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ABSTRACT 

Approximate analytic methods are developed for calculating the amplitudes 

of alpha partial waves at the surface of deformed even- even nuclei. A two-term 

expansion modifying the ordinary Coulomb function to account for nuclear 

quadrupole coupling is applied. The amplitudes of alpha partial waves at the 

nuclear surface are tabulated for eight choices of phase and three values of 

the intrinsic nuclear quadrupole moment. A detailed comparison is made be

tween this treatment, that of Froman, and the numerical integration of 

Rasmussen and Hansen for Cm
242

. 

An approximate method of calculating phase shifts induced by the nuclear 

quadrupole moment is developed and compared with the results of(Rasmussen 

and Hansen for Cm
242

. 
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I INTRODUCTION 

When we consider the interaction of an emitted alpha particle with the 

daughter nucleus in the heavy-element. region, the nonsphericity of the 

nucleus plays an important role. Because the emitted alpha part~cle may 

interact with the quadrupole field of the nucleus, the experimental intensities 

that are observed for decay to various state~:\ of the daughter are not the 

sa~e as the intensities at the nuclear surface .. It is this quadrupole 

interaction which complicates the solution of the differential equations describing 

the alpha-decay process, as it couples the alpha partial vyaves which differ 
l 

from each other in angular momentum by two units. Fr?f a numerical 

integration of these equations, based on e~perimental alpha-group intensities, 

one may obtain the amplitudes of the alpha partial waves at the nuclear 
i 

surface, as well as the amounts of the phase shifts. due to the quadrupole terms. 

In this paper, we describe an approximate analytical method of obtaining the 

partial-wave amplitudes at the nuclear surface for favored alpha decay to 

members of a rotational group. 

II MATHEMATICAL FORMULATION 

Making the usual multipole expansion of the potential V, we obtain 
1 

I 

z 
:E f 

p=l \:0 

~ 
r 

p 

P\(cos 8') 

11:+1 
r 

( 1) 

where e is the electrostatic unit of charge; p is the index labeling the protons 

in the daughter nucleus; P~ (cos 8
1

1
') is the Legendre polynomial of order~; 

-* 
This work was done under the auspices of the U.S. Atomic Energy 

Commission. 
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r is the distance of the alpha particle from the center of mass of the recoil 

nucleus; ~ is the angle between the vectors from the center of mass to the 

alpha particle and the proton. In this treatment, we include the quadrupole 

and monopole terms of the Coulomb field. 

We construct a solution to the Schroedinger equation of this problem by 

expanding l!J, the wave function, in spherical polar coordinates: 

Y I, M( 8, <j>, Xi) , 

1, If' T, 

(2) 

in which 1 is the angular momentum of the alpha particle; I, the spin of the 

parent, and M, its projection, are both 0; If, the spin of the final state, is 

the same as 1: 

00 (-l)m (1 
') = Y ( e, <I>' x i) = ~ ym ( e ) ~T X 1 ( 3) 

1, 1, T 1 ..j Z~+ 1 1 ' :u, -m ,. 

where m is the projection of 1 on a space -fixed axis and <j> ~ (Xi) represents 
L, -m 

the recoil nucleus. We then substitute the expansion ( 2) into Schroedinge r 1 s 

equation, multiply by Y~,O ~~ T , and integrate over all variables except r, to 
' ' . 

obtain a set of ordinary coupled differential equations in r. The equations for 

favored alpha decay of even-even nucle:i. have been derived previously2 and 

they are 

u" (r) -
o 'fi2r 

(4m Z e 2 

.u2 (r) -

4m Z e
2 

u 1

4
1 (r) - (-..---

Pzr 

2m E
2 ,z 

6 } 
+ -z::-

r 

2m E6 42 
..... 2 +-z) u6(r) 
n r 

u
2

(r) 

1\]~ 
(4a) 

(u
0

(r} 2u
2

(r} 6u4(:j 
+ + 
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(4b) 

6u
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(4d) 
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including only the alpha partial waves having angular momenta 0, 2, 4, and 6. 

Z is the charge of the daughter nucleus, m is the reduced mass of the 

system, E1 is the total dec~y energy of the ~ th-wave alpha, ut is defined 

in Eq. (2~, and Q 0 is the intrinsic nuclear quadrupole moment. 

II I ANALYTIC APPROXIMATION 

We can see that the solutions of the set of Eqs.(4) would be regular or 

irregular Coulomb functions, were it not for the quadrupole moment, i.e., the 

right-hand side of the Eqso (4} would vanish if Q 0 were zeroo From an 

examination of the series expansion of the W -K-B integrand, we surmised that 

the radial wave functions of thS alpha partial waves might be well represented 

by functions of the form {a1 + _!__/ G1 {r} in the region of the nuciear surface; 
r3 2 . 

a 1 and ~£ are parameters fixed over all "r" and G
1 

is the irregular Coulomb 

functiono It is clear that 13
1

/ r3/2 -+ 0 as · .r-+ co, so that one may identify 

a1 as the square root of the quotient of the alpha partial-wave intrnsity and its 

velocityo We determine 13
1 

by substituting the approximate solution into the 

differential equations and demanding that they be exactly satisfied at some 

arbitrary intermediate distance (ZoO X l0- 12 em seemed to be optimum). The 

equations that one obtains are algebraic, and their r~ht-hand sides are the 

same as those of Eqso (4), simply substituting (a1 + ~ G1 , (r) for u1 (r}o 
r 

The equations are 

13 0t 
-3 G 1 

0 (r) 
15 

G
0

(r) 

J right-hand side of Eqo (4a) + = 
5/2 4 7/2 r r 

(5a) 

(32 r-
3G1

2
(r} 

15 
G

2
(r) J = right -hand side of Eq': (4b) + 

·L 5/2 4 7/2 r r 

(5b) 

3G1

4
(r) 

15 
G

4
{r) 

J 13 r-· . + = right -hand side of Eq. (4c) 
4L r5/2 4 7/2 r 

( 5c) 

t 3G' 6(r) 15 
G 6(r) 

J right-hand side of ·'Eq'o ( 4d) 136 + = 
5/2 4 7/2 r r 

(54) 
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When we obtain the values of a.£ and ~£, we may readily compute the 

alpha partial-wave amplitudes at the nuclear surface by simply setting r=r
0 

in the approximate solution. 

The distance at which we demand that the approximate solutions satisfy 

the differential equations is somewhat arbitrary; the reasons for choosing 

2.0 .)<\10 -l
2 

em. are completely pragmatic, i.e., using this value, we found 

that we could get best agreement with results of detailed numerical integrations 
242 233 3 4 -12 

for both Cm and U , ' If we choose 1.5 or 2.5 X 10 em the 

variation in surface amplitudes over this range is about 10%. It seems quite 

reasonable that if we.were to add another term to the approximate solutions, 

i.e., (a.
1 

+ ~ + Y£ ) G
1 

(r), these variations could be minimized. 
3/2 3 r r 

As quadrupole moments are not known very well in the heavy-element 

region, we have calculated the surface amplitudes for several values of the 

nuclear quadrupole moment. As 01.1 is the square root of the intensity of the 

1 -wave divided by its velocity, there is a sign ambiguity. We have included 

all eight phase choices here. Angular correlation work on Am 241 seems to 

indicate 5 that the D wave is in phase with the S wave within the potential 

b . b h . t . f h u 2 33 1' . t . h arner, ut t e 1n erpretatlon o t e 'a 1gnment exper1men 1s somew at 

b
. 6 

am 1guous. 

The data used in this analysis, which came from two summary 

compilations, 
1

• 
7 

are given in Table I, and the results in Table H. 
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Table I 

Data u·sed in analyeil!l of a..deca'y data of even-even heavy elements 

Isotope Energy Abundance .Jr 
(Mev) I'll) 

5.421 71 8.4Zb 

Th228 5.338 l8 5.292 

90 5.173 O.l 0,448 

4.883 ob 

4.682 76 8.718 

Th230 4.615 l4 4.899 

90 4.467 O.l 0.447Z. 

4.206 0 ob 

5.884 67.2 8.197 

uZ30 5.813 3Z 5.656 

9l 5.685 o. 3 0.550 

5.380 0 0 

5.318 68 8.Z46 

uZ3Z 5.261 3Z 5.656 

9l 5.134 0,3Z 0.5<66 

4.919 ob 

4.768 n 8.485 

uZ34 4.717 l8 S.Z9Z 

9l 4.594 0. 3 0,550 

4.397 ob 

4.499 73 8,544 

UZ36 4.449 l7 5.196 

9l 4.339 o. 5 0.71 

energy ob 

5.763 69 8.306 

PuZ36 5.716 31 5.567 

94 5.610 0. 2 0.447Z. 

5.442 o. ooz 0,0447 

5.495 n 8.485 

PuZ38 5.452. l8 5.292 

94 5.352 o. 09 0.300 

5.204 0. 004 0.0632 

5.162 76 8.718 

PuZ40 5.118 l4 4.899 

94 5.014 0. 1 0.316 

4.851 o. 003 0,055 

Pu24Z 4.898 76 8.718 

94 4.858 l4 4.899 

6.110 73.7 8.585 

CmZ4Z 6.066 26.3 5.130 

96 5.965 0,035 0.187 

5.806 0,006 0,0775 

5.802. 76.7 8.1:58 

CmZ44 5.760 23.3 4,83 

96 5.66l 0,017 0.13 

5.510 0.004 O.Ob3Z 

6,753 78 8.83Z 

C!Z46 b. 711 H 4.690 

98 6.615 0.16 0.4 

6.469 O.OlS O.lZ3 

6:02.6 83 9.11 

Cf2.50 5.980 17 4.120 

98 

6.11Z 8l 9.055 

crz5z 6.069 15 3.872. 

•• 5.969 . o.z 0.447 

5.811 ob 

7.ZO 85 9.ll 

FmZ54 7.16 15 3.87Z 

100 7.064 0.4 0,63Z 

6.96 ob 

&The difference in velocity of the variou• wave a waa ignored in calculating theae 

boundary condition•. 

bNo a. .intenaity given. 

UCRL -8226 
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Table II 

Results 

The first two columns of the data compilation give the charge Z and mass 
A of the parent ~mcleus. The next fou~ columns giv~ the relative am!Rlitudes 
of t~e alpha part:f1 waves on the sp~encal surf~ce glVen by .R=R0Al. 3(where 
R0 1s 1.45 X 10 em). The amphtudes are g1ven for all e1ght cho1ces of 
pRase, and three values of the intrinsic quadrupole moment, Q

0
, are used 

in the calculation for each phase choice. 
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Plus 

l = 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1.o o o o 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1, 0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1..0000 

1.0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 
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1.0 0 0 0 
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1..0> 54 1 

1.4 57 7 

1,5 0 4 8 

1,4 7 4 2 

1,4 1 1 3 

1,4 3 7 8 

1.3 J 50 

1.2568 

1,2 0 4 5 

1,1 6 7 1 

1,1 4 0 0 

1,1 2 4 1 

1.0 6 1 9 

0.9 7 50 

0,9 6 4 0 

0,9 2 8 2 

1.6 0 1 6 

1.5 1 6 2 

1,5 5 2 7 

1,!5 2 4 2 

1,4 6 8 8 

1,5 0 0 2 

1,3 y 2 3 

1,3 1 6 9 

1,2 7 0 2 

1,2 2 2 7 

1.2 0 7 8 

1,1 9 1 0 

1,1 6 2 2 

1,0 4 8 y 
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Relative phase 
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1 = 4 

o,e 8 8 4 

0,9 3 54 

o;7 4 9 1 

0.'7 9 4 8 

0,8 3 s 9 

1,0 52 2 

0,5 6 7 6 

0,4 59 8 

0,4 8 7 4 

0,2 0 9 5 

0,3 4 0 9 

0,3 0 53 

0,4 2 4 5 

0,1 6 9 3 

0,4 1 55 

0,4 4 0 3 

0,9 6 6 1 

1,0 0 2 8 

0,8 2 9 1 

0,6 6 '7 6 

0,9 0 2 1 

1,1 0 9 0 

0,6 51 2 

0,5 4 4 3 

0,5 6 9 4 

0,2 8 3 3 

0.4 2 3 4 

0,3 8 51 

0.5 0 5 '7 

0,2 3 3 6 

0.4 '7 7 0 

0.5 0 3 '7 

1,0 4 10 

1.0 6 6 5 

0,9 0 6 4 

0,9 3 8 2 

0,9 6 6 6 

1,1 6 4 7 

0.'7 3 2 3 

0,6 2 6 8 

0,6 4 9 9 

0,3 56 4 

0,5 0 52 

0,4 6 4 4 

0,5 8 '7 1 

0,2 9 9 9 

0,5 4 0 5 

0,5 6 9 8 
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0,2 8 6 7 

0,3 7 6 3 

0,0 1 5 1 

o.o 8 2 0 

o.o 9 1 3 

0,2 9 3 2 

0, 2 9 9 4 

0,2 4 5 1 

0,2 4 2 3 

0,2 4 9 8 

0,3175 

0,3 6 0 5 

0,4 0 1 4 

0,4 '7 2 3 

o.o 3 4 1 

0,3 3 6 0 

0,3 0 4 1 

0,4 0 4 8 

0,0 2 8 8 

0,11 7 5 

0.1 3 0 3 

0,3 7 1 6 

0,3 7 7 0 

0,3 14 6 

0,3 0 8 4 

0,3 1 6 2 

0,3 9 6 4 

0,4 01 '7 

0,4 3 1 4 

0,5 0 2 8 

0,0 55 1 

0,3 6 1 0 

0,3 2 6 3 

0,4 3 7 4 

0,0 4 7 5 

0,15 6 4 

0.1 7 3 1 
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1,0 0 0 0 

1.0000 

1,0 0 0 0 

1..0000 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 () 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 

1,0000 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

ltD 0 0 0 

1o0 0 0 0 

1.0 J 0 0 
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2_ 36 

236 

~-38 

240 

242 

242 

244 

246 

250 

2 52 

2 54 

Plus 

l = 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1_0000 

1.0000 

1,0 0 0 0 

.1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

.1.o o oo 

1,0 0 0 0 

1,0 0 0 0 

1,0 d 0 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 00 

1o0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0000 

1,0 0_0 0 

1,0 0 0 0 

1,0 0 0 0 

_.1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0000_ 

1,0000 

-I 0-

Minus 

l = z 

1,71 6 8 

1,.4 2 6 9 

1,6 57 8 

1,5 6 0 5 

1,3 7 3 5 

1,3 3 4 8 

1,3 2 0 2 

1,1906 

1.0 6 3 1 

1,1017 

0,9 8 0 0 

0,9 6 1 2 

0,8 0 2 4 

0,7 1 3 2 

0,5 9 4 3 

0,4 914 

1.9144 

1.5 2 0 4 

1.8 50 0 

1,7 0 9 7 

1,4 5 91 

1,3917 

1.4 2 0 5 

1.2 6 3 7 

1.,1 0 2 5 

1,1 6 3 3 

leO 1 3 4 

0,9 9 0 6 

0,7 9 3 5 

0,7 0 0 8 

0,5 4 7 9 

0,4 2 6 7 

2,1 9 11 

1,6 4 19 

2,11 9 5 

1,9120 

1,5 6 9 7 

-1.4 6 23 

1,5 54 5 

1.3 6 0 4 

1.,1 54 8 

'1.2 4 3 3 

1.0 5 8 9 

1,0 3 0 6 

0,7 8 6 7 

0,6 8 9 4 

0,4 9 6 5 

0,3 5 4 7 

Relative phase 

Plus 

l = 4 

0,5 3 7 3 

0,7 0 8 3 

0,3 3 1 0 

0,4 6 2 8 

0,5 8 58 

0,9 4 6 0 

o.o 8 7 6 

o.o 4 9 0 

0,0 2 56 

0,2 6 61 

0,1 50 9 

0,1 7 1 4 

0,0 0 0 9 

0.,1 8 59 

0.1 6 6 2 

0,2 0 6 9 

0,4 7 15 

0,6 9 58 

0.,2 3 0 4 

0,4 0 0 7 

0,5 58 9 

0,9 7 9 8 

0,0 3 57 

0,1 8 2 6 

o,o 8 4 7 

0,3 9 6 8 

0,2 7 6 5 

0,2 9 2 5 

0,0 9 0 7 

0,.2 6 71 

0,1 3 1 5 

0.1 8 1 7 

0,3 8 15 

0,6 8 1 3 

0,0 9 3 0 

0,.319 3 

0,5 2 6 2 

1.0 2 3 6 

0,1 9 2 5 

o.3 4 a 2 

0,2 17 2 

o.s 54 7 

0,4 2 6 8 

0,4 3 61 

0.1 9 57 

0,3 576 

0,0 9 6 4 

0,1 58 3 

Minus 

l = 6 

O.jl7 7 1 

0,2 8 6 1 

0,2 0 9 5 

o.z 17 9 

0,2 2 8 4 

0,315 4 

0,2 4 5 2 

0,4 0 6 2 

0,.4 6 7 5 

0,0 2 3 2 

o.:i 7 4 7 

0,3 4 9 1 

0,3 7 2 0 

o,o 16 6 

o.o 7 3 9 

0,0 8 4 9 

0,418 7 

0,4 2 8 6 

0,3 0 9 8 

0,3 2 4 3 

0,3 3 8 8 

0,4 7 3 4 

0,2 6 3 6 

0.4 6 0 7 

0,51 6 7 

o,o 4 7 8 

0,4 31 3 

0,4 0 2 8 

0,4 0 7 3 

o,o 3 2 9 

0,1 0 1 7 

0,11 8 0 

0,5 9 8 5 

0,6 0 3 0 

0,4 31 4 

0,4 54 2 

0,4 7 1 4 

0,6 6 6 0 

0,2 9 7 0 

0,5 3 6 9 

0,5 8 2 7 

0,0 8 58 

0,5 0 7 0 

o.4 7 4 o 

0,4 53 9 

o,o 56 6_ 

0.1 3 0 1 

0.1 52 7 

UCRL'-8226 



... 

z 

90 

92 

94 

04 

Y4 

96 

98 

1 OC'I 

o0 = 11 

90 

90 

92 

9G 

9& 

100 

~0 

00 

~2 

~) 2 

94 

94 

94 

94 

96 

96 

98 

98 

98 

100 

A 

2 ~ 8 

2 3 0 

230 

232 

2 :s 4 

2 3 6 

.-336 

2 3 8 

240 

242 

242 

2 4 4 

246 

250 

2 52 

2 54 

288 

2 3 u 

230 

2 32 

2 3 4 

2 3 6 

2 3 6 

2 3 8 

240 

242 

242 

2 4 4 

2 4 6 

250 

2 52 

254 

2 8 8 

230 

230 

232 

234 

2 36 

236 

238 

240 

242 

242 

244 

246 

250 

252 

2 54 

Plus 

l=O 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0000 

1,0 0 0 0 

1,0 0 0 0 

1,0 c 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1.,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0000 

1,0 0 0 0 

1,0 0 0 0 

1.0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

1,0 0 0 0 

-11-

Relative Phase 

Minus 

l =2 

2,0 1 1 8 

1.7 2 8 4 

1,8 9 3 3 

1,0 119 

1,.6::; 2 6 

1,6 8 6 5 

1,4 5 57 

1,2 7 6 0 

1,1 58 4 

1,1 0 1 7 

1,0 2 21 

0,8 8 0 6 

0,7 1 3 2 

0,6 8 3 9 

0,5 9 3 6 

2,0 2 21 

2,2 s 7 1 

2,1 3 6 0 

1,8 8 59 

1,9 6 9 5 

1,64 29' 

1,4 0 0 9 

1,2 532 

1,1 6 3 3 

1,0 7 9 7 

1,0 3 8 6 

0,91 4 6 

0,7 0 0 8 

0,6 t: 2 9 

0,5 8 0 0 

3,0 6 3 5 

2,4 4 2 5 

2,8 0 55 

2,61 0 5 

2,2 4 16 

2,3 6 tl 7 

1,9 0 2 9 

l,S 6 9 4 

1,3 7 9 1 

1,2 4 3 3 

1,1 57 0 

1,1 0 1 2 

0.9 6 2 5 

0,6 8 9 4 

0,6 8 6 1 

o.s 6 9 0 

Minus 

1=4 

1,5 4 9 0 

1,51 6 3 

1,2 8 0 2 

1,3 2 18 

1,3 2 2 9 

1,6749 

0,8 6 8 5 

0,6 6 4 1 

0,6 8 1 9 

0,2 6 61 

0,4 54 0 

0,3 9 7 0 

o,s 54 6 

0 01 8 59 

o,s o e 4 

0,5 3 0 6 

2.11 7 9 

1,9 7 31 

1,7 6 2 1 

1,7 7 0 9 

1,712 2 

2,1 2 9 0 

1,1 7 3 6 

0,9 0 3 0 

0,9 019 

0,3 9 6 8 

0,6 2 6 1 

o.s 51 0 

0,7 2 51 

0,2 6 71 

0,6 2 0 4 

0,6 4 0 1 

2,9 6 7 3 

?.,6 0 8 0 

2,4 6 8 9 

2,4 1 0 3 

2,2 41 'I 

2;15 1 o 

1,5 7 9 6 

1,2080 

1,1 7 5 4 

0,5 54 7 

0,8 3 57 

0,7 3 6 2 

0,9 2 8 .') 

0,3 57 6 

0,7 4 71 

0,7 6 2 9 

Minus 

l =• 

0.3846 

0,3 6 6 3 

0,3 1 2 0 

0,3 0 1 8 

o.~~ 9 6 9 

0,3 8 3 0 

0,5 1 8 6 

o,s 7 6 8 

0,6 s 9 4 

o,o 2 3 2 

0,4 6 0 0 

0,4 1 0 4 

0,5 3 0 0 

o,o 1 6 6 

0,1 0 4 8 

0.11 53 

0,6 6 s 3 

0,6 0 7 8 

0,5 4 14 

0,51 21 

0,4 8 9 8 

o_.-::; 2 s 6 

0,6 9 6 6 

0,7 2 7 2 

0,8 1 3 0 

o.o 4 7 8 

0,5 6 2 4 

0,4 9 6 6 

0,.6 4 7 8 

o,o 3 2 9 

0,1 6 3 1 

0,1 7 7 9 

1,1 0 8 7 

0,9 6 0 ~ 

0,9 0 11 

0,8 3 0 0 

0,7 6 6 3 

0,9 7 11 

0,9 4 7 1 

0,9 3 0 0 

1,0 1 3 2 

0,0 8 s 8 

o.6 9 6 3 

OJ5 0 B 5 

o.? 9 7 1 

0,0 56 6 

0,2 3 s 6 

0,2 55 0 

UCRL-8226 
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Relative phase 

Plus Plus Plus Minus 

z A l = 0 l = 2 l = 4 l = 6 

" 
0 0 = B 

94 236 1,0 0 0 0 1.3 3 3 1 0,5 21 7 0,1 0 9 0 

94 2 38 1,0 0 0 0 1.2 54 3 0,3 9 58 0,2 2 5 4 

94 240 1,0 0 0 0 1.2 0 1. 5 0,4 11 7 o.2 a 1 o ... 
96 242 1,0 0 0 0 1.1 3 7 7 0,2 8 3 4" o.G 1 9 s 

96 244 1,0 0 0 0 1,1 2 19 0,2 52 7 0,2 0 8 6 

98 2 4 6 1,0 0 0 0 1,0 7 9 1 0,3 57 9 0,2 2 9 4 

0 0 =II 

94 236 1,0 0 0 0 1,3 8 9 1 o.s 9 1 5 0,0 57 2 

94 238 1;o o o o 1,3 1 2 5 0,4 6 10 0,1 8 2 5 

94 24U 1,0 0 0 0 1.2 6 50 0.4 '7 0 5 0,:-:l 3 6 1 

96 24G 1,0 0 0 0 1.2 0 3 6 0,3 4 8 u o.1e e u 
96 <44 1,0 0 0 0 1.1 8 7 3 o.3 1 s 9 0,1 8 1 0 

98 246 1,0 0 0 0 1.1 5 7 2 0,4 1 8 0 0,1 9 0 0 

o0 = 14 

94 236 1,0 0 0 0 1,4 4 0 5 0,6 6 0 4 0.0 0 2 4 

94 238 1.0 0 0 0 1,3 6 6 2 0,5 2 6 0 0,1 3 6 0 

9 4 240 1.0 0 0 0 1.3 ~ 3 6 O.S 2 9 H 0,1 8 7 9 

96 242 1.0000 1.2 6 4 9 0,4 1 3 4 0,1513 

5;6 244 1.0 0 0 0 1.2 4 8 2 0.3 8 0 0 0,1 4 e 7 

S/8 2 46 1.0 0 0 0 1.2 2 9 8 0,4 8 0 1 0,1 4 6 0 

Relative phase 

Plus Plus Minus Minus 

z A 1 = 0 l = 2 l = 4 1 = 6 
Oo =-B--

94 2J6 "1.0 0 0 0 1.2 6 1 2 o.o 6 9 6 0,2 7 8 1 

94 2 3 8 1.0 0 0 0 1.2 0 6 2 o.o 0 1 9 0.3 3 5 5 

94 240 1.0 0 0 0 1.1450 o.o 6 4 0 0.4 0 9 7 

96 242 1.0 0 0 0 1,11 2 3 o.o 7 7 4 0.2 7 7 7 

96 244 1.0 0 0 0 1,1 0 3 1 0,0 9 6 9 0.2 51 0 

98 246 1.0 o·o o 1.0 2 9 9 o.o 3 3 4 0,3 4 0 5 

0 0 = II 

Y4 236 1.0000 1,2 9 8 2 o.o 1 4 5 0.2 7 7 u 
94 ~38 1.0 0 0 0 1.2 51 3 o.o 7 12 0.3 2 6.5 

94 240 1.0 0 0 0 1,1 9 2 7 0,0 0 2 5 0,4 0 53 

96 242 1.0 0 0 0 1.1 7 1 2 0,1 4 4 9 0,2 6 4 1 

06 244 1.0 0 0 0 1.1 6 3 0 0,1 6 21 0,2 3 6 8 

98 246 1.0 0 0 0 1.0 9 3 9 0,0 3 0 0 0,3 3 6 9 

Oo = 14 

94 2 3 6 1.0 0 0 0 1,3 3 3 8 o.o 9 6 3 0.2 6 8 1 
\..· 94 2 38 1,0 0 0 0 1.2 9 4 0 0,1 4 3 4 0.3 11 0 

94 240 1.0 0 0 0 1.2 3 7 7 0[) 6 8 7 0,3 9 4 5 

96 242 1.0 0 0 0 1,2 2 6 4 0,2 1 2 8 0,2 4 4 3 

96 244 1.0 0 0 0 1,2 1 9 3 0,2 2 8 0 0,2 1 7 0 

98 246 1.0 0 0 0 1,1 54 1 o.o 9 50 0.3 2 6 4 
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Relative phase 

Plus Minus Plus Plus 

z A l = 0 l = 2 l = 4 l = 6 
o0 = 8 

94 236 1,0000 1,.3 1 6 8 0.,1618 0,4 4 9 5 

94 238 1,0000 1,1 8 6 1 o.o 4 9 6 0,5 18 9 

l •. 94 240 1,0 0 0 0 1,0 58 1 0,1 3 7 7 0,6 0 8 2 

96 242 1.0000 o .. Y 7 6 1 0,0 6 6 4 0.41 0 7 

96 244 1,0 0 0 0 0,9 57 7 o.o 9 54 o.3 6 s s 

98 246 1,0 0 0 0 0.,7 9 8 0 o.o 9 52 0,4 8 4 4 

oo = 11 

94 2 36 1,0000 1,4 1 2 7 o.o 8 0 6 o .. s 4 6 9 

94 238 1,0 0 0 0 1.2 5 3 7 0,0 3 0 2 0,6 0 4 3 

94 240 1,0 0 0 0 1,0 9 1 7 o.o 8 6 3 0.7 0 5 5 

96 242 1,0 0 0 0 1,0 0 4 9 0,1 4 7 7 0,4 6 0 6 

96 244 1,0 0 0 0 0.9 8 3 1 0,1 7 71 0.,4 0 4 5 

98 246 1,0 0 0 0 o.7 8 41 0,0 5 14 0,5 54 3 

Q = 14 

94 2 3 6 1.0 0 0 0 1,5 3 9 1 0,0 211 0,6 6 0 9 

94 238 1,0000 1,3 4 11 0.1 2 6 9 0,7 016 

94 240 1,0 0 0 0 1.1343 0,0 2 7 1 0,8 1 6 0 

96 242 1,0000 1,0 4 2 9 0,2 4 2 8 o.s 1 3 0 

96 244 1,0 0 0 0 1,0 1 6 6 0,2 7 21 o.4 4 4 o 

~8 246 1,0000 0.7 6 9 1 o.o 0 4 2 0,6 3 0 2 

Relative Phase 

Plus Minus Minus PlUs .. :~ 

z A L =0 L-2 L=4 L-6 

o0 = 8 

94 236 1,0 0 0 0 1,4 52 2 0,7 9 3 5 0,.18 1 2 

94 2 38 1,0 0 0 0 1,2 7 14 0,5 6 4 9 0,3 52 6 

94 240 1,0 0 0 0 1,1 53 4 0,5 6 9 0 0,4 21 8 

96 242 1,0 0 0 0 1.0 1 8 2 0,3 6 9 3 0,3 2 7 3 

96 244 1,0 0 0 0 0,9 8 8 5 0,3 2 0 8 0,3 0 5 4 

98 246 1.0000 o.s 7 61 o.4 s 9 a 0,3 3 0 3 

o0 = 11 

94 236 1,0 0 0 0 1,6 3 4 9 1,0 54 9 0.1 2 7 0 

94 2 3 8 1,0 0 0 0 1,3 9 0 8 0,7 4 8 6 0,3 4 8 4 

94 240 1,0 0 0 0 1.2 4 2 1 0,7 2 8 5 0.4 2 2 5 

96 242 1,0 0 0 0 1,0 7 11 0,4 9 6 4 0,3 3 4 0 

96 244 1o0 0 0 0 1,0 3 11 0,4 3 51 0,3 1 3 6 

98 2 4 6 1,0 0 0 0 0,9 0 50 0,5 8 1 2 0.3 2 3 0 

o0 = 14 
,_, 

94 236 l,OOOO . 1,8 8 6 5 1,4 011 o,o 4 0 7 

94 2 38 1,0 0 00 1,5 4 9 4 0,9 8 12 0,3 31 8 

94 240 1,0 0 0 0 1.3 57 9 0,9 2 4 5 o.4 1 3 7 

96 242 1,0 0 0 0 1,1 4 0 7 0,6 4 9 4 o,;l3 3 2 

96 244 1,0 0 0 0 1,0 8 7 0 0,5 7 0 7 0,3 1 56 

98 246 1,0 0 0 0 0,9 4 4 4 0,7 2 4 0 0,3 0 6 0 
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IV COMPARISON WITH OTHER TREATMENTS 

If we let a
1

, be the expansion coefficients of the Legendre functions 

on our spherical nuclear surface and b
1 

be the reciprocal of the product 

of the hindrance factor and the centrifugal barrier reduction factor, there 

exists a matrix such that b£. = f• k££' (B) a 1 , for all phase choices of 

b1 . Fr8man has derived the elements of such matrices in his treatment of 

the alpha decay of spheroidal nuclei. 
8 

· To calculate the value of B, we use 

Fr&man1 s Eq. (VI-9), leaving out the term unity in the final factor anq using 

(VI-2) to obtain his q
0

. T4is matrix has ·been calculated for Cm
242 

alpha 

decay as well as an equivalent matrix derived by Rasmussen and Hansen from 

numerical integration3 of the wave equation. We compare these two matrices 

to the one obtained from this treatment of the problem. 

Matrix de rived from numerical integration by Rasmussen and Hansen 

t = 0 1 :: 2 1 = 4 

1.0 15+0.0 ll6i -0.1674-0.0 176i 0.01166+0.00217i 

-0.2107-0.0456i 0.9542-0.00158i -O.ll95-0.00592i 

o.ozu4+o.o135i -O.l899-o.o595i o.919lr:o.oo36oi 

-0.001089-0.0 0216i 0.01885+0.0187i -0.2052-'0.0893i 

1 = 6 

-0.009 509 3-0.000 130i 

0.007260+0.000679i 

-0.1008-0.0018 7i 

0.9086-0~0241i .,_, __ 

Matrix derived from Fr2>man1 s treatment 

1 = 0 1 = 2 1 = 4 1 = 6 

1.019 -0.193 0.014 -0.0005 

-0.19 3 0.908 -0.158 0.014 

0.014 -0.158 6:917 -0.15 5 

-0.0005 0.014 -0.155 0.917 



,.. 

· .. 

-15- UCRL-8226 

Matrix derived from analytic treatment of this paper 

1 = 0 P. = 2 P. = 4 P. = 6 

1.032 -0.1855 0.0166 -0.0012J 

-0.2405 0.9181 -0.12_13 0,00879 

0.0358 -0.2010 0.9197 -0.0979 

-0.00684 0.0383 -0.2579 0~9070 

f' • It is interesting to note that the Froman treatment g1ves a matrix which 
' ' 

corresponds, rather closely to the real elements of the numerical integration 

treatment, although Frgman1 s treatment n~!=essitates a symmetric matrix, 

which is not the case in the numerical treatment. The present treatment 

corresponds more nearly to the sum of the real and imaginary parts of the 

matrix elements of the numerical treatment, and the matrix is not symmetric. 

V APPROXIMATE METHOD FOR OBTAINING PHASE SHIFTS 

Although the phase shifting due to the quadrupole interaction does not 

affect any experimental observables in alpha decay of even-even nuclei, it 

wiU enter into such things as alpha-gamma angular correlations and alpha 

angular distributions for aligned nuclei in odd-mass nuclei. 

We may obtain approximate relations for the phase shifting due to the 

quadrupole interaction by noting a few things. The main contribution to the 

quadrupole phase shifting comes when u'! = 0, (i.e., near the classical 
1 

turning point}. When this is the case, the functions u. may be represented 
1 

by straight lines. On the other hand, the u. 1 s are also representable as 
1 

Coulomb functions in this region. Making use of this information, we may 

estimate the quadrupole phase shifting. We set u. =a. (r - r.), where a.. 1 1 1 1 
is the square root of the intensity and r. is the point at which the Coulomb 

1 

functions of this E and 1. would have its node. As the formulae are well 

known for the phase shifting due to angular momentum, we treat this 
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interaction as a pseudo angular momentum. We then set 

1' (l' + 1) = 1 (1 + 1) t 2m(ti
2 

r ~ Q
0 

e 
2 ~ a .. ('q) u.) 

. . 1 j 1J J 1 

evaluating the second term at the point where u'! = 0, i.e., 
1 

0 
r. , we obtain 

1 

2 I o I o e ~ a .. (a. a.)(r. - r.) (r. - r.) . 
j 1J J 1 1 J 1 1 

To determine the points r. and r~ , we make use of the relations given for 
1 1 

irregular Coulomb functions 9 at the turning point, 

r (~13) 

r ( 11 3) 

p1 -113 [ 1( 1 + I)J1I3 
(-· ) 1 + 2 ' 

3 P1 
( 6) 

and since the functions u. are also straight lines in this region, G'. = a.lk .. 
1 1 1 1 

We calculate p1 1 (the p~int at which u"i = 0) by the relation 9 

Pt = 11+ ,J,2 
+ 1(1 + 1). (7) 

We use an iterative procedure. First we calculate p
1 

neglecting the 

quadrupole interaction; we then put in the quadrupole interaction to calculate 

1'(1 1 + 1) and then calculate p
1 1 • We then calculate another value for 

1'(1' + l) and continue until p
1

, does not change. p1 ,- p1 t =quadrupole 

phase shift. 

We may compare these phase shifts with those obtained through the 

detailed calculations by Rasmussen and Hansen (Rand H) 3 for Cm 242 , 

assuming all alpha waves in phase. 

Quadrupole phase shifts 

R and H Approximation Rand H Approximation 

e: ·o -0.009 -0.03 e.o -£J;2 0.051 0.07 

B 
2 -0.060 -0.10 :e;o- e4 0.67 0.67 

84 -0.68 -0.70 ·Qo- G6 0.066 +0.06 

86 -0.075 -0.09 



\~ 

-17J- UCRL-8226 

We note that the agreement is fairly good for the differences in phase 

shift. It is the cosine of the difference in phase shift which enters into 

angular-correlation experiments and the approximation seems useful for 

calculations of correlations for odd-mass nuclei. 

VI SUMMARY 

Through approximate methods, we are able to obtain information 

concerning the alpha decayof deformed nuclei which was heretofore obtainable 

only through detailed numerical integrations. We have developed approximate 

methods for calculating both alpha partial-wave amplitudes at the nuclear 

surface and ~ phase shifting caused by nuclear quadrupole deformation. 
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