif *aj Y + 915 (v + B A) pi|. (36%)
J J

In (29') and (30') the first index onthe f's andg's refers to systen "l"or'®Mthe second
to the horizontel or vertical component. The outgoing ray has its ntP ordinste

given by i " ‘
: caly £+ Sy (v ¢ By A) [0 pl ¢ g ) (311)

substituting (29') and (30') in (31') gives

LIS [ i
GmJ = X - Q.J

p .
ym = Y. Cpj{b] Bx" - Gpj) (4 = Ggj) - Féj]}

§=1 Finj Fmj
(21c)
+ (v + L A) [X" F& + QHJ
where oy
FHH' . fl:j I;Zm
813 T 8om ~ d
Gl =gl « TXp | “ (19ct
mj 1] fom mj ’
f
n = ft - __22 .
ij &2m f1; Fmg'

Here ij refers to the outgoing moh component due to incoming jth component. Also

1

p' i C l
I:" = = C - d - i N ‘L + é N = ._E__ -
m mi ( €om’ fom 1m P2 fom 43

(20ct)
gg - . g"
1 n ;

Qm = Snl [(d - me) f_ﬂ + f2m py le me gy + élm ap

2m B 2m

and B has the same meaning as before.

7. Applications to Bevatron Injector Systems

a. The Berkeley 1/4 scale model bevatron.
The injector system for this machine (see Fig. %) consists of a cyclctron

which accelerates the protons to 0.625 kev, ejecting ther in a beam which aprears
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to have separate horizcntal and vertical nodes, about Z ft. from the cyclotron
tank wall, the horizontal node teing atout 5 in. closer to the cyclotron than
the vertical node. The beam then passes through a magnetic wedge with 2 10 in.
radius of curvature, by which it is directed to a 9CC electrostatic deflgctor
which brings the beam intoc the bevatron.

How should this compound system of magnet and deflector be designed to
obtain a parallel beam for injection, with cptimum definition? In the notation
of Sec. 6, syséem 1 is tke magnetic wedge; 2 the electrostatic deflector. They
are distinguished by subscripts M and E respectively. As before, subscripﬁ v
refers to the vertical rlane, h to the horizontal. Since the velocity of the
protons is non-relativistic, and since there is no mass variation the following

relations hold.
an

Kyn = Kyo = 1 Kpy = 00 Ky, = VO oy = B
Mh Mv Ev Eh Eh 75 sin JE-QE
_ ' - Coo_on _ &g el
BM = 1 BE = 2 . gEh = gEh = gE = Tz_ cot V2 @E
(32) -
2 ~ 2 _ R S
Iy, -y = 5 O = n/2 €f=€f-0  qg=— (1-cos /2l

If the value Q = n/2€ then
.563

n
1]

fg = .890 ap Pg
gE;= ~.539 ap qg = - 197 ag.

It is assumed that ap and ay are fixed, so that.ﬁg (or dy) &' ", By, and d

remain to be determined.

Now bﬂ = b% = 0 and there is no velocity dependence in the vertical rplane,

so0 the conditions for a parallel beam as given by (27) zre

ﬂﬁ = Gﬂ (32a)
§ KRE" = 2 BPY = O . (33b)
L =a!. (33¢)
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Equations (33) determine three of the parameters in terms of the other two;
for convenience they will be used to express £', £", and d in terms of £y, and {y.
From (19c), (33a) becomes

2
ol

git + (gg - d)

L
Ay = gy

where the subscript h on the f's and g's is understood, or
1 A ' ~
Un - gm)((d - ep) - gﬁ) - 1f
a conparison with (23) shows that 4 - g is the image of 4} by the magnetic

wedge alone. Hence (18) arplies with lg =d - gp K=1, 0= Oy:

1 _ _in en, 1. 4 (dn Oy - tn ') - ay
d - g 8y ay fg (1 + In ¢' &n By) + ath Oy
or
0 (fa By - Fn ) -
fo en = — n (fn QM, nel!) - ay __ay ‘ (34a)
ﬁh (1 +%n et In Oy) + ay In @M d - gg
From (20¢) eguation (33bt) can be written as follows:
. d - gy n " By am ‘ \
Bpn = - S " Bb g oy g ph - SRR g 34E
fE M Pu E FE o ( )
’ 2 ph fp - a, = ay (1 - cos
. L R  By) (34b)
Pl sin §y + (1 - cos Q) Ine"

substituting this in (34a) gives

b oen (l R 1 - cos Q - Qﬁ (Xn By -4n ¢') - ay
°E | (1 - cos Ty)) n (1 +2n e In Qy) + ay In Oy

ay
_ sin Ty
ap
== = (1 - cos Qy
5y i)
Ly (Un Qy - tne?) - ay ag

’ L - - an . . i . |
fn e {l a (l cos @M%] Qﬁ (1 + fn ¢! In @) + ay ¥ ®M - sin @M- (34ab)

Since all of the vertical focussing takes ylace in the magnetic wedge, gy = gy

so from (19v)
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0 ay (1~ dy dn ev)
Vodner s dn oo (1 - ¢ Inen)
or
g - Lo In gl
;?’n en = _ & «0\7 j:/L'l 3 ' (340)
By (- Qydner) + ay By
Setting 02
a ! - A 5
R T 55)
N e Ay
and egquating (34¢) and (34ab) it follows that
1~ L : ] Ly (dn Qu - #n &) - 1
__ Ly dn e I E S R %ﬂ - | .
Ly (1 - @y Inoe?) + By | AR | LE {1+ Inet In By) + In Oy
ML R
Ag
Let p and v be defined by the equations
‘ .
| o1 d e ces Iy
I AE
(27)
1 sin Qy
1% AE
(In case the yﬁ[ and yh axes are antiparallel; Ap should be replaced oy -Ag Iin
{34b) end (37)). With these definitions (36¢) may he written
o i Oy In O
n2 g [ﬁn D + ﬂ S Bk
e v
V! YA
+dn et |[-= + == + =0 ,(__,__; In Oy
[(ul»é Ly v) PV L ) “
1,1 1) 1
+<'—*—‘j “%‘@x&@ fn m =~ (1 =" {(361)
boooviy vaj \ Taya
1 1 / i , 1
Sl [ reen "““a") R T T) In Oy
\“’LhLV UL‘J \ uhbv o Viy
1 x - 1 11
+ <'“:*:‘ - —_:“”\ Dy 1a ig ("“ vyt _> = 0.
Vi, UL'DL{, / L*‘J “Lh v
Frow this equation g' can be expressed in terms of dyf, J¥ and Qy. Then, substi-
tuting back ir {24c) and (24b7), €7 and 4 may re similarily exjressed. Ly, 4
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sad Py remain to be disyosed of and will te chesen (o give 4s narrow s beam as
ressible.
The horizontal und vertilcel wildthe cf the beam may be determined as follows.

{28) tre horizocntal width due to angular divergence isx

o
H
O
&

P . 1y, ; ¢ f") : i
From {19c) and {33a) F = E@-(Gh - Egn) = (- gin), so

Bl M
al fu T S ;
A SR * A A (L TP SR . \ . 0 1 (i 1
41 = - e LU AU - (Vi SR e S - il T ]
o‘*h (d - g \ fI‘Jl I B ./ gul’ A gfﬂ gM gﬂ‘

Thus s
by, = O --~—-{éw 2 ) sos fll ¢ En e dn dy)] (3¢a)
4] SR gE

¥2 {G” P4 = AR O F# o+ Qj = A BQ

o
@

since EF% = O by (33b)

{ 7
. (1. 2E 1
Bao= A [[(d - z) e g gl ¢

with the hely of (34b) this can be written

¢ N

) 3] 7'1
8 = A {fg P * 2qx * 2ep PR
~ ( s ) Y 1. 1 ;
B o= 7 {fi fsin Py » {1 - cos @Mj_ﬁn a"}v BE . (3&b)

Tinally the vertical height is given by (286v]

I ' gl\/
& L I - o 17
Qs Gy 25 Qg 7
Vil

H

I gn

Bog, = = Qg e (ec)

: 7 5 - : . - 5 1
Yormule ) give the widths of the vean, ¢, (and hence Qv, €', €', and

ol
[}
3
3

o) should te chosen 70 W3ke tres &3 omn

« If subscolipe v oor b owre Siatied S srrropr cte voariebles, h 1s uncerstood.
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For a numerical example let

gy = 107, ap = 259, "13‘}. = 909.

~1

Then the optimum values are approximstely ﬁﬂ = 350 §y = 19°.

Y

Aprlication of the above recipe then yields

by = zom, e = 40,0, & = 235,97, d = 72.5" and
~n inches
Aa’l“ = )‘{,"8 a:‘lg --“'—-"“_'
1 & degres
rercent
» inches
Aav = 411 q o=

b, The full scale Berkeley bevatron,

For this machine it is propcsed to use a linear accelerator rather than a
cyclotron in the injection system, since the former gives a beam of much smaller
width and arngular divergence than the latter. The rroblem then is to bring the
beam from the linear accelerator into the bevatron withdut spoiling this good
definition. Sugppose a single electrostatic deflector is used. Then from (21)
and (22) |

2

- ! g
1o XL I o gy - ep) - £B] ¢ 24 [0 by + o]

Yh = bn — 4
oI iy

oo, dh-em

a. "’}_+ahw

+ 2 > 1)’\-
.LE PE

Now if /2 @ < n/2, then gp » O and J§ may te taken equal to g, in which case

these equations reduce ©o

y" o= bﬁ = aﬁ Ip v 2" pp Qu)

S
o
O

-~

an = - =%+ 2ppa,

while in the vertical direction,
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1 1

— H 1
g = Oy 7 &y

II_BU
av" O«V

lgg * ay Og) (W)

<

since there is no vertical deflecticn by the electric field.

o

t is estimated that the linear accelerator will give a beam about 1/4 in,
in dismeter, with an angular divergence of abcut 1:500, and an energy sgread of
about 1:300, this means

1 ; 1
Bt~ 1/4N, Aat o=, AR~
o 500° 500

The figures tentatively adopted for the deflector are
(DE = 3795 ap = 20N
Thus at the end of the deflector the injected beam would be given ty (39) and

(39v) es

v = 6017 b - 212.4 @) + 93.92A  yy = by - 284.9 a
‘ by . :
Q;'f R + 1:,13-0 s a“ = = a-\'. .
. R12.4. v 7

The above estimates for the b's and als give
sy - (1504 + L4248 + 1876 ~.8"  ayg - .25+ 57 0 L8

tag -~ ,0012 + 0023 ~ .0025 rad lag = ag’ ~ .002.

This should be sufficiently good definition fer the purpese.
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Appendix A

Psth of the Jons Inside the Field Kegion, Horizontal

The equation of motion in region III is

jo]
ct+
e}

where m is the relativistic mass of the ion. Using polar ccordinates r, @ of
Fig. 1 and the fields described in Sec. 2 there result from this vector equation

the two scaler equations of motion

d 2. -eH .
at "t e T Al
& ") (41)
L mi)-mre2--22L o, (a2)
< ro.foe

, !

Integrating (Al) gives

gives, to first order in f)andfﬁl

b-TLg (e 200 - 20) ¢ (o -p1)
m

nc
o (a4)
eo _ (01 4 ‘ \ 2eH
(202 -0 R o

Substituting (44) in (A2) gives

~

d . n é)l 7 2eh
5 @A) - 2 [ml ¢ (1 + 4py - 3p) + 2~§— (p - Pl)]
(45)
= o e X (l - ) - E‘:I__l._ [m . = + o) - ) + EB_ ( )]
) R L S e P U
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T . . i
Now from (4) the velocity anc rest mass in region I
v ) .
f=-=flo (1 +2)
~ /
(4)

i = Mg (1 + Y.

i

Let E be the total self energy (kinetic and rest) of the particle, and p

its linesr momentum. By conservation of energy Ejri(r) = E; - eV (r), or

— {\ .
m{\r) = LII]‘ \r_f E e .E_l.!_(\l:‘_)_
b c? c
Now ' .
. Mg (L +v) o g [ £
iy = 2 57 71 Y
o-p2 ) 1320 1 -p2
while from (1) and (3) \
Eﬁ!ﬁﬁ m.é--%£L§§L=:
C2 ae\,’ll r(b%
so to first order in v, A, andf>
M (3% .
m():-—-——o— l+«(+_'_&)_~_)’m.§;_’[b2 . (Ab)
P Ji - 3 { 1-p3% gg  ° P
2
Now p = /Z m_%__whence p=mfc = c sz - W2
v m<
so that from (4) and (46)
Mg ﬁoC( A a .
pl == |1+ ¥+ 5= = P ) A7
p(p) 162 \ - 52 a (47)
Comtiring (A6) and (A7) gives v = p/m:
v(e) = poe [L A -2 (1 -p2) 0] (2)
&,

= e
Further ri1@y = vy cos al = vy

» It is sometlimes moere useful to use the energy rather than the velocity. It

may be shown from {4) and (4b) that she kinetic energy in regien I

L1sN1 -85 5

|
.
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AW

80 that (p}2 is second urder, compared to g keering only first order terws, and

meling use of (3) to replace the field exrressions bty ap and ag, and of (27) tc

5300l ify many terms, the following equation of moticn is obtained:

—ae equation of motion becomes

j:‘:
1
©
O
£
[4S]
el
Qs
13
D
S
o~
x
bt
[

Tntegrating (410} with the boundary conditions

‘4 ! "v’ i v o ’ ~
f?{t) = c~§~ sun -7 Kt o+ 5 {1 - cos 9 Kt) + & cos -2 K-
- c a a a

~< b - N e X . « . 5 Ve s .
Lrdsr 4 o= 0 e Glince all terws on the right are already first

er, tha value of 4oasn be uscu in the ohove squation, gilving
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- - _al s - J1
r—a—a,o—a[ X sin Ko+ & (1 cosKop)Jra

Q

os Ko } (7)

Appendix B

Vertical Focussing (See Fig. 5)

The vertical motion is shown in Fig. 3, and in more detail in Fig. 5. In
the latter figure light solid lines are in the yz rlene, the plane of the rager.
Dashed lines are in the xy plane. As befcre reference ray aprroaches the field
in the ~x' direction. n' is the normal to the plane bounding the fields,

g' =2 (x', n').
The force on the ion is

F=ce [E tT VX H] =mr

. e e .
2 = go (vx Hy - vy Hy) =5 vx Hy, since Hy = O
but
Vg = -~ vy Zn €
; € 1 - dy . ef— g v ;
z2 = ~z= In g Hy (v,2) gf dt = - o5 In ¢ Hy (y,2) dy + 2z¢.
-Iy cos &
It is desired toc know z just inside the magnet, past the fringing field. Since
H is irrotational

N ¥y O 3§ cos g
5%\H < dF = J[ Hy (y,2) dy + J/ Hg dz + J[ Hy (y,0) dy = O.
-0y cos ! : y

23
actual path ingide

By sywmetry Hy = O on the z = O plane, so the integral in the expression

for z, at y =~ 0 is

ahiere 2] is the height at which the ion enters the wedge. Hence,
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el

i -
‘me an 3 27

Z - ZO = e

Dividing by v, and using the second of equations (3) gives, to first order*

Z i
L\Y"—'—ﬂh €l=,_1i:ii (Bl)

where

If the ion passes through the point x' = Q%, z' = b& then z = b& +‘1¢ !

by + 0V Yy fn e

1= -
by a Ky

The ion now goes a distance ad (1 + small correction) in the field, emerging with

zy = z3 + (Y' + 8vt) a + second order terms

bR '
= by + Ay v+ ﬁ” - <§? +‘§X Y')‘iﬁzé‘] a

here it undergoes ancther deflection 4Y" = - 22 fn e" so that the outgeing angle

a Ky
is
a; = %ﬁ? = Y' + Oy! + Ay
ay = - ab;'{r [iﬂ'n ¢! + fn " - %—fn g" ¥n a"j, (B3)
v v

- ! L'Q;v (ﬁn €' + In g" »% In e in e"> - (1 -g—vﬁn e")}.

Hence the vertical path of the ion in region II is given by

*This derivation has been given by L. S. Lavatelli, AEC Oak Ridge report MDDC-350
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z" = 25 + X" a\'}=b\',{_aK (jn £+ dn E_"m%——fn ! An 511) <1_.¢Ljn£>}

v v

{ ! \
+ a'ix" [jv <;ﬁn et +dnev - %—fn g #n e") - <l %fn e") (B4)

a Ky v
o) - alf

which goes into the standard form

i "o X" ]
2" = b v - X , Qv [(Xn - gy - gd) - f%] _ (21v)
fV fV

with the definitions

£ a Ky
v
fn e + Enen -»-%ﬁ'n et In g
v
- Q_i "
gv‘fv 1- ne (19\7)
Ky
gs = fy <l ~<§L In 5')
Ky
where
a
Ky _-gﬁ
fy, gv and gy are also related by
£5 - gy gy = ab fy. (19v)!
Aprendix C

wffect of Fringing Fields (See Fig. 6)

4s the ion approaches the fields along the x' axis its path 1s bent some-

what by the fringing fields, which exert a ncrual force

2~ He v
= I s ? ]
= e Ey sin &' + e Ey cos €' + —¢—.

Eut dx = rde cos ¢ ~ rde cos e', where d9 is the change in direction in a distance

ax



-
B

UChL-599

Fage 27

@:EXYnEV+Ey+ fy

dx E, ap Hy ay cos €F
7
09 = —= |fn e | By dx + /\Ey ax| + 1 H, dx

(c1)

_3n ev OV + QUL aly \

Eo ap Ho ap cos €

where Ug and Uy are the electric and magnetic stream functions, and Vg is the
electric potential function. Whenever an electric field is present, ' = 0, so
the first term is always absent. To calculate the addition to § due to the

fringing {ields the differences in 49 are taken with and without fringing fields.

. . L . oUp .
Thus 3in the ideal case, without fringing field 7 LS R 2X o where the condenser
o) 17 %2

rlates are at potentials Vg and =¥5. In the real case, the fringing field is
given by the field of two sem-infinite conducting planes, at potential Vg, and

V5. This is given by Smythe, prcblem 24, Chapter IV:

Ry - Rp . n(Vg + i Ug)
= — ln sin ————-.
2V,

With y = 0 it is found that

' v
AUE = UE (X~——)OO) o UE (X—-—?‘Oo) = RlZ:( R2 . —"—T—o“jé‘n 4.

Thus the change in @.due to. electric fringing field is

Ry - R R1 - R ,
A@E = 2 ,Qn 4 ] 2 = 0883 1 ‘\‘2 . \02)
a.E aE

For the magnetic field, if it 1s assumed that the magnet extends infinitely
in the vertical direction, then it may be shown, by a suitable series of Schwarg

transformations, that

, n(Uy + 1 Up) Ty + i Vi
it _Z‘_ . {X + _lZ) o~ /1 + 4 eXp. - ‘VI.._-....J___ALI_ + ginh"l _l. exp.( = n u
Sy Sq Vo 2 2 v,
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where Sy is the vertical separaticn of the wagrnet pole faces. Thus
AUl = —J‘—[UM (x— o) = Uy (x—>-00)
Vo Vou
=2_.X.+E<l+_an£.}£'_)
Sy w 4 Sy
whereas without the fringing field it is 2&_ Hence
v
A®'=___S_Y.___l 1+‘in.x_‘_ (Cj)
M~ cos gt ay W 4 S,

Actually the magnet is not vertically infinite, but has height A so that
fcr x' D) A the contribution to ofy will be zero. Thus x' should te limited to
the approximate dimentsions of the system, namely A,
~ S
ady = 2ify+gnth (sec &' + sec e").
4 Sy

Tre exact value is

X
g i
Ay = lim 1 e g Jr z (x,x In &) dx - x
' x—oo 8y =00 He

: _ : . (C4)
XK " ‘
+ sec g [f hZ(X’X:tns)dx--x
.¥ -0 Hg
Hence the fringing fields increase the turning angle § by
Ry - R S ;
AQ=A@E+A@M’V.883-¥+—V-E(%C el + sec e") InfTE A (c5)
ag, ay 4 Sy

where Sy is the vertical separation of the pole faces and 4 1s of the order of
the total height of the magnet. Thus, due to the fringing fields, both the
electric and magnetic fields effectively extend an additional distance of the

crcer of the gap width.

Infermation Division
2-37-50 md






t >




MAGNET

HORIZONTAL 'MECIAN PLANE

R I A S
. . — /
S S TR S NS RN
e 8 s LA N RN
h e o — .
A N

J
e

lntiltil:t1 11.
AR PP A SR —— R
~ S SO N
NN . ™
b e e
N — - N
~ 1 ,
N e o ~
| .
S
,./L A j N
N
SRR il e =S AN
Sonied W - P DN

MU 25

in

FiG.



o

FIG. 4

MU 26



MMMMM



H

KRR T E S S «

Z (OUT OF PAPER)

FIG. 6

MU 28



