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ABSTRACT 

Prevlott.s att9mpt8 to uee mod.itied propagators in fteld-theorettcal caleu

lationa hA-ve been frustrated by the appearance ol ghost atatee in the propagator 

when oae tries to improve on conventional perturbation tb.eo•y. Recently a 

method of .ellminatlRg t~eee ghosts has been suneetecL By following this 

. auggeeted procedure it is possible to calculate the magnetic moments of 

nU-Cleons ueing a mocU.fied n\M\:leoa propaaator whtch should be an improvement 

on. simple pel"ttar'batioa __ ~~ory without introduciftg any spurious in.fmitles. This 

. cal,cuJ.adoa has been. performed. appro:dmately and yields magnetic moments of 

+ l .• z aad ... ~.3 nuclear magnetona for -the proton and neutron reapectively com• 

p&l'ocl with the experimental valU4J• o£1.7 a.nci -1.9. The improvement over 

pe·nurbation theory is· achiewd becau•e of a strong damping of the ftucleon , .. 
recoil term.. 
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I. INTRODUCTION 

lt has been conjectured for a great many years that it should be possible 

to understand the uanomaloua" magnetic moments of the neutron and proton in 

terms of the strong interactions between nucleons and w mesons. Today this 

conjecture must atUl be regarded as unproved.. 

Early attempts to calculate the nuclear magnetic moments made uae of 

the perturbation techniques that bad been successfully applied to quantum 

electrodynamics. 1• Z These attempts were regarded as unsuccessful on at 

least two major counts: (a) low•order perturbation calculations are not in good 
.. 3 

asreement with experiment, and (b) the pseudosca.lar coupling constant is not 

of tho same order of amallnest!l a.s the fine ·structure conotant of. electrodynamics. 

We make bold to observe that the dlsagree,ment with experiment is not relevant 

until one i.e certain that pion-nucleon interactions really are responsible for 

the anomalous moments. And the que ation of the size of the coupling constant 

would_ be much more pertinent if one ba.d. more fe"l for t~e convergence properties 

oi field.•theoretlc perturbation theory. 

More recently attempts have been made to calculate the electromagnetic 

iorm factor• by means of an axiomatic approach. 2 The method attempts to re-
., 

late S·matrix elements to one another as a consequence of the assumptions of 

unitarity. causality, and specified asymptotic conditions. Although such calcu

lations have forsworn any knowledge of a.n underlying Lagrangian, a. severe 

penalty is paid for this freedom. It is found that the integral relatione among 

the S·matrix elements generally require a knowledge of nonphysical scattering 

amplitudes, and one is led to the suspicion that additional postulates may be 

required in order to establish a satisfactory system of relatione among experi

mental quantltie•. 

* Now at Imperial College, London. 
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In this paper we once more attempt to calculate the nucleonic magnetic 

mo%2lenta with the idea that a. Lagrangian theory does in fact lead to unique 

predictions of their values and that one ought to know what these predictions 

are. In trying to do something better than perturbation theory we shall find 

ourselv~s repeating Feldman' e "modified propagator" calculation, 4 but this time 

we shall eJi.Qrciae the ghosts that haunted Feldman's work. 

In section n we derive the integral equations that muat be solved in order 

to obtain the electromagnetic form factors of the 'ff meson and the nucleon. 

Section m deecri'bea an approximate calculation o£ the nucleonic magnetic 

moments. In Section IV we discuss some of the implica.tione o£ gauge invariance. 

Section V is devoted to a brief swnmary of our conclusions. There is an appendix 

dealing with the magnitudes of the renormalization constants. 

0. THE INTEGRAL EQUATIONS 

The Lagrangian ie chosen to contain the usual pseudoscalar strong
S ·coupling Ut.tera.ction. Explicitly, we write 

L(x) = ~! f~. A( ljll• M~· J. f-;, · •. + ..,_z +· •J . .!. F F , r . , ll J.t "* JJ.V fJ." 
- j . l 

+ ie. .1• 11 . 3 ... 
[ 

ItT l 
T .... .f7>. z "'J 

(1) 

(- - J - 4 +· ~ s'' . "' . • + )4 

al - - 6 including the extern sources fl• Tl• J fA'« • 

Next we obtain the equations of motion for the three Green' e functions 
' . 

G, .&1J F' gfA"' of the fermion and meaon fields, respectively. These are, to 

lowest order in e (with the external sources nturned of!''), 
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z. ( 

·1( ·1 ..J.g_ i f j IJA 
a p) =sF (p) .. :-::-:-r "s" I dq G(q)rs (q,p)~Ji(q•p), 

(Z11') I 

(Za) 

The photon•nucleon, meeon•nuc:leon, and photon•meaon vertex :functions satisfy 

l"eepectively the equatione 

r (p, p') = i (l+ 'i'J) 'V + ~ ,.t'VS r dq {a(p+q)r (p+q, p' +q) X 
... "" (211') ) 1-1 

X O(p' + q)r SJ(p' + q, p' )(r'Ji(q) + G(q)r Sj(q,, p' >hJK (9-•P' )C.,_~~:; (q•p', q•p) X 

(3a) 

X $ 11(q•p) - O(fl) V JJ.J(q, P' • ct·P)llji(q•p)} • 
J 

z ,. [ 
r s '<P• p' l = "~s"' + cz,:)4 "'s ,.J j dq l G(p + q)r s' Cp + q, p' + q)G(p' + q) x 

., 

(3b) 
1 

X r51C(p' + .,, p' )~j(q) • 0(q)UIC1(q, p'' q•p)$cl(q•p)) ' 

(3c) 



In these expressions we have introduced the four-particle vertices V (photorneson 

production), and U (meson-nucleon scattering). These quantities are defined by 

the symbolic expreasion 

4 
V j = (Zw) 

IJ. ie 
U"'ji = (Zw) 

4 

11 (4a, b) 

and satisfy integral equations that involve five-particle vertices. The set of 

Eqe. (Z) and (3) may be closed by settins U and V equal to zero. This procedure 

ca.n be shown to be equivalent to setting the photomeson production and. meson

nucleon ecattering amplitudes equal to their Born approximatiOl\S. The equations 

obtained by neglecting the contributions of U and V are referred to as the 'trun-
7 ~ 

cated equations. " 

It is probably well to remark at this point that there is no real reason to 

believe that eolutions of the truncated set of equation• (if they exist) bear any 

resemblance to the solutions of the original field-theo:fetical equations (a.gllin 

presupposing existence). On the other hand it has been shown that approximate 

solutions to Eqs. (Za) and (Zb) may be obtained in this way and. that such solutions 

have desirable and believable properties t)la.t could never be obtained from the 

usual perturbation theories. 8 In particular, one can deduce from these eolutione 

that they contain eseential singularities in the limit of vanishing coupling constant. 

It is also entertaining to obeerve that it is possible to estimate the magnitudes 

of certain of the renormallza.tion constants, and this is done in the appendix. 

Ul. THE CALCULATION OF THE MAGNETIC MOMENTS 

The charge and magnetic structure of the nucleon is given by the gener

alized electromagnetic vertex function r . U we had previously obtained a 
fJ. 

solution of the meson-nucleon problem it would stUl De neceeaary to solve the 

coupled. integral equations (la) and (3c) in order to obtain r in the truncation 

" approximation. Lacking such a solution, we are constrained to find a systematic 

way of dealing with the five parts o£ Eqs. (Z) and (3). 

The procedure we shall use is a.n obvious one. The inverse meson and 

nucleon propagators are calculated in lowest-order perturbation theory. The 

resultant propagatore, after being modified in a m&Jmer to be described, are 

then inserted into Eqs. (3), and the new approximations to the vertex functions 

obtained. This procedure may then. in principle, be iterated. 

When Feldman attempted to carry out the calculation in the manner just 

suggested he discovered that he obtained infinite contribution• tor from poles .,. 
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of the approximate propagators G and & • These poles correeponded to discrete 

states of complex maae (often called "ghosts"). As we now know, the appear

ance of the ghost atates waa a warning that the perturbation approximation to 

the inverae propagators resulted in propagators that had incorrect analyticity 

p!'opertiea. In order to sidestep this difficulty we use the Eqs. (Z) to compute 

the mass spectral fwu:tions rathe~ than the propagator& themselves. The 

procedure for doing thia baa been described in detail by R.edmond8 and need 

not be repeated here. 
We wfite the propagators in the spectral forms 

ru ( ) i! (. 2 ( 2 ( 2 2 -1 
011 J p = "i j j cU p I ) p + l ) , .. (4a) 

O(p) mf cilz [lJipl(tz) + Mpz(tz)] (pz+lZ)·l, (4b) 

and approximate the vertices r • r5. c (p, p• ) by the lfbare" values y ' .... ... ,, .... 
y5• p + p • in the right-band aide of Eq. (3a). The next higher apj)roximation ... ... ' ' 

tor JoL may then be readUy obtained by use of the usual Feynman techniques. 

We quote here our result for the magnetic moment part of r tJ.: 

{
I ) z ( r'l (1 

r ma.g(p,p') = -\·k.. ~ a""vqv l da1
dn

2dlz / xax1 
"" ' 811' ) ) 0 J-1 

(Sa) 

z z 2 2 ]} - z(p1 (a ) p2(n ) • Pz(• ) p1 (n )) , 

with the definitions 

,- '1 J z 2 l z 1 2 z 11 2 z 1 z 2 z 2 2 
a = x IM .. 4 q (z ·1 )J + x 11' (e •n ) z + y (a · + n ) • M .. I. + l , 

·~ l-

(Sb) 
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The evaluation of the expression (Sa.) ualns only the "bubble'' approxi

mations for the various spectral functions ls a formidable computational 

task. We have contented ourselves with a crude approximation that etenu 

from the observation that the spectral functions are all strongly peaked. We 

have also observed that in our approximation the continuum contribution .from 

the meeon epectl"al function (which contribute• only for masses greater than 

ZM) is small and. probably negligible. It follows that we may proceed directly 

to a numerical eatimate by setting 

(6) 

a z z z z Pz(.t ) = ... 8(1 • M ) + 1.85 6(1 - SM ), 

where the numerical constant• were determined. from a graphical integration. 

We have also tim.plifted the work by eettb.\g the meson maae equal to zero, 

a procedure that ia probably no worse than the other approximations. 

It 1a moat coavenient to quote ou reaultl in term• of the comparable 

eecond-order Feynman diagrams. We 1hld• uaing the notation of Bethe, 9 

B1 = O.i, .82. = 0.15, 

and it will lN recalled that B 1 and. Bz refer to the "nucleon recoil" ana "me eon" 

diagrams, respectively (each divided by gz /81r1). In perturbatlon theory B1 
&Ad B2 are each equal to W\lty. The corresponding predictiona f~,r the anomaloue 

moments, which can hardly be taken seriously, are · 

proton: +l.Z nuclear magnetons 

neutron: - z. 3 auelear magnetona 

compared with the respective experimental values of 1.7 and ·1.9. We are, 

however, heartened by the very strong damping of the nucleon recoil term. It 

would be:; moat intereatt.na to see it thle damping peraiate who a "better" 

approximation for the r s vertex function ia uaed. 

We are quite aware that our approximation for r is not manifestly 
J.L 

ga.uge-covarlant, and we next diseuse this point. It is of some iatereat to note, 

however, that the miaaing terms in r (those not written down in Eq. (5a)) 
fJ. 

do not contain any parte proportional to q, • 
- fJ. 
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IV. GAUGE INVARIANCE 

It is a consequence of the principle of gauge invariance that the exact 

nucleon electromagnetic vertex function and the nucleon propagator are 

related. They must satisfy the generalized Ward identity, 10 

l+T3 [ 1 1 ~ (p "'P ')r (p,p') = i ~ a· ('p)- c;· (p') • 
~ ~ ~ ' 

(7a.) 

Similarly, the meson vertex. function ia constrained to obey the identity 

( 1) C lj( t ) 0-1 •1 ( ) ...,.~~:j3+. iK 3 f.; .. } ( 1 ) .. P • P P• P =llf)i P .. E U j p • JJ. ~ ~ IC IC 
(7b) 

A little algebraic manipulation shows that these identities are not consistent 

with the truncation approXimation that we have defined. 11 We are then 

obliged to inquir-e into the consequences of this inconsistency. 

In order to gain eome insight into the consequences of the Ward identity 

let ue consider two different vertex functions, each of which obeys Eq. (7a). 

Their difference 6r muet obey 
~ 

(pJJ. - p~) ar ~ (p, p' ) = o. (8) 

It la sufficient for our purposes to exhibit two vectors that satisfy Eq. (8) 

identically and do not violate any invarianee :requirements that may be imposed 

upon r . These are ..,. 

6r tJ. 
2

(p, p') = afi. v <P.,- P.,• ). 
One c:a.n readily see that a linear combination oi 6r 1 and 6r l taken between 

tJ. ~ 
Dirac spinors will give the most general possible form for the electromagnetic 

structure of a chargelees particle. We conclude that Eq. (7a) by itself can 

only restrict the nucleonic charges (and guarantee charge-current conservation 

by eliminating terme proportional to p .. p 1 ). 
14 tJ. 
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It would. be unforgivably impertinent of us to suggest that we have carried 

out a au.cceaeful calculation of th.e nucleon magnetic momenta, and it is not our 

intention to do so here. One reason for our reticence is that ao little is known 

of the mathematical structure of relativistic quantum field theory that one baa 

no practicable criterion by which to measure the "success" of a calculation. 

By the 1ame token we are permitted to be sanguine that the method of computation 

outlined here may be in the right c:lirection to deal with strong-coupling problem•· 

To date, there doea not appear to be any evidence that this is not the case. 

Ideally, the p.roblem is now one of carrying out a detailed mathematical 

investigation of the propoaecl approximation procedure. Unfortunately, we have 

no idea of how to ao about this. It appears that all that can be sugge&ted at this 

time is just the sort of thing that waa objected to in the introduction. Tha.t is, 

we suggest a carefvl calculation of the electromagnetic form factors of the 

nucleon by u•e o£ our proposed techaiqu.es, and the success of the calculation 

is to be ju.dged on the basie o£ comparison with experiment. This, of course, 

is the spirit in which quantwn electrodynamics is considered a successful 

theory. In this same spirit we. must consider, at preseut, that we have succeee

fully estimated the magnitudes of the nucleonic magnetic moments despite the 

remarks at the beginning of thie section. 

It may be thought strange tha.t we have seen fit to present a calculation 

that is not meticulously consistent with gauge invariance. The position taken 

by us here is that gauge invariance is a. prin.ciple that caa be overworked. We 

are reasonably certain that our lack of gauge lnvariance has done violence only 

to the nucleon chargee, and it was not our intention to calculate these. It seems 

to us that it may be aakina too much of our approximate vertex £unctions to 

satisfy the Ward. identity when they do ftOt even satisfy the equations of motion. 
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APPENDIX 

Magnitudes of the Renormali&atlon Coututs 

In this appendix we calculate the magnitudes of the pion and nuclear wave• 

function renormalization constants and the nw:leon mass renormalizations in 

the lowest order (the "bubble approximation"). In this approximatlon..tbe meson

mass renormalieation la iftfinite. For the sake of illwttration we do the meson 

calculation in some detail. 

To lowest order in the coupling constant the inverse meson propagator is 

given by 

-1 z 2 z. 211
2 j 4 { 1 G (p ) = (p + tL ) ... 4 d q Tr y5SF(q)'ySSF(q • k)} • 

(lw) J 
A.l 

After renormalising and dropping euperfluoue terms in (w4M)2 one has 

-1 2 Z Z { ~ r(·. ZM 
0 (p ) = (p + .,_ - ie) 1 ... W l ;r::;a 

·Zttll( •Pz • 4M
2

) (l • zM/.J ·pZ)] } , 

The spectral function is obtained from the relation8 

z z p(m ) = 'ITlm G(p ), 

t#.Z. 

A.3 

and the meson wave-function renormalization constant comes from Lehman' a 

relation, 1 Z 

A.4 

where the lower bound em the integral is obtained from the observation that 

lowest-order perturbatioc theory accounts only for the two-nucleon b:ltermedlate 

state. 

The spectral function la very stronaly peaked. (see Fig. 1) near the 

point 

p a rr/'/4M2 = l.zs. 

and approximately 50% of the contribution to the ln.tegral in Eq. (:A..4) comes 

from the region 

1 < p < 4. - -
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The integral was evaluated graphically for the interval below p = 30 and 

the contribution from the "tail" may then be obtained by using the asymptotic 

form of the spectral function in the integral. Thus, writing X. in place of 

g2/4·/·, we have 

~ 1+.18 + .£ (Zln 30+ 1- 1/>..)-l = 1.ZO 
1T 

A.S 

to a precision of about lOo/v. It will be observed that the integral just barely 

converges, so that 

1 z. z 2 m p(m )dm. , 

which enters into the mass renormaliza.tion, is infinite. 

A completely analogous calculation for the spinor field (somewhat 

complicated by the presence of the gamtn.a matrices) gives the result 

A.6 

(for which the expression for the inverse nucleon propagator to second order 

in the coupling constant may be found in Feldman' e paper). The mass re

norm.alization for the nucleon is no less convergent than z
2 
-l and we have, in 

fact (M is the renormalized masa), 

A.7 
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Figure Legend 

z 100 z Fig. 1. Sketch of A1 (m ) = :-I9f' P1 (m ). 
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