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ABSTRACT
The methods developed in the preceding paper are applied to the study
of the behavior of u mesons in liquid hydrogen. NUmericallyvevaluated energy
eigenvalues for the bound states of the vérious mqlecular-ion configurations

are presented._/Phase shifts and cross sections for the scaﬁtering of mesonic

_atoms from hydrogen and deﬁterium are given. It is shown that in the neighborhood

of 0.2 ev the scattering of (du) atoms from protons exhibits a Ramsauer-prnsehd
effect with.an anomalously Smali eross sect;on'occuring in this region. The
existencevof this effect provides an explanation for the appearance of "gaps"
in‘the experimental observation of the catalytic process; The rate of exchﬁnge
of mesons from protons to'deuferons in pure deuterium is calculated along with

. )* molecular ions. It
is shown that the predominant mechénism‘for the formation of the molecular ions
is dipole electron ejection. These results are shown to be in agreement with
available experimental dafa. A semiphenomenological treatment of the (pd)
nuclear reaction is also given. A rqﬁgh estimate of the y-emission pfocess

indicates that the ddminant mode of emission is from the singlet proton spin

states. ——

This work was performed under the auspices of the U.S. Atomic Energy Commission.
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I. INTRODUCTION

The theoretical possibllity that g mesons could greatly enhance the
nuclear fusion of hydrogen and deuterium so that it might be observed experimentally
was first suggested by Frankl and laﬁer vas estimated by Zeldovich,E Later, this
fusion was iﬁAfact.observed by Alvarez et al. in a l;qpid;hydrogen bubble chamber
in_a'process in whieh the energy of fusién was given t@ the p m.eson.3 Still later,
T rays from the reaction were detected by Ashmore et al. with counters, again in
liguid hydrogen.4 The process has been further investigated theoretically by
Jacks§n5 énd by Skyrme,6 who have also given phenomenological descriptions in
which the reaction is assumed to broceed through the following steps:

(a) A fastp ﬁeson is rapidly slowed down and captured to form a hydrogen
(Qu)-or deuterium (du) mesonic atom. (Because the experiments have been carried
out with much more hydrogen than deutefium, it is mach more likeiy that hydrogen
mesonic atoms are formed.)

(b) The neutral mesonic hydrogen atomvwill then move about with thermal

energy, colliding with the atoms of the liquid. It may then uhdergo elastic

scattering, exchange of the p meson from & proton to a deuteron, or formation of

either a (pud)’ or a (pup)T molecular ion. -In-either-case of molecular-ion
formation, no further configurational change is likely to occur because the ion

carries a positive charge. It is expected that the exchange from proton to

~ deuteron is much more likely than the (pud)+ formation. Because of the difference
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in the reduced mass of the meson in the (pn) and (du) atoms, the exchange of the meson
from proton to deuteron will release aboﬁt i35 ev; fﬁe inverse process therefore
does not occur at thermsl eﬁergies, |

(¢) The (du) atom formed may in turn form either a (dup)+ or a (apa)*t
molecular ion, with (dup)” generally more likely because of the gfeatef aﬁundance
of hydrogen in the chamber. : -

(d), Because of the close proximity of the two nuclei in these molecular
ions, nuclear fusion can occur in a time comparable with that of the lifetime of
the meson. | |

(e) In some of these reactions, which normally proceed via Y emission,
the v ray may be internally converted with the ejection of a fast u meson. This
u meson is then free to repeat the eycle, thus playing the role of a catalyst for
the reaction. |

‘In all of the above steps there is of course a competition with the
natural decay of the meson. The observed fusion probabilities indicate, however,
’that the various steps in the process have rates that are comparable to or greater
than the natural decay rate of the meson. In the experiments of Alvarez et al.,
the number 6f rejuvenated mesons produced per incident meson was measured after
adding various amounts of deuterium ﬁo the hydfogen.ev It was found that for
small amounts of deuteriﬁm the fraction of mesons rejuvenated increaSed'with.
increasiné concentration, but that for concentrations larger than a few percent
no further appréciable increase eccurfeé. In additien, it was found that many
events were observed in which fhe point of production of the fast meson wa$ a

considerable distance from the end of the incident meson track. It was also

£

observed that the number of long gaps diminished with increasing deuﬁerium
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conceﬁtration. These gaps were difficult to understand on the basis of the above
scheme, and a more refined calculation of the phenomena involved seemed‘necessary.

The experiment of Ashmore et al. yielded information on the timq
distribution of the y rays produced, as measurod from the time of injection of the
ihitiating meson into the cham‘oer.h These authors made an analysis of thisj e
distribution which gave the number of ¥ rays per incident meson. This number,
together with the above result for the number of fast mesons per incident meson,
can be.usedvto obtain a value for the internal conversion coefficient in the
process.

Becauserthese experiments created considerable interest, and since all

7

of the previous theoretical investigations were essentially qualitative in nature
and the explanation of the gaps was not completely clear, we felt that
qpantitative calculainns of all the steps in the process would be worthwhile
in further understanding of these experiments. |

We have carried out such calculations based on a variational approximation
to the wave function of the three-body systém. This approximation is described
in a previous paper which will henceforth be referred to as I.8 The solutions of
the equations developed theroin were obtained numerically with the uée of an
IBM~-T701 diéifal computer. In this manner we obtaln the eigenvalues of the energy
for bound statés, and the elastic- and exchange-scatteriné cross sections for

the free states. From the calculated wave functions, we have determined  the

rates of molecular-ion formation in the (pup)+, (dud)+, and (pud)+ systems

- using perturbation theory. In addition, we have made a more detailed investigation

into the nuclear processes involved in the (pud)+ reaction and have obtained a
somewhat different time dependence for the Y‘rays than was obtained by Ashmore
et al. using the previous phenomenological theory.' Specifically, we have found
that the nuclear reactions will take plece predominantly from the singlet spin

0(&0/‘—6—

states of the two protons involved and not from the triplet states, and that the



UCRL-83%91

“5-

_reactions will proceed from various spin channels quite independently. Our

re-analysis of the data of Ashmore et al. has then led us to a’coﬁsiderably lower

value than they had obtained for the number of Y rays per ineident p meson.

-IT. SOLUTION OF THE BOUND STATE AND SCATTERING EQUATIONS

A. Numerical Technigue

Solutiéns to the radial differential equations for the nuclear wave
functions, Egs. (2) of I, were obtained nqmerically_by the use of the procedure
of Milne9 with é four-point integrétioh formula. 1In this method the solution is
advanced to successive grid points by fifst obtaining predicted values for the
first‘derivative, yfn, of the wave function, Y, at the new grid point by the

use of the “"open" formula:
y' . ) y . + & A‘r( Qy“ - y" + 2-y_" v‘ )
n-3 3 n n-1 n=2"’

where .= Tyt nAr, Ar is the spacing of the grid points, and y"n as the

second derivative of the wave function. These are then used to obtain predicted-

values of the wave functions by the use of Simpson's rule:

(p) _ 1 (gt (P)
Tn+1 = Vg1t 3 Ar(y nfl

1 '
N+ + hyn* y-n--l) *

These predicted values are in turn used in the differential equations in order

to calculate predicted values for the second derivatives. From the predicted

)

values, more accurate corrected values for the first derivatives are calculated,

again by the use of Simpson's rule (closed formula):

c 1 P) |
‘n+l( ) =¥ ¥ 3'Ar(y"n+l< ) * hy"n MR AR

¥ n-1 n=1

These corrected values of the first derivatives are assumed to be thelr true

values., Finally, and y"n+ are recalculated by the use of the corrected

yh+l 1
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value of y! Starting values for the functions at four grid points are required

n+l’

in order to begin this integration scheme. For small values of r , these values

were obtained by use of the power-series expressions for the wave functions given

in Section II C of I. For this purpose it was necessary to express the various

-quentities appearing in the differential equation in terms of power series valid

_near the origin. In general, five terms in the power series were fitted to each

of the required functions.

In a classically forbidden region, this numerical.integrgtion_techniqpe
is stable about a solution with monotonically increasing magnitude. If one
attempts to obtain a solution with decreasing amplitude propagated rounding errdrs
will intfoduce solutionsbwith increasihg amplitudé, and these will eventually
dominate over the desired solution.. For this reason, in the case of'bound states

(and certain free states in the unequal-mass caselO), it was necessary to calculate

" the wave functions for large T by integrating in fhe direction of decreasing Tr.

In these cases, starting values for the wave functions at an arbitrarily chosen

large value of r were obtained by the use of the asymptotic behavior of the

solutions for r = co. For the calculations, this large value of r was chosen as
20 ap, where a is the Bohr radius in the mesoniec hydrogen atom. For values
of r 1less than LY where Ty

the integration was done in an outward direction, while for r larger than r,,

is in the vicinity of the classical turning point,

the inwardrdirection wag chosen.

In this numerical work the integraticn steps were chosen to be 0.05 8
In Appendix A we give a discussion of a test ?robiem that was used to check the
accuracy of the problem codes. vThe equal mass and unequal mass cases were coded

independently, and the test problem was constructed to convert the two uncoﬁpled

- differential equations of the equal-mass case to coupled equations similar to.
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those occurring in the ﬁneqpal-mass case. Aside from rounding errors, the two

-methods of solution agreed completely, thus providing a good check on the two

programs. In addition, the unitarity current developed in I, Section II D, was
computed at various points and was found to be zero within the rounding errors,

as it must be for the regular solutions,

B. Bound States

The bound'states of the system were obtained by the use of the varia-
tional procedure of I, Section IV. As was stated there, the (ppp)+ and (dud)+
systems involve only the symmetric states, whereas the (pud)+‘ caée requires
the solution of the coupled eqnatidns, In fable I we give the computed eigen~
values for the binding energy, W, of all the béund states for various angular
momentum, L, for each case. The binding energies given are to be compared

to zero for a totally separated system. Also included in this table are the

binding energies for the atoms.
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TABIE T

Eigenvalues for various bound states

System ‘ B ‘_ L W(ey)_
i o 25%0
du 0 a 2664
(pup)” | 0 2771
| 1 2623
(ppd)* . 0 2878
- 1 2754
(dua)”® ‘ 0 | 2986
| 0 2845
1 2887
2 2746

In Fig. 1, we give the soiutions ¢+ and ¢_ for the £:=0 and: $=:1 bound states in the

$_ 1is considerably smaller than ¢+ , while as T, appfaaches w , ]ﬁﬁl

(pud)” case. In the vieinity of the minimum in the V_ potential (rn ~ 2),

approaches ‘|¢+|; this results from the greater binding of the meson on the

deuteron than on the proton (see I, Section IIT A).

C. Scattering States

We have used the methods of I td calculﬁte the wave fﬁneticns for the

free states of the various systems. In the p-meson catalysis experiments,

the

energies of interest are gquite small, however, and it is necessary to consider

corrections to these solutions. The energies of interest range from something
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less than a few huﬁdred electron volts down té.thermallenergies_in liquid hy&rogen
(~ /400 ev).
~ The ﬁumeripal calculations were carried out to_a distancé r. = 20 e,;_t

for several reasons. The potential at this distance is quite small, and it was

found that beyond this point, it is well represented analytically, therefore

“ analytie corrections for r > 20 -au could be obtained. In addition, the memory

storage in the numerical calculations limited rn to a value near 20>au. The

most important part of the long-range force, varying as rnhh , (which is given

exactly by second order perturbation theory) has been calculated by Dalgarno

and Lewis.ll They.find

Vr) = - 9feer

where € 1is the parameter defined in I. For our variatiénal wave function, one
finds that asymptotically V‘:tf 5h/er£y, which is clese to the exact result. }To
obtain the correction to the phase shift resulting from the wave-function
integration from rn'=_20 a“ to o , we have used the potential 6btained by
Dalagarno and lewis.  Because the potential is small in this fegion, we aﬁﬁicipaté
that the correction to the phase shift will also be small. However, as we are
interested in the limit of very small energy, it is not possible to use either
the Born or the WKB approximation to obtain estimates of the corrections, because
néither is valid in this situation. Rather, we have chosen to use a method of
variation of constants to providé the approximate solution desired.

To develop this approximation for S~wave scattering, we define the

variables A(r),(d)r_ by the equations:

ﬂf(r)/r = @g(r) = A(r) sin [kr‘+ b(vr)] .
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and . o ‘ ; (1)

dgﬁr) = xA(r) cos [kr + 8(r)] )

where k is defined as [(w + 1 - O.?.5e)/e]1’/2 . These equations then imply the

constraint:

sin [kr + 3(r)] + A cos [kr + S(r)]’%g = 0.

HI=

In addition, the Schroedinger equation,

2
i% + (X2 2 V() = o
dr

4

leads to

_ k %% cos {kr +8(r)] - KA sin [kr + S(T)]'%g = VA sin [kr + 8(r)].

Thus, we obtain

a V()
dr = k

sin® [kr + 8(r)] , - (2)

%% = égézl sin { 2[kr + 8(x)1} .

In our problem, the mmerical solution of the equation for r = 20 will provide

the boundary value for &(r) for r > 20;12 The true phase shift will then be
given by & = 1lim 8(r). It should be pointed out that this approéch is not
r =+ 00 .

correct for the (ppd)* system if exchange is energetically possible, because in

this “case the asymptotic form is not given correctly by Eq. (1). However, it
is only for very small energies that the present corrections'are necessary,

and in this case the equation for ¢d for T > 20 is'essentially uncoupled.

Now, we have V(r) ~ C/rh , and a posteriori one can show that & - (20)

is much less than 1, so that we may write
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i w 2
- ~ 5(20) + % J &z [ki £ 5(20)] 4 |
? 20 r c
" or
P
: 1 3 cos u
& =~ 5(20) + == {.______. - (2k), [ cos(26 ) f d
2k 3. (20)3 . ' R Te)d E
@ sin u
- S:Ln (2520) f -——T du ]}

Lok
In the limit E - 0, it is possible to solve the Schroedinger equation

exactly, with the result that we obtain
#(r) = Arsin(—il;c:’ + 9)

where A, © are constants. From this, for (Q/@Oz) << 1, we obtain an
approximate value for a , the scattering length,
_C-

3.(20)°

a = a(20) + ( a(20)® + 3.20 [a(20) +20] }
‘where 8a(20) is the scattering length computed from calculated values of ¢ and
dg/ar at r_ = 20. Because we have & = lim 8/k', one finds that the

n “n i - ,
approximate solution of the Schroedinger eqnétion agrees with the exact solution
‘in the limit E - O, and for _C/(QO)2 << 1. The latter requirement is necessary
in order that we may drop &(r) - 8(20) in the argument of sine[kr + 3(r) 1.

0 In Appendix B we analyze the additional effects on these phase shifts

a

which might be expected because of the presencé of electrons. It is shown

there that for the energies of interest these contributions are negligible.
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In Fig. 2 we have plotted the phase shifts in the (pu) + p+ and (du) + a”

systems both for the symmetric (+) and antisymmetric (~)_ wave functions
including the above correction to the phase shifts. In accordance with the
ésual convention we have set '6‘= 0 for k = 0. For .several values of k, an
individual phase shift can have the value nn, so’thaﬁ its contribution to the
scattering cross section will be zero. However, in general, thé second phase
shift for these systems will still contribﬁte toltﬁe cross section.

The (dj) + p+ system has quite different properties. For small energies

only one phase shift is necessary to describe the scattering state. The

behavior of this phase shift for smail energies is given in Fig. 3 both with and

without the asymptotic correction. For small k, the phase witﬁout correction is

small, leading to a scattering length of oniy 0.8 au . The correction is
important in this case and, as one sees, with the correction the phase shift
actually changes sign for k ~0.02 (energy = 0.2 ev). This therefore leads

3

to a Ramsauwer-Townsend ef’fectl in this energy region, and we woﬁld therefore
éxpect an extremely émall éross section for scattering. The various scattering
cross sections as calculated are given in Fig. &4.

‘We feel that the anomalous behavior of the (ap) + p+ eross section gives
the explanationvfor the gaps that haﬁe been observed bétween the end of a
ummesoh track and the point at which the nuclear reaction occurs., The inter-
pr%tation of the gaps is that the meson is slowed down, céptured by & proton,
and subsequently exchanged to a deuteron as discussed invthe introduction.
This neufral mesonic atom acquires an energy of about 185 25 in the exchange
and is subsequently slowed down to very low energy. Howéver, as it reaches the

Ramsauer energy the scattering cross section becomes very small and the atom

can travel large distances without effective collisions with the protons of the

an s
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liquid hydrogen. The only significant colliéions;for stopping the atom would be

those with deuterons, for .which there is no such anomalous behavior, and those

. with protons which result in the formation of the (pud)+ molecular ion. The

latter is small, as will be seen, while the former_%illrbe small for the deuterium
concentrations in natural liquid hydrogen. Ihcreasing the deuterium concentration

by using hydrogen enriched with deuterium should'qpench these'gaps,'as is indeed

observed. The cross section for scattering (du) atoms by deuterons at low

‘energies is found to be ~ 40 x 10720 cmg; The aenSity of the liquid hydrogen

is ~ 3.5 x lO22 atoms/me, so that for a deuterium concentration of 2 x lO-LL

(natural hydrogen), we obtain a mean free path ~~ 3 mm, while for a concentration

of l%,'the mean free path is 0.07 mm. These results are in reasonably géod

‘agreement with the experiments on the qpenching.of the gaps with increasing
e _

deuterium concentration.lh

Although the cross sections for the various processes are of.general
interést, the exchange cross section, Gﬁd’ for (pu) atoms incident on deuterons
is of great impértance in the phenomenologicalvénélyéis of the dependence of
#he_rate of catalysis on the deuterium concentration. This exchange cross

section is inversely proportional to the incident velocity for small energies.

‘It is to be expected that the (pp) atoms will rapidly slow down and will then

exchange at low energy with déuterons to form (du) atoms. Thus the rate of

such exchange is of great significance. From our calculations, we find

lm (o, v,) = 3.3%x12077 am/sec ,

W P
P

which leads to an exchange rate in pure deuterium of

10 =1 v
R, = 1.1% x 107 sec .
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It will be seen in the next section that when this rate is taken in conjunction
with the molecular-ion formation rate, one obtains reasonable agreement with the

experimental dependence on deuterium concentration.

£

ITI. MOLECUIAR-ION FORMATION

A. (pu) +p" s (pup)”

As has been shown in fhe phénomenologicél aﬁalysis, it is to be expected
that the éompetition between molecular-ion formetion and the exchange process
discussed abéVe will determine_the dependence of the_nucleér.reaction rate on the
deuterium concentration (cd) . We have computed the'rates for those mechanisms
that seem most significan:b° mThese include radiativé formation of theimélecular
ion and the ejection of an électron from its orbit in>the hydrogen molecule in
whicﬁ the ”ffée" proton resides. In addition,.we have considered in a rough way
such processes as three;body collisions, and have fouﬁd their effects to be small
éompared to the mosf significant of the mechanisms treated here. . | |

| We will first treat the molecular-ion formation in which an eiectren is
ejected into a p state of the céntinuum as the nuclearamésonic system makes a
trgnsition from'an incident s state to a bound p state. This will turn out
to be the dominant formation mdde; The perturbation Hamiltonian will be chosen
té be |

o0 . ; '
r
e2 el ec

where the T, for i =1, 2, and u are the distances from the electron to

i
the two nuclei, and to the meson, respectively. We will assume that the electron
is in the Coulomb field of & fictitious charge at the center of mass of the three
"i" particles (in addition to the field of the other proton in the hydfogen

molecule), so that ez/rec must be subtracted from the perturbation Hamiltonisn,
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where Toe is the distance from the electron to thé center of mass of the three
par‘bicleso Because the three particles must be very close to each-other as
compared to the size of the electron orbit in order that the molecﬁlar ion be
formed, the precise choice of the perturbation is not;impoitant. As an approxi-

mate solution to the unperturbed electronic motion in the bound state, we have

chosen15
‘ Z : 2!
3 " & Tec T a. rep
1 - P .
qer - (z1)°_ 3 e € + e °© (1 +A) Ve ,
en a, L . _

where rep is the distance from the electron to the other charge center in the

molecule, and

A= (14 o+ %92) exp(~p)

| . » _ I o ,
: _ ' . "
wvhere. p = % rpc/'ae is introduced to normalize We , rpc is the spacing

between the nuclei of the molecule, aé is the electronic Bohr radius,iand VA

is the effective charge.’ The best value for 2Z' 1is about 1.19, and for

_ , _ 9 .
rp c/ae about 1.40. This leads to A = 0.677. This wave function gives Y0¢A

reasonably good agreement with the binding energy of the hydrogen molecule and

seems to prdvide the principal'features of that system. The introduction Qf a
Z; takes some account of the binding of the electron provided by the other
protdn-in the molggule.* We will choose the qutgoing-eleétron wave function to
be & Ceulcmb'wave function. In this case, presuﬁably Z' will lie somevhere
between 1 and 1.19, approéching 1 as the energy is increased. (It would be
expected that 2Z° approaches 1 as the DeBroglie wavelength beqomes short
compared to the distance betwéen th¢ protons. Thus, 2' approéchés 1 as;the

kinetic energy becomes large compgred to the binding energy.)



L -
r and T
e

UCRL-8391

~16-

Now, after expanding l/%ei in the usual power series in (re/ri)n ,

we obtain for the dipole conmtribution to :Nint:

(r | ¥ | F) = -e? / e T * ¥, X I € .?0 r? ar_ ae
int ' I <F T 1o e e e
x ¢ I* Ty 08 8, F 2 [ a3 * .
oo T v - e T Rty
. . |
. ri *
: 2 I 2 2 F
. X é r,~ dr de, ¥, (re/ri | - ri/re ) cos 0.0 Vo

where we is the electronic wave function for the initial, I , and final, F ,
states, ¥ 1is the corresponding wave function for the three-body system, €
1s +1 for the two protons and -1 for the p-meson, 6

r,, and a>

ie is the anhgle between

T represents the volume element of the three-body system.

.The*seéond-term gives a contribution of order: kri when compared to the rate.

obtained when the final state is an s—state (which will be tfeated later)

and is therefore negligible. The integration over the part of the wﬁve
function centered on ;é can be carried out exactly, as is shown in Appendix C.
The other term has been obtained by an approximate numerical integration as is

also indicated there. Then we may write

- 2, (z)° * . 3
(r | ¥ | ) = - bme“ 1 = J3. % &’r = e r, cos o, I(k),
int : } Enaes(l +4) I °F { 171 ik e
where @ik is the angle between ;; and Eé the momentum of the ejected

electrons, and I(ke) 1s the value of the integral over the electronic wave

funection, i.e.,
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Thus, to evaluate (I lzﬂint | F), we need the matrix element,of the dipole moment
of the three-body system, E , with respect tofthe ceﬁter of mass in the direction
of electron ejectiqn ﬁ; . In Appendix C, it is shown that

(1| a |7 = %’1 ZD XQI%(rn)'XJrF(?n) el(; +o) ] ﬂr;gn ¥ d?u r_ar_,
where we have chosen the final bound threeabody-state to be quantized with
angular momentum (f)k =0 ob The final bourd state of the system is a p state
and is of the (+) type (the;(-) type having an almosf'completely-repulsive |
potential and conseqpeﬁtly no bound states) so that the spins of fhe nuclei must
be in a tripief configﬁration. The inifial state is an s state of the (-) type,
which thus makes the initial state also antisymmetric in thé nuclear spatial
vériables and againlthe spin state must be triplet. As diééussed in I, the
incident wave fﬁnction mist then be chosen aSymétotically as:

I~ ey = TRy (e - )E Y - ) o

Thus, because we have (fll - f kdl eiaf sin &. , we find that asymptotically;

12)

¥y~ (er)™ e sin (ke + )4y - W)

-1, 18, - '
/v-/2;~(kr Je' " sin (kr + 8.)°V. o
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The initial X wave function must therefore be normalized asymptotically to
42 sin (kr + 8 ). Finally, from the matrix element for d, we obtain the
total rate of molecularnion formation in pure hydregen as
_ a 5
TR 3 2
L2V () (2)7 | 1() & 7, (3)

e

R o=
“pup)
where Vo is the veiecity of the electron and N is the number density of protons
in liquid hydrogen. Here wé'have integrated the isotropic distribution in the

electron direction over all angles dgk and have takenlinto aceount the fact

that the triplet state occurs only in three-fourths of the collisions.

In'or&er to evaluate dk’ the integration over the meson variables was
carried out analyticglly,'and the final integration over r, was done numerically
for rnJ £ 20. The contribution to the matrix elémént for r >20 wvas calculated
analytically‘by the use qf the asympt&tic form of the X's obtained from their
values and derivativés at ro = 20, For an incident kinetic energy near zero,

‘we find 4 = 25.0 . From the binding energy of the (pup)+ system in the

p state, we find‘an energy release of 93 ev in the reactioﬁ. Because the
electron is bound in the molecule with 15.6 ev, the eleétron will escape with -

xan energy of T7 ev. This'gives a value for ke of 2,30 atomic units. The

value obtained for I(ke) has some dependence on the choice of Z', the
effective charge for the duﬁgoing electronic wave fu_rictiono Using

22

N = 3.5x 102 cn?, and 2' = 1.19, we obtain

, 6 =1
R(PHP) 605 x 10 sec s

while for Z' = 1,00, we obtain a slightly smaller value.
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In addition to the dipole ejection, molecular ions might be formed by a
monopole ejection of the electron. This mechanism has been discussed previously
1 _
by Jackson. 6 The perturbation Hamiltonian is identical to that used previously,

but in this case the ejected electron will be in an s state, Now, we expand

=1 ’ ' _— =1 -1
rei and keep only the lowest orde?, ylz., rec for re.; r:.L and .ri
for re > ri . Then we obtain

- 1’1 ) *
| _ 23 o* 1 1, I¢¥_F
(x| :Hint | F) = " [ & %i Ty ? & g ( r, T, ) ve ye dTe

by extending the integral involving reul over the entire region 'Olé're.A—OO R

and then subtracting this part in the integral from O to To . For re larger

i
“ion is small compared to the electronic Bohr radius, we may replace Wéi and’

WeF by their values at r = O to obtain =(2n/3) ri2 WeI(O) weF(O) for the

I

than all the r,'s, it is evident that :Hint = 0 . Now, because the molecular

integrél. Using the previous choice for the electronic wave function for We

and a free particle veF, we then obtain
3 2
._.,,n...aM‘i,
) 8 | |

Where we have defined

' ~arp r 2 .y 2 - 2 .
M = l;iLE.;__ f 1 2 B ¥ * v d5T '
VI+a af T
- u
Yy is normalized to the incident part of ™% a5 1 - o0, Vi, 1s the

relative velocity of the proten and (pu), and P, is the momentum of the

outgeing'electron° Using a density of liquid hydrogen 6f 3.5 x 1022 cms, we

find a rate, Rej’ for the molecuiarmion formation in pure hydrogen:
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=20
- - 2 .
ej(s) ~ 2.2x 1072 | M | sec”t .
Thus, since one would anticipate that (g/@ -z 102 » the monopole ejection

cannot compete with the dipole case.
Finally, we might consider the radiative formation 6f the molecule ion..

The total transition probability for dipole radiaticn is given by

2 3

PR A A

where ® = E/z s E 1is the energy of the photon, and a is the dipole moment
of the system.17 inserting the value of ( dk Y as computed for-the electron=-

ejection process, we find a rate of radiative molecular-ion formation:

R, = 5.7x 10° sec™t

in pure liquid-hydrogen. Thus the radiative formation is also guite negligible.

(du) + p > (dpp)*

In the case of (du) + p+"a»(dup)+-; the major mechanism is, as before,
»fhe inteiaction_of thevdipole moment of the th:eeubody system with the electron
to eject‘it, There are, of course, numerical differences between the (aup)*
and (pup)+ cases., The energy released is 90 ev rather than 9% ev. The matrix
‘element is also different. In addition, because the nuclei in (dpp)¥ are not
identical, the incident wave function is normalized asymptotically to
k’% sin (kr + &) rather than 'jfgﬂ fimés ﬁhis value, while the varioﬁs spin
states of the s&stem are of no importance. With this normalizaﬁion, we fiﬂa

for the matrix element (dk) 29.4. Also, we find I(k) = 0.575 ke"l .

Thus, from an equation similar to Eq. (3), we obtain for the rate of molecular-
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ion formation in pure hydrogen:

= 2.5 x 10 sec R
F(pua) > |

Once the (pp.p)+ molecular ion is formed, the most likely possibility
is thet the p meson will decay with its natural half life. Since the system

has no dipole moment between two (+) states, it cannot readily decay to the

On the other hand, the (dup)+ molecular ion can readily decay

ground state.
state, because it will

from the p state in which it is formed to the ground s

have a dipole moment as a result of'the_asymmetry in the two nuclei.
Just as in the molecular-ion formation, the dominant

In this

process, 124 ev is released.
mode of decay is electron ejection by a dipole interaction. Because the initial

and final states are both bound, the wave fUnctioné are normalized differently
than for free particles. The expre551on for (I I dk l F) is given in Appendix C.

We find (I [ dk | F) = 0. 271 8, and hence a transition rate of

RPS = 2.5x% 1010 sec'”l .
In this calculation, we have assumed that the transition takes place from a

molecule with two electrons present. Because one electron has been ejected in

the molecular-ion formation, it is possible that only one electron remains to

be ejected in this decay process. It would seem that the exchange of &n electron

from snother molecule in the liquid to the ion would take place quite rapidly.

Whether or not this is the case, the computed rate is so large that the molecular

ion will proceed in a negligible time to the ground state.
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c. (au) +d' - (aud)”

'.Finall&, we will briefly cohsider the formation of the (dud)+ molecular
ion. This case is similar to the (pup)+ case, but there are two differences.
In the first place, the deuterons satisfy Bose sfatistics, sovin the final state
their spins must be in an éntisymmetfic configuration. This gives a statistical
factor of %/3 rather'thgn Q/h in the réte of>formatién. Secondly, there are two
bound s states, so that the free s;Staté wave function hés an extra ﬁode
compared to (pup)+. As a fesult, thereiis much cancellatién in the evglﬁation
of the matrix element of 3', and it is very small. Thus, the rate of molecular-
yion formation in this case iﬂ pure deuterium ié very small compared to the

corresponding (pup)* rate. Specifically, we find

R(dud) = 5.9 x 10& sec™> .

Because this rate is so small, we would expect that an expériment carried out in
deuterium would lead to rather few (dd) nuclear reactions. In addition the
likelihood for nuclear reactions is further decreased because the final states
of the molecular ion will be predominantly p States for which the probability
of finding”the nuclei at small distances will be small. This lastter effect-will
be compensated to some extent by a much higher intrinsic nuclear rate, since
no,electromagnetic_interaction is invelved. For molecular ions formed at higher
energy, we would expect that some of them will form by a transition from

incidént p to final s states. These, of course, will react very quickly.

D. 'Comparisoh with Experiments

The phendmenological analyses lead to a dependence of the yield of rejuve-

neted ms on deuterium concentration given by5’6
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where Y is the number of energetic muons per incident muon, s is the

‘concentration of deuterium, RO is the rate of natural decay, and we have

B = (A + l)(RO + R(pup))/Rex o

Evidently, ‘A gives the rate at saturation (cd-4 l), Among other things, the
value of A will depend on the nuclear reaction rate. The experimental results

‘are in reasonably good agreement with this dependencé on ¢4 and they lead to.

a value for (A + l)/B of about 1.% x 103.I Our calculations give:
o R
Agl.—.-ﬁ—-r—fe{—)s———-——=l.6x105.
R 0 " “(pup) :

- Considering the fact that the experiménts do not give a very precise value for

3 and the

this ratio, as the error seems to be something like #% 0.3 x 10
correction terms in the calculation of the three-body system are of order

Mu/MrlﬁJ 0.2, this agreement seems quite satisfactory.

IV. NUCLEAR REACTIONS

A. Estimates of Matrix Elements

Once the (pud)+ molecular ion is formed, there is a sizable probability
. that the two nuclei come sufficiently close together to undergo a nuclear reaction,

with the formation of HeB, Two possible processes have been observed:

(a) p+d—>He3+‘r

and

(b) p+d+u-»He3

+p. .
The excess energy of 5.5 Mev is taken away in the former by the ' v ray and in

the latter by the p meson. As one sees on comparing the results of Ashmore et al.
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with those of Alvarez et al,,3 process (a) is much more likely than process (b).

We have carried out a somewhat phenomenological treatment of the nuClearvreaétioné,’ib

in which we ha#e assumed thaf the proton and neutron in the deuteron are distinct

particles.and maintain their respective‘identities thrpﬁghout the interactions.
In the initial molecular-ion state, at small separations, the two nuclei

are largeiy in an s state with respect to each other, corresponding to the

(+) part of ¥, with a small admixture of p state correspondiﬁg to the (=)

paitﬂ Since, in this state the probability is small that the nuclei are close

‘enough together for nuclear forces to be.significant; the wave function will be

| only'élightly pertﬁrbed by the nuclear effects. Because of the exclusion

principle for-the two profons_in this-system;'we must treat the singlet and

triplet proton spin‘sfates gseparately. In.the incéident singlet case, we can

1

write symbolically for & state of J = +3,

‘TII(S) — SPI',O’O. c,n+l/9. {Lpp(o) Lpp,n(o) + Lpp(g) LPP’H(E) e

s oal pr(o? Lpp,ngl) b o] } ,

5,8 v .
where SPp z represents the two=proton spin function of total spin s anrd

z component of spin éz s and Gn+%/2 is the neutron spin function of 2

component + % . The Lpp(z) represent the orbital angular-momentum functions

for the two protons about their center of mass, while Lpp n
' 2

ofbital angular—mcméntum function for the meutron moving aboﬁt’the pair of

(£2) represents the

protons as-a unit. The terms multiplied by Q represent the small admixture
of (u)‘functiOns in @I(S),' The total orbital angular momentum of the initial
system is zero; and the terms such as Lpp(z) Lpp n(2) must be combined to

' )

give a8 total L of zerc. Thus the total AJ for the‘singiet state is one-half.
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For the terms mnltiplied by @ , the p meson (which has not been represenfed
here) must be considered in treating the total anguler momentum. In the (-)
case, for small'values of T, the meson is éssentially ina p étaté; S0 that
the nuclear functions must be combined to form a total L of one° The functions.
pp, (z) are symmetric in the twe protons, and so any £ may appear in them,
because of the exclusion principle, however, only ‘the even terms in L (E) may
ocecur in ﬁi(s) . The final nuclear state is that of Hea, with a total J of
one-half. For it, the two protons are in a singlet state. Thus, the final state,

WF s, will be of a form similar to Wi( ), except that the « terms will not be

present. Now let us consider the electromagnetic transitions for such states.

For the % - % transitions, either electric dipole or magnetic dipole

reactions are possible. ‘The’pertufbation Hamiltonian has the matrix elémen‘bsl8

. | |
Qo = e(B/Lm)l/ z ] v; 2, Vg ot

and 7 . , A .
? . 2 * .

respectively, where 2z, 1is the z component of the displacement of the 1'th

i

particle from the center of mass-of the system, is its magnetic moment in

Hy

nuclear magnetons, and o, 1is its Pauli spin matrix. The part of wi

i

Vlndependent of o will have only a nonvanishing M 0’ while the part

1,
proportional te a will only contribute tc -Ql o °
J
We might réughly estimate these two rates by considering that the nuclear
states are simply of constant density to some distance, R, and then zero outside.

From the normalized eigenstate of the molecular ion, we find that the (=)

solution is given by
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i 0.0917 (v/a)

- for small r. This function increases linearly with r, as is appropfiate to a.

p state. Putting this wave function into .the expression for Ql o’ Ve obtain

~ (0. 0317/5)(1-/9. )5/ eR . If we set

as a very rough estimate,

-13

9,0 ~

Ct., We find for 3 » the rate of electric-dipole tra;nsitions,
2
d . .

R = L4 x10

RE ~ Tz 10u sec o
4 ' »

v : , _
If we meke & similar rough estimate of M » we find first

1,0

2

§, & 0.0146 .

. - ' ’
Again using R = 4 x 1030 cm, we have M L /% o ~ 12, so that this rate
.- . b 2

becomes:

R ~ lO7 sec.
My

Thus, it would seem.that for thé singlet initial states magnetic-dipole
transitions afe the most likely.  In addition,_one'might consider the element
Q'l O’ but because it involves both the magnetlc moment and the « terms, its
contrlbutlon w1ll be extremely small.

Let us nov consider the initial tripiét states. Again we write

symbolically

@I(t) ppl:o "nl 2 %(L (1) Lpp A1)+ ra L () L (0) + }} .

The orbital ahgular momentum will again be zero, but now J is either L/E or

§/2 depending on the spin orientations. In this case, in order to produce a
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transition to the He” ground state, it is necessary to flip a spin, thus changing
the protons from a triplet to a singlet configuration, and in addition to change
the orbital wave function from an odd LPp ~to an even one. Now, various

“transitions are possible, for example,

Qo = B (2P sy @ e g

and

Q'é,O %ﬁ-ﬁ;(%)m z uiuaz_férfﬁa {w{*(?i +3) qu} ar
where H = E/ﬁc, The matrix element of Qul,o in this triplet case may be

compared to that of Ql 0 in'the singlet case. The former is smaller by a
s ,

. o , , - ) | _
factor Ep/ﬂ Me  ~ ;/200, as are all of the triplet transitions, because the
spin must be.flipped. However, it does not involve the small components of the
molecular-ion wave function, and one might therefore estimate Q' O/Ql ~ %/Eo

, 1,0/ 71,0
Thus, because the electric dipole rate from singlet states is small, the rate of
nuclear reaction in this process will be negligible compared to the natural decay

rate of the g meson. Similarly, we have roughly estimated the Q'2 o element.
. . >

In this case, the element involves only the small components and so is quite

negligible; Finally, we have estimated M* . Again we find that the matrix

2,0

element is smaller than the singlet (vy a factor.«,¥/é), and the transition

9,0

-rate 1s also negligible compared to the natural decay, having a value of

,y;losvéecﬂl, Thus, from these considerations, we would conclude that essentially

only the singlet initiasl states will undergo nuclear reactions to produce He3,
! -

with Yaray‘emissionbl9

In addition to the Y -emission, it has alsoc been suggested that a
' 56

monopole transition may occur, with ejection of the u meson. . This process
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is similar to that for the monopele ejection of an eleectron in the molecular~ion
formation discussed in Section IIT A. For this process, we find a rate of

ejegtion, Rej P

emp - ' ' A
._ 22 ; 2 2 * 2
Rej = 9 _ﬁ% , f (rl + re ) ]II TF ar ' 3
‘ | " .
. > ,
where o and T, are %he'positions of the two protons. In this case; transitions
from the triplet initial state are forbidden. On making the same rough estimate

a8 previously, we find

. s 1
Rej ~ 5. % 107 sec s

B. Magnetic-Moment Effects

~ We will now consider’thé nuclear reaction raéés from the '(ppd)+ molecular
ion, under the assumption that transitions from the ﬁéiplet}staterare ﬁégligible,
as is indicated by the above considerations. Because of the magnetic-moment
interactions between the three particles in the molecular ion, some of the spin
degeneracy in the eigenvalues will bevremo§ed, with the formation of definite
spin eigensta‘tes° As the energies involved are very smallj(zv 0.1 to 1.0 ev)
compsred to the Coulomb binding energies of the‘system, the“orbital functions
will not be affected.appréciably by these interactionse Howéver, the enefgy |
splitting is 1arge enough that after a molecular ion is férhed and until a
nuclear reacfion oceurs, oﬁe may éonsider that the system is in a definite spin
eigenstate,ibecause interference effects betwéen states will only persist for times

of the order of—lOalh

sec. Thus the J of the nuclear system alone will not be
a good quantum number. In computing the nuclear decay rate from a particular

elgenstate, we will assume that the rate is proportional to the probability of



UCRL-8391
ﬁ!29|=
finding the system in the singlet state, and we will introduce a phenomenoelogical

constant, Rn’ which will give the nuclear rate if the system 1s a pure singlet

configuration. Thus, we set:

t t. . n

where R, 1s the nuclear rate from the tth efgenstate, and 'Pt(s) is the -

probability of a singlet configuration in that +t state.

The interaction Hamiltonian for the spins is

1

M o= -b Ofb Ml ' -D o-'-’ . 1 e ev_" ———
spin up lid ( - 3 ) + up “'u < n 3 ) + ud “ﬂ' ( - 3 ) )
pd j 5 dp

where EA is the magnetic moment of the mth particle, and the—expectation
values of :vc**m5 are taken with the mqlecular«ion wave function. Here “u is
much larger than either Hy or By s and (rpd~3> is much smeller than

(rquB) and (rduna), 8o that in the following we will neglect the term in
-,

. |
because the (=) part of the eigenstate is always small. We may separate the

- » . =3 =3, .
By o In addition, we will approximate (rpu ) o~ (rdu ) , which is valid

various spin stetes sccording to thé€ir z components of 'ﬁi, as this is & good
quantum number in the presence of the interactien. Iet us now designate by
Xt(s), the spin state of the Itﬁgl partiecle, corresponding to & z component

of spin equal to ' s. Then the unperturbed states,hEé,b¢mayibeichosen as:

Z, = xu( l/e)xp(;/e)xd(l)
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J = 4+ 1
"z

zh = %, (1/2)x (1/2)%,(0)

2? - xu(;l/E)Xp(l/.Q)Xd(l)

c

z,° = xugl/z)xp(ml/z)xd(l)
J =0

zOA = Xn(§1/2)xp(al/2)xd(l)
\ 5P - Xu(%l/Q)Xp’(l/Q)Xa(O)

c o
5y = x%,(1/2)x (~1/2)x,(0)
Z, = x#(]/E)Xp(l/Q)X&(al_} ,

and similarly for Jz <0 . The states Jz = 2 are evidently good eigenstates,

but since they are pure triplets, we have Pt(s) = 0 . In order to determine

the eigenstates for JZ = & 1, it is necessary to sclve a cubile equation;—wﬁile
fof JZ = 0 it would seem that one has a quartic eguation to solve. However,
in this case the matrix may readily be éplit into two secon&»rank‘matrices, |
and ‘one must solﬁevtwé quadratic equations. The éigenvalge, A, , and

(1) (1)

coefficients Qy s for each ES are given in Table II. The eigénvalues

" are given in units of (eﬁ/hvc)(eﬁ/Mc) {r °3) . The eigenstate is given as
) X3 be
(1)
z = % (at s o

d
z

(i))

Z

For J = +1, it is clear that z:lB' is pure triplet (since all the

nucleons are aligned in the same directién). One readily £inds that the
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Eigénvalues and coefficients for Zsi

‘ Mg atA atB | atc 'oztD P_b(s)
* 0.978 o.lnj 0.771 0.621 0.135
* ~0.407 0.733 0.50k o;u56 0.002
* 0.258 . -0.665 0.390 0.638 0.613
0 -0.416 0.435 0.557 0.557 0.435 o.ooek
0 -0, 14k 0.557 =0.435 -0.435 0.557 0.748
0 0.990 0.141 0.693 -0.693 -0.141 0.122
0 -0.298 0.693 -0.141 0.1k -0.693 - 0.629
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contribution from other states to the singlet probability, Pt(s), is
) - Lof - L o)
t T2 ‘ :

I
o
-
8
(0]
H
g‘
o
[¢2]

In addition, for Jz

2
P00 - ot - A5 o) . '

t 73 ot

These values are alsc tabulated in Table II.

" C. Analysis of the Time Dependence of the 7y-Ray Experiment.

Our. enalysis leads to a sémewﬁat different analysis of the time dépendence
for the y-ray production that was observed by Ashmore et al. than the previous
trea.tmen'be2+ Instead of having a single rate of nuclear reaction to produce
Y rays, we must now consider_7 different rates (& Jz give éqpal rates, and
J =% 2 gives a zero rate). We have made a new analysis of their time |

Z
 distribution in which we have used the calculated value of the (pud)+ molecular-~

\

ion formation rate and have then fitted Bn and the background“rate to ‘the
experimental data. Our expression for the number of v rays is similar to

Eq. (2) of Ashmore et al.,

(t) (t) (t)
e’ 1 %2 AN e-xx t e-xy t
en_ 4 - ,
at 12 p=1 5 () _, (%)
Uy x

where the notation is the same as in their paper with an added index t to
distinguish the different eigenstates. The factor /12 is simply’the
statistical weight of each of the spin eigenstates, + . The total number of

Y rays emitted per incident pu meson is:
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7

The ratio of rejuvenated mesons to ¥ rays which is needeq for the recycling of
the process ﬁas fitted by an iterative procedure by the use of both the experi-
mental data on v rays and on rejuvenated mus. Because thgiinternal conversion
ratio was rather small, the method was rapidly convergent. Representative curves
that were 6btained are given in Fig. 5. From these curves we believe that the

best f£it to Rn gives

-1
R = (1.25 * 0.10) x 16 sec.

From this value, we then can calculate the number of T 7rays per incident muon

as

nTT = 0.20 v/u .

This is considerably 1owér than that of Ashmore et al. (0.3k r/p) but is in fact
in good agreement with an earlier value obtained by them by a simple infegration
of their data, together with an assumption that the background was simply

given by the average of one point obtained at + < 0 and two points at the
largest values of <. 20 _It would appear from the curves that the analysis

presented here represents the data reagonabiy well.
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V. CONCLUSION .

As can be seen from the'precéding anélysis, the original qualitative
eonsiderations concerning the ‘enhancement of nuclear reactions through the
formation of p~mescnic molecular iogs have been well verified by more quanti-
tative calculations. The saturation phenomenon on increasing deuterium

concentration seems to agrée reasonably well with the experiments. The phenomenon

of the gaps also seems to be well understood. In this case one might argue that

the calculations are not sufficiently accuraste to provide the precise energy at

ﬁhich the Ramsauer effect takes place, but that such an effect occurs for a
small energy seems very likely.

| Finelly, the nuclea: reaction rates as obtained on a phenomenological
basié are in gualitative agreement with rough estimates made for them. Here,
however, our analysis leads fo a ratio of 0.20 for v rays‘pér.stopped mon,
which is smaller than the ratio obtained previously by Ashmore et al. If this
number is'used in conjunction with the experiments, we then obtain for the internal

conversion coefficient,
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APPENDIX A
In this appendix we will develop the test probleﬁ which waé uséd fo check
~the accuracy of the coding of the solution of the numerical integration. Because
the equal~ and unequalemass cases were programmed separately, it was possible to
use a test problem to convert the eqpalwmaséreqpations
g,
ar?

1 =
+-e-(W - V) =0
and 5

—= +%;(w_ - V) =0

into the form of the équations in the unequal mass case, Egs. (2) of I. This -

can be done by making a unitary transfdrmation on the two-component @ . Thus

we set

/ . \ /] 2 \ . \
/ +

\ I/ l-p P

//
/

=
)o}

’“—
2
-0 ‘/l-p

where p 1s to be chosen as a function of r. If this transformation is

introduced, we obtain the equation for ﬁl R

2 ' |

a“g : _ 2 ag
21 + 1 [w-v++p2(v V) - e ——Z—%—(dp dr lgfl + de/dg 2

ar € T 1-0 1-p" dr

2 /o 2 =1 | |
. [(dp/dr)l;l(l-'g) o(dﬁﬁr)z..%p 1-of (V+~V-)]¢2 =
) [6) .

0,
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and a similar equation for ¢
@ .

make the interpretations:

5 These erations are of the proper form if we

) 2 ,
2 : 2 . (dp‘@r} . .
(V+)test b [e) V+ + (l - 0 )V_ + e ‘ 2 .
o , l-0p
‘ . "
_ 2 - L B gdeer
(v~)test = P V_ o+ (1-0p )V+ *oe 1 2
. ‘ A =P
test . 2
l-p
_ 1
- 1 / - 2 -
(g).tes.t b ‘é‘p l ] (V+ V-) °

t

Further, if we have p -1 + e(re) as r - 0, then (f)test approaches

h = const. and (g) approaches —ag/fé_ These are of course the boundary

test

conditions found for the true f- and ‘g , and one would like to have them

satisfied in a test problem as well. The true V+ and V_  become eqﬁal as

r goes to o ; and this can be accomplished by reqpiring that o apprbaches

;/jfgﬁ in this limit. Finglly; the true g approaches & nonzero constant as

r gbes to o , and to satisfy thisvreqnirement, as have the differénce between

V+ and V_  approaching a honzero constant in this limit. With these restrictions,

the test problem will duplicate all of the features of the unequal-mass equations.
To produce all thé test functions, we have used the equal-mass V+

and V_ , with the latter displaced by a constant so that (g)tesf does not go

to O as r approaches oo , and we have chosen for op :

1 /2 -1

p = (cosn r)’l .

e e
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The solutions of the test prdElem then have beeﬁ comparéd to those of the
uncoupled case by meking & unitary tr&nsformdtion, and agreement was found to
within the rounding errors involved. Tt might be noted that because the test
problem is just a different form of two uncoupled eqpations, no exchﬁngev
scattering should occur. This was also found to be true within:the errors of

the numerical calculations.
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APPENDIX B
Because the enérgies of interest in this system may be very small
(thérmalvenergy fua;/LOO ev), one might question whether fhé electrons in the
molecule play a.significant role in such processes as the scattering of (du)
atoms frém protons, because the latter will generally have an electron around
them. The direct interaction between the two systems seems to be the largest,

where we have

2. 2 2 1 1 3 5

In« this expression, wu is the wave function of thevu meson in the (au) atom,‘
and we is the electronic wave function in the (pe) atom. The separation of
the nuclei, T, will be considered as a fixed parameter;— These are the 6nly
interaciions that have not been included previously. On inserting hydrogenic
wave functions for the +¥'s, which will be valid for tﬁe u for r >> a.u

(the only region for which this perturbation could be significant), we find:

- 2 a 2 -r [a
AN = ce ( i ) e n e .
a a
e e

where 8, is the electronic Bohr radiﬁs, Because we have au/ae ~ ;/éoo »
AV has a meximum value of /»f;/BOO ev, but since it has a long range; we will
consider its effect a little Purther.

For Ty >> au , 4OV will be the only potential present. if this

potential is put into the Schroedinger eqpation, we find as a solution

- ~r/ae _”I/ée
Vo= ag (itee ) + BI (e ),
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where 7 - (eM E aO/me eg)%/g , and & = (4M me/mg)l/g. Here M 1is the
nuclear reduced mass, m, is the electronic mass, and m is the mesonic mass;
Given a particular phase shift resulting from the potential at small rn s by
appropriate matching of. ¥ and V{¥' one can determine the effect on the phase
shift of this potential. However, we are here interested in determining the
limits of the energy, E , for which AV can be neglected, and for this purpose
we can expand Jiin. in a series in its argument, keeping‘only the first two terms._

We introduce

_ 1 n'rl _
( Ll ) = —— tan( —= + &)
aeW' r, | n a, o7’

where ry 1is the point at which the wave function is to be matched, and 60

is the phase shift without AV. Then, upon expansion of J+in , we find

Cor . nr 2 - =2r_/a
tan( —= + 5.) = tan ( —= + ) - —2 A _ o ¥ €
a 1 a 07 2
e e (1 + n%)

where"sl is the phase shift including the effect of the potential AV . For

Ty ~~ 20 ap, at low energy, we find that the electronic effects will be

negligible if we have E I 1/200 ev.
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APPENDIX C
In computing the rate of molecular-ion formation in Section III A, it is

necessary to carry out an integral, over the electronic coordinates, of the form:

_ 3 -2 23 _ ‘V g lr 7 : . F
J = f a re re [exp(-a rec/ae) + exp( 2 lre rﬁ'/%é)] ri cos eie We -

In this integral,we choose for WeF the p-state Coulomb solutions, uc(k re),

about ;; which tend asymptotically to approximate plane waves. Then we have

v, = 3icos @ uc(kre) B

. where Ge is the angle between ;g and E; the direction of ejection of the

k
electron. The integration of the term containing exp(-Z' rec/ae) can be
carried out exactly. Because the other term decreasesbexponentially with the
distance from ;f. rather than from ;; , we expect that it will be small compared
to the contribution of the fofmer. This expectation is borne out by the cal-
culations. Thus, we will only keep those terms fhat interfere with the first
term and will neglect the contribution of the quadratically dependent
(noninterfering) ones.> This approximation leads to a retention of only the
part of exp(-Z';rep/ae) which is spherically symmetric about ;; .

Let us consider first the integration of this second term. We must

evaluate

J, = 3i

lc>uﬁ8

- -
"y - e .
dr f de_  exp(-& ]re rpl/%e);cos eievcos 6 1 uc(kre) s

where eie is the angle between ;; and ;i, and eék is the angle between

- : . .
re and ,E; the direction of electron ejection. To carry out this integral,-
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we ‘expand

"

exp(-&* l;e -;Pl/ae) —7}—;-_,— fs(re) + —Zg— ufp(re) + eee

where p is the angle between ;e and ;P , and we have

: 1
£(r) = -——»—-_/% { exp( ~&* Ir -r la,) au
_ 1
£(r) = T2 [n exl- 7, - 1) 4,

and so on.

On integrating over asze' , we find that the "s" part gives

(o¢] : 1 : '
21( -> R
Ja(s) = 3 cos e é dr_ uc(kre) ’:{ exp (-B' ]re - T ]/ae) dp .

The "p" part vanishes, and the "d" part gives

Je(d) = x {[_ cos® eip -2 ] cos ©

TS 3 q + sin eip cos eik sin eik cos 'gpik-}

© 1 2 1
X (f}dre uc(kre)_{ (u= = -3-) exp( &' l?é - ?pl/a»e..) ap ,

where 6, is the angle between ; and ;. , and ¢ . is the azimuthal
ip P i pik
. ) S } - - ) )
angle between the (p, i) and (i, k) planes. The term Jg(d) will not
interfere with the spherically symmetric term, JE(S)’ however, because on

integrating over the direction of -1;, the cos gpdk term will vanish, while
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on averaging on the direction of 5, the first term will vanish. All other terms
also vanish, and so we obtain I, = J2(s)_ in this approximaiionf The integral
ofer “ cén be carried out analytically, and we have performed the final inte-

i gration nug;rically. In the latter integfation, we have replacéd uc(k re) by
jl(k re). Inserting the appropriate values for k, T and Z' (2.50, 1.40,

‘and 1.19, respectively), we find

J. = 0.948 i cos ©

2 ik °

Let us now proceed to the exact integration of the first term.
Here, the angular integration is simple, and using

cos © = cos 8, sin O cos g , we obtain (Uxi) cos 8.,

ie k k * X
for the angular integration. To carry out the radial integration, we need the

cos O sin @
e i

radial wave function. This function is given in terms of the Whittaker function,23

ka, where k = iaz/ke, and m= £ + % . Here we have a = e%ﬂﬁc . A very

useful form of the radial function for arbitrary 4 is given by the integral

'representation
kr 4 exp( £ q) 1 | . ikr.u
1 2 v £-1 b+
Rz(re) = 3 ( *52 ) [ oau(l-w)" 1 +w)T e ¢,
, [ (g + 1 +4dn) | .1 :
where we have 7 = aZ‘«(c/%é) = Zﬁ/(aeke) , e 1is the velocity of light,

and v is the velocity of the electron at infinity. This wave function has

the desired asymptotic behavior for r, ™00 :

Rz(re) ~ (kere) cos(kere + ndnkr - 3 (£ +1) - on ),

where 6., 1is the argument of (2 + 1+ in). Using this représentation, we

may carry out the radial integration.
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We define

I, = by i cos L Il(ke) s

where

.

= A /
Il(ke) = é dr_ exp(»Z re/ae) Rl(re) .

Interchanging the w and T, integrations, we can integrate over the variable
To to obtain

: . Tt ’ . » .

exp ( 5N ) 1. (1 - u)l”lﬂ (1 + u)l+1ﬂ :

I. = - — f_du
bk | D(2 + 1) | -1

(w + 16)°
where we define

E = -Zﬁ/Yaéke) .

Then we have

e .

-1 (u + i§)2

1 ( 2 :
x f (A -w” exp S iy fn[(1 + u)/(l - u)] } du .

This integral can be evaluated by the methods of contour integration. One
introduces a cut in the u plane between =1 and +1, and then the integral
can be replaced by a contour integral on a path C taken counterclockwise

around the cut. One finds
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} | -LE;:;ElZ expv{ in Zn[(l + u>/(l - u)]}du

-1 (u + ig)

' 1-u s ’

= (1 - exp(enn)ft / S——-—-—l— exp { in 4n[(1 + ux/kl - u)] } du ,
e (u+ 1g) _ . .

where fn[(1 + u)/kl - u)] 1is defined to be real on the lower side of the cut.

On expending C té a cifcle of infinite radius; one obtains two contributions

. to the integral--one from the pole &t u = =if and one from the circle. Finally,

one obtains

f (n +¢) exp(en tan™b &) + (g - &) exp(ﬂn) }
72 .

I,(k) =
i, {(1+n> T (e (2en) - 1)

For the total integral J, we then find

J = thﬂi cos © (k ) + J (k )] .

ik l

Thus in terms of the I(ke) ‘defined in Section IT A, we find

. i -1
I(ke) = Il(ke) + (bxi cos eik) Je(ke) .
To obtain the rate of molecular-ion formation, we must compute the

dipole moment E of the three~body system:

- - -
4 = ry + T -1 = T .,

On inversion of the relations between the ;i terms and ;5’ ;£ , and ﬁ# s

N

given in I, we find
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e -> -

Here ﬁ; is the vector to the center of mass of the two nuclei, while the mesonic
wave function is expfessed in terms of the vector from the center of charge, fapz'

Meking this change of variable, we obtain

R 2
d = 3(g,-£)0-p)7 (1+p )R .
In the case of greatest interest, the initial state is an s state, and
the final (bound) state,'a p state. It is convenient to quantize the latter
in the direction X . The only‘component of the matrix element of 4 different
from zero will then be that in thevdirection‘pérallel to K . The first term of

dk is independent of the mesonic variables, and we obtain for it

he 1

I* , F I*  F
3 §(f2 - fl)(l - pe) 5 rndrn [ X% x * X X ]

+ - - )
(0]

where the XI is chosen to give the proper asymptotic’dependencé for the

incident wave, while XF

1s a bound state, normalized sc that we have

The angular dependence of the bound state is ¥ }/ﬂl cos © , where 6
is the angle between Fg and E'. In the ellipsoidal coordinates, one readily
finds §3porﬁ/rn = ‘w(rn/2)§n . The.ether'two compqnents of §'u vanish on

. integration over dTu , and so we find for the second term in dk :
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hg 1 o I* F I*  F ,
‘/-5'" §(l+pu) é rndrn_[x+ X o+ XX, 1(tn) ,
where we define

(&n) = Jar ¥, env¥ .

© On carrying out this integration employing the approximate v+ and W; used in -

I, we obtain

E5(2 p/2) [C,(2) - ¢ (8)] - E(Z P/E)[‘CE(Z) - CB(A)]
" - T — > 170 , " ﬂ - - re— . » 75
[5(P,) Gy(,) - B(R,) 0,(@)1 % [my(2.) crg(a) - my(e ) © a1

(¢ q) =

where the notation ig the same as iﬁ I. This expression is correct for r > T, s
and for r < rc the sﬁbscripts’of some qf the E terms’muSt bepmodified in a
‘manner similar to that carried out in I.
In the (ppp) system, we have f, % f, , and the first term in d
vanishes. Thus, in this case, mesonic transitions are necessary to obtain a
F

nonzerc matrix element for dk . In addition, the bound-state function, X  ,

is purely X+?_, so that we obtain

I 1 % L I* F
(1 g |F) = A—"g"v"’é’(l‘*pu).érndrnxu € ) x,7

In the (ppd) system it is neceséa:y to keep all the terms. In both cases,
the final integrations were carried out numericélly,

In computing the decay between two bound states{ as is done in Section
IIT B, the initial staté is normalized différently, The radial fuaction is

normalized as in Eq. (%), while an s state has an angular function equal to

. (kﬁ)"Lﬂg. Otherwise the calculation is as abqvé.
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In éhe final determination of the rate of molecular-ion formation, it ié
necessary to average over all orientations of ;5 .- Thus, by interféring
terms we mean here thosé cross :terms between the first and‘second parts

which are obtained on sqparing_the matrix element and which are nonzero after
such an averaging on ;é . ,
One can expand the function exp (-Z' | ;; - ;g I//ae) in the complete sét
of hydrogen-like wave functions about T, o Then the lowest term is of the
form e , and hence can also be calculated exactly with the Coulomb
function, u, . If this term is subtracted off, the integration of the

remainder with jl(kr) replacing u, is small, and so the effect of the

Coulomb correction on this term is expected to be very small. Thus, for

simplicity, we have integrated this remaining part using jl(kr) rather

than u, . The result qpoted for J2 is that obtained before subtractiﬁg
the lowest term and calculating this portion of the integral exactly with u,-

See, for instance, E. T. Whittaker and G. N. Watson, Modern Analysis,

Fourth Edition (Cambride® University Press, London, 1927), Chap. XVI.
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LEGENDS

Fig. 1. Bound-state radial wave functions for the (pud)+ melecular ion.

Fig. 2. Phase shifts for s-wave scattering in the (pup)+ and (dud)+ systems

as a funetion of k.

Fig. 3. The phase shift, & , for the scattering of (dp) atoms by protons,

divided by k versus k.
"Fig. 4. Mesonic-atom scattering cross sections as a function of center—of-mass
energy.

Fig. 5. Time distribution of Yy rays from the (pd) nuclear fusion. The
experiméntal points are those of Ashmoré et‘al.h Theoretical curves

for three values of the perameter Rn are given.
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This report was prepared as an account of Government
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mission, nor any person acting on behalf of the Commission:

A.
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Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or '

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. ' ‘

used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.



