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A PROPOSAL FOR DETERMINING
THE ELECTROMAGNETIC FORM FACTOR OF THE PION
William Robert Frazer
(Tnesis)
Lawrence Radiation Laboratory
University of California

Berkeley, California

February b4, 1959
ABSTRACT

The possibility of measuring the electromagnetic form factor of
the pion by extrapoclation of the cross section for e + p —-»n + ﬁ+ + e
has been investigated. The method is based on the existence of a pole
in the electropion-production scattering amplitude as a function of the
invariant momentum-transfer of the>nucleon. The residue of this pole is
the pion form factor multiplied by a known.coefficient. Since the pole
lies slightly outside thé physicdl regioﬁ of the invariant momentum
trahsfer, an extrapolation of the experimental data is required. An
approximate calculation of the electropion-production cross section hasg
been made in order to estimate the experimental accuracy necessary for
a significant extrapolation. Accuracy is required which is an order

of magnitude better than that achieved at present in similar experiments.
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I. INTRCDUCTION

In recent years much attention has been devoted to the problem
of the electromagnetic structure of the nucleon. Considerable experimental
information on this subject has been provided by the experiments earried
out by Hofstadter and his collaborators on the scattering of electfons by
protons and deuterons.l .Additional,information was derived from the
measurement of the cross section for electropion production (e- + P e +n + n+)
by Panofsky and Allton.2

Among the many theoretical attempts which have been made to treat
the ‘nucleon-structure problem, the most successful have been the two
recent calculations based on the method of SPectral representations (often
called dispersion relations).a’h In this method, however, one encounters
the difficulty of requiring knowledge of the electromagnetic structure of
the pion. It is qualitatively evident that the structure of the pion must
contribute to the structure of the nuclieon: If the spatial extension of
the nucleon's charge and magnetic moment are visualized as due to the pion
. cloud of the nucleon, then the spatial extension of the pion will contribute
to that of the nucleon.

Unfortunately, no experiments have been performed which probe the.
pion structure. The scattering of pions on electrons yields no information
at available energies, because the relatively massive‘incident pion cannot
transfer sufficient momentum to make anything but the outermost parts of
the pion electromagnetic field effective. On the other hand, scattering
of electrons on pions is not feasible because, of course, no way has been
found for making targets from pions. .The purpose of this thesis is to

describe a method of using the pion cloud of the proton as a "pion target.”
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The procedure to be described is an application of a general method

5

suggested recently by Chew and Low. In this case, their method enables .

one to measure the electromagnetic form factor of the pion by extrapolation
of the cross section for e +p - n +x +e . The basic principle ¢
involVed is the possibility of anaiytic continuation of the electroproduction
scattering amplitude as a function of the square of the four-momentum transfer
of the nucleon, A? . If the initial nucleon has four-momentum p, and the
: *

final nucleon, ©p', then we have A? = -(p - p')e. It is conjectured
that at A? = -ue, the scattering amplitude has an isolated ?ole whose
residue is Jjust the electromagnetic form factor of the pion multiplied by
a known ccefficient. It can easily be shown that negative values of A?
are not physically attainable, so that an extrapolation of the measured
cross section is necessary in order to reach the pole at A? = —ug. The
distance of extrapolation is, however, small compared to the physical
range of A?o The procedure for determining the electromagnetic form
factor of the pion is, then, to extrapolate the cross section, with its
singularities suitably removed, to the point A? = -ug. This procedure
will be described in detail in Section II.

Experimentally, it will be necessary to measure the electroproduction
cross section as a function of at least two variables, A? and A. If s
is the incident electron four-momentum, and s' is the final, then we havé hd
A= -(s - s')e.v One must know A Dbecause the pion form factor is a
function of this variable. In practice, one could determine theseivariables o

*
The metric tensor goo =1, gll = -1 for 1=1, 2, or 3 is used
throughout. Units are used in which H = ¢ = 1, and usually u = 1,

where p 1is the mass of the pion.
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by measuring the energy and direction of the final electron, plus the
direction of the final meson. No such measurements have yet been made.
In their recent experiment, Panofsky and Allton2 measuréd the electron
variables but did not detect the meson directly.

The analytic properties of the electroproduction scattering amplitude,
which are the basis of thé method outlined above, have not been proved
rigorously. They are, however, a very reasonable extension of properties
which have been proved for other scattering problems. A plausibility
argument will be given in Section II A. Such analytic properties of
scattering amplitudes have been the object of much study. Their applica-
tion in the form of spectral representations has been successful in
correlating many experimental data in pion physics. Applications very
similar to that proposed in this thesis have already been made for the
purpose of measuring the pion-nucleon coupling constant. BExtrapolations

of both the nucleon-nucle'on6’7

and photopion-productiona cross sections
as functions of invariant momentum transfer yielded values of the coupling
constant in reasonable agreement with values obtained by other means.

In principle, then, the analytic properties of the electroproduction
scattering amplitude described above tell us that one can determine the pion
form factor by an extrapolation procedure. In order to assess the practical
difficulty involved in performing an extrapolation of a given set of
experimental data,.one must estimate the behavior of the electroproduction
cross section as a function of A?. If the electromagnetic interaction
is treated in lowest order of perturbation theory, it is apparent that

the electroproduction and photoproduction matrix elements. are closely

related. The dispersion theoretical analysis of photoproduction by Chew,
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Goldberger, Low, and Nambu9 (hereafter called CGLN) has been extended to
electroprodﬁction by Fubini, Nambu, and Wataghinlo (hereafter FNW). The
calculation in Section III is performed by the use of a modification of
their theory: The Born terms in the matrix element are written in rela-
tivistic form and, correspondingly, certain recoil~correction terms are
dropped.

In Section IV the results of this calculation are interpreted as
implying that for a significant extrapolation experiments of great accuracy
will be necessary, accuraecy an order of magnitude better than that achieved

in the electroproduction experiment of Panofsky and Allton.2
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IT. EXTRAPOLATION PROCEDURE

A. location of Singularities of Scattering Amplitude.

Let us consider in detail the analytic properties of the electropion-
production scattering amplitude on which the proposed extrapolation depends.
As remarkeq in the introduction, no rigorous proof of these properties has
been given. However, such properties have often been conjectured; fqr
instance, in the two-dimensional spectral representation proposed by
Mandelstamll and verified to sixth order in perturbation theory. Motivation
fbr conjecturing them comes from two éources: analogy with proved properties
of simpler scattering amplitudes and analysis of perturbation theory.
Arguments of both types‘have been given by Chew6 for nucleon=-nucleon
scattering, and by Taylor, Moravesik, and U'retsky8 (hefeafter T™U) for
photoproduction. The latter case can.be extended very easily to |
electroproduction. Consider the electron interaction only in lowest
order in the fine structure constant, i.e., consider only processes of the
type shovn in Fig. 1. To this order, electroproduction is just
photoproduction by a virtual photon. The only differences are that the
"photon" has a nonzero, imaginary mass (k2 = =A) in electroproduction,
and that the matrix element contains longitudinal as well as transverse
terms (i.e., R.e =~ 0). The existence of transverse terms will not
affect the analytic properties, and the "photon" mass will only cause a
shift in the position of the singularities.

The recipe used in the papers referred to above is the following:

To get one part of the spectrum consider the intermediate states which
could be reached if p and p' were incoming particles, with q and

k outgoing (see Fig. 1; k = s - s'). The lowest of these is the
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discrete single pion state, which gives a pole at A? = -p2 (on which the
proposed extrapolation is based). The nexf state is that of two piomns,
wvhich gives rise to a branch point at A? = -hue.

The other half of the spectrum, the crossed spectrum, is found in
a similar way by considering the states which can be reached if p and gq
are incident. This leads io a pole at (p - q)2 = M?, where M 1is the
nucleon mass, and a branch point at (p - q)2 = (M + u)z. Now since

p+k=9p'"+q, we find that

(p-q)2=A2-E2+ oaf + ue-x. (2.1)

Here E2 = (p' + q)g; i;e., E is the total energy of the final
nucleon and pion in their barycentric system (the system in which
p' + d = 0). Using (2.1), one finds that the crossed spectrum gives

rise to a pole at
A2=E2-M2-u2+7\~:

and a branch point at

A? = E2 - M2 + 2Mp + AN .

The spectrum of singularities in the A? plane can be
re-expressed in terms of cos ©, where 6 is the angle between af
and & in the 5% + aa =0 system. Witﬂvall symbols referring to this

system, we have

F S UTC aneko-zla’lli?lco_se, (2.2)

¢
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where

Then in the cos © plane the analyticity region is the cut plane, with
poles and brénch points as shown in_Fig. 2. The quantity E2 is the energy
of the final nucleon. In the limit A = O the positions of the
singularities reduce to those of photoproduption given by TMU. Actuvally,
the existence of such a large region of analyticity is not necessary for

the proposed extrapolation. The method requires only that we have
analyticity in some region containing the physical region | cos © £ 1
and including the pole at cos € = (N + ankoz/é | ||| asan

isolated singularity.

B. The Extrapolation Formula.

If one accepts the viewpoint that perturbation theory can yield
information on analytié behavior, then the existence of thé pole at
A? = —u2 can be demonstrated and its residue computed. ‘It is evident
that the class of diagrams shown in Fig. 3 gives rise to the pole. It
is easy to show that no other type of diagram can contain this pole. The

*
contribution of this diagram +to the cross section gives, in covariant

form,

hgg a2 A2 Fﬂe(x)
N
ko)

do

ic) [ 4(q-s)(g-s') - uak ] + other terms, (2.3)

7\2 n:2I (A2 +

The notation used fgr the coupling constants (renormalized) is

g
such that g = —E; , f= Jziﬁg, and  f° ~ 0.08.



=11~

where I EEE—|/(pos)2 - ¥omt = Ms and where dP 1is the phase

L )

space factor: .

5 % 5 N d.5 ; h‘
d8pw2“§p’_' €2? 8(p+ s~ p' - s' =~ q) . (2.4)

R
I

The symbols € €, are defined as the initial and final electron

1’ 2

energies. One finds that

x| 3% an a® ae
P = 9 ’ (2.5)
16 M s, | —4 qe(p +s ~s")]

d|q]

where dﬂq refers to the outgoing meson. Since dP as defined by
Eq. (2.&) is a Lorentz invariant, this expression must be valid in any

coordinate system. In the lab system, we have

x| @42 an aE® ae | |
P, = — 4 — . (2.6)
' 16'M s, L lq | (mM+ ko) - o, | X | cos & ] '

In Eq. (2.3) two quantities in the numerator, g and Fﬂ(K) s
are not the most general expressions corresponding to the diagram of
Fig. 3. They have been given the value appropriate to A? = -u2
in anticipation of the extrapolation to that point. The pion form
factor, Fﬂ(%), is defined by considering the pion-photon vertex,

Fig. 4, with both bions on the mass shell. If we write the contribution

of this vertex as ju(qi, q2)eu , the most general form of j consistent

with Lorentz invariance is
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ila;, o) = -eF (Mg - eG (Mg, ,

. ‘
where A = ~( - q,)". The continuity equation imposes the further
LY

requirement (q2 - ql)-j = 0, giving Fﬁ(h) = Gﬁ(x), or
ey, o)) = -(q; + g,)e F_(A)

This definition of the pion form factor is normalized so that Fﬁ(o) = 1.
Equation (2.3) reveals an additional singularity which must be
removed before an extrapolation can be performed. The factor in brackets,
which results from taking the trace of matrix factors, has the form, as
a function of cos 6: Pl(cos 6) + sin © Pg(cos ®), where Pl and P2
are polyﬁomials. Now since sin 6 = (1 =~ 0032 @)%/2, sin © has a branch
point at cos 6 = 1, preventing extrapolation. We cannot get rid of this
singularity by division'by éhe factor in brackets, since it can vanish in
the region of extrapolation and does vanish in the case to be discussed
in Section III. We‘cén, however, eliminate this undesirable sin 6 by
defining a "symmetrized" cross section. Define o(8) —— dg/dP. The
quantity o(®) does, of course, depend upon variables other than 6.

. -
Then define the symmetrized quantity

( o(cos e))s — o(e) + o(-8) . (2.7)

The quantity (o(cos e))s will, of course, be free from the branch point

See Eq. (3.48) for an equivalent definition of this symmetrization

process.



~13~

at cos €=1,and we can at last write thé.extrapolation formula:

2 2 2 2

2 2,2 he” o” um F () o\ .

(A + u ) (U>S o 2 = = ) ) ( )"‘(Q."s)(Q.'s') - 4 )">S o o y
D == t Ms,. A A ==-p

L

(2.8)

The above discussion has\shown that if one knew the wvalue of the
differential cross sectionb dq/aP over some portion of the physical region,
one could obtain the value of FK(X) by analytic continuation of the
function (A? + pe)z(o(coq é))s . The relation between the value of this
function at AS = -ug, and the pion form factor is given by Eqg. (2.8).

This is an idealization, of course, since in pfactice one can know the
function only to within a certain error and at a finite numbér of points.
One practical procedure that can be employed is to plot the experimental
value of (A? + ug)e(o}; and fit a polynomial in cos © to these points

7,12 The residue is then given by the

by the method of least squares.
value of this polynomial at the pole. Some consideration will be given

in the next section to the error involved in this method of extrapolation.

C. Kinematical Considerations.

In order to perform the proposed extrapolation, it is necessary -
to know the cross section as a function of both the extrapolation variable
£° and the variable A on which the form factor Fﬁ(h) depends. Since
an N-particle (incoming plus outgoing) scattering problem is a function
of 3N - 10 variables (neglecting spins), electroproduction is a function

of five variables. A convenient .choice for the other three variables
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is E, the total energy of the pion and nucleon in the B' + a = 0 system;

T_, the laboratory kinetic energy of the incident electron; and @, defined

L)
' - -
in the p' + g = 0 system by

T
cos @ = ikex éla(k ﬁ Q)» . (2.9)
lxxs || kxq|

In principle these three variables could be integrated out and the cross
séction measured as a function of A? and A only. In practice, it may be
most convenient to determine all five variables; for instance, by knowing
the incident-electron energy and measuring the distribution of mesons as

a function of direction, in coincidence with final electrons of given
direction and energy. Then in performing the extrapolation all variables
except A? must be held fixed. The question then arises: what values of

E, T ‘and @ are most favorable to the extrapolation procedure?

L)
To answer this question we must be able to estimate the error
associated with extrapolation. Let us assume that the extrapolation will
be done by fitting a polynomial in cos © to the function (A? + ug)e(c)s

by the method of least squares. Then we can use a well-known for:rnulal

to calculate the error.

Let Xy be the position of the pole as a function of cos 8.
Then define
X — X - cos & .

- -
In the p' + q = 0 system, we find
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We wish to extrapolate the function

f(x) = (2 |1 || £ & (o), (2.10)

to the point x'='O, the position of the pole of (o)s. The error in the

least«squares polynomial at the point x = 0 is given by

-1 ) ’
where
N ximfn : ‘ '
— ' ¥
h '§1 C"2 s (2.117)
A= i
12

and where p , which depends upon the goodness of fit, is = 1.

The summation in Eq. (2.11') extends over the points at which f£(x) is
known, and §i is the experimentally determinéd sténdard deviation of

£(x) at x;- In order to use Eg; (2;11) to determine the dependence of
Aao on the experimental parameters, we must make some assumption about v
the behavior of thé Ci's. Let us assume that there is a constant standard
deviation € in the cross section (G)S for all values of x. This seems
to be the most reasonable assumption to make in the absence of detailed

knowledge of the behavior of (u)é. This assumption implies that the

standard deviation Qi of f(x) is

Then if p = 1, Eq. (2.11) becomes

pay = (231 ED/Eh, (2.12)
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where

x, T (2.12')

=2
1l
M=

i=1

Notice that the error Aao is proportional to the absolute error in the
-1
)

measured cross section, and to the factor (H which depends only

00
upon the distance of extrapolation and the distribution of points in the
physical region.

It is qualitatively evident that the error will rise with the

distance of extrapolation. Let us calculate the distance of extrapolation

as a function of E and A. Equation (2.2) shows that the pole occurs at

cos & = (M+ 2w, kO}/é 21| = Xy (2.13)

Holding AN fixed, one finds that all quantities on the right-~hand side
are known functions of E. One can easily show that in the ;' + E =0

system the following relations hold:

u2 )/E

2w, = E - (M?

2
2k, = E - (f + A)E

E2=E—o>2=\/|?{|2+M2
B8 -k = VIER « o .

The distance of extrapolation as a function of E, for two values of A
is shown in Fig. 5.

In order to evaluate the dependence of Aao on the distance of
extrapolation, we must calculate (H-l)oo. If we assume that we can fit

£(x) with a polynomial of the fourth order (S- and P-waves only),



then Hmn is a five-by-five matrix. The inversion of this matrix was
performed by a machine calculation for variéus distances of extrapolation
for-the arbitrary case of eleven points X, spfead evenly over the physical
region. The results are summarized in Fig. Sa, where Aa6/§ is shown as
& function of E for A = 10.  If ¢ does not vary much with E, higher
values of E are clearly favored by this consideration.

A second consideration is the size of the residue at the pole. For
a given Aao, the size of the residue dgtermines the per cent error. From
Eq. (2.8) one sees that.for a given value of N and T, the residue is

proportional to
. 2 '
( Ma-s)(aes) - wor) .

In Fig. 6 this-factof is-plotted against E for two extreme values of .
If one chooses @ = O or =, the size of the residue decreases with E.
This decrease is, however, greatly outweighted by the more rapid decrease
of Aao/ﬁ- with: E shown in Fig. 5a. The conclusion indicated is that
unless experimental conditions create very strong variations with E in
the absolute accuracy attainable, high values of E are desirable.

On the other hand, if E 1is too high, one will be forced Po use
a polynomial of higher than fﬁurth order to fit f(x); i.e., D-waves will
become importent. The mechine calculation of (H“l)OO showed that the
error increases markedly with the‘brder'of'the polynomial. The error
was calculated in the same mannef as for Fig. Sa for the point E = 9.66
for fifth- and sixth-order polynomials. For the fourth-order polynomial,
Fig. %a shows -Aao/@ = 134. For the fifth-order, we found Aao/% = 345,

and for the sixth-order, Aao/@ = 952,
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By machine calculation of the error for several specific distribubtions
of points Xy some qualitative conclusicns were drawn concerning the most
favorable distribution. First, it seems desirable to have measurements

spread dver as wide a region as possible, preferably the entire'range of -

~cos 8. Becond, it seems desirable to concentrate most of the points close

to cos © = 1, For exemple, at E = 9.66 we saw that for eleven evenly
spaced points Aao/g = 134, For nine points at cos & = l,vO.98, 0.94,
0.87, 0.71, 0.26, 0, =0.71, and -1, we found Aao/@ = 95, Third, it is of
course desirable to have as many points as possible. For 6, 11, 14, and
21 evenly spaced points (E = 9.66, fourth-order polynomial); Aﬁb/@ = 423,
134, 100 and 75, respectively.

It is beyond the scope of this work to provide a definitive answer
to the experimental question of the optimum values of the parameters for
the purpose of the extrapolation. An attempt has been made in this
section to discuss the most important factors. In Section ITIID a
calculation will be made of the electroproduction cross section in order
to translate Eq. (2012) into an estimate of the maximum per cent error
compatible with a significant extrapolation. It is desirable, of course,
to'carry gut this calculation at the most favorable value of the parameters.
In order to consider a more familiar parameter, let us introduce the
equivalent photoproduction energy kph’ defined by

2 )
Ky -@---é-BT-M-Z- . (2.14)

The quantity k is the energy a photon must have in the laboratory

ph

in order to produce a pion-nucleon final state having total energy E

in the barycentric system. On the basis of ﬁhe considerations discussed
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iﬁ this section, a reasonable guess for the most promising value of kph
is 22500 Mev. The corresponding value of E = 9,66 will bé used in the
.calcu;ation in Section IIID.

As a final kinematical consideration let us determine the possible

range of A for a given E 'and T In order to derive this range, note

LD
the relationship of A, E , and A? to laboratory quantities, denoted

by the subscript L:

A= 2T eEL'(l - cos V) . (2.15)
e = o- A+ 2M(TL- €2L) (2.16)
p2 - 2M(E M) . (2.17)

aL

Here ¥ is the laboratory angle between the initial and final electron
directions. In Eq..(2.15) the mass of the electron has been neglected

compared to its momentum. From Egs (2.15) and (2.16) we find

M
ol VR 2MT, - A {1+ (T - o5 V) . (2.18)

For a given A , the maximum value of E2 is obtained for backward
scattering, ¥ = x. Conversely, V¥ = n also gives the maximum value

of A permitted for a given E and T (see Fig. 7). By increasing

L

TL one can obtain higher values of A -,
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ITT. ESTIMATE OF ELECTROPRODUCTION CROSS SECTION

A. Genersal.

In order to assess the difficulty of carrying out the proposed
extrepolation, one must estimate the electroproduction cross section as a
function of cos 6, with the parameters AN, E , TL , and @ held fixed.
A general treatment of the electroproduction problem has been given by
Dalitz and Yennie13 (hereafter DY). The most recent calculation, based on

9

he photoproduction theory of Chew, Goldberger, Low, and Nambu,” was made

by FAW, In this section a treatment will be given which relies heavily
on the aforementioned papers, but which treats somewhat differently the
corrections due to the finite mass of the nucleon.

Define the T matrix

5 o 1/2

- gl m” M
S.; = 08, «1id(p' + g+ 8' =p = 8) TFE

R T., - (3.1)
Sfi fi B8, €€,

fi
The T matrix element can be expressed in terms of the current
asscciated with the transition from nucleon to final pion=nucleon state:

e g,

T = s J°€ . ' (3.2)
’722

(2n) _
This form applies to both electroproduction and photoproduction. In the
latter case, € 1is proportional to the polarization vector; in the former,
€ has to lowest order in e the value

e u(s') T, u(s)

€ = = . (3.3)

/

The conservation of charge, expressed as a continuity equation in momentum

space, requires that
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kee = kej = 0 . (3.4)

By means of these relations the time components of _and € can be
expressed in terms of thelr space components. This will prove convenient
in adapting photoproduction results to electropréduction. The relation
between the two processes becomes clear if one separates the-space part

3 of the current into a longitudinal component
.'? —_— 2 - .2
P k(k‘J)/l k| o, (3.5)
and a transverse component 3; such that

7=3, 3, - (5.6)

T ~ jee = M\ ko Jpe - Jge . (5-7)

This result exhibits clearly the difference between the electropion- and
photopion-production matrix elements: Whereas photoproduction depends
only on the transverse curfent, having AN = O ; electroproduction depends
also oh the longitudinal current..

Following DY, (3.7) can be written in the compact form

L — - ’

jre = mee , (3.8)
1 = v7 i m o= k27
where m, = -J  , an m, = o 9

Remembering the definition of dP given by (2.#); one can write:

2 2 2
do _ 2(2¢)" Mm
T = =18 3 || , (3.9)
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where the sum is to be teken over initial and final spin states of the
electron and nucleon. The sum over electron spins can be performed

*
immediately, giving
a2 2

R L R NN Jg_Lm) , (3.10)

N,e (2n)* 28 @ M

where the sum Z‘.N is to be taken over the initial and final nucleon states,

and where
Lp‘)) = e = uls) v u(s) u(s') ‘r‘) u(s) (3.11)
e
R S —;’—hgm) (3.12)
The cross section can tien be written simply
2 2 2 | |
do _ o g E
¥ - 2 <M>1f . : (3.13)
t Ms_. A '
L
where _pT is defined by )
-1 2 2 T Y
g o= et yE)” oy gy (3.14)
: N

If J is known, j can be evaluated by using (3.12). It is sometimes

convenient, however, to use the form (3.8), which leads to the expression

* .
The summation convention is used throughout. Greek indices are

summed from O to 3; Iatin indices , from 1 to 3.
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2
M = (2f/E) = L, ml m
N 3 i J
2 2 2
- ! 1 -
- (2/E) = 2 | sum, | +-2->~lmt|
‘ -2 17,12
+ 2Re ('*;.zjx-z.z) B ;EIS |
|
a2 Ky UEL - |z'|>2J
+ | km | = — -1+ :
2 [kI? [?

(3.15)

The foregoing formulation of electroproduction is completely general,
except for the excellent approximation of neglecting contributions of higher
order in & . In order to handle the femaining problem of obtaining an
expression for the nucleon-meson current matrix element J , it will be

necessary to invoke much poorer approximations.

B. Dispersion Theory of Photoproduction and Electroproduction.

The most successful calculation of photoproduction, given in CGLN,
is based on the method of spectral representations. This calculation was
extended to electroproduction by FNW. At the values of the experimental
parameters suggested in Section II C, namely TL = T00 Mev and kph = 500
Mev, the approximate solutions of the dispersion equations given in CGLN
cannot be expected to' be very accurate. The solutions are based on
neglecting terms of higher than first order in u/M, /M, and | Eil//M.
When Ik = 500 Mev and X = 10, |K|/M ='0.56. An indication of the
accuracy of the CGLN formulas can be obtained by comparison with photo-

production data. Although photoproduction of neutral pions from protons

®
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is in excellent agreement with the CGLN theory up to 450 Mev lab energy,ll’L
Uretsky et al find & definite disagreement in positive pion production at
290 Mev.15 The disagreement becomes worse as the energy increases; at
400 Mev the measured value in the backward direction is only about half as
large as the theoretical value. A summary of the comparison of theory and
experiment in positive pion production is given by Fig. 8 of the paper by
Lazarus, Panofsky, and Tangherliniol6 The lack of quantitative success of
the photoproduction theory at high energies need not discourage us much
here. The theory gives a semi-quantitative fit, which should be quite
adequate for the purpose of estimating the difficulty of the propbsed
extrapolstion. l

Let us now consider those aspects of the dispersion theory of
electroproduction which are most important for our .calculation, referring
the reader to FNW for e more detailed account of the mathematical procedure.
The existence of a dispersion relation for the electroproduction scattering
amplitude has been proved by Oehme and Tay’lor.l7 The dispersion relation
expresses the scattering amplitude as the sum of en integral 6ver a
spectrum of ﬁasses ofkpossible intermediate states plus & term that is
just the renormalized Bérn approximation with appropriate form factors.

*
The Born term contribution to j is:

The notation is such that (y-p - m)u(p) = 0 and

5
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y, ,
e F (2q - k) [T, 75] (3.16)
A2+u2 2 :

~J 0 -
{51 € jB = u (P')’ i YS

ve(p + k) +M e+ 1 e ) [TRA. §

- i Y L P A— [P - A—
5 (p+k)° - © > > e

N T(p~-a) +M ) 7
- ————-;—*—— T o+ - o ﬁz (p ‘ q)2 ~ M? 1Y5 u(p)J

where

1
+

e”7%(\) = el FP(N) £ P 70V)] - for v
(3.16")

wt2E(N)

il
I+

' oD
my FoN)

n
o My F2 (N) + for s .

The form factors F1,2 are the customgry nucleon form factors introduced
in connection with electron—nucléon sca.ttering,l8 and ”p' ~ 1.78 e/2M
is the anomalous part of the proton magnetic moment. The first term in
Eq. (3.16), arising from the diagram of Fig. 3, contains the pole on
which the extrapolation is based. Note the presence of the\pion form
factor, which was set equal to unity in FNW. This first term is the meson -
current contribution, whereas the second and third terms, arising from
the diagrams of Fig. 8, afe the nucleon current contribution.

The Born terms do not satisfy the continuity equation (3.4).

I3
One finds .

(ST I

kg, = (e D) w(p)ivg 5 [y T51(e B - eMulp) . (3.17)
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As pointed out in FNW, this situation can be corrected by the formal

addition to jB of the term
J o
k 1 - . 1 : N 4
2

Since A = «k, this term will cancel the nonzero contribution of
Eq. (3.17). Moreover, because of Eq. (3.4), the contribution of Eq. (3.18)
to electroproduction; i.e., to Jje+€, is zero. This formal device, or an
eqpi%alent one, is nevertheless necessary if one wishes to make use of
formulae such as Eqs. (3.7) and (3.15) which simplify the computation.
Specializing now to the produotion of positive pions from protous,

we consider first the contribution to jB ‘of the terms proportional to

e (rather than to u). These are:

y
) S(o1) F (2q - k) re(p+k)+M
3 = ulp ir, -—m——mg——— - iy ¥ F
B,e 5 2, 2 5 2 1
- Y(p-aq) +M ‘ |
- r‘)'Fln —s i r5? . (3.19)
(p-q° - M

The form factor Flp is quite well known from the electron-proton

scattering experiments by Hofstadter and collaborators. For Fln, the

assumption ‘Fln = 0 will be made. Present experimental results indicate .

that no large error is made by this assumption at the value

1
A = 10 ue ( =5x1026 cm’e). ?
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n
1

by means of Pauli spinors, using the representation

Having set F_~ = O, let us express the remaining terms in Eq. (3.19)

W(p) = V(1 + v 5R) [x) |  (3.20)

where | r ) is now a two-component Pauli spinor characteristic .of spin

1/2

] - -
state 1, where V. = [(M + Ep}/eM] and H = p/(M +E ). With this

substitution, the Born terms associated with e become, in the 3’ + E =0

system,
. FPo  F(24-%) SR -H)
3 - : _ i q
Jpe = 1V Vp( £ ] - 2 5
’ E+M AT O+
F°(GE ) (3K
- q jiy . (3.21)

In the dispersion-theory analysis of photoproduction in CGLN, an expansion
in powers of H/M is made, and only the zeroth- and first-order terms

are kept: The zeroth-order term in Eq. (3.21) is

( - -, - =p -
10 - & e {spe e GDEAD]
B,e . 1 A (3 _ E)E + HE

(3.22)

This term is an important contribution to the expression (14) of FIW for
eleétroproduction. Additional contributidns come from the first-order
terms in l/M of Eq. (3.21), as well as terms arising from the nucleon
magnetic moment part of jB. The most important additional term is

the magnetic-dipole amplitude leading to a resonant final P state with
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: 20
total angular momentum é/é and isotopic spin 5/2. The resonant amplitude

arises primarily from the nucledn moments. The meson current also produces
resonant terms, proportional to the factors F, FQ’ and FL of Eq. (13)
of FNW but these are much smaller for the case to be calculated here and

* 9
will be neglected. The resonant magnetic dipole part of ‘3 for positive

pion production is then

Ty = -%% (fll2axk -4(GKT + 19(IB) 1 1), (3.23)
where
' 1855 |
. . t
D = 6—f—2-(—IL<_i—F e Sln 555 . . (5-23 ) .

The phase 855 is the pion-nucleon scattering phase shift at the
corresponding energy.

Several features of 3h deserve some comment. First, all momenta
must be evaluated in the E' + E' = (O system, which corresponds to the
barycentric'éystem in photoproduction. In a more general Lorentz frame,
the multipole expansiongo on which the relations in CGIN depend is not
valid, bgcause another vector in addition to E, E} 3; and '2 (for
insténce, the total momentum of the system) would appear in the expansion.
Second, the factor E/M in Eq. (5;25) is necessary because the CGIN

formulae include a factor NVE_(see CGLN, Formula 7.l) from the

photoproduction phase space. Since the current Jj, as defined by

Corrections to the Born approximetion values of the S-wave and small

P-wave amplitudes will also be neglected.
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Egs. (3.1) and (3.2), does not contain phase-space factors, the factor
M/E 1is necessary. Third, the quantity «’ in Eq. (3.23) is defined as
pT(N) = ptt(N) o+ ev(h%/QM . The additional eY/2M arises from a group
of the %/M corrections to the zeroth approximation to the e Born terms,
Eq. (3.22).

The two terms and 3& are the most important contributions

<+ 0
Jpe
to the electroproduction amplitude j. To estimate the cross section on
the basis of these two terms alone would, however, involve the neglect of
. '
terms such as wyM. and . | k I//M which are not negligible. The
expressions of CGLN and FNW include.correction terms which arise from
evaluating Eq. (3.16) in first order in ;/M. " The result for positive-pion
production (FNW Eq. (14%)) is, after making the approximation discussed

F_.=F =TF = 0:

above of setting FQ I M 1

i

on 1.2 2M(""O 7.2 .
Je€& = Jpe + Im € - i

i 0-g x (K x ¢ ie Flp(a’.a’)(i{o‘e’)
»*

w 2M o

(3.24)

plus a term coming from Eq. (3.18), which was inserted to satisfy the
continuity equation. Here m* = E - M.

An alternative procedure, which will be employed here for
including recoil corrections, is to replace the zeroth approximation
3Be by the complete covariant expression FBe given by Eq. (3.19) or
(3.21); i.e., set

-4 -

¢ 3 (2)
A S VR 3.25
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The first-order term in 1/M of 3%6 includes the last term of Eq. (3.24),
and includes that portion of the second and third terms which arises from
the Dirac moment of the nucleon. If we assume, consistent with electro-

‘ 19 P P n-__
nucleon scattering experiments, that F1 = F2 = F2 = FN , we find

that

o= (1« gp"- + g )Fy /oM . (3.26)

Since gp' + 8, = =0,13 we see that a relatively small error will be

made by neglecting the anomalous moment part.

Thus expression (3.25) includes, to a good approximation, the
%/M terms of (3.24). In addition, by avoiding the expansion of 3£e in
powers of ;/M, it includes some of the higher-order corrections which
have been dropped in (3.24). One might hope that these corrections which
have been included are the more importént ones. The magnetic dipole
3& already includes recoil corrections to some extent when
one uses experimental values from pion-nucleon scattering for the phase

amplitude

shift. In fact, the CGLN formula for photoproduction of neutral pions,
which is dominated by 3&, has been shown to agree well with the
experimental data15 up to 450-Mev photon laboratory energy.

| In order to gain further confidence in the use of the amplitude
EM at energles well above resonance and at values of A up to the

value N = 10 +to be used here, let us examine the portion of the CGLN
theory that gives rise to the specific form of Sﬁ. First we must define
the notation used for photoproduction by CGIN. Denoting the complete

photoproduction amplitude by :;f’ i.e.,
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do - ' 2
&;wl—;—{uﬂ;}rliw, (5.2)

one can write, neglecting D waves and higher,20

}Y = iB’.ZES_]___ + _’l,_, [a-kXe+lg°aX(an]MPl
2 lal x| 5
1 - =p =P . > - - -5, .
—— [ 2¢kxe - 10gx(kxelM3 (3.27")
[al & 2
3], B~ SOPE A o e e o
s [ (o°k)(q-¢) + (o-e)(ak) 1E3 -
lal [k 5

The energy-dependent amplitudes Mlj and Elj refer to production by
magnetic and electric radiation, respectively, leading to final states of
orbital angular momentum 1 and total angular momentum j. Each amplitude

can be further decomposed-into & sum of multiples of the three independent

isotopic spin amplitudes, defined as

d7 = i
J (=) _ 1 [ 7., 1. ] (3.28)
g = 2878 73
(o) _
4 = T

where PB 1is the isotopic spin index of the pion. For poéitive pion
_ +
production, the matrix elements.of dg(—’o) are c¢(+) = 0,

él(-) = cﬂ(o) ='-f2. Now each amplitude Mlj’ E. ., can be decomposed

1j
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L . 4 (,0)
into & sum of multiples of B ; for example,

iy, = (O gLy 9 (@) (3.29)

Comparison of Egs. (3.23) and (3.27)Ashows that the photoproduction
amplitude corresponding to 3& is MPg(i). The importaft conclusion in
CGIN concerning this amplitude is that the part of MP% "’ which is
induced by the nucleon magnetic moment (this is the dominant part) is
proportional to the corresponding P-wave pion-nucleon scattering amplitude.
To reproduce the precise statement of proportionality, let us note the

definition of amplitudes for pion-nucleon scattering in the barycentric

system:

do_ 2
E—=Z|<f|:}7ﬂli>l ’

where, neglecting D waves and higher,

£1 ,
- £ -2. (-» - - = -»')
}1‘( = 8—2- |_§I2 qQ.q'l + 1 O'cq2X q_l
fpé
2 > - -5 - -
e (2 qyeq; = 10-g,x q;) - (3.30)

The isotopic spin decomposition has the form

_ (+) 1 (-)
fzj—ﬁasfzj o+ E[TB’ 'ra]f!,j s

where a and B are the isotopic spin indices of the initial and final

mesons. Then in terms of these amplitudes the solution found to lowest
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is

o o | ()
order in %/M in CGIN (Equation 13.1) for the nucleon moment part of MPé
2
1 () = My T Hy (£)
= M3 = . .3 (3.31)
ax MPe 2 £ [3]% P3

The definition (3.30) of f L3’ together with the unitarity of the S matrix,

2(‘) can be written (keeping only the T = 2 state)

implies that 5

, is

ng(") - -%e 35 sin 653/“}: | . (3.32)
The relations (3.31) and (3.32) show the origin of the expression (3.23)
for 3& , except for the form factors and normalization peculiar to the
electroproducfion case.,

If we wish to use the form of 3& given in (3.23) at energies well
above the (3.3) resonance energy, the important question is: Hoﬁ large a
deviation can we expect from the simple proportionality (3.31) when higher-
order terms in %/M become appreciable? A partial answef to this question
can be obtained by considering the deviation from Eq. (3.31) of the Born-
term contributions to MP% ‘and fPé . By the straighﬁforwérd but lengthy

2

process of projecting out the P%t part of the pion-nucleon-scattering

Born approximation, one obtains, neglecting D waves and higher,

2 2 % - 2
(%),B Meg"V,me [T .
£p3 = % 5 ) | (3.33)
2 3E(2 E, oy = 1)
= (212 . B)2/2 — (172 1/2
where E, = (|q|° + M%) , o, = ([dff+1)7%, E = o, +E, ,
‘ 2 , : 2 - 2 2
% _ _ 1/2 ‘ C
w = E -M and vl,2 = [(M+ El’Q%/ZM] . Expandlng in powers
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of ;/M, one finds

(£),B L2 %2
£35 =¢§§-—-I-§=L + ol ) . (3.34)
P2 3 T 7

The electroprocduction and photoproduction Born terms are of two
kinds:

those proportional to the electric charge and those proportional

to the anomalous magnetic moment. For electroproduction, which reduces

‘easily to photoproduction by setting A\ = 0, the contribution to MPQ of
2
the nucleon current part of the electric Born terms is
'(i);B)e
43 .
2 -+ L 53 (3.35)
gk T3 P |
where
_ i v, A w® 1
W3 E — ,
2 (2 E, w, - 1) (E1 +M)(_2 E, o, - 1)
(3.35')
An expansion in powers of 1/M gives
) (i))B)e
= v *
2 +e £ ( [$M] 1
—_——— e — — (1 - ) o+ of ) . (3.36)
> > oM z,F M w
lal x| 0 M

The anomalous-moment Born-term contribution is, for electroproduction,
B(i):B:H -

MP§ u'v g M Vl V2 ko ko'm2
e + 1+ e——

[q] [ E(Ep wp - 1) 2B, + M)  2(eEpap - 1)|

1]

(3.37)
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which becomes, in a 1/M expansion,

(£),B,u
T N . | |
2 1 .
o = B Ly o( ) . (3.28)
lal k] 3 M
Recalling that. p' (M) = p''(N) + e'(A)/2M , we see that the simple
proportionality,
(£),B,e (£),B,u - (%),B
1 32y FE=S) — 1 ’
- 1= ( 2 + 2 ) = * MP?"
QIR P %3 RIEl 2
v (£),B
I (K% ’
= r S fé 2 (3'39)
orlgl® T2

is exact to order l/M with r = 1. Calculating the exact r from Egs.
(3.33), (3.35), (3.%7), and (5,59), one finds for photoproduction at 260~
and 400-Mev laboratory energies that r = 0.990 and 1.007, respectiveiy,
whereas for electroproduction at kph = 500 Mev and A = 10{ r = 0.9%2.
Thus in photoproduction the simplé proportionality of the Born terms is
retained well above the (3.3) resonance energy; even for electroproduction,
up to at least the stated values of kph and A, the value of r can be
set equal to unity with sufficient aécuracy for our purposes. The
expression (5.25)_for 3

M
One further comment should be made about the expression (3.25)

will therefore be used as it stands.

which will be used for J , namely, that the inclusion of both Sﬁe and

Hﬁ .results in counﬁing one term twice. We have seen above in Eq. (3.35)
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(£),B,e
that Eée contributes to the amplitude Mpé ’ . This contribution
' 2

is included in 3& and should theréfore be subtracted out of 3£e°

Equation (3.35) shows that the quantity that should be subtracted from ?

is

v . - - - =5, = - - =D
- &L 55 (r|leaxE - iWeBT + 1(E)S] 1)

6 Th

Numerically this term proves. to be no more importanﬁ in the case to be
considered than many terms already neglected and will therefore be

neglected also.

C. Celculation of the Photoproduction Cross Section.

The formile (3.25) for 3' developed in the previous section avoids
expanding the electric Born terms in powers of l/M and may therefore include
micleon-recoil effects more accurately than the CGIN formula. Since
Gefinite disagreement has been observed in positive-pion production between

15,16

the CGIN formuls and experiment, a calculation has been made at a

laboratory energy of 400 Mev to see if Formula {(3.25) leads to betier
agreement. Unfortunately this does not seem to be the case. The calcula-
tion, which will be described in this section, led to an angular
distribution almost identical %o that predicted by the CGILN formula.

Retaining essentially the CGLN notation, one finds from Eq. (3.25)

that the amplitude for positive-pion production is:



ViV, |32 V1 2
¥ * -> ->
1 *’%ﬁ 1 +’%ﬁ (@-%)°+1- (g, - El)2
1 (3’.3)(6;2)(22:’ k)
*
2Me V"V,
- - 2 1 2 (_)
+ 1 o.di( 3 8 *3 55)FS + oe* ]
T g (=) 1 (-)
+ i(o.€)(q-k)[-rh +3(FPg - FP% )
i8 '
1 33 1
+3 ie sin 535<FQ 5 FM)]
| - > - = (,_.-) 1 (_)
+ i(o.k)(q-€)[ Ah -3 (Epé - L)
) 2
1533 1

r S S GO I (-)
+ gk Xelan * 3 (2FP§ + Fpl )
2 2
o i635 .
-3 ie sin 633 FM ]

(3.40)
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The only quantity in this equation which has not been defined above or in

CGLN is FPE(~) , which is proportional to the contribution of the nucleon=
2

current electric Born term to the Mpi(") amplitude. The value of EPE(')

2 2

can be found straightforwardly but turns out to be quite a long expression.

Since F 1( =) is only a small correction, it will be sufficient to set

) 3
The differential cross section can be obtained from Eq. (3.40) via

an equality which holds only to lowest order in l/M.

the relation

2

(0) (-)
do 5 - :; + 51
@m - 2of %2 | T

where X refers to a sum over final nucleon spin states end an average over
initial spin and polarization states. Comparison calculations of dqr/dg
have been carried out at a photon lab energy of 400 Mev by the use of

both Eg. (3.40) and the CGIN Formulae (22.6-7) with the value for 633

given by the Chew-Low effective-range formula,9
" ¥*
cot 635 = 5 = —5—73 (1 %— ) . (3.41)
[l r

The phasefshift analysis by Chiu and Lomon21 finds the Chew=-Low formula
accurate up to a scattering energy of 220 Mev (370 Mev in photoproduction)
if o, =~ 2.1 and £2 = 0.08. The small P-wave phase shifts, which are
not so well known, were set equal to zero in the calculation. The S-wave

e2

phase shifts” '81 = 0{173q and %, = -0,110q were used, and the unknown

3
function N(u) was set equal to zero. The results and the experimental
points of Walker et §;°25 are shown in Fig. 9. The use of Formula (B,MO)

results in no improvement over the CGIN formula for this case.
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Nevertheless the formula developed in this paper may be significantly

more accurate in the electroproduction case, where recoil corrections can

be more important. The theoretical curves in Fig. 9 agree wgll with the
corresponding curve of Lazarus‘gg gl.l6 The slight difference which exists
is probably due to the fact that Lazarus et al. made a different assumption |

about the small P-wave phase shifts.

D. Calculation of the Electroproduction Cross Section.

Having developed and investigated a formula for 3 , we are ready
to proceed to a calculation of the electroproduction cross section. This
calculation is necessary in order to be able to estimate the experimental
accuracy necessary to perform the proposed extrapolation.

Since the machinery for the calculation hes been set up in
Section IIi A, we need only insert Formula (3.25) for 3 into Egs. (3.12)
to (3.15). The results will be expressed in terms of the dimensionless
quantity JZ', which is related to the cross section by Eq. (3.13).
Separating & into the part coming from jBe , from 3& , and from the

cross term, we write

.g' = ‘g-B + ﬁM + jc ° : (5')4'2)

The magnetic dipole term _ﬁh can be evaluated easily by substituting

Eq. (3.23) into Eq. (3.15), which gives
2 - - ->
g, = 1o P05 [EP B - 33D?
2 TEXD? ¢ [RGB 1,

(3.43)
where D is defined by Eq. (3.23').
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The Born term part of § can be evaluated covariantly by

substituting Eq. (3.19) into Eg. (3.1%), by the use of Eqg. (3.12).

result is:
2
2 2. F
l,E AN 1t .
I ( T ) Jié = 5 zzé-:f13§ ( 4(Q°S)(Q°Sv) - A ]

F'2

N
" E B

The

E-Mz(h +02) ¢ (pR)R + 2B) - 2f(p' k)

o2
+ 5 (p:8)(pes’) + 2(p-8)(p'8) + 2(pes)(p'+s")

+% [ 2(p'_-k)(p-5)(p~8') - (p-k)(p.s)(p'.s")
~ (pek)(p-s')(p'+s) 1}
2F_F
- N _x [ (2% + p'k)n(p) - (p-k) n(p') 1 .

7\.(E2 - M2)(A2 + 1)

In this formula the assumption has been made that Fln(x) = 0, and

p=y

Flp(h) = ng(x) = F?_n(x) = Fy()), and the abbreviation

L“J

hp) = (2a-%), b,

has been introduced.

Finally, the cross term is

(3.44)

(3.44")
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E 4, 2Fp s 2 08K = A
S AU Y W R
2M V, V, Re D 1o+ & N K,
F_ .
+ —5 2lq]l k| sin“ e
V.5 (a + 1)
1
2C, > o o (28K -A)(2q -K) .k
+ T[ 2(2q<k).s = % d I
%o
F 2 2 ,
N - 2
. S {la’l 2] (5 - cos? 0)
2 w Vl V2

+ %[ 2(Ex D2 + c, Tk o+ c, a8 ]}

_ 2(esik - x| ) (F F) —2
2 I N 2
A ko Vl _
(3.45)
- The following symbols were introduced:
c, = (3 x (5 x &)
(3.451)

0, = ExDExD

The last term in Eq. (3.45) is the contribution of Eq. (3.18), the term
that was added to jB to restore gauge invariance. The same result can

be obtained by modifying the analysis following Eq. (3.4) to take account

of a nonzero k.j .
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A numericel caleculation of these formulae as a function of ©

has been made for the case discussed in Section II C, namely

k 500 Mev, or E = 9.657

ph

i

T

I 5.039 ~ 700 Mev.

Two values of the angle @ (defined in Eq. (2.9)) were used: ¢ = 0° and
g = 1809. From electron-nucleon scattering experiments the value of FN
was chosen to be FN(lO) = 0.62.,1

To cearry out the calculation it was necessary to estimate the value

of the phase shift & at E = 9.66, which corresponds to pion-nucleon

33
scattering at 350 Mev. One cannot use the Chew=Low formula (3.41) at

such a high energy. At 307 Mev, Chiu and Lomonzl find a significant
devietion. This is illustrated in Fig. 10, which shows the points of Chiu
and Iomon and one point by Winisgl‘ at 500 Mev (853 = 157. 50). In order
to estimate the phase shift at 350 Mev, the points have been joined by a
smoofh curve and the value 653 ='145° read off at 350 Mev. This crude
estimate should be quite adequate for our purposes.

To make the dependence on the unknown form factor Fn explicit,

lét us write
7 = Ae, ﬁ)FﬂE + B(e, ﬁ)FﬂFN + (s, Q’)FNE . (3.46)

The calculated dependence of A, B, and C on © isg shown in Fig. 11
for ¢ = 1800 and in Fig. 12 for ¢ = Oo. The physical meaning of the
two values of ¢ is illustrated in Fig. 13. Comparison of the two cases

reveals the fact that A depends very strongly on @. The origin of

y
=g
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this strohg dependence is the term in brackets in the following expression

for A:
2 2
A = 4 ( M ) S S— [ 4(q. s') -~ N1 3.47
5) 2.7 (a+s)(q-s") | (3.47)

The term A 1is of course the pole term which has been discussed, but the
extreme ¢ dependence noted above will be smoothed by the extrapolation
procedure suggested in Section II B. Recall that it is necessafy to
symmetrize the cross section as prescribed by Eq. (2.7) in order to
eliminate a branch point. The symmetrized JZ- can’eqpivalently be defined

as
‘ZZ‘S(G’ g) = _ZT(G, g) + ﬂey g+=n) . | (3.48)

This symmetrized 15; is then the average of the @ = n case of Fig., 11
and the @ = 0 case of Fig. 12.

Before going on to the consideration of JZ; and ité extrapolation,
let us note the dependence of the electroproduction cross section on the
parameter Fﬂ(lo), with FN(lO) = O.6é).v Several cases are plotted in
Fig. 14. One interesting feature of this graph is that for any curve
Fﬂ(lO) =B, where B < 0.85, there is another very similar curve
corresponding to a different value of Fﬁ(lo)° This is illustrated in
Fig. 1% by the curves for Fﬂ(lo) = FN(lO) = 0.62 and for F_ = 0.20.

Finally, Fig. 15 shows the calculated.behavior of the extrapolation

function (A? + 1)2J§; at the end of the physical region.
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IV. CONCLUSIONS
We are now able to apply the error estimates developed in
Section ITI C. For example, recall that for one case in which the cross
section was measured at nine specific points, the error was found to be

Do, =~ 100 & . If Na,. is the error in (A? + 1)225; at the point

0 0
A? = -1, then ¢ is the error (assumed constant) in ‘g; at_each measured
point. From Fig. 15 we see that if Aab ;t' 2 the extfapolation yields
no useful information. This requires a constant absolute error in 4@;
iess than 0.02. Fig. 14 shows that if Fn = 0.62, this means a percent
error ranging from 2% at © = 0 to 6% at © = 90° and 20% at 6 = 180°.
Even this estimated upper limit of accuracy is considerably better than
that achieved by Panofsky and Alltqn2 in an electroproduction experiment
in which only E and A (not A?) were determined. Thus it appears that
the proposed extrapolation, although possible in principle, will require

experiments of great accuracy.
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FIGURE LEGENDS .

Fig. 1. Electropion production, eonsidered in lowest order in o .
Single lines are electrons; double lines, nucleons; wavy lines,
photons; and broken linés, pions. |

Fig. 2. Poles and braﬁch'points in the cos © plane. The scale of the
figure is appropriate to the values E = 9.66, A = 10. The

rightshand pole is the one at A° = -p°.

Fig. 3. The class of diagrams giving rise to the pole at A? = nug.

Fig. 4. The pion-photon vertex.

Fig. 5. The distance of extrapolation as a function of E for two values
of AN. Also shown in kph s the equivalent laboratory energy in
photoproduction (E2 = M+ 2Mkph)“

Fig. 5a. The dependence of the extrapolation error Aao/ﬁ on E.

Fig. 6. The variation of the symmetrized residue at the pole as a function

of E for various @ at T. = 700 Mev and X\ = 10.

L

Fig. Te. E2 vs. A for TL = T00 Mev for various values of the laboratory
scattering angle V¥ of the final electron. Points above the
line V¥ = n are not kinematically possible.

Fig. 8. The diagrams giving rise to the nucleonfcurrent Born terms in
the electroproduction dispérsion relations.

Fig. 9. Photoproduétion at 400 Mev. Solid line: prediction oﬁ modified
CGIN formula, Eq. (3.40). Dashed line: prediction of CGIN

23

formula. Experimental points are those of Walker et al.”
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The phase shift B Point at 500 Mev by Will:v‘.s;zhr others by

33"
Chiu and Lomon.21 The dotted curve has been drawn to estimate
635 at 350 Mev. The solid line is the coniinuation of the
Chew-low fit to the low-energy region, with £ = 0.08 and

w, = 2.1.

The dimensionless functions A(8), B(8), and C(®) defined by

: 2 2
g = a F~ + BF F + CF° ,

for @ = 180°.

The functions A(8), B(8), and C(8) for g = 0% .
Illustration of the two cases ¢ = 180° and g = 0° in terms
of momenta in the system in which 3’ +'Z =0 .

A‘plot of the dimensionless function & , proportional to the
electroproduction cross section, for E = 9.66, A = 10,

T, = 700 Mev, @ = x , and various values of the pion form
factor.

The calculated behavior of the extrapolation function

(A? +-l)2_§; at the end of the physical region for the case

discussed.
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