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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, express
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vately owned rights; or
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_n"-p'ELASTIC SCATTERING AND SINGLE PION PRODUCTION

AT 0.939 Bev/c - -

Lee Baggett, Jr.

- Radiation Laboratory
University of California
Berkeley, California

" May 28, 1958

ABSTRACT

An investigation of n” -p elastic scatteriﬁg and single -pion pro-
duction at 0.939 Bev/c is reported. Five-hundred and forty two-prong
interactions in the 10-inch UCRL liquid-hydrogen bubble chamber have
been classified. Emphasis is given the methods used in the kinematic
classification of events, The total cross section for T -p interactions
is found to be 53.3 £+ 2.4 mb. The elastic-scattering cross section is
21.0 £ 1,1 mb. The elastic differential cross section displays a
narrow diffraction peak in the forward direction. In the center-of-
mass system, 35.6% of the elastic events have pion scatters into the
backward he’misphére. :

In single-pion production the ratio of the number of nt to"n*0
productions is 2.49. - The momentum distributions of the charged

particles do not correspond to the phase-space distributions predicted.

iv
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m -p ELASTIC SCATTERING AND SINGLE PION PRODUCTION
- AT 0.939 Bev/c :
Lee Baggett, Jr.

. .Radiation Laboratory
University of California
" Berkeley, California

May 28, 1958

| L. INTRODUCTION
An exper1menta1 study of elastlc scattering and smg le -pion-
product1on 1nteract1ons of negatlve p1ons of 0 939 Bev/c momentum in
hydrogen is reported here.

P1on -proton 1nteract1ons in th1s Bev reglon 1ead1ng to assouated
2,3 -

' 1,
productlon have: been 1nvest1gated recently v Inelastic p1on reactions

not 1nvolv1ng 'strange partlcles have been neglected except for early,

low-statistics ‘experiments u51ng dlffusmn cloud chambers ™’ > and

nuclear emulsions. 6 Elastic p1on proton scattering in this energy

region, on the other hand, has received add1t10na1 treatment using a

propane chamber7 and, more recently, 11qu1d hydrogen bubble chambers.
The study descr1bed here is based on data obtained as a by-

product of a recent assoc1ated productlon experlment with the 10-inch

-.hydrogen bubble chamber at the Unlver sity of Cahforn1a Radiation

‘Laboratory, 9 Approx1mate1y 600 two prong p1on events have been

measur'ed at each of three (nommal) beam momenta 0.927, 1.12, and
1.24 Bev/c, The preliminary klnematlc analys1s of the O 927 - Bev/c
data is reported here. Analy51s of the 1. 12 and 1.24- Bev/c momenta
data will be reported later. o
The follow1ng three react1ons are con51dered

T;_ + p = ™+ P V

P tpow ptal,

-rr—+p->1r-+'rr++n,
The decision to limit the kinematic analysis to the three listed reactions
assumes that the frequency of events with the production of two or more

secondary pions is negligihle, The rarity of four -prong events,
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T F+p-w +p+ - T, '.sufppor‘ts this assurﬁption‘. “In p'rihoiple,
measurement of the charged-particle tracks in a magnetic field, and
conservation of momentum an’d venergy,. determine unambiguously
whether one or more neutral partlcles are involved. In practice the
identification of m1ss1ng neutral part1c1es is made more difficult by
measurement inaccuracies. Classification of multiple-pion-production
events requires well-established criteria as to what constitutes a good
kinematic fit in single-pion production An approximate upper bound
for multlple plon product1on will be established later.

This report treats the 1nterpretat1on of the exper1menta1
results in only a cursory way. Spec1f1cat1on of a s1ng1e plon pro-
ductlon event requ1res five intrinsic parameters in contrast with the
' 51ng1e center-of -mass scatter1ng angle requlred for an elastic event.
Consequently a detailed 1nterpret1ve treatment of the data is relegated
' to the fiiture' To keep the exper1ment in perspectlve, however, it is
useful to list ob_]ect1ves of a study of elast1c and s1ngle pion-production
" events in this energy reglon '

a. Elastic 7~ -p scatter1ng

1. Determination of the size and 'opacity of the proton.
2. lEvaluat1on of the relat1ve We1ghts that the varlous angular -
' momentum states contribute to the interaction.
3. Test of the vahdlty of the dlspers1on relations (15% effect). .
4;- Conf1rmat1on of the prev1ously asserted backward scatterlng

peak (at hlgher energles)

b. Inelastic 81ng1e secondary -pion product1on
- 1. Isotoplc spin dependence of the interaction; the ratio of .
'TT'O ton product1on (a2 priori of equal phase space)
‘2. Evidence for the existence of a T = J = 5> nucleon isobar. 10
3. Correlation of the inelastic p1on productlon with associated

pr oductlon
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~ beam momentum. The:'n"‘-bearn trajectory is discussed elsewhere.
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EXPERIMENTAL PROCEDURE

The T -p 1nteract10ns analyzed in this exper1ment were selected

from a group of photographs taken in the 10- 1nch d1ameter hydrogen

bubble chamber. The chamber was prov1ded w1th a 10 900 - gauss
magnetic f1e1d Detaﬂs of the hydrogen bubble chamber used have

been described. 1 The exposure was the codperative effort of the

. Alvarez group, and was primarily for'the purpose of mvestigating

associated production of strange particles at 0.927 Bev/c nominal
. N . " - N . . B 12

About 24,000 .Bevatron pulses were photographed during the run.
- Approximately 4,800 of these were used in this analysis. - All filrﬁ

was scanned by the professional scanning staff.

III. SCANNING EFFICIENCY AND ACCEPTANCE CRITERIA
“A. . Scanning. Efficiency

1. General /
At each trans1t of the w~ beam through the bubble chamber, two

stereophotographs of the chamber were taken. After processing, the

35-mm film was scanned for all events of inferest. Pion interactions

were recorded, according to frame number and type, by means of

check marks in appropriate columns of the scan sheets. Events

entered on these scan sheets were subsequently examined in detail,

sketched and measured. The 13 rolls of film used in this experiment

: were scanned twice. Several factors which reduce the probability of
' seeing an event are discussed, together with their compensating

-corrections.

2. Depth Dependence

"An event with its vertex near the top or bottom glass plates of
the chamber is likely to be missed because one or both of the emergent

prongs can be very short. An analysis of this chamber depth dependence

was based on a comparison of the vertical distribution of 575 event

vertices and the vertical distribution of 1126 beam tracks. . The chamber

‘was considered as divided into five horizontal regions. ' The median
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plane of the central reg1on C,. co1nc1des W1th the med1an plane of the

 bubble chamber depth of region C is 3 2.in, Reg1ons A and E are the
V:‘extrerne reglons,_ extendlng to the top and bottom glasses, respectlvely
. :Reg1ons B and D lie between the central region and reglons A'and E,
zv'l'respectlvely These divisions are each 0.8 in. in depth

| - The depths of beam tracks in every 50th frame were measured

"The vert1ca1 pos1t10n of each event vertex was obtained by measure-

ment on the prec1s1on measur1ng eng1ne The ratio of event density

" to track dens1ty within each. horizontal section of the chamber is a

'measure of scannlng eff1c1ency w1th1n that reg1on These rat1os are

"as follows. ' ' ’

Table I

Chamber Depth Dependence

.R'eg:ien . v”’f-Eve‘nts(N) : . .Be_.arfi ’I"rackws(M) ;Ratio. (N/M)
B3 e 025 1030
e ses o o losz 0.52. 10-0%
o e el
B 1 8 .' © oz fSi‘Z
| ’f':Tvotal. ,» " ) o 575 - 1126 o 0_.5i |

Obviously scanning efficiency for events in depth region E is poor. The
ratios for all other regions agree within statistics, and only the events
.-found in these four regions were :Cons_idered.: No correction to scanning
efficiency .as-a function of chamber . depth was made.

3. x-y Dependence -

-A reaction that occurs near the chamber wall may also be

.. difficult to detect because of short tracks. . Aside from this consideration,

" momentum and angle measurements become less accurate as the length

of track available for measurement decreases. - Hence, long tracks
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were desired. A central area was superimposed on one stereod view at
the stereo projector, using chamber fiducials for positioning; only

those events whoseé vertices projected into the area were considered

_ for measurement. This criterion not only increased the scanning

efficiency, ‘and the probability of having longvtracks, but it also made
identification of events from the decay, intefaction, -or stopping of one
of the emergent prongs more likely.

In order to detect any variation in scanning efficiency within
the acceptance area; thi's, area was divided into five equa‘1 regions, as
shown in Fig. 1. The distribution of 6007pr0jected vertex positions
was compared with the distribution of 8562 beam tracks crossmg the
area, All tracks in every tenth frame of the experiment were counted..
On the histogram of beam track distribution, Fig. 2, the number of
events within each subdivis'ion of the acceptance area has been indicated.
The ratio of event density to track density within each region of the
acceptance area is a measure of the scanning efficiency for events

within that region. These ratios are as follows.

Table II

x-y Dependence

Region - Events(N) . Beam Tracks(M) Ratio(N/M)

1 91 1415 0.064 + .009

2 ' 122 1784 0.068 + .008

3 152 2115 0.072 + .007

4 141 - ' 1871 0.075 % .009

5 94 1377 . 0.068 + .009
Total . 600 8562 , 0.070

These ratios indicate that scanning efficiency is uniform, within
statistical accuracy,’ throughout the acceptance area, and that no
dependence of scanmng eff1c1ency on pos1t1on in this area need be

considered.



EXPANSION
LINE

BEAM
DIRECTION

MU-I15,328

Fig. 1. Projected view of bubble chamber, showing acceptance
area.



Eal
N

‘2400 N , — S
Lo I .. o
2ioo- l T
o T + _
® 18001
Q L I S —{120
F 1500 I .
B - = 1. AT Hoo g
= = i >
2 N _ I 12
aQ 1200 ' S _ - , T
W o
o) 4 &
[a3]
@ 900F o
w —60 §
) | Z
3 ]
Z 600 “ —40
1 _ . _ 1
I R R L

L /I 2 3 4 5 R
ACC’EPVTANCE‘ AREA SUBDIVISIONS _

MU-15,329

Fig. 2. Projected xéy'distributibnS'within acceptance region.
- Histogram of distribution of 8562 beam tracks. (600 events)



-8-

4. Orientation of Outgoing Prongs

Everts that have one or both prongs near the vertical are more
likely to be overlooked than events with prongs more nearly horizontal.
To study the dependence‘of scanning efficiency on orientation of the
plane defined by the two prongs, a plot of the number of events as a
function of the angle  was constructed. Here § is the angle between
the horizontal plane and the plane containing the two prongs. This
plot is shown in Fig. 3. The scattering should be isotropic in $, and
the anisotropy observed is a measvurj{e of_ the dependence of scanning
efficiency on event orientation. A correction factor of‘ 1.18 + .03 is
derived from thé data illustrated in Fig. 3. The total number of
events seen must be multiplied by this correction factor to account
for the scanning-efficiency dependence on $.

5. Repeated Scans

‘All film used in this experimént was scanned twice by two in-
dependent observers. Within the acceptance volume there were 922
events seen by both observers; 33 events were seen byv the first scanner
but not seen by the second; 27 events were seen by the second scanner
but not by the first. The indicated effici.ency'of each scanner is
97% + 1%, The total numbeér of observable two—pr'ong events, based
on these séans, is 983 £ 1. The total number of two-prong events,
after correction for scanning-efficiency dependence on §, is 1160 * 31.

"B. Acéeptance Criteria

‘ Each_two-prohg event within the acceptance area was examined
at a scanning table before being measured. Acceptance criteria,
specified to reduce analysis time ahd measurement errors, and to
fully utilize the automatic tracking capabilitir of the measuring engine,
were imposed on each event. These criteria were: (1) The vertex
was distirict, i.e., no _‘craqk'not associated with the event fell within
one track width of the vertex in either projected view. (2) The
incident track direction was within 3° of the mean incident beam
direction. (3) The incident track curvature was approximately the
same as the mean beam curvature. (4) Not more than thirty beam

tracks were visible in either view.

he B

«:
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IV. TRACK ANALYSIS

A. Spatial Reconstruction of a Track

T

Each of the two views of an event accepted for measurement
was projected on the screen of the precision measuring engine " o
(Franckenstein). This servo auto—tracking projector ta.kes a series
~ of points along each prong of the event in each of the two stereo views.
The solution of the optical problem and the determination of a set of
points in chamber space from the Franckenstein measurements have
been previously described. 1

When the space codrdinates X Vi 24 i= 1 2, ¢ ,n)» for each
of the n measured points along a track have been determined, a least-
squares fit of a parabola is made to the projection of these points on
the x-y plane.(Fig. 4.) The least-squares fit is made on the Xi” and
yi” points following a transldtion and rotation to the x', y"' coordinates
used to simplify the scaling problem for the digital computer. The
x'"", y'" codrdinates are fitted to the parabola

Yi” = a+bx1" +cx1
(The event reconstruction described is programmed for the IBM 650
computer. ) : .

Although the projecfion of the track on the x-y plane is a
circular arc, a parabolic fit is made rather than a fit to a higher-
order. curve, because at fhe momenta measured the increase in
aceuraéy is not sﬁ_.ffi‘cient to justify more elaborate programming.

When the parabola has been determined, the root-mean-square

deviation ny of the measured points from the fitted curve is ex-

Zl
£0.2)2

UXY “\n-3 , ’

pressed by

“where n is the number of points measured, and GIi is the deviation
. of each projected point_y_from the fitted curve. For n ‘/<‘3, O‘XY is not
meaningful, since a pa‘.rabola can be fitted exactly to three points, and

therefore no calculation of OXY is made. .

-«

The azimuthal angle, between the tangent to the X-y projection
of the track and the x axis, is given by ¢ = + 6 The value

of GLS is obtained from the coefficients b' and ¢! and the half- chord
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A

|

x' lStereo Axis)

MU-15,33)

Fig. 4. Space coordinate syst‘em and track projections into -
planes.
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length R
»_R=x"—x1”.,' | |
For each track there are two azimuthal angles, ¢i and cbf, correspond-
ing respectively to the beginning and end of each track. .The value ¢f
is used only with the incident beam track, for on this track alone is
measurement directed toward the event vertex. : o
| To specify the length of the track, £, and the dip angle X\, the
codrdinates are fitted to a straight line in the x'"-z'" plane. - Although
it is true that each track is a helix, and hence its projection on the

x''- z' plane is sinusoidal, the momenta were sufficiently high to allow

a least-squares fit to be made to the straight line Zi” =d + exi",
The root-mean-square deviation, defined by
n 1
o [Be
[0) = 1_1_
Z n-2 ’

is then’ obtained from the coefficients of the straight-line expression.
As above,- Gi and n are the devia'.tions of the measured points (pro-
jected into the x''z! plane) from the fitted curve and the number of
points measured, "reépé'ctix'/ely. . o

~ With the z dependence of the track now specified, the dip angle
'\ and the track.length 'ﬁ ‘are given by the expressions

tan N = - =; £ :z(e2+'R2)%_,
. Fitted end points are obtained from the least-squares solution.
The final quantity of ir;tei'est——the projected curvature of the

track K--is determined from the fit in the x-y plane, according to
K = 1/.3Hp, where p = RZ/ZC. The magnetic field strength, H, is
evaluated at the midpoint of the-track. The momentum can be calculated

‘from the curvature K and dip angle X\ by the expression p = (K cos \)~

L
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B. Measurement Errors

The automatic track'ing feature of the pre'cision measurement
projector. makes positioning of the stage at each point op‘erator-inde-
pendent_, This feature makes it feasible to accurately determine the
errors associated with meavsurer.nents of angle and curvature.

° Semi-empirical formulae for the standard deviation errors in
the curvature K of a track, the azimuthal angle ¢, and the tangent of the
dip angle, tan N\, were constructed from statistical studies of meas-
urements made both on beam tracks and.on.t_racks of actual events.-

. Errers,fall-into_ two categories: (a) internal-measurement
errors, whicn reflect the acc}uracyv of the measuring device and the
intrinsic image quality of track; (b).tur’bul.ence errors, resulting from
distortion of tracks by the turbulent liquid hydrogen during the time
interval between occurrence of the event and the light flash.

1. Internal Measurement Errors '

During fneasurernent,' track points are taken at approximately
l-centimeter intervel's'along the projection of the track in the x-y
plé.ne, A fit to these measured points (xvjv, yj; j=10,1,n), assuming
equal standard deviations for the y setting for all points, is specified

as follows: the 'XZ quantity, ' S ,
' : n m 2 |
2= L) <Y 3 -axi) | \

o j=o \J izp M o

is required to assume a minimum value for the "best" trial value of
the parameters a (i=0,1, m). The intrinsic accuracy of the ass
once determined, Ieads dlrectly to the standard dev1at10ns GK ; 0¢',

and O' attr1but1ve to measurement techn1que

1 A
Let us. consider the error-in the dip tangent. If the z dependence
of a track is st?.ted as z=ag+a;x, with x the distance along the
projected chord length of the track, the dip tangent is given by

tan\ = dz/dx = - The standard deviation is then

1 °



t =
o ‘tan A 00.1

or = .t N[_.
o'\ = 1—-3 Oz co (IVH)
tan A\ RN N _ _
" where R is one-half the projected chord length, N is the number of
' points measured, and C; is a correction factor for depéndence on the
number of points taken. o

' The derivation of error in azimuthal angle follows a similar
pattern. ' When a fit has been obtained in the x-y plaﬁe.of the chamber,
-following codrdinate rotation, of the form

y = a, + a;x + ‘az‘xzv,

then examination of Fig. 4 shows:

tan(q) -¢p) = dy/deX -0 al.

For a 10-cm track with momentum of 150 Mev/c, ¢> ¢R = 14. 7°, and
this angle decreases rapidly with increasing momentum. Sett_lng

_coé(¢i—'¢R) = 1 allows the error in‘q)i to be writ‘ten.l‘3

o' g @ o C¢

b RN XY N - (Iv=2)

On the basis of the equation for the fitted curve, as given above,

the curvature of a track can be defined as

= (a%y/ax®) [1 + (@y/ax)® 3/2

Evaluatlon of th1s express1on at x = R glves K=2 a, Where by
choice of coordinate axes, the (dy/dx) contribution .can be neglected.
Propagating the error of fit in a, one can approximate the curvature
error 1,3 by _ :
o' = EXER o Ch . | (1v3)
RNN %Y
- Both O‘XY and O_Z are calculated for the fit achieved. . From

repeated measurements of individual events and measurements of
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beam tracks, mean values of 0.0041 cm and 0.0558 cm, -r‘es;p'éctively,
were found. Use of these ny and 0, with-Eqs. {IV-1)te. (IV-3),
B = 305 cm/Bev/c where B = 1/{pK), based on the mean 10.9-kilogauss

magnetic field, results in the following approximate expressions for

internal measurement errors:. . : o S

~ 0.3 -1 . o
o' = == [l+2lsin¢l] [1-0.76/N], - (IVi4)

‘tan)\ R'\[ﬁ ‘ . o - .

! ~ - ' U :
A L5 noaywg, o (IV:5)

RN'N ._ S

L] ~ . . .

"The ¢ dependence of 0, X reflects the use of both- stereographic

tan
views in the determination of tan\.

2. Turbulence Errors

The superheated condition required for track formation is
obtained by rapid expanéi'on of the liquid hydrogen prior to entry of
each beam pulse. Because of turbulence following each expansion,
tracks in the charhber ére distorted, and cu‘rvatures obtained from
photographs of these tracks can differ considerably from the curvatures
of the actual ionizing particles. '

The momentum-error data of Cr_esti14 were taken as the basis
for inclgding turbulence effects within the total curvature error, Op.
Measurements of 386 beam tracks at 1.12 Bev/c momenta were made_,.

The square of the standard deviation of curvature can be expressed as

N 2
2 1 }: 1 [ - : i :
g = —— . — - - 2 ' (IV'I'.Z)

. where (l/p)mean is the mean value: of measured curvatures. Data were

obtained by Cresti under the follov&)ing conditions: (a) phdtographs were
taken with 3 msec. light delay; (b) tracks were in the ‘central region
of the chamber (the exact form of turbulence is dépendent on the

position of the track with- respéct to the chamber expansion line);
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The error formulae as programmed for normal n~onstbpping tracks

¢ v are

| oy = [a+B/R®+Cc/R*Z . (Bev/e)h . (v-9)
N where ‘
y ’ | A = 18._64><10'3,
B = 0.226, |
C = (62.5/N)(1 - 1.5 N1,
R=1 projected chord length (cm),
‘N = number of points meesnred 'in.-V‘iew I;
6 =[o 2 4o 2 ]% ' (degrees) T (IV-10)
-~ o ¢ ¢ , - .
where ' , '
, 2 -1 _%, L '
¢," =1.85R"" N2 [1 -1/N],
'_ q"¢_2'= (0;188R’)?‘ (A+B‘/R2-);
and v o . .
| 0.4 . R
O T (l+2]sm¢l) o (vl

,The 0”¢ term in Eq. (IV-10) reflects the effect of turbulence
A . . “ 1
on azimuthal angle ¢. It can be shown that this turbulence error, © ¢’

.and the turbulence error in c‘urva'ture; O‘”K, 'arerrela..ted by the
expression v
o'lb(rad.') = (R/305)0',
- where 305 cm/(Bev/c) relaltes curvature and momentum in the magnetic
field, and 0 (A+B/R )2, as specified in Eq. (IV-9).
- For protons that stopped in the chamber, the momentum (and
hence the curvature) was determined from the range -momentum'

formula, p = 0.141 22273 where £ is track length (cm). = This

' 11
- - expression, based on the range -momentum curves for liquid hydrogen
defines the proton momentum much more accurately than is pOSS1b1e

- when curvature measurements are based on parabohc f1tt1ngs.
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o ,Thhe-ran.ge -momentum expression.can be apbproximated by.
P = 0.141 l% for determination of curvature error asso.ciated with
, measurement of a -stopping proton. With half projected chord length,
R, and dip-angle tangent tan \, -as independent variables, differen-

tiation of this express1on g1ves

o, . ] 1
o1 R L 212
Op T Ik l\Rcos + (sin) Ot n)\) _J -, (Bev/c),
where £ = 2R/cos\. For 'flat" tracks this expression reduces to

O = Ko /4R A value of 0.055 cm was taken as the error in one-half

chord 1ength 0 ' This value was the standard deviation in range for

R :
444 p ranges measured by Clark and Diehl, 1 using the same meas-

uring engine. The approximation programmed was

0 = 0.014 K/R. (Be,v/c,)'l " (Ivil2)

Since the error in K for stopping protons is essentially
internal-measurement error, 36 remeasurements of event No. 495,621
were made to test this approximation. The arithmetic mean of the

36 0_'s for the stopping protoni’obtained by Ei.. (IV-12) was 0.072 (Bev/c)_1

K .
The K3 d1str1but1on for these remeasurements shown in Fig. 7, has
a standard deviation of 0.128 (Bev/c)™ ,' The" dlsagreement between

the ‘calculated error and the error associated with a‘typical event
indicates the "depe'ndence\ of range-measurement accuracy on track
characteristics. The measurements by Clark and Diehl wereé re-
stricted to flatv tracks with ang les bf’intefsecti»o_n-'—at the vertex--
between. 3,00 and.-1500_-, and to the less heavily ionizing muon’and electron
tracks--that is, conditions not normally encountered with actual re-
coil pratons. . These considerations.- suggested that the expression for

error. in K be broad_,ened} to

oK' = 0.024 K/R. (Bev/C) - (IVA3)

The typlcal accurac1es of the two methods of measurlng
vcurvatures (momenta) are 111ustrated by event No 494 808
track length (ﬂ) 3 034 cm. ;
N _.=‘._:58.5_9, ;
momentum bby curve fitting, p-C =121.3 Mev/c;
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Fig. 7. .Curvature_‘of stoppi_r_lg proton; 36 repeated.measurements
of event No. 495,621, K; = 9.68/Bev/c; O'K3 = 0.128/Bev/c.
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momentum from range, p, = 192.2 Mev/c;

momentum -from least-squares adjustment, Py-= 188.5 Mev/c;

momentum-measurement error from OK T (IV-13) p =5.,0 Mev/c.

Here p_ and P differ from pf, the : "best" value of the momentum, by .

2% and 36% respectlvely The adjustment of p, to obtain a "fit'" was
O,,74_'CI‘p° _The.inaccuracy_of P, reflects the short pro_]ected 1ength of
track (1.63 cm) available for the parabolic fitting.

3. Inc1dent ‘Beam Momentum

The nom1na1 beam momentum of 0.927 Bev/c was determined
from a study of pion traJectorlee through the collimation system.
The absolute .value of the mean pion-beam momentum was determined
from an analysis of 77 elastic events in which the proton stopped in the
chamber. The nominal beam momentum, with a standard deviation of
0.278 Bev/c, was used in the kinematic fit pfogram ‘discussed in
S'ect.ic')n,V.,' This llarg'e, unrealistic error allowed -unrestricted shi.ftingi
of the beam curvature, Kl’ in obtaining a fit to the intrepretation. In
effect, no exact beam momentum was assumed. \Th-e adjustment

paré.meter .M

where x,; and xiM are respectively 'best fit" and nominal values of
,Kl’ and 0y = Ok . ~0.278 Bev/c, indicates the adjustment of K,
required for each’ event to fit the interpretation. The f;l histogram

for the 77 events is given in Fig. 8. The mean §1 of -0.0414 £ .005
corresponds to a mean beam momentum adJustment to 0.939 . 006 Bev/c.
The mean beam momentum from a study of three associated production
events of the type m + p - A+ KO ‘and ™ + p ~ V0 obtained dur1ng
this exposure, gives Py = 0.938 + .002 Bev/c. 15 A beam momentum
Py = 0.939 + .007 Bev/c was used. The indicated beam spread,

-+ 0.007 Bev/c, is supported by a detailed study of associated pro-

- duction at 1,12 Bev/c. 15 ‘The beam tra_]ectones through the magnetic
steerlng magnets and through the-collimation system were in all
esse.ntials identical with the 00927—Be\}/c experimental setup. The
-sttidy of stopping proton: on the other hand, “indicated only that the

read was less than * 0.035 Bev/c, idth that reflects the

Lol a . 1 i

large intrinsic measurement error of the method.

L)
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Fig. 8. Adjustment of beam curvature for least-squares fit.
Mean §1-= -0.414 = ,005; O'gl = 0.1727, '
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V. KINEMATIC ANALYSIS
L - A, _Genera]. - 7
In the past, it was possible for the physicists using cloud

chafnb'er's to keep up with _the-"c_lata accumulation by -"hand analysis."
_t_echhiqu‘esg : The bubble‘ chamber,._' with its relatively high density, has
greatly increased the number of interesting events observed, and
there;for,e vhabs stimulated the development of répid :':Lnalysis techniques.
In this experiment an event was observed with approximately one 6i1t
of every two Bevatron pulses, or 300 events were photographed each
hour. The analysis of the events photographed during one 24-hour
period of operation would require several man-years of "hand
analysis.' ‘Rapid precision analyéis technigues aré obvious ly required
if the rate of analysis is to parallel the accumulation of data.

- All computations described in this report_Wer_e carried out by
use of the IBM type 650 digital computer. The procedure followed
in the analysis of two-‘prong events is outlined in Fig. 9. The meas-
urement and event-reconstruction phases of analysis have been dis-
cussed in Section IV, |

B. Computation of Measurement Errors and Coplanarity

The origin of measurement errors and the derivation of
requisite formulae are discussed in-Section IV. The computer is
prbg‘rafnrhed,to calculate the errors associated with all-angle and
curvature measurements, A section of this program computes the -
inc lﬁded angle between any two tracks; inc_lividual track errors are
propagated to these included angles.

The coplanarity of an event may be measured by the value of
R = ﬁl (ﬁ2 X ﬁ3), where, 'fi‘l, _ﬁZ’ -r’i3 are't.he unit vectors in the
direction of the incident m and the two outgoing prongs, respectively,
at the vertex. Perfect coplanarity is, of course,‘ indicated by R = 0;
however, because of measurement errors, events that are‘actually

~coplanar may have values of R # 0. -A coplanarity function F and its
associated error, O, were used in establishing the degree of co-
planarity of each event. Here R and F are related by

R = F cos )\1 cos )\2 cos )\3,

2
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“Fig. 9. Flow diagram for analysis of two—prorig event; computer
time indicated.:
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whe.re__ o .

F =tan), sin.(¢2-¢3')+tamgz sin(¢;-¢)) +tank; sin(¢,-4,).

Since tracks dipping- or rising vertically in the chamber are not seen,

cos \ is never zero, and R = 0 if and only if ¥ = 0., The ‘error F’

is determlned d1rect1y from the measurement errors.computed for

each track.  The quantity- !FA/G 1n>d1cvates coplanarity within meas -

urement errors. Figure 10 is a hlstogram of IFI/O‘ . values for‘

elastic and inelastic events. For the 1ne1ast1c events a broad .

" distribution of ]FA/O is expected, since the lack of coplanarlty is

-determ1ned by the d1rect10n and momentum of the neutral part1cles
C. Graphical Analysls of Inelastic Events

1. Elllpse Plots

In the following discussion, 1ne1ast1c events

T +p->u +p+ 1\'0
and .
- -+
w+p T +7w +n .
' . . . - L(
are represented symbolically as ' ‘ N

(M)+(M)——(M>+<M)+'<M ).

Subscripts on k1nemat1c var1ab1es 1ndlcate the part1c1e to which the
rvar1ab_1e applies. Unstarred quant1t1es and starred qualnt1t1es pertain
to the laboratory and center-of-mass (ca,m,v) systems respectively. .
In the tab‘oratory system that component of the momentum of the

‘neutral particle, M5, that is perpendicular to the plane defined_ by the
two charged particles introduces a deviation from coplanair_ity and
prevents the use of a geometrically simple dynamical representation
. in . this reference frame. In the c.m. system the three .fina.l—vstate
particles are coplanar, ‘and, in this frame, ellipse plots may be used '
in the kinematic analysis. The ellipse plots for anatys_is of the two ‘
_inelastic reactions are shown.in Fig. 11, .
_ The properties ef each ellipse are established by the Lorentz
transformation.frem the barsy system, (primed quantitiee') in which
the virtual mass of partic¢les M3 and MS_.'is at rest, to the c. m. system

(see Fig. 12).
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Fig. 10. Coplanarity of 250 elastic events (solid line) and 250

inelastic events (dotted line).
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Fig. 12. Ellipse parameters, with diagfam of transformation

"’ from barsy to center -of-mass system.



‘Thus for'pa‘rticle No. 3, LogY o= 9;3 o 6'5), one
can write SR z RPN .

i % ¢
p 3 cos 93

]
=1

3

only the longitudinal component of the momentum-energy vector being

3
<5

_transformed. The quantities y-and ﬁ refer to the motion of the-barsy
relative to the c.m. "system. e
~The origin of the e-lltipse is. gla':c%f} by considering the special.

case in which the particle is going off at ©/2 in the barsy,
p>k3"co's 9*3; =7 E'3‘°
The major axis is the difference between the momentum vectors
pi for the two epecial cases with 6' = 0 and 0' = m, i, e’ >2\—( P'3e The
minor axis is given simply by 2p' 3°

Computation of the ellipse parameters necessary for construc-
tion of the ellipse plots was programmed for the IBM 650 by the .
f0110w1ng procedure , | | ‘ B

(a) Calculate the v1rtua1 mass of partlcles No. _' 3 and No. 5,

%
Migg = [E2'+M ZEE]2

- where E ‘is the total: center of - mass energy

s

oV
| S—
[

_ {(b) Calculate p Z(max) = [(E2 (max)) 2
. where- : : . \ :
Z 2 2
Ez(max)-: =, [E ML - (Mg + M) T
ZE %*
(c) Compute the e111pse parameters for 1ncrements of Py in
*
the interval 0 < P, < P, (max), u51ng the f0110w1ng expressmns

1

P'= Ty s M3t M )(7'?35 - My - Mg) (7155 * My - Mg)
1
, , o (Mg - Mg+ M) 2, (Bev/c)

- ke -2 . '
M E'3 =0.5p 2[1‘ + (M3 /‘m 35] Bev/c
where

- 3 o - £

y=(E -E Z)/’WZ?)S; ‘n=p2 /M35“
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In both inelastic cases considered, the negatively charged
pa.rtlcle isa m, and the positive part1cle in the final state characterizes.
the event.

2. Transformatlon to Center -of - Mass System v

- Rotation of Chamber Codrdinate System’

For the graphmal analysis, a transformation of the measured
momenta and angles of the prongs into the c. m. system.isf required.
Propagation of the errors associated with these measured quantities
_into the new reference frame is also necessary. '

"Error propagation into the c. m. system was 'si.mplified by
first rotating the measurement cofrdinate frame so as to Bringvthe
incident beam dire‘ction into »coinc;idénce with a transformation axis.
In the codrdinate system of the chamber, System I, Fig. 13, the
di'reétiqh vector of an_ihcident n is n»eariy pé.rallel to the positive y . ‘
axis. ~System I was rotated to bring' the beam direction i’ntd coincidence -
with the positive x' axis of System IL | |

The beam track in. System I has polar and d1p angles (¢1, )

deflned, in terms of direction cosines; by

i

- . . —_— 2 .
sin\; = n; 3 cosk; = [l-n1z J2

cos ¢1 = nl'}»{/c‘os )\1; sin;l?l = nrly/sin)\lo
It can be shown that rigid rotation of the codrdinate Sy'stemhI"
thr}lough an angle of ¢y about. the x axis, followed by a rotation through
an angle of -A; about the new y axis brings about the desired align-
ment of the'inéident track and the +x' axis of System II. Thus, a
prong il represented in System Iby
: N n = oskcos¢1+cos>\s1n¢3+sm)\ﬁ
Will_, in System II, have the form
fi = sinacos B i"\'+s1nasin[33'+cosal‘;',

with
| _éin»q cos B\ - cos \ cos ¢

sina sin:ﬁ = M(¢l,>\1) cds)\sihq)

cosa sin A\
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Fig. 13. Diagréﬁ'fn of space coc'irdipate*syste’ms used in error
propagation to center-of-mass system. (Above) Chamber

cobrdinates, System 1. (Below) Transformation coc’irdinates,
System II. :
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The real orthogonal matrix M‘(¢1, )\1) is given by

cos )\i cos ¢, cos A sind, 'sin_)\l
-M(¢l’>\1‘) = | - svinit)1 . I ‘cos ¢1._ 0.
| ’ _—'_sin)\'l cos <1>'l v'—sin)\l.sincbl cos )\1

In System II the direction of the kth emergent prong is
‘ sp‘ec'ified by _ '
cos a; = cos )‘l "s,“iﬁ )\k- - sin )\1 cos )\k cos (¢k - d)l),

_ svin.ak :ﬂ'\ll - c'(_)s2 a

kK
cos.ﬁk " 5im o, [cos )\‘1 COS‘)\k-COS(¢.k-¢1)+s1n)\1 sin )\k],
. ol o Co
sinfB, = Sina, [cos )\k-sm (¢k - ¢1)]°

It can be shown that the errors in a and B associated with

errors in ¢ and \ are, for the kth prong,

2 2y 2, 2 L2 2 2 2
o "= AT [(o, )"+, )] +A (0, )T+ A (0, )7,
‘ay lk._ N ¢k o 2k )\1 . 73k )‘k
2 .2 2 2 2 2.2 2
oﬁk = Blk.[(q¢1) + (o¢k) ] /+'B2,k (G)‘l) +B3k (o)\k)_,
" where the coefficvients Alk’ ‘°.°-‘,VB3k are given by
Alk: sinf}k vsin)\l, ’ 4
Ay T cosPBys _
A3k = cos )\1 cos )\k + s1n)\1 s1n)\k cos(cbk-c])l), o
Bilu® Tz o5 M Ay o
o sin”ay

1 .
sz = STha cos o 51nﬁk,

- k .
. = sih)\l sihﬁk
BT

sin akcos-)\-k‘
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b.. Center-of-Mass System Quantities.

Following the axis rotation the incidenf-particle track coincides
with the + x' axis of System II, and this axis is the transformation axis
and the refsrence axis for angle measurements, Gk’is the ":lél‘)t(.);atory
space angle for the kth prong.

For the kth prong, we. can write.
* # -

Py ©o% Oy (Y -1\ [p cos 6y
. E* .- E. 7
R -nooY ), k

and the center-of-mass momenta necessary for graphical analysis
are given by ' ' ’ '
3k

2 L | ‘
pk _'pk )]2: (k=2:3) (V'l)

[51n 6, Y (cos@

?;@ l'@l

where

P :
K 2, 2
= cos B, sin ka— ‘1 - cos 6, -

B, = _, cos6, = sina
Ik lplz'('*'Mzk : k "k,

The angular separation of the two emergent prongs 1n the c. m.

‘system;, 62 3.0 can be calculated from the invariance of")”’(2 30 i.e.,

—7’?2:‘3 M +M3+2E E3—2.p2p3‘cos€33

M2 eMZ 2B EY 2 p Feosot
i 3 7 °F2 "3 T ePp P3 €OSY53

hence . , .' ¥o¥ o :
B By By ~E,E3+ pypscost,,
P P3

(v-2)

' with cos 623 = s.1n)0.2‘”S1r_1-c_13 cos .(?’2- [33) + c':os‘q,z' coso.3

ahd :

w22
Ek—’\jp-k -+Mk.

.From Eq. (V-1) it can be shown tha,t‘ the standard deviation of

the error associated with the 'kth prong's momentum (c.m.) is



Op% = ‘i;
P-1c Py
where
L i \p o : |
k k - B
Cp=\— + =—— Yy (cosf - — ),
k P Ek Py . k ﬁk
-/
D, = py [sin,@k cos Gk(l~§/2) + Y—f sin Gk],
~and
- 1 : X 2 2 ) 2 24
O, = famg] sin oy sinpy)® og" + (cos oy cospy)® o, T

The error in 6*23, a function of the six variables
(pz, P3» @y, ﬁz",va3’ ﬁ3) that define tra.(_:ks‘No, 2 and No. 3», was
obtained by evaluating the required partial derivatives of Eq. (V-2)
as difference quotients rather.than programming in their analytical
expressions. ' _ ‘ '

' The center -of-mass quantities are, of course, dependent on
| the reaction assumed, i.e., the mass assigned to particle No. 3. The -
com.pute'r program first computes the quantities using M3 = Mp; then
the calculation is repeated with ~M3 = M'n"

For each event the two inelastic reactions are considered in
turh; and the areas; defined by p3*, cos 62:, and their associated
errors, are plotted on the appropriate set of curves. For one of the
two reactions the terminal point of pi< will, ideally, lie (within errors)
on the ellipse specified by the value of Py thereby characterizing the
reaction. ‘A typical event has been plotted in Fig. 11. The values of
p*z, p*3, and the standard deviation 0 %, O % are used in det_ermini‘ng.

the best graphical fit. The quantity to be minimized in each instance

is

o
where =0 s (i=2,3).



One can write

2 (xy-%3)"
X (min) 52402
2

- The values of XZ( inv) fpr the‘inela.stic interpretations were compared
for determination of the correct graphical interpretation. For the
event plotted in Fig. 11, the missing neutral is obviously a neutron;
X.Z“O/in =99, A de‘tailevd' discussion of the graphical separation of
inelastic events is not given. In‘;summary, separation by this method
was identical to the separation obtained by the computer program
d1scussed in the following- section,

D. Computer Program for Klnematlc Ana1y51s

- of Two-<Prong Events

1. General

Kinematic analysis of two-prong events--i.e. , events having
one incident w” track and two charged outgding tracks--was programmed
for the IBM-650,  The input data consist of the measured values of
nine dynamical variables x . (specified below) character1z1ng each
event, and for each measured variable its associated standard
deviation, o.. Output data consist of {(a) the least-squares adjustedl
value of each of the nine variables required to make a !'best fit'" to. -
“each of three possible interpretations, (ec'gb , elastic, and inelastic
with missing TI'O or neutron); (b) the value of Xz-and a number of
allied statistical consisten_cy.fests; (c) the momentum and trajectory
of the missing neutral particle ('1'rO or neutron).

2. Choice of Dynamical Variables

The nine dynamical variables x-i.(i =1,2,:-,9) conéis_t of
three curvature variables (j = 1,.2, 3),
K. = _i_l___ , . (Bev/c)-
. Ipjlcos;

-where +1 for incident track, track No. 1
+ = 2 and 3 ;

-1 for outgoing prongs, tracks Nos.
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the three dip tangents :

132,3)!

Ctanj, o o (j=
and the three az1muthal al’lgles
R R LG=1,2,3)

These variables were chosen because of - correspondence with
quant1t1es most d1rect1y measured from the stereo projections on a
scanning table, Curvature was chosen in preference to the more
‘familiar momentum variable to eliminate the following problem: the
use ‘'of momentum as one of the fitting variables introduces an artificial
mathemat1ca1 discontinuity at high particle momentum. For example,
two beam- tracks of momentum 4.0 Bev/c and opposite charge are
' 1nd1st1ngulshab1_e by present techniques. Their: momenta, however,
are two large numher's of oppos_ite sign, whereas their curvatures are
essentially zero in both cases.- At lower momenta this difficulty again
'shows up as a s'keWness"vi_n mom'entnm error.

3. Interpretation Defined

The general two-prong‘interaction may be written symbolically

as . o . :
where

M, = incident particle (track No. 1)

M4 = v's!truck‘.parti__c le,

.M2 = track No. 2 _parti_cle,.

M, = track No. 3 particle,

M5 = missing neutral {not used if elastic).

An 1nterpretat1on cons1sts, by def1n1t10n, of two statements
1. Whether the event is to be trea-ted as elastic or inelastic;
2. The set of masses Ml’ M M M4 -- and, for inelastic inter-
_pretations, M5 ‘
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4. Kinematic Equations of.FConsfraint o

For any given interpretation the m_omentum_:%,pd ..,Gnergy__(—)F,)_\

{A=1, 2, 3, 4) of the missing neutral, if any, can be written.as

° 3 C RN e e
: F. = (-) Z ;:Qscb./K., _ . Lo (V-3)
S = TR T |
F_o={-) sind./K, oo (V-4)
2 . £ ) '
- o ‘
. 1
Fa=(-) ) tan\/K, » (V-5)
v A =1 U v
Fy=(-) (M, +E -E,-Ey), | - (V-6)
where fhe energy of the jth particle is comPu’ced from
| (1+tan’\)) 5 z
E. = ————7——'] + M. E ,
j | KJ , J '

with -MJ. the mass of the jth "pa'trticle. Here ‘M4(Bev) is the mass of
the struck particle.

The kinematic constraints can be summarized into two groUps:
according to whether the event is treated as evlas'tic o_r' inelastic:

1. “Elastic: Impose four contraints, F‘)\(x_) =0 forA=1,2,3,4.

2. Inelastic: Impose the single constraint, {(x) = 0,

‘where { is defined by the expression

1

'{MS'—AQIE Q=0
¢ = ' 1
' -M5+!Q-lE Q<0 -

where ' . 3
PN S g2 1

Q=(-) F, i = F, -'i=Z1 Fo.

1

2

For Q positive, 1QJ2 is the apparent mass of the missing neutral.
The quadratic dependence of § on _F4 makes it possible to
reach a least-squares fit for which the energy of the missing neutral

is negative, i.e., F,>0. These erroneous solutions are fortunately
infrequent and easily detected. '
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The part1cular k1nemat1c constramts selected above'are some-
'what arb1trary For example, one of the elastic. constramts could
have 1mposed the coplanarlty restr1ct1on Almost any function
G(M —Q) such that G(O_‘) was zero could have been used for the 1nelast1c
constralnt The klnematlc constra1nts cited above were selected first
for the1r ease of computat1on,.and second for the1r essentially linear
dependence on the dynam1cal var1ables in the range of phys1cal

interest.

5. Definition of a Kinematic Fit |
| 3 In general the'mea-su_red~‘v.alues xiM of the nine variables of
an.event do not satisfy the kinematic constraints. Therefore a least-
squares ad_]ustment of this- 1nput ‘data is required with the measured
quantities, x iM g01ng to the adJusted values, X, xiM - X, {(i=1,2---9).
A least squares fit to a ‘given 1nterpretat1on is spec1f1ed by a
set of dynammal var1ables X sat1sfy1ng two conditions:
" (2) The constraints are _1nd1v1dually e‘qual to zero, i.e.,
F)\(xi)ﬁ 0, for all cornstrai.nts‘ N =.l,'“= c¢. For inelastics
: Fl is set equal to { and c = 1.
(b) The chi-square quantity,

9 M\ 2
X.-X.

(X)—Z '_l_o._l_ s
- 1 1 = ) i

s at a rninim‘um (or station'a"ry) point for all variations,
le, about % consistent with the kinematic constraints.
An alternat1ve but equ1valent formulation using Lagrangian
multiphers proves more mathematlcally tractable. This ch01ce.
replaces (a) and (b) by this requ1rement ' '

The mod1f1ed chi- square quant1ty
i

M(x a)\)— X +Z)\Z1 )\F)\(x.) o ' (V-7)

"is minimum (or st_atlonary)- under arb1trary'variations, 0a,, 0x, of

all variables about their stat'ionary values,f ays xi°
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6. Statlstlcal Estimates of the Quahty of. the F1t

Achievement of a "fit" is a purely mathemat1ca1 achievement
‘in programming; in.no ‘way does it assure that the selected 1nterpretat10n
.is valid.. Therefore, a statlstmal «=st1mate of the quahty of the fit
to a given 1nterpretat10n is required., v o i

The adJustment parameters are normallzed by 1ntroducmg the

quant1t1e s ﬁ

1

. The foremost quantity for the statistical estimate:is, of course,

9 . e
=5 gf
i=1 |

evaluated at the “fn:“.H_Xz»isixrthe'dbubtﬁﬂ;zoﬁe being neither
~unduly large nor sufficiently s'mall other tests can be quite useful

In part1cu1ar a dlst1nct10n is made between (a) "errors''

from 1nherent 1naccuracy of measurement and from turbulence, as

» =d1scussed in Sectlon IV; and (b) ”bloopers caused by miscoding,
measurement of wrong fiducials, or jumping to a neighboring track,

or digitizer errors. In addition,ﬁl it is helpful-to distinguish three
stat1st1ca1 estimates that were used | . )

(i) Global: the tests ]§ | < 3. These tests are dependent only upon
X, at fit, the measured xiM, and the standard dev1at1on in the variable,
a,. | E ,

(i) Local: the tests | é./ O'E,e | < 3. These tests are peculiar to the
1nterpretat10n fitted. Here - Gg is the standard dev1at1on in g itself.
Such tests exploit the derlvatlves of the constralnts at fit and are often
more sen51t1ve than the global test prov1ded the mterpretatmn is
correct, '

(111) Systematic: correlation of 'cuf:svature-and'- azimuthal angle errors,
incorrect nominal beam momentum, and neglect of dE/dx corrections
in curvature measurement.- C'orrectl,o‘n_s of th;s_-natur.e were made by

- hand calculation where required for resolution of othe‘rwise ambiguous

interpretations.
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7. Trajsect()ry of the- 'Missin'g»'NeU:tral Particle

The var1ab1es appropriate to'the missing neutral track--i.e.,
_curvature, K5, d1p tangent tan )\5, and azimuthal angle ¢5--are
calculated for each 1nelast1c 1nterpretat10n When a fit has been

obtamed these quant1t1es a.re spec1f1ed by

= (pgcoshg) T 2 (B +FS) E (Bev/e)™, (V-8)
| tan)\- "-;*f./(F 2§ 23 =" F.K (V-9)
‘ ¢5 = arc tan (F /F ), ' B S - ' (V-10)

i vwl'.l'er.é. —F.l",ruFZ, -F3
.A{V- 3), (V- 4) and (V 5).

8. Mathematlcs of the Fitting Procedure »

is the momentum vector of the missing neutral,

a.. Llnear Constra1nts .

The procedure 1ntroduced here was developed by Frank T: Solm1tz

and Horace Taft 1(_’ 17 Let us- examlne ‘the fitting problem for the

specidl case, - in Wthh the constramts const1tute l1near relat1ons

between the- xl, .
)\(X)—g)\+ 5_ Faxe o (v
: i=1l

_Whereva BF)\/ax We now requ1re the (9+ c) part1a1 derlvatlves

a of M, Eq. (V 7) to be zero:

'faM'_i‘r,' B R _' . N
ox. 0: gi - Z“x Faii . : - (v-12)
i R N\ : o :

Substitnting Eq. (V-12) into (V-13), we get -c eqnations for the a)\‘s:
_. %\'GX'HML =Fy (x ), | | | (V-14)

where HMLL is the'Symmetric matrix, v
9

T 1; i 7 F 540 (V-15)
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Hence we have

= 2 H F , ‘ (V-16

which, when substituted back into Eq. .(V-12), gives the adjusted valués
of x.. ' '
1

b. Nonlinear Constraints

Solmitz has suggested the adaptation of this method to the
solution of the fifting problem for honlinear cons'_crai'nts.16 For a point
xivv .in the neighborhood of the fitted values X, thé nonlihear constraints
can be approximated by the linear expansion ‘ '

F(x;) = Fy(x, )+ 8F/0x, lxiv (x =xiv)., | (V-17)
" The me.’chbd of, s;uccessive apprbximat’ion, using equations paralieling
Section. VD8(a) is then used to derlve better estimates, xiv, of the fit
varlables X, ‘ : . ,
- The fundamental Eqs. (V-12) and (V-13) carry over directly;
the quantities in, must be here réinterpreted as partial derivativgs:

F,.= 5= F, . . (v-18)

Given the vth approximation (xiv,’ a )\V) to the solution of the fundamental
Eq. (V-12) and (V-13), one deduces the next iteration (v +'1)‘£rom a

first-order expansion in (xi -,

. VHL z v+l v ‘
£, BN Fai 9o (V-19)
i €M e FY o =0, (v 2‘0)
Pl T SRR S U et
Introducing the two quantities 'H)\:L ) c1)\v+1 generalizing Expressions
(V-15) and (V-16}, and the modified constraint function .f)\v‘ , one has
v v N .

”“ Z( ’m S | (V-22)
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€.

i is obtainable by substitution of a.;:+1' .int'o-Eq. (V-19).

. This iterati on' pr oc e s s can be initiated with "zeroth-approxi-

(0) _ : 0) _ o
% § -

mation' values X,

9. Stat1st1cal Correlation of Adjusted and Measured Var1ables

M
The measured varlables x1 are assumed to be uncorrelated

M, M- 2 3 '
éxi 6Xj = 61j G_,i> , : | -where g, .

is “the -S?anda‘ird: dieviation in the measurement of xiM. Howe\}er, the
fitted variables x; are correlated as a result o'f the fitting process.
The normalized displacements. é (i=1, 9) are also correlated..
Evaluatlon of the fit ach1eved for any 1nterpretat10n is possible.
only if we establish two references (a) the standard dev1at ion
T of §i itself; and (b) the average value of XZ to be -expected with
c 'clonstra.ints' u51ng the f1tt1ng procedure. ‘
These results can be deduced as follows At'x2 minimum the

,normahzed displacement § .is givén by

Hs

and accord1ngly the varlatlon 6§

ﬁgi = - HZ o, H., (F 0.

Using the result of Solmitzlé valld only to the extent that the region

near XZ minimum can be treated as linear,
Gfp.éfv =H ,

then one d_e duces

O'Vg.

1

1
. e~
(e
urne

[
b
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Not all standard deviations og are -equal to unity, because
in a least-squares fitting those dynam%cal variables least well known
are, in general, adjusted (shifted) by a greéter number of standard

deviations in the fitfing process. The digital computer was pro-

grammed to evaluate and print out the adjustment variables gi/og .,
i

which have in principle a unit-width normal distribution.

The mean value of XZ can no_W be established as a special

XZ: .Zgiz B Zo_g'z
_ i i

i

‘result:

e

= Z ‘(F .o.MF_.0c.)H
i, v=l L1 1 ii

= ¢, the number of constraints.

In summary, XZ should average to 1 and 4 for the inelastic
and elastic events, respectively. . The x ~ distributions for the inelastic
and elastic events are shown in Fig. 14. . '

10. Comparison of Measured and Computed Quantities

Figure 15 shows a photographofa = +p-=1m + w4 n
interaction. A schematic diagram of the event is shown in Fig. 16.
This is a typical two-prong event if we consider only tracks Nos. 1, 2,
and 3. (The kinematic program considers only these tracks.) In this
event, the missing neutron (neutral track No. 4) strikes a proton,
track No. 5, and the neutron momentum and trajectory can be calculated
from the direction and range of this stoi)ping proton.. This:fortuitous
circumstance permits the following tests of the kinematic program.

(a) Does the program, utilizing only.measurements..of tracks Nos. 1,
2, and 3, achieve a ''fit" for the neutron interpretation?: (b) Do the
computed trajectory and momentum of thé neutron agree with the
measured Qalues (based on the vertex, the first bubble of the proton
track, and the range of the étopping proton) ? Table III summarizes
the comparison between measured and computed qua.ritities. The

large measurement error associated with the dip angle of the neutron
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Fig. 14. (Above) XZ inelastic interpretation, 250 inelastic

events 2 L
(Below) x elastic interpretation, 250 elastic events.
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Fig. 15. Photographof v + p — 7 4w +n event (neutron
scattering) in the bubble chamber.

ZN -1941
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is caused by the shortness of the track and the fact that only two points

were available for measurement. . The measurement errors for the

pr (a typical track) are included in Table III,

"Table III

Measured and adjusted quantities

Value . from

Measurement Least-squares

" Particle ‘Quantity - measurements error value
proton, range 7.178 cm. —
No.5 P 0.243 Bev/c 0.002 Bev/c
neutron, Py 0.256 Bev/c 0.036 Bev/c 0.267 Bev/c
No. 4 b, 95.1° 4,2° 93.1°
Ny 19.39° 38.0° 25.4°
|
length .0.325 cm - -
(meas.) '
- : Xzel ‘ >99.9
Xi 2.0
7t pé 10.388 Bev/c 0.025 Bev/c  0.372 Bev/c
No. 3 by 74,79 0.2° - 74.7°
Mg 11.9°. 0.5° - 12.0°
length 13.138 cm. - —
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.. VI. CLASSIFICATION OF EVENTS L .
All.events were first examined for the value of the coplanarity
function F/O’F', and catalogued as.coplanar -_(F/O'F < 4) or non-
coplanar ( F/O‘ >4). ‘
The noncoplanar events were considered to be def1n1tely in-
elast1c, and were subd1v1ded as follows o, '
{A.1) ~Strongly separable by)( , l.€., X -rr0 £2.7, x n_>5, or
vice versa. Fmal classification of these events corresponds
"to the smaller xz ' .
(A.2) Tentatively ambiguous, i.e., both XZ.H.O and in £ 5. These
events were examined for delta rays and ionization of the
: pos1t1ve track, and kinematically examined on the Pg» Py
plot described below.

(A.3) Al others - not having satisfactory XZ for either the 0

or
. neutron interpretation. These events were examined on the

scanning desk for measuremeﬁt and (or)v coding errors,
remeasured or adjusted by template fittings, and finally
.forc_e‘d-into category A.l or A.2, »
The c’opla;nar events, lF/O'FA'( 4, were divided into classes

in an analogous ‘way:

(B.1) - Strongly separable as elastic, by XZ

(B.2) Elastic or m (ambiguous}; neither ionization nor delta rays
can possibly resolve the almb'iguity.

~(B.3) Elastic or neutron {(ambiguous); possible to resolve by
identification of positive track, on the basis of ionization and
delta rays. » ‘

(B.4) Neutron or w0 {ambiguous); separable :as class A.Z;,

(B.5). No fit achieved; events remeasured.

- All the events with JF/O'FJ < 4 and fitting only inelastic
interpretations were re-examined for gross_ measurement errors.
These errors can induce a spurious ® or neutron fit.

Positive -particle id_entification, based on ionization, wals used
in the classification of otherwise ambiguous .events. The incident w_
| was used as the local minimum-ionization standard. (Calibration of the

chamber for bubble density as a function of ionization was not feasible
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for two reasons: (a) chamber sensitivity .was kept high to defect neutral-
particle end points; (b) superposition of bubbles--especially for steeply
dipping tracks--makes bubble counting unreliable.) Low-momentum
protons were readily identified in the chamber. - ‘

It is quite possible for an inelastic event to be kinematically
ambiguous, even in the limit of exact rhomentum and angle.measurements,.
To see this let p_l_.beAthe observed momentum of the positive prong, and
let Pg be:the calculated momentum of the missing neutral _(Trlo or neutron).
Normally the energy available to the positive and neutral particles, as
calculated from the conservation of energy and the_kﬁow'n masses of
the incident and struck particles, éllows assignment of only one mass
to the positive particle and one mass to the neutral particlé‘ (either
profon mass .and 'rfo mass, or 11'+ mass and neutron mass). However,
to the approximation that the small 1_'r0- 1"r+, n-p mass diffei'encebs can
be neglected, kinematic separation fails for Pg = Py- Although such-
-.events are kinematically ambiguous, they may, of course, be classified
on the basis of delta rays or ionization along the positive track.

.Figure 17 shows the Py: P, distribution of a group of 26 evénts
of class-A-2. The ambiguous Py = Py line is broadened by the typical
measurement error of P the error increases with increasing positive
momentum,. . For the m‘ost part, those events with good X'Z separation

' have the better intei-pretation-(ﬂo or n) outside the ambiguity region.
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Fig. 17. Scatter diagram of positive and neutral particle
momenta (26 events). Kinematically ambiguous region
delineated. :
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. VII. . RESULTS

A. Cross Sections

The total number of interactions,_, corrected for over-all
scanning efficiency and \detéct_ion dependence upon the orientation of
the plane of’emergentkprbngs is 1430 + 43, After corf_ecﬁ'ng for the
small-angle elastic scattelring, the total number of events (;ccurring
in the acceptance Qolum’e 6f the chamber is increased to 1452 + 48.
| - The total number of interactions and the integrated pion path
length in the acceptance volume provides a direct measurement of |
the-total cross sec:‘tion° Beam tracks crossing the acceptance volume,
as projected in one {Iiew; were counted in every tenth frame of film.
Based on.this beam count and the average track length across the
,.écceptance volume, a total pion path length of '7,76_)(105 cm 1.1%
was computed. ‘lThis;vlengtK inc.ludes.cofrectiobnsl»fof muon contam -

18 ~The

‘m”-p total cross section found is 53.3'% 2.4 millibarns. The cross

ination (1.0 * 1.0%) and electron contamination (1.8 +1.2%).

~sections for all zéro—,~ two-, fo_lir -, and six"'—prong and V-particle
- events observed are listed in Table':I'V, togethef‘with their relative
frequéncies. - - | o

:Table V gives the relative frequencies and cross sections.for

the élastic—scatteriﬁg and single-pion-production reactions.

.B.  Elastic Differential Cross Section

Figure 18 shows the élastic n~-p differential cross section.
This differential cfoss section displays the narrow diffraction peak
'in the forward direction, and after dropping to a distinct mimimum
from 66° to 108° (center -of-mass system)vshow.s a pronounced hump
in the backward hemisphere. The ,backwarci hemisphere contains
35.6% of the events. - The differential cross éect_ion at 00, do7(0)/6',
~extrapolated from the curve is 15 + 4 mb/sterad. - Cool, Piccioni,
and.,Cla.rk19 give a value of 9.4 (center-of-mass system) on the basis
of a 46-mb total cross section. Adjustrhent of the imaginary part of
‘the forward-scattering amplitude for the larger total cross section

of 53.3 mb yields a predicfion of 12.6 mb for Ehe elastic differential

. o)
cross section at 0 .,
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Table IV

Phenomenodlogical classification

Fraction of

‘Cross section

Reaction ‘No. of even"tvs total events (mb)
Zero-prong 255 %9 . 0.176 £0.006 9.4 0.3
‘Two-prong 1182 + 36" 0.814 + 0.024 43.4 £ 1.3
.Four-prong 12 .+ 2 - 0.008 = 0.001 0.4 +0.001
Six-prong 0 0 0
Associated 3.x1 0.002 + 0.001 0.1 +0.001
production . o

. Includes 22.£ 5 events in the interval 1 >cos 6 . >0.95 elastic

differentia'l cross section, F1g 18.

Table V

E Iastié and.single vpioh pr oduction

- No. of events Fraction of Cross section

Reaction

‘analyzed analyzed events (mb)
Elastic | 261 0.483 21.0 £ 1.1
wtptnd 80 0.148 6.4
T 4+m o 199 | 0.369 | 16.0
All other _. | - o - . 9.9

interactions

.Total cross section = 53.3 2.4
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C. Distribution of Charged Particles in Single-Pion Production

The momentum distributions of the m~ and proton from
m fp->m +p+ 0 reactions are given in Fig. 19, The momentum
distributions are éémpared with those predicted by phase-space
considerations. The average momentum of the observed m is some-
what higher than the average value predicted by phase-space arguments,
and are consistent with the momentum distribution anticipated from the
isobar model. 10 v _ ' ,

In Fig. 20, the momentum histograms of the charged pions
from the reactionw +p =7 + 1r+ + n are drawn. Again the momentum
distributions are compared with the phase-space distributions. A’ '
marked departure well outside statistics is seen; the TI'+ peaks at a
momentum of 125 Mev/c greater than center momentum of the m_ |
distribution. _ |

No attempt was made to identify multiple-pion-production events
during this exper-iment, The number of four-prong events observed
(0.8 £ 0.1% of total events) indicates that pion multiplicities were
infréquent_ at this value of incident m~ momentum. The s‘ingle'—pion—
production events analyzed in this experiment provide a reference
point for analysis of single-and multiple -pion production at higher
values of momenta, specifically the 1.12 and 1.24 Bev/c data now in

the initial stages of analysis.

<&
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