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ABSTRACT

A charge-independent interaction between nucleons is assumed,
which is characterized by a short range repulsion interior to an attractive
well. It is shown that it is then possiblevto account for the qualitative
features of curréntly known n-p and p-p scattering data. Some of the -

implications for saturation are discussed.
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I. INTRODUCTION

Recent experiments on p-p scattering at 340 Mevl indicate a cross
section roughly isotropic between 20° and 90° with a mean magnitude of
approximately 4 millibarns/steradian. This result is in strong contrast to
that obtained in n-p experiments at comparable energies where a marked anisotropy
is observed, the cross section at 260 Mev rising from approximately 1.2 milli-
barns at 90° to 10 millibarns‘at 180° 2, At low energies, however, complete charge
independence is observed.in the singlet state, within the limits of error in
the determination of the singlet écattering parametersB’A.

A striking feature of the p-p observations lies in their qualitative
disagreement with the results expectéd from a central attractive potential
consistentvwiﬁh the low energy scattering, as shown in figure 3, curve I.

This potential predicts strong forward scattering at 340 Mev, with a cross

section of 0,2 millibarns at 90° which rises steeply to 11 millibarns at G°-5°

1. C. Wiegand and O, Chamberlain, Phys. Rev., (in press), and private
commmication with E. Segre, through whose kindness I am able to
quote unpublished values on the mean magnitude of the 340 Mev p-p
cross section. -

2. Kelly, Leith, Segre, and Wiegand, Phys. Rev. (in press).

3. H. A, Bethe, Phys. Rev. 76, 38 (1949)

Lo Ho A, Bethe and C. Longmire, Fhys. Rev. 77, 647 (1950).

5. R. S. Christian and H. P. Noyes, Phys. Rev. (in press).

* This work was begun while author was at the Institute for Advenced Study,
Princeton, N. J., and completed at the Radiation Laboratory, University of
California.
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The appearance of strong forward scattering at high energies is indeed a charac-
teristic of the scattering from any central potential which does not change sign,
as may be seen from the expressions for the differential cross sections,
' 1 2.3 2
1 =7
(8 (@) = ¢ 2,0 le, o)
112 5 s s
== 2/+1) (2 /+1)sin J/sin cos P E
L K210 (2h1)(2441)sin fsin ) 058y, By By
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+ 3 /3\2 Z (22'+1)(2/+1) sin Jj sin 3}’9 COS‘S;[' 1?/ f}{ !
LA td '

Here the superscripts s and t refer to singlet and triplet states,
respectively. Successive even Legendre polynomials alternate in sign at
90°, hence the interference terms between states of successive even angular
momenta in the p-p cross section, such as the S-D term, for example, are negative .
at 90° and positive at Oo, provided the potential is everywhere of the same sign |
and the phases are therefore all of the same sign., The scattering is, consequently,
predominantly forward at energies sufficiently high to excite a number of angular
moments. The contribution from states of odd angular momentum is zefo at 900
and rises to a maximum at 0°, increasing the forward effect.

We wish to show that it is possible, nonetheless, by means of a charge-
independent static potential, to account for the isotropic distribution
observed in p-p scattering at high energies while mainteining the anisotropy

in n-p scattering at comparable energies,

- 11. TIHE_ INTERACTION

A charge-independent interaction is assumed, the differencesin n-p
and p-p scattering then being only those determined by the exclusion principle

in (la) and (1b), namely, the domination of aLP over ohp by a factor of four
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and the elimination in the former of the odd singlet and even triplet states,

We adopt an interaction characterized in the singlet stafés by a shbrt=
range repulsion and a surrounding attractive well, the parameﬁéfs in the |
combination being chosen fqr agreement with low energy scattering éénstants o
The attractive part of the field is perhaps to be associated with ihe n-meson
and the short-range repulsiocn with a heavier particle.

The small magnitude of the triplet effective rahge (1.7 x lOMIBQmo)
precludes the possibility of a triplet repulsion larger than 0.2 x 10“13cmo
Since the effects of a core of this size are unimportant at the energies
considered, we may simplify the interaction by taking the triplet radius
of repulsion to be zero,

The assumption of a spin-dependent core radius is somewhat artificial.
However, the absence of the core in the triplet states may also be considered
as arising from the superpositioﬁ of an attractive well of spin~-dependent
depth on a repulsive interaction constanf in all states. (Figure 1).

| The triplet interaction is assumed to be the same as that fitted by
Christian and Hart7 to the deuteron constants and low energy n-p scattering
parameters, except for the addition by us of a weak tensor force in the odd
states.

The repulsive field is represented by a hard sphere for convenience in
calculation.  An exponential radial dependence is chosen for the attractive

well since the S rphase may then be expressed anal;yticall;ys° The interaction

6. A similar type of interaction has been considered by N. M. Kroll in
connection with p-p scattering. P, 0. Olsson has examined the
possibility of introducing a repulsion into the n-p interaction, as
have also G. Parzen and L. Schiff, Phys. Rev. 74, 1564 (1948).

7+ R S. Christian and E. W, Hart, Phys. Rev. 77, 441 (1950).

8. The exponential well possesses this advantage over the Yukawa well.,

With regard to the possibility of other radial forms, the only important
requirement is that the tail of the well be approximately as long as
that of the exponential or Yukawa wells,
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then takes the form:

(2) Singlets V= A rer
- ]_+P - I"'I’o
V= 5 X) Vo exp( .-;;._)9 r>r
N R _ - o PR .=£
. Triplet: V=[er(1 a)b_+[ b+ (1 PP Y S1] Vou o=(-F,)

13

If one chooses r = 0,60 x 10 “cm., the remaining parameters are then fixed
at the following values by the deuteron constants and by n-p and p-p scattering

at various energies: y

r = 0,60 x 10'13cm V = 375 Nev ?
0 - o o OS -

- =13 -
rg = 0,40 x 10 "em, Vot = 69 Nev
ry = 0,75 x 10" em, Y = 1.8
a =0.50 | b = 0.30

III. P-P SCATTERING

Qualitative Effect of the Core

" The introduction of a short-range singlet repulsion has the follbwing
effect on p-p scattering: When energies are reached comparzble with or
greater than the depth of the surrounding attractive well, the S wave will
be affected less by the well than by the inner core, and the sign of the
S phase shift will change from positivg to negative in this energy region.
States of higher angular momentum are; however, affected more by the outer
or attractive region of the potential, and the corresponding phase shifts
will remain positive until eﬁergies are reached which are greater than that
' aﬁ which the S phase changes sign. Thus, there will always exist an energy
region in which tﬁe sign of the S phase is opposite to that of states of

higher angular momentum. In this region the S-D interference term in (1b)

9. The magnitude of the singlet well depth arises from the narrow range employed.
Although large in comparison with the customarily quoted well depths for
square wells without repulsion, the figure of 375 Mev appears to be more
reasonable when compared with the singlet and triplet depths of 100 and 160
llev, respectively, which occur when the exponential well without core is used.
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will be positive at 90° and negative at Oo, tending to destroy the forward
scattering and build up the scattering at 90° 10

These effects are illustrated in Figure 2, where the singlet p-p
cross sections are plotted for three sets of parsmeters in the neighborhood
of those given in (2). ‘

The dip in the singlet cross section at intermediate angles is a
consequence of the vanishing 'of the Legendre polynomial, P2, at 55007
Tensor scattering fills in this gap, resulting in the BAO?Mev p—p cross
section shown in Figure 3, curve II, for ro = 0,60 x lO’lBCm° Between
90° and 30° curve II agrees with the experimental values of 4.0 *+ 0.6
millibarnsl° At 209, however, it has risen to 6.2 millibarns in disagreement
with observation. An increase of this order of magnitude at small angles
is characteristic of the interaction. It is possible that the rise may be
diminished by the assumption of a more complicated potential of the same
general type. However, in view of the neglect of non=static forces and
relativistic effects an emphasis on precision of fit is probably unjustified
in comparison with the importance of simplicity in the potential.

The central phases entering into the pmp cross sections were computed
by numerical integration with the exception of L = 2 at 30 Mev and L = 4 at
higher energies, where the.Born approximation was permissible, Tensor
scattering was computed in Born‘approximation with the exception of 30 Mev
where tensor-coulomb interference was includedl o

The Scattering at 30 Mev

The comparison of the scattering experiments at 30 Mev with the

10, Only the S-D interference term is mentioned because singlet states with
L greater than 2 do not make important contributions at the energies
with which we are concerned,

11. I am indebted to R. S. Christian and H P, Noyes for communlcatlon of
their results on the calculation of this term.
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scattering expected from attractive well consistent with the low energy
data has been made by Christian and Noyes5, and we mention here only the
most important points. The experiments indicate a cross section with a
mean magnitude of approximately 15 milliﬁarns on which is superposed a
drop of 2 millibarns between 90° and 25°, On t?e other hand, the scatter-
ing from a Yukawa well consistent with the low energy data consists of S
scattering of mean magnitude 15 millibarns on which is superposed a rise
of approximétely 2 millibarns having its origin in a large D phase shift.
The magnitude of the D phase results from the long-tailed character of the
Yukawa welllzo

An important effect of the hard core at 32 Mev lies in the diminution
of the D phase shift. The origin of this decrease may be seen as follows:
in general, the introduction of the hard srhere interaction increases the
effective range of the potentiallB, and one has, in fact, the approximate
relation valid for large scattering length,

(3) reff ~ 2(ro+ 2rl)

where Topp is the effective range, T, the core radius and Ty the range of
the surrounding well. In order to keep the effective range at the value

determined by low energy scattering it is necessary té decrease the range
of the surrounding attractive well below its value without the core. The

consequent contraction of the tail of the well reduces the phase shifts

of all states with L. > 0., With r0 = 0,60 x 10”13cm the range of the

12, The long-tailed exponential and Yukawa wells lead to D phase shifts
of 1.2° and 1.4°, respectively, et 32 Mev. The square well is superior
in this respect, predicting a D phase shift of only 0.6%

13. This mey be seen from the useful formula »f H. A. Bethe for the

effective range (reference 3)
’ ir, = /go(vg w'ug) rRdr

P
o .
where u, and v, are the zero-energy wave function in the presence and
absence, respectively, of the nuclear potential, It is clear that the
introduction of a short-range repulsion, keeping the volume of +he
surrounding well constant, will decrease u, in the region occupied by
the repulsion, thereby increasing Tye
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exponential well must be decreased from 0,72 to 0.40 x>10m130m, the magnitude
of the D phase shift being reduced at the sa@e time from 1.2° to 0.6°.

The core also causes a reduction from 47° to 420 in the S phase shift
at 30 Mev, The resultant drop in the mean magnitude of the 30 Mev cross
section is made up by the tensor contribution, |

The 30 Mev p-p cross section assuming & core radius of 0.60 x 10“13cm

is compared in Figure 4 with the data at 29.4 Mev14°

Possible Variations in the Interaction Parameters

An initial freedom exists as to the choice of core radius. When the
core radius has been selected the singlet well parameters in even states are
.fixed by the singlet scattering length and effective range, as determined
from low energy n-p or p-p scattering. The triplet interaction in even
states is determined by the deuteron constants and by the n=p triplet scat-
tering parameters and must be identical with the Christian-Hart interaction
in these states, once the possibility of a triplet repulsion of appreciable
radius has been excluded. N-p scattering at high energies indicates that
there is no appreciable central force in odd states, thus determining the
amount of space exchange in the singlet and triplet Wells7o The core is
considered as a phenomenclogical manifestation of nucleonic structure and
probably not subject to ordinary exchange effects. The strength of the tensor
force in odd states is fixed by the requirement that at 340 Mev and 90° the
sum of tensor and singlet contributioné to aép must equal the observed value
of 4 millibarns. The form of radial dependence is somewhat arbitrary, but
high energy n~p scattering apparently requires a long-tailed Well7, and it
seems reasonable to require that this be the same for the central and tensor

interactions.

14. W, K, H, Panofsky and F.Fillmore, UCRL Report 481,
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Thus, on the assumption of a given radial dependence, the only
important free parameter is the core radius. The effect of variations in
the core radius on the singlet cross section at 340 Mev is shown in figure
2, The choice of r, = 0.60 (curve II) represents the best compromise
between the demand for a flat cross section at 340 Mev and for the correct
meen magnitude at 30 Mev, -

An increased core radius (curve I) results in an increase in the
singlet cross section at 90° and below 40°, In order that the 90° cross
section shall remain 4 millibarns, it is necessary to decrease the tensor
strength. Consequently, the singlet dip in the neighborhood of 550 is
less completely filled, while at the same time the singlet scattering below
40° has been increased, the net effect being the destructionvof the desired
isotrqpyo

For the same reason, a decrease in the core radius (curve II1), and
consequently in fhe 90° singlet cross section, requires an increase in tensor
strength. The effect of the singlet dip at intermediate angles is thereby
removed while at the same time the singlet forward scattering is reduced,
resulting in a materially greater degree of isotrdpyc' However, the necessary
increase in tensor strength is accompanied by an excessive tensor contribu-
tion at lower energies, destroying the agreement with observation at 30 Nev.
With.rO = 0,50 x lOwchm the 30 Mev cross section is 17 millibarns at 909,

decreasing to 1l.5 millibarns at 250e (Compare with Figure 4.)

Energy Dependence of the 90° Cross Section

In the neighborhood of 150 Mev the S phase shift changes sign in
conseguence of the interference between positive and negative regions of
fhe potentiald The small magnitude of 52 in this region results in the

appearance of a minimum in the singlet cross section between 100 and 200 Mev,
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which is partially compensated by a rise in the tensor cross section. The
variation of the resultant 90° cross section with energy is shown in Figure 5
for core radii of 0,50 and 0,60 x 10”130mn It is seen that the effect of
the dip in the singlet cross sectibn becomes more pronounced with increasing
core radius.

The angular distributions at 100 Mev and éSO Mev are shown in Figure 4,
with the effect of the Coulomb field included at the lower energy. One sees
that the variation of the cross section'with energy and with angle is sur-

prisingly small between 100 Mev and 350 Mev,

IV, KN-P SCATTERING

The principal contribution to the n-p cross section comes from
the triplet states because of their statistical Weightl5 , hence the ﬁmp
cross section predicted by (2) may be expected to have the same general
characteristics as the Christian~Hart cross sec£iona Figure 6 compares
the n-p cross sections calculated from (2) with the observed distributionszo_

The major effect on the'nwp cross section of the changes introduced
into the Christian-Hart, interaction appears in the total cross sections,
which are seen to be relatively largef at high energies (Table I), The
experimental value at 40 Mev is rather uncertain., The angular distribution
at 40 Mev in Figure 6 has been normalized to 170 millibarns as determined
by Segre, et. aloz, as well as to the_value of 203 millibarns obtained by
Leith, et,alolébo

The effect of odd tensor forces has not been included in Figure 6.

Calculations by Christianl’ indicate that the major effect of these forces

on the angular distribution is a decrease of the order of 10° in the position

15, This is not true for 07 because of the exclusion of triplet even states

by the Pauli principlef®

17. Private communication.
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bof the minimum in the cross section. Their contribution to the total cross
section varies from 10 percent at 40 Mev to 25 percent at 260 Mev and has
been included in the figures of Table I. |
Figure 6‘indicates that at 40 Mev the theoretical value of

o(n)/ o (n/2) is 1.3 as compared to the expefimental 1.55. The discrepancy
can be removed by assuming a triplet well with a longer tail, (¢o/(n)/o’(n/2) =
1.4 for the Yukawa well),”but only at the expehsgwof a further increase in
the already excessive figure for the predicted total cross section, as may
| be seen from a comparison of columns B, and B2 in Teble I. It appears
difficult to introduce a reasonable modification of the'Christian—Hart
triplet inferaction which will at the same time lower the total cross sec-
tion and increase the o(n)/o(n/2) ratio. Thé disagreement is the more
serious in that it is most pronounced at 46 Mev where little hélp may be
- expected from non-static foreces.

V. JIMPLICATIONS FOR SATURATIOH

On the assumption of d short-range repulsion it is clear that
saturation will result, of the type existing in classical liquids. However,
since the radius of repulsion assumed is smaller by a factér of four than
the observed nucleonic spacing in the heavy nuclei, it appears to be
questicnéble whether reasonable values of muclear density and binding
energy will result from (2). In this connection it is, however, importaﬁt
to noté that the effect‘of the iﬁpenetrability interaction contained in
(2) is greater than the classical liquid model leads one to expect, because
of the quantum-mechanicél Zero—point energy resulting from the exclusion

by the hard sphere interactions of the part of the volume available in the

nucleus for each nucleonls; An analogy may be drawn with liquid helium,

18, The magnitude of the zero-point energy is reduced by the fact that the
wave function of a system of nucleons is symmetric with respect to the
interchange of only 3/8 of the relative coordinates.
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where the particles are coupled by an interaction similar to (2) except for
scale, The radius of repulsion in liquid helium is approximately 2 Xo and
the mean spacing 3.8 Xo, the difference in these figures having its origin
in the zero point energy associated with the repulsion. Moreover, the radius
of repulsion may be expected to be greater for the thermai collisions occurring
in nuclei than for collisions at energies of several hundred Mev which were
made the basis for setting the repulsive range at 0,60, In a potential of .
more realistic form than that used in these calculations the hard sphere may
be replaced by'a potential which crosses the axis with finite slope, as in
Figure 1, and at a distance greater than the range of repulsion effective

at higher energies.,

VI. CONCLUSIONS

It is seen thus that the introduction of‘a short~range repulsive
force permits one to reconcileithe preservation of charge_iﬁdependence
with the qualitative features of n-p and p=p scattering over the energy
range thus far explored, This type of interaction may have, furthermore,
desirable éharacteristics with respect to the saturation properties of
the heavy nuclei. Several points .must, however, be emphasized in consider-
ing the significance of these results:

3. -The omission. of nop-static forces is not to be taken as
implying that sﬁch forces aréfnégligible, but only, as the results of
this calculation indicate, that a rough‘description of the scéttering in
termsbof éfatic'forcés cannot bé excluded by present data. Since there
mgy be appreciable non~sta£ic contributions at 350 Mev, the quantitative
implications of a static potential which has been fitted, in part, to a
Cross section at.that energy must not be given undue weight.

ii, Other, basically different, types of forces may be used for
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the charge-independent representation of the n-p and p-é.interactionso
In addition to the singular spin-orbit couplipg of Case and Paislg,
Chrisfian and Noyes5 have been able to account fér pP-Pp scattering.by
means of a 51ngular tensor 1nteract10n which may be p0551b1y incorporated
into a charge 1ndependent poten‘tlalzo° Each of these 1nteract10ns possesses,
in common with the short-range repulsive force,‘thé characteristic of
a strongly‘singular béhavi¢r at SHO£t distances., It may be said that
the one general coﬁclusion to be drawn from the high energy scattering
_eiperiments is that a étrbng singularity exists in the nucleon-nucleon
interaction at-smali_distances, and that oﬁ'the assumption of charge in-
dependerice one may show that the ébnsequences of this singularity are
'partlally masked in n~-p scattering by the effect of the Pauli principle.
It does not seem possible to obtaln more deflnlte information on the nature
of this short—range force until non=-static and relativistic effects are
- well énough understood to permit a qﬁantitaiive comparison of the cal=~

culations with experiment.
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TABLE 1

TOTAL N~P GROSS SECTIONS (10°27cm?)

THEORETI CAL - EXPERIMENTAL
Energy A B1 B2

| - 16a)

40 222 217 231 170 * 15
o o , 203 * 716b)
90 95 87 102 | 76 + 10-°%)
o BIoad

73+ 2 (95 Nev)

260 a ;o m 351 92

. A, Hard Core Potential (2)
B. Christian-Hart Potentials
1. Exponentiai

2. Yukawa

léaHadlqy, Kelly,_ﬁeith, Segré, Wiegand and York, Phys. Rev. 75, 351 (1949)
16bg11 gebrand end Leith, Fhys. Rev., (in press)
léccook, MeMillan, Peterson and Sewell, P&yso Rev, 75, 7 (1949)

168peguren and Knable, Phys. Rev. 77, 606 (1950)
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FIGURE CAPTIONS

Composition of the potentialkfrom a repulsion constant in
all states and a spin-dependent attractive well,

VO = repulsion potential
Vt = tripiet attraction .
Ve = singlet attraction.

Singlet p-p cross section at 340 Mev, calculated from
potential (2) for several core radii:

I, Ty f Of70
IIa I‘o = 0¢60
; ~13
I11. r = 0,50 {units of 10 ~“cm),

Differential p-p cross section at 340 Mev calculated from
potential (2) assuming

0,60 x 10713

I¢ I’o

II. T, = O,

Differential p-p cross sections at intermediate energies
calculated from (2) with r, = 0,60 x 10~L3cm,

P-p ¢ross section at 90° vs. energy, calculated from (2)
for core radii of 0,50 and.0.60 x 10"13em,>-

Differential N-p cross sectioEs calculated from (2) for a
core radius of 0,60 x 10™%cm, The experimental distributions
are taken from reference 2. '

VAN 40 Mev distribution.normalized to the
total cross section measurement of
Segre, et a1l6a),

A 40 Nev distribution normalized to the
total cross section ngﬁurement of
Hildebrand and Leith o

X 90 Mev 162),

,() 260 Nev lée),
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