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ABSTRACT 

The alpha decay of a deformed odd-mass nucleus, u ~ ~ ~ ,  is t r ea ted  by 

the use of numerical in tegrat ion on an I B M - ~ ~ O  computer. The r e s u l t s  sf t h i s  

treatment a re  compared with the theory of Bohr, FrVman, and Mottelson. 

Approximate analyt ic  methods are  developed f o r  predic t ing the in ten-  

s i t i e s  of t he  higher members of the ground ro t a t i ona l  band. 

A comparison i s  made between the numerical in tegra t ion  and the  ex- 

periments of Roberts, Dabbs, and Parker, i n  which they examine the angulas 

d i s t r ibu t ion  of alpha pa r t i c l e s  from aligned u~~~ nuclei .  - - 

The r e s u l t s  of the  numerical in tegrat ion of u~~~ a r e  presented i n  

matrices analogous t o  those of Frgman, and numerical values of the functions 

a re  given f o r  se lected values of "r". - 

++ 
These s tudies  were made under the auspices of the U.  S. Atomic Energy 
Commission. 

'Present address : Division of Chemistry, Argonne National Laboratory, 
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The theory of BohP -Fr8man-Mottelson (B .F .M. ) makes de f in i t e  pre - 
concerning the  amplitudes of alpha p a r t i a l  waves at the  nuclear 

i n  t he  case of deformed nuclei.' It was decided t o  t e s t  the  

of t h e i r  predic t ion i n  the case of the alpha decay of u~~~ by 

out extensive numerical in tegrat ions  of the  alpha wave equation 

including the  nuclear quadrupole in te rac t ion .  The r e l a t i v e  intensities 

of the  alpha pa r t i c l e s  t o  t he  low-lying s t a t e s  of ThZ2' have been meas- 

ured;2 there  i s  a good dea l  of confidence i n  the  spin  assignments of these 

l eve l s ,  and there  are estimates of the  nuclear quadrupole moment. 3 9 4  we 

use the  estimates f o r  t he  quadrupole moment of u ~ ~ ~ ,  as there  a re  none 

available f o r  ~ h " ~ .  We expect the quadrupole moment of Th229 t o  be 

roughly the  same as  t h a t  of u ~ ~ ~ .  This information i s  summarized i n  

Fig. 1. 

The study of u~~~ is of i n t e r e s t  f o r  reasons other  than the  com- 

parison with B.F.M. A t  t h e  time the  problem was undertaken, alpha fn-  

t e n s i t i e s  had been reported f o r  higher members of the  ground ro t a t i ona l  

band, i n t e n s i t i e s  which d i f fe red  consf derably fpom B.F.M. predictions.  

Since t h a t  time, however, the  gamma rays following the  alpha decay have 

been examined, and the  l a rge  i n t ens i t y  of high-energy gamma rays fndicates 

t ha t  the higher l eve l s  populated by the  alpha decay a r e  not a l l  members 

of the  pound  ro t a t i ona l  band. 
6 

7 Roberts, Dabbs, and Parker have aligned u~~~ nuclei  a t  low 

temperatures i n  s ingle  c ry s t a l s  of R ~ ( u o ~ )  ( ~ 0 ~ ) ~  and examined the  aniso- 

tropy of emitted alpha pa r t i c l e s .  They i n t e rp re t  t h e i r  r e su l t s  a s  

indicat ing t h a t  the  .& = 2 wave i s  out of phase with the R = 0 alpha p a r t i a l  

wave i n  the  alpha group t o  ground. Thefr experfment a l so  puts l im i t s  on 
229 the  amount of the  R = 2 wave which populates the  ground s t a t e  of Th . 
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F i g .  1 .  Alpha decay of U . 



We might hope t h a t  e i t h e r  t he  i n t ens i t y  l i m i t s  of Roberts, Dabbs, 

and Parker o r  the  boundary conditions a t  the  nuclear surface  of B.F.M. w i l l  

eliminate one of t he  phase choices f o r  the  & = 2 p a r t i a l  wave r e l a t i v e  t o  

t he  R = 0. 

We have a lso  developed approximate analyt ic  methods t o  predic t  

i n t e n s i t i e s  of the  alpha decay populating the  1112 and 1312 members of the  

~h~~~ ground s t a t e  ro t a t i ona l  band. 

11. FORMULATION OF THE ALPHA-DECAY PROBLEM 

The problem of alpha decay i n  the  region of uranium i s  complif 

ca ted,  as  contrasted t o  t he  region of lead,  by the  exis tence of large  

quadrupole moments which i n t e r ac t  with. the  escaping alpha pa r t i c l e .  

Favored alpha decay, i . e . ,  decay between parent and dau@;hter s t a t e s  having 

t h e  same nucleonic wave functions and hence the  sane K (K i s  t he  projection 

of the  nuclear spin on t he  nuclear symmetry a x i s ) ,  has been t rea ted  i n  t h i s  

region of l a rge  quabupole moments by severa l  authors, both by numerical 

i ntegrations 879'10 and by analyt ic  approximations11 f o r  the  case of even- 

even nucle i .  The quantum mechanical treatment of an odd-even nucleus i s  

qui te  s imilar  t o  t ha t  of the  even-even nucleus .I2 We start from 

Here we have H = T a V + Hmc where T is the  k ine t ic  energy of t h e  system, 

V i t s  po t en t i a l  energy, and Hnuc the  Hamil t~nian f o r  t he  i n t e rna l  energy of 

the  r e c o i l  nucleus. We expand the  po ten t ia l  V i n  spher ica l  coordinates. 

Making the  usualrnult ipole expansion, we obtain 

where - r gives the  posi t ion of the alpha par t i c le ;  rn gives the posi t ion of 
L 

the  pth proton i n  the  daughter nucleus, and r i s  the  angle between - r and rD 



i n  the  system of the r e c o i l  nucleus. I n  our treatment of the  problem, we 

include the cen t r a l  and quadrupole terms of the  po t en t i a l .  We next construct  

a solut ion of Schroedingesgs equation of the form 

a s  the  f i r s t  s t ep  i n  the  solut ion.  Here 

R' i s  the  angular momentum of the  alpha pa r t i c l e ,  , and m a  i s  the  component of 

i t s  angular momentum on a space-fixed ax i s ,  I fq  and I are  the  f i n a l  and 

i n i t i a l  nuclear angular momenta, and M-mu and M a re  projections of I fn  and I 

on the  space-fixed axis ,  and Tu represents a l l  other quantum numbers 
M-m 

specifying the nuclear s t a t e .  Here @I ,,T, (xi) describes the i n t r i n s i c  

s t a t e  of the  daughter nucleus and the bracketed symbol i e a  Clebsch-Gordan 
- 

coef f ic ien t .  The orthogonality condition on the  Y '7' f u n c t i o n i s  
A , I f C  ,T 

We next subs t i tu te  I) i n to  Schmedingerns equation, mult iply by 

and then in tegra te  over a l l  variables but  r.  We do t h i s  f o r  each value of 

1, If of i n t e r e s t  i n  the  daughter nucleus and we are  l e f t  with a s e t  of 

coupled ordinary d i f f e r e n t i a l  equations of the  form 



A l l  terms but the  l a s t  summation describe t he  in te rac t ion  of two charged 

p a r t i c l e s .  The l a s t  term gives a mixing of s t a t e s ,  due t o  the  perturbation 

induced by t he  nuclear quadrupole moment. 

911. A TEST OF THE B.F.M. HYPOTHESES 

The hypotheses of B.F.M. may be s ta ted  as  follows: any alpha 

p a r t i a l  wave has a projection of i t s  angular momentum on the nuclear-symmetry 

axis  which i s  equal t o  Kf k Ki a t  the  nuclear surface.  Kf and K. 1 are  the  

projections of the spins of the  f i n a l  and i n i t i a l  nuclear s t a t e s  on the 

nuclear-symmetry axis .  For ( K  + Ki)  > .l the re  i s  but  one permissible value 
f 

of m,, which i s  zero i n  the  case Of favored alpha decay. Looking a t  t he  

B.F.M. hypothegas i n  an I If, ) representa t ion,  one sees t ha t  a given A 

wave w i l l  be apportioned among the  s t a t e s  t h a t  it populates i n  proportion 

t o  t he  Clebsch-Gordan coef f ic ien t  ( I ,  A, K, 0 1 I ,  K at the  nuclear 

surface.  TkLis hypothesis w i i l b e  referred t o  as B.F,M.-1. Forthemore, 

B.F.M. makes the  approximation that the  r e l a t i v e  i n t e n s i t i e s  of alpha decay 

t o  the  various l eve l s  from population by a given A wave w i l l  be given by 

the  square of the  Clebsch-Gordan coef f ic ien t  ( I ~ ,  A ,  K, 0 I If, K ) times 

the  ba r r f e r  penetrat ion fac tor  f o r  the  pa r t i cu l a r  alpha energy. This ap- 

proximation, which we s h a l l  r e f e r  t o  as  B.F.M.4, would be exact only i n  

the  l i m i t  of i n f i n i t e  moment of i n e r t i a .  I n  the  case of favored alpha decay 

of even-even nucle i ,  a given alpha p a r t i a l  wave populates jus t  one l e v e l  of 

the  daughter nucleus and so affords us no t e s t  of the B.F.M. hypotheses. 

In the  numerical work t o  be descrfbed, B.F.M&.-1 and B.F.M.-2 a re  

. t e s t e d  separate ly  f o r  t h e  f i r s t  time. I n  t he  case of odd-even nucle i ,  we 



may u t i l i z e  B.F.M.-1 t o  s e t  boundary conditions a t  the nuclear surface f o r  

solut ions  of the  alpha wave equations and then compare the  alpha i n t e n s i t i e s  

from numerical in tegra t ion  with the  experimentally observed i n t ens i t i e s .  

This gives us a t e s t  of B.F.M.-1, though our calcula t ions  did not include 

l2 = 4 contributions.  I n  the region of u~~~ the  k? = 4 contribution should 

not be very s i gn i f i c an t .  

IV. NuMERICAL INTEGRATION AND BOUNDARY CONDITIONS 

To re tu rn  t o  the  spec i f ic  problem of the  equations describing 

the  alpha pa r t i c l e s  as  they leave the  nucleus me:  

u 
where r i s  i n  un i t s  of lo-13 ern; - ' i s  the r a d i a l  function of the  1 = 0 wave 

229' populating the 5/2 s t a t e  of Th , and -, - 3 and are the r a d i a l  functions 
r" r' 1" 



229 of the  R = 2 wave populating the  5/2, 7/2, and '9/2 l eve l s  of Th , respec- 

t i ve ly .  This s e t  of equations includes only the R = 0 and a = 2 alpha p a r t i a l  

waves. In  t h i s  treatment we use a value of 13.2 barns fo r  QO, and the  alpha- 

decay energies a re  4.900, 4.857, and 4.801 Mev. 

We note t ha t  a s  r appoaches m, the  coupling term, which has a 
j l/r dependence, becomes negligible.  When we can ignore t h i s  term, the 

equations a re  decoupled, and t h e i r  solutions are  given by l i nea r  combinations 

of regular ( F ~ )  and i r regu la r  

pa r t i c l e s  are outgoing waves, 

not have any component of the 

( G ~ )  Coulomb functions.  Because the  alpha 
ikxn and 

the solut ion must be of t he  f o m  Ce 

form P , where 

The notation i s  t h a t  of the  general usage in Coulomb functions." We note 

t h a t  as  r approaches m, F approaches s i n  x', and G -  approaches cos x B .  
R 3 

Therefore, at large  distances,  o w  solut ions  must be of the  form ( A  + i B )  

( G e  + i F ), where A and B are  r e a l  constants.  Penningtan and Preston show a 
i n  d e t a i l  how the  solut ions  approach t h i s  asymptotic f o m .  10 

The determination of the r a d i a l  wave functions was accomplished 

by numerical in tegrat ion on an I B M - ~ ~ O  computer i n  the  region where the 

coupling could not be neglected. As we have four second-order d i f f e r e n t i a l  

equations, there  are  e igh t  boundazy conditions which must be applied. We 

begin by looking a t  the imaginary par t  of the  solution.  

The procedure adopted was t o  give one of t he  u P s  an amplitude of 

one at  a sphere of radius 9.0 x 10-l3 m ( the  nuclear surface)  and the  other 

three  were given amplitudes of zero. The nonzero function was s taxted off 

as  a regular Coulomb function, and the other  three were kept at zero by 

conditions used on the  der ivat ives .  Carrying out t he  numerical in tegrat ion 

f o r  t h i s  s e t  of boundary conditions, we obtain one s e t  of solutions.  When 

u = 1 a t  the  nuclear surf  ace, a t  i n f i n i t y  we have u = Ai F . + B G The 
i J J ij j' 

coef f ic ien t s  A and B a re  obtained by f i t t i n g  the numerical values from 
i J  i J  

t he  computer program t o  l i n e a r  combinations of Coulomb functions a t  large 
-12 dis tances ,  i n  t h i s  case 8.5 x 10 em. By separately s e t t i n g  each of the 

four u . ' s  equal t o  one, we obtain four independent solutions of the  d i f -  
1 

f e r e n t i a l  equations. The imaginary par t  of the  solut ion of the  physical  



problem w i l l  be some l i n e a r  combination of these four s o h t i o n s ,  i . e . ,  our 

solut ions  of physical  i n t e r e s t  have the  f o m  

where a i s  same r e a l  number. We make use of the  experimental i n t e n s i t i e s  
j 

of alpha partial,es populating the  various l eve l s  by not ing t h a t  the  in tens i ty  

i s 

The experimental i n t ens i t i e s  give us three  boundary condit ions,  a t r i v i a l  

condition of over-a l l  nomal izat ion and two r e l a t i ve  i n t e n s i t i e s .  FOP the 

f i n a l  boundary condition, we make use of  B,F.M. -1 t o  obta in  the  r a t i o  of 

amplitudes of the R = 2 wave a t  the nuclear surface populating the  512 and 

712 s t a t e s  of ~h~~~ fo r  the  r e a l  pa r t  of the  solution.  Final ly ,  as  a t e s t  of 

B.F.M.-1, we may examine the  r e l a t i v e  amplftudes a t  t he  nuclear surface of 
229 the  r e a l  pa r t  of the  R = 2 wave populating the  512 and 912 l eve l s  of Th . 

I f  the B.F.M.-1 hypothesis i s  val fd ,  a l l  f i v e  conditions w i l l  be s a t i s f i ed .  

We have calculated the r e a l  par t  of the wave function by using o w  knowledge 

of the  asymptotic form of r e a l  and imaginary components of the wave function 

t o  obtain 
3 

-12 
at  r = 8.5 x 10 cm. We integrate  inwarbd nmer t ca l l y .  Aji  and I3 ji will 

be the same constants as were obtained from the  imaginary pa r t  of the  solut ions ,  

and the s e t  of four a .  values t ha t  comes c loses t  t o  sa t i s fy fng  the  t h e e  i n -  
J 

t e n s i t y  conditions and the  two constra ints  put on the  real pa r t  of the  solution 

by B .F.M. -1 is used. 



V. RESULTS OF JYU'MEBICAL INTEGRATION 

We found a s e t  of a .  values which approximately s a t i s f i e s  the  con- 
J 

d i t ions  mentioned previously f o r  the  R = 2 wave both i n  phase and out s f  

phase with the  R = 0 wave a t  the  nuelear surface.  The conditions were not 

s a t i s f i e d  exact ly  i n  e i t h e r  case but  were s a t i s f i e d  approximately i n  both 

cases. The r e s u l t s  f o r  the  amplitudes sf the  r e a l  p a r t s  of the wave func- 

;ions on a sphere i n  the  nuclear surface region a r e  given i n  Table I. 

Table I 

Relative D-Wave Amplitudes a t  r = 9.0 x 10-l3 an. 

I f  
B.F.M. -1 A - 2 i n p h a s e  R = 2 o u t o f p h a s e  
prediction 

v2 -0.86 -0.86 -0.88 

Another way of s t a t i n g  B.F.M. -1 i s  as follows: i n  an R ,  me) 
representa t ion only the component having m = O w i l l  be present i n  favored 

4 
alpha decay. We transformed the wave functions t o  an ( A ,  me) represen- 

t a t i o n  and found the  mR = 0 component of the  4 = 2 wave t o  be some two 

orders of magnitude l a rge r  than the  other  m components. The deviations R 
from perfect  agreement with B.F.M.-1 may be attrTbuted t o  s l i g h t  fnaecuracies 

i n  the reported alpha i n t e n s i t i e s  and incorrect  choice of quadrupole moment i n  

t h i s  calcula t ion,  o r ,  f i n a l l y ,  t o  the  neglect of alpha pa r t i c l e s  with angular 

momenta g rea te r  than R = 2 .  Our @al@ulat ions  support t he  v a l i d i t y  of B.F.M.-1. 

From our wave functions we may calculatq t he  phase sh i f t i ng  of the  

alpha p a r t i a l  waves caused by the  nuclear quadrupole moment. This informa- 

t i o n  w i l l  be of i n t e r e s t  i n  the case of an odd-even nucleus, because it en te rs  

i n to  calcula t ions  of angular d i s t r ibu t ions  from angulaz corre la t ion experi-  

ments and nuclear alignment and nuclear polar izat ion experiments. The phase 

sh i f t i ng  of t he  f t h  alpha p a r t i a l  wave by the  nuclear quadrupole moment i s  - 
given by the r e l a t i o n  



where 8 i s  given i n  radians.  
i 

The calculated phase s h i f t s  a re  given i n  Table I1 i n  degrees. 

Table P I  

Phase s h i f t s  caused by nuclear quadrupole moment 

These phase s h i f t s  may be cornpaxed with those c a k u l a t e d  fo r  even- 

even alpha emit ters  i n  t h i s  region,  -, - 3' f o r  the  R = 2 wave when it i s  i n  

phase with the  R = 0 wave. I n  nuclear-alignment experiments, only the d i f -  

ference i n  phase s h i f t  of the  1 5/2,2 ) and \ 5/2,0 ) i s  of d i r ec t  

i n t e r e s t .  The in terference term contributing t o  anisotropy has a fac tor  

cos (eO - Q 2 ) .  The Coulcmb phase difference between S and D waves here i s  

about - 7'' and, coprecting f o r  the  quadrupole in teract ion,  we have -v - 10' 
for the  R = 0 p a r t i a l  wave i n  phase with the  R = 2 wave, and .v - 6O f o r  the 

R = 0 p a r t i a l  wave out of phase wfth the  R = 2 wave. 

Next l e t  us examine our numerical in tegrat ion caPculatfons t o  t e s t  

the  B.F.M.-2 approximation. From B.F.M.-2, one may predfct  the  amount of 

R = 2 wave and the  amount of R = 0 wave populating the  512 s t a t e  sf Th 229 

independent of nuclear-alignment experiments. Using da ta  from neighboring 

even-even nucle i ,  B.F.4, conclude t h a t  81% of the  ground-state i n t ens i t y  i s  
i due t o  the  R = 0 wa-ve, and 1' comes from the  R = 2 alpha wave. I n  the 

numerical ca lcula t ion,  our modified prediction i s  t h a t  only 75% of the 

ground-state i n t ens i t y  i s  due t o  the  R = 0 wave, and 25% fs due t o  the R = 2 



wave. This con@lusion holds f o r  both choices of phase of the  R = 2 wave, 

under the  constrafnt  t h a t  B.F.M.-1 and t h e  i n t ens i t y  condStions hold. This 

discrepancy suggested t ha t  one might f i nd  some other approximation t h a t  i s  

superior t o  B.F.M.-2 but simpler than numerfcal in tegra t ion  t o  p red ic t  un- 

seen i n t e n s i t i e s  of odd-even nucle i  and p a r t i a l  wave amplitudes at the  

nucleap. surface f o r  even-even nuclei .  

VP. AN APEBOXHMATE TREATME2TT QF ALPHA DECAY 

An approximate method t h a t  w a s  developed'' and w a s  used t o  t r e a t  

u~~~ w i l l  be described b r i e f l y .  

We see that the  solut ions  of t h e  set of equations (7) would be 

regular o r  i r r egu l a r  Coulomb functions were it not f o r  t h e  quadrupole moment, 

t h a t  i s ,  the  >$@t hand side of the  equations would vanish i f  Q were zero. 
0 

From an examination of the  s e r i e s  expansion of the  W.K.B. integpaqhd, we 

surmise t h a t  the  r a d i a l  wave functions of t h e  alpha p a r t i a l  waves m i g h t  be 

we11 represented by functions of the form 

i n  the  region of the  nuclear surface.  Here a a ,  1, a re  parameters 

f ixed over a l l  r values, and G is  t he  h r e g d a x  Coulomb function. It a ,  1, 
i s  c l ea r  that @ R ,  1Jr3I2 approaches zero as r approaches m, so one may 

iden t i fy  C a as the  square root  of the  quotient of the  alpha pa r t f a l -  
R &If 

wave i n t ens i t y  and i t s  velocity.  

VII. APP4;ICATION OF APPROXIMATE METHOD TO u~~~ 

To determine the values of the  coeff ic ients  a 
a,  If 

apply B.F.M.-1 t o  obtain two conditions, i . e . ,  the  p a r t i t i o n  of the  R = 2 

alpha wave between the  512, 712, and 912 s t a t e s  a t  the  nuclear surface. We 
then subs$itute the  analyt ic  approximation i n to  the d i f f e r e n t i a l  Cquatfons 



and demand t h a t  the  equations be s a t i s f i e d  exact ly  at some m b i t r a r y  i n t e r -  - 

mediate distance (2.0 x lomL2 an) t o  obta in  four more condit ions.  The 

dis tance a t  which we demand t h a t  t he  approximate solut ions  s a t i s f y  the  d i f -  

f e r e n t i a l  equations i s  somewhat a rb i t ra ry ;  the  reasons f o r  choosing 
L 

2 . 0 x cm are  mainly pragaatic - using t h i s  value,  we found t h a t  we 

could get  be s t  agreement with r e s u l t s  of detafled numerical Sntegratfons fo r  

both @m 242 and u ~ ~ ~ ,  but  it i s  t o  be emphasized t h a t  the  r e s u l t s  are  not 

very sens i t ive  t o  the distance chosen. The over-a l l  nomaPization gives us 

a seventh condition. To obtain t he  f i n a l  condition we may do one of two 

things: ( a )  we can use t he  r a t i o  of t he  R = 2 wave t o  t h e  R = 0 wave a t  the 
234 nuclear surface obtained from a neighboring even-even nucleus, u~~~ o r  U , 

o r  ( b )  we can use the  r a t i o  of any two experimental i n t e n s i t i e s ,  bearing i n  

mind t h a t  the  observed alpha i n t ens i t y  t o  any l e v e l  I i s  equal  t o  C I ol i 2 .  R , I f  

Usfng ( b )  t o  obtain the  f i n a l  condition, we are  then ab le  t o  check the ap- 

proximation with the t h i r d  experimental i n t ens i t y  and with  t he  amount of 

R = 2 wave calculated t o  populate the  5/2 s t a t e  i n  the  numerical in tegrat ion.  

We compare the  in tens i ty  predictions of t h i s  treatment wi th  t h e  predictions 

of B.F.M. We may compare several  th ings  i n  the following manner. We may 

use B.F.M.-1 a s  a boundary condition a t  t he  n u d e w  surface  and then use 

B.F.M.-2 and the  analyt ic  method described here t o  ca lcu la te  intensities a t  

i n f i n i t y .  We may also  use the r e s u l t s  of the  numerical in tegra t ion  t o  

provide boundary conditions at the  nuclear surface.  We s h a l l  adjus t  the  

B.F.M. i n t ens i t y  predictions by the  use of the  r e l a t i v e  I n t e n s i t i e s  of the  

5 / 2  and 7/2 s t a t e s .  The comparisons m e  f a m d  in Table 111, The agreement 

with experiment is  f a i r l y  good f o r  R = 2 alpha p a r t i a l  waves, using the 

B.F.M.-2 approximation; however, t h i s  method does not take i n t o  account d i f -  

f e r en t  phase choices f o r  the  alpha p a r t i a l  waves. I f  we consider the 

r e l a t i v e l y  weaker R = %c wave populating s t a t e s  of spins  l l / 2  and P3/2, the 

terms i n  the  r a d i a l  equations due t o  the  nonvanishing nuclear quadrupole 

moment become more important i n  an i n t ens i t y  prediction of alpha decay, and 

t h e  predictions may vary considerably, depending on t he  choice of p a r t i a l  

wave phases. It i s  for t h i s  appl icat ion t h a t  we f e e l  t h a t  t he  approximate 

method described here has a considerable advantage over the  B.F.M.4 approxf- 

matf on. 



Table III - 
Test of B.F.M. -2 

Boundarv conditions at nuclear surfaces 

B.F.M. -1 Nwnerfcal in tegra t ion  
Experimental Analytic Analytic 

i n t ens i t y  B . F , M . - ~  approx, B,F.M.-2 approx . 

A calcula t ion w a s  made by the  use of the  ana ly t ic  approximation fn -  

eluding the  Q = 4 p a r t i a l  wave i n  the  alpha decay of u~~~ t o  farm Th229. We 

can then pred ic t  the alpha i n t e n s i t i e s  populating the  l1 /2  and %3/2 s t a t e s  

of Th229 t h a t  are members of the  ground-stafe r o t a t i o n a l  band. If ire neglec t 

the  Q = 6 contributions and. apply the  da t a  on r e l a t i v e  amplitudes of alpha 

p a r t i a l  waves f ~ o m  the neighboring even-even nuclides,  we obtain the  in tens i ty  

predictions f o r  four phase choices, We compaxe these  wi th  B.F.M. -2 and ex- 

perimental observation i n  Table I V .  The experimental values used here are 

from recent  work by Ruiz and Asaro. 
6 

Table I V  

Relative In t ens i t y  Predictions 

If Relat ive  
phase 

B.F,M. Experi- 
mental 6 



O m  i n t ens i t y  predictions do not include t he  e f f e c t  of the phase 

s h i f t i n g  due t o  the  quadrupole in teract ion;  i . e . ,  the  wave functions at  

l a rge  dis tances  a r e  of the  form ( A  d-i BeJ$ ( G R , I f  +f F ) and the  
R , I f  R 9 1 f  

t r ue  i n t ens i t y  is  Z [ ]Ap I I 2  2 + IBg I 1.  I n  t h i s  approximation, we 
R f ' f  A 

have taken the  i n t ens i t y  t o  a given l e v e l  as  being ." To est imate 

the  correct ion,  we may calcula te  phase s h i f t s  f o r  a neighboring even-even 

isotope,  u ~ ~ ~ ,  and using the  equation I - - 1 2,  when 
If 

T I 

R , I  i s  t he  i n t ens i t y  of the Rth p a r t i a l  wave populating I and noting f - 
n f '  

-1 t h a t  = t an  - estimate B from the  value of A which we have 
"R R R ' 

calculated;  8 ,  i s  the  phase s h f f t  and i s  given f o r  the  various s e t s  of 
X, s t  

phases i n  Table V, f o r  the  1 and kth s e t s  of phase choices. The 2nd and 

3rd s e t s  of phase seen t o  be ruled out by the  experimental valve of the  11/2 

i n t ens i t y .  The phase s h i f t s  are  calculated using a method previously 

developed. 
14  

Table V 

Phase Sh i f t s  Calculated From u~~~ Data 

Phase s h i f t  Relative phase 

Using these data,  we modify the predicted i n t ens i t i e s ;  only the  

1112 and 13/2 l eve l s  are  changed preceptibly.  



Table VI 

Modified In t ens i t y  Predictions 

Relat ive  phase B.F.M. Experimental 

d- 3 

d- m 

4- - 
100 100 100 100 

16 15.5 13 17.9 
2,. 46 2 37 1.9 

0.037 0.017 0-2  .o% * .03 

0.007 0.0037 \ < .02 

The phase s h i f t  correctfons here are  only approximate, s ince phase 
234 s h i f t s  f o r  individual  u~~~ groups w i l l  not be i den t i ca l  t o  those i n  U 

espec ia l ly  f o r  the  r e l a t i ve ly  weak R = 4 groups. 

V I I L  COMPARISON WITH N[JCL;EAE-ALIGNMENT EXPERHMENT 

Some experimental data  are available on the  r e l a t i v e  phases of the 

R = 0 and R = 2 alpha pa r t i a lwaves .  Roberts, Dabbs, and Parker have 

aligned u~~~ nucle i  i n  a s ingle  c r y s t a l  of R ~ ( u o ~ )  (NO ) and have obtained 
3 3 

an angular d i s t r i bu t i on  of alpha p a r t i c ~ e s . ~  They have in terpreted t h e i r  

r e su l t s  as  indicat ing t h a t  the R = 2 p a r t i a l  wave populating the  ground 

s t a t e  of ~h~~~ i s  out of phase with the  R = 0 wave. To a r r i ve  a t  t h i s  

conclusion, they make the assumption t ha t  the quadrupole coupling constant ,  

troscopic value 

i s  the  gradient 

i s  negative. Here e i s  the  e lect ronic  un i t  of charge, QsDec is  the  spec- - 
of the nuclear quadrupole moment and 

233 of the e lect ronic  f i e l d  evaluated a t  the  surface of U . 



The calcula t ions  ofMEenstein and ~ryce'' a re  in te rpre ted  by Roberts -- e t  a l .  7 

i s  posi t ive  i n  t he  U O ~ "  ion. A s  t h i s  conclusion is  not e n t i r e l y  proved and 

s ince  it creates  df f f  i c u l t i e s  f o r  a ~omprehensf ve i n t e rp re t a t i on  of alpha 

decay of deformed nuclei  generally,  we a l so  consider t h e  pos s ib i l i t y  of the  

,l = 2 wave i n  phase wtth the  R = 0, I f  we define the  percent of R = 2 ad- 
2 2 

mixture i n  t h e  population of t he  512 a t a t e  as 100 6 /(I=& ); Roberts e t  a l .  -- 
show from the  measurements t h a t  they have made t h a t  

- .  

the  Boltzmann constant .  

233 Us ing the  values of 6 which we obtained In  the  numerical fn tegrat ion of U 

we may then calcula te  a value f o r  q. If the  = 2 wave i s i n  phase with the  

R = 0 wave, we have 6 = 0.577; i f  the R = 2 wave i s  out  of phase with the  
9 1 = 0 wave, we have 6 = -0.577. For the R = 2 wave i n  phase we ca lcula te  - 
k 

= 0 . 0 2 7 7 ~ ~ ;  f o r  t he  ,4 = 2 wave out of phase, we ca lcu la te  = - 0 . 0 4 1 8 ~ ~ .  

Robedts -- e t  a l .  give a value fo r  191 of 0.0388 i . O O % ~ K  from speeif i c  heat 

measurements, but  the  sign i s  not determined i n  these measurements. 3oberts  

e t  a l .  argue t h a t  the  sign of q i s  negative Ln a manner analogous t o  Bleaney -- 
-- 237 e t a l . f o r N p  . l6 F r ~ m  paramagnetic -resonance measurements, Bleaney 

shows t ha t  t he  magnetic moment of ~p~~~ and the  puadrupole coupling constant 

of Rb(IVpo2) ( ~ 0 ~ ) ~  must have opposite signs.  Bleaney suggests t h a t  t h e  

magnetic moment, p, i s  posi t ive  and q i s  negative on t heo re t i c a l  grounds. 

O u r  value calculated fo r  the  R = 2 wave out of phase wi th  t he  R = 0 i s  wel l  

within the  l i m i t s  of e r ro r  of t h e i r  measurement, and t he  value fo r  the ,l = 2 

wave i n  phase with the  R = 0 seems t o  be outside the l i m i t s  of e r ro r .  

We w i l l  be able t o  make a def in i te  phase choice only when more 

experimental data  become avai lable .  Ei ther  a higk-precision determination 

of the  populations of the l l / 2  and 1312 leve l s  of Th229 by alpha decay, or 

a measurement of the  sign of 



w i l l  d e f i n i t e ly  determine the  r e l a t i v e  phases of the  R = 0 and the  J = 2 

p a r t i a l  waves. 

IX. RESULTS OF THE NUMERICAL INTEGRATION OF u~~~ 

The r e s u l t s  of the  numerical in tegrat ions  of u~~~ may be expressed 

i n  several  ways. I n  analogy with Frman, we give matrices through which one 

may convert amplitudes of p a r t i a l  waves a t  the  nuclear surface of amplitqdes 

112 a t  i n f i n i t y  which are  ( in tens i ty /ve loc i ty )  . 
Let at"e a column vector giving the  amplitudes of p a r t i a l  waves 

a t  the  nuclear surface,  where t denotes indices ,l and I We may r e l a t e  f' 
t h i s  t o  a column vector bt ,  which gives the amplitudes of the  p a r t i a l  waves 

a t  i n f i n i t y ,  by an equation of the  form b - 
t - "t,tuatn . We then f ac to r  

%,t '  in to  two matrices, 

i n  t he  case of the  r e a l  ( i r r e g u l a r )  components, and i n  the case of the 

imaginary par t s ,  

I n  both cases the Coulomb functions are evaluated a t  the  nuclear radius,  i n  - - 
our work chosen t o  be 9.0 x lo-'' cm. The matrices k g  t , ta  are similar  t o  
those given by ~ r t ~ n a n ~  and by Rasmussen and ~snsen ' l  and are  a convenient 

way of displaying the  de t a i l ed  e f f ec t s  of the quadrupole in teract ioq.  The 

matrices k ' , t ,  become simple uni t  matrices 6t , t ,  i n  the  l i m i t  of zero 

nuclear quadrupole moment. It should be pointed out thatthese matrices apply 

t o  a spher ical  surface a t  the  nucleus whereas Fr"o"manvs matrices are given 

f o r  a spheroidal nuclear surface.  

From the imaginary pa r t  of the numer-ieal in tegrat ion we obtain t he  

matrix k ' t , t8   able VII). 



Table V I I  

k ' t , t '  Matrix From Imaginary Par t  of Numerical In tegrat ion 

I,' = 512 1,' = 512 I,' = 712 = 912 

Table V I I I  shows the matrix k 't, t u  obtained from the  r e a l  p a r t  of the numerical 

in tegra t f  on. 

Table V I I I  

k V t , t '  Matrix From Real Par t  of Numerical I n t e g r a t f ~ n  



Final ly  we give i n  Tables IX and X numerical values of the r a d f a l  wave 

functions us,, R J  
f o r  severa l  values of r. 

We believe t h i s  de ta i l ed  numerical in tegra t ion  of the  alpha-decay wave 

equation f o r  u~~~ shows the  e s sen t i a l  v a l i d i t y  of the  B o b  -FrEman-Mottelson 

hypothesis (B.F.M.-1) t h a t  f o r  favored alpha decay there  i s  zero projection of 

alpha angular momentum on t he  nuclew-symmetry axis  while the alpha i s  near 

t he  surface. The approxhatfon (B.F.M. -2) t h a t  the project ion remains zero 

near the  c l a s s i c a l  turning point i s  shown t o  be a f a i r l y  good approximation 

fo r  the  r e l a t i ve ly  abundant A = 2 wave but  a very poor approximation fo r  the  

weak R = 4 wave. The ana ly t ica l  approximatfon based on modified Coulomb 

functions i s  shown t o  give r e s u l t s  nearer those of the numerical in tegra t ion  

than does the B.F.M.-2 approxhatfon.  The ex t r a  phase s h i f t s  due t o  the  

quadrupole in te rac t ion  were derived, and the  s h i f t s  most s i gn i f i c an t  t o  the  

in te rpre ta t ion  of nuclear-alignment experiments were shown t o  be negl igibly  

small. 

We would l i k e  t o  thank M r .  C a r l  Ruiz and Hlr. Frank Asaro f o r  making 

known t o  us the r e s u l t s  of t h e i r  experimental work on the  alpha decay of u~~~ 
p r io r  t o  pub l ica t i  on, 



Table I X  

Real p a r t  of alpha nave funct ions  f o r  u~~~ decay with = 0  and ,k? = 2  i n  phase 

rx10-l3 cm 1 5 / 2 , 0  > 1 5 / 2 , 2  > 1 7 / 2 J  > 1 9 / 2 J  > 

-- 

a 
Number i n  parentheses indica tes  power of t e n  by which preceding number is  t o  

be mult ipl ied.  
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Table X 
- - 

Real pa r t  of alpha functions f o r  u~~~ decay with ,l = 0 and i! =<.2 ' oa t  of phase 

r d o - l 3  cm I 5 /2#  > I 5 / 2 J  > I 7 / 2 J  > I 9 / 2 ~  > 

a Number i n  parentheses indicates  power of ten  by which preceding number i s  t o  

be multiplied.  
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