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ABSTRACT

The sbsorptive part of the vertex function F[kg, p2, (k =~ p)2] is an
analytic function of the mess variables k2 and p2 . On the basis of causslity
and the spectral conditions, the region of regularity D(o¢) of the absorptive
part A(kg, pg, 02) is obtained for fixed values of ¢ > c . The boundary
of. D(¢) is calculated explicitly for the case k2 = pe, which is of interest
in connection with form factors. By the use of examples based upon perturbstion
theory, it is shown that this boundary is characteristic for the physical
aésumptions that have been made. The intersection D of all domains D(o)
for o > ¢ is the region for which F 1is an analytic function of all three
variables, with (k - p)2 in the cut plane and (ke, pe) in D. The relation

of these general results to the composite structure of particles is discusgsed.

A simple, direct representation for the vertex function F is used

' 2
in order to find limits for the region in the (k = p) plane where

singularities are allowed by the axioms. For real k2 = p2 = gz, 1t is shown

that the singularities are restricted to a finite region,and the static cut
2 2
(k ~p)° > ¢, provided z is below the onset of the corresponding cut in

e

the z plane.

Work supported in part by the U.S. Atomic Energy Commission.
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I. INTRODUCTION
In an earlier articlel we have shown that in iocal-field theories the
electromagnetic form factors of particles can have singularities which are a
consequence of the structure of these particles as composite systems. These
"structure singularities" are related to the quantum-mechanical tunnel effect.

They appear in the physical sheet of the complex z., plane (25 = (k - p)2 =

3
momentum-transfer variable] only if the particle in guestion can be considered
as a loosely bound system of its comstituents such that the binding energy, B,

does not exceed a certain limit. In the case of two constituents with masses

m and mB, we have the limitation

1/2

B < m+ my - [m2 + m32] . (1.1)

The resfriction (1.1) can be obtained by the use of examples from perturbation
theory, but it is actually more general. It also appears, in a somewhat
different form, if one derives andytic properties of the vertex funcfiop on
the basié of lLorentz invariance, causality, and the spectral conditions.,2 In
fact, it was in this context that limitations corresﬁonding to Bq. (1.1) were

first obtained.3
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In this paper we discuss some further analytic prbperties of the vertex
function which can be obtained from the axioms mentioned above. In the first
two chapters, we explore the "cut-plane" representation of the vertex function.

1
This representation has been introduced in a previous reference. It defines
2 2

the domain D in the space of the complex variables zl =k and 22 =P for
which F(zl Z, 25) is an analytie function for (zl, ZQ)G D, and 25 in the
whole 23 plane except for the static cut x5 > 02, y3 = 0. The region D is

the intersection of all D(g) for o > ¢, where D(o) denotes the domain of

analyticity of the absorptive part

2 ) 1 2 2 R
A(zl z, © ) = eli§0 57 { F(zl 2, 0" +1 €) - F(zl z, 0" - 1 €)l
- F (1.2)
as & function of zy and z2 . The mass ¢ > O is given by the spectral
conditions. For the case Z) = %y = Z, which is of interest in cennection

with form factors, we compufe the boundary of D(o¢) in the complex z plane.
Then we show, using exemples baesed upon perturbation theory, that the boundary
is characteristic for the axioms that we have used. This means that the region
D(o) can only be enlarged by introducing additional, new assumptions into the
problem.

In Chapter 3, we use a "direct" representation of the vertex function

in order to obtain a limitation for the region 83 in the 25 plane where
complex singularities are allowed by the axioms. In the derivation of the
direet representation, only a fraction of the consequences of causality and

spectrum are used, and hence the resulting region of analyticity is not

characteristic for these physical principles. However, the representation
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is sufficient to show that 85 is finite if 2z 1s real and below the onset of
the static cut in the z plane.

Iet us add here a few remarks concerning the limitation (1.1). Physically
we require that the masses m and m5 are restricted to the experimental masses
of.existing particles having the right quantum numbers and interasctions to form
the composite system with mass MO =m + m3 = B, the form factor of which we
are considering. However, in the general approach we use very little information
sbout the low-mass states in the Hilbert space corresponding to the strongly
interacting particles. The spectral conditions give only lower limits; they

require for instance
m o+ m, > a, °om > ¢ . (1.3)

Often it ié possible to find unphysical masses m and m3 which satisfy the
conditions (1.3) and lead to a binding energy B such that the inequality (1.1)
holds. Then there appear structure singularities in the z3 plane that are
unphysical, because they describe the composite structure of the Mo partiecle

due to the probability distribution of the physically nonexistent m and m5
particles with respect to the center of mass of the bound system. As an example,
take the form factor of the nucleon, where a = M + m_ c=2m, and

®

M, = M. For the physical choice, m=m my = M, +the inequality (1.1) is

not fulfilled, whereas the unphysical possibility m = m3 = %{M + mﬁ) gives

B=mﬂ<£_;_i(M+mﬁ) )
Py

PhYsically, and according to the examples from perturbation theory,l we

expect that the composite structure singularities appear‘always on the real

axis for real values of the mass variable 2z . On the other hand, we know
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that in many practical cases the axioms, i.e., lorentz~invariance, causality,
and spectrum, do not exclude the appearance of complex singulariﬁies in =
finite region of the 23 plane.z"lL It is not known at present, to what extent
the additional assumptions, which are necessary to eliminate the unphysical

structure singularities, will also restrict these complex singularities.

II. THE CUT-PIANE REPRESENTATION
It may be instructive to sketch briefly the main steps in the d@rivation
of the cut-plane representation for the vertex function.2 As usual, since we
are interested in the analytic properties, if is suffieient to consider only
real scalar fields. ILet us introduce three such fields ﬂA(x), ¢B(x) and

¢C(x) . We denote the corresponding current operators by

A(x) = (O - mAz)gA(x) , ete.

The vertex function is then given as the Fourier transforms of the vacuum
expectation value of a retarded or advanced product. We choose to write it in
the form
- N ik.x, + k. x ~
G(kl, k2) = [[a x, 4'x, e G(x, yv) (2.1)

where

2
I 5 C(0
G(x, y) = (0o l BgB(xe)(B%A(xl) l o)

- 8(-x;) (0 | o(-x,) [ [c(0), B(x,)], A(x)) ]

+ 6(x - x,)[ 0(0), [A(x)), B(x,)] 1[0} .

(2.2)
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The current operators A(x), B(x), and C(x) satisfy causality requirements

of the form

aA(xl)
EEETEET = = i @(xl - XE)[ A(xl), B(xg)'] = 0 -
2.3

unless we have

\2

N > 0 and

Gy - x (e = %) > 0

By means of an asymptotic condition, the function G(kl, ka) is, of course,

directly relsated to the matrix element

i
w

(ple(@) lx), p=k, k= -k,

of the current operator G(0O) between the cne-particle states corresponding
to the fields ¢A and QB respectively.

As a consequence of the causality cordition (2.3), the integrand in
Eq. (2.1) has support only if x, and x, both lie inside or on the past

light cone; that is, we have

/Etx, y) = 0, unless X0 & "Lwll s %50 £ ~|§éi

These support properties imply that G(kly k2) is the boundary value of an
eanalytic function in the components of the four vectors kl and k2 ; it is

regular in the tube domain

Im k. > IImlgli, Imk.. > | Im

10 20 X5 |- (2.1)

The inveriance of G(kl, k2) under orthochronous Lorentz transformations and
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the analyticity in the tube (2.4) are sufficient to assure that the analytic
5

function depends only upon the inner products

2
z, = k., z, = k.° , and = (kl + k2) .

“3
(2.5)
It is regular in the domain 772 over which the inner products vary if the
vectors vary over the tube (2°k)n The region 772 is & domain in the space of
three complex variables which is bounded by pieces of analytic hypersurfaces.
Here we are only interested in the property of 27 to contain the whole cht

z_, plane, provided 2z and 3z, are real and negative. For such values of

3 1 2
zq and Zg we may then write7
. 2
oo Az, 2, o)
¥z, 2. 2,) 4 f i —2t-2_° 5 (2.6)
172 73 3 2
0 0 = Z
3
assuming that F(zl 22 25) is suffieciently bounded for z5 - 00 . In general

a finite number of subtractions may be required. The absorptive part

A(zl 2, 02) is given by Eq. (1.2); it can be directly expressed as a Fourier
transform of vacuum expectation values. Using Egs. (2.1), (2.2), and (2.6),
we find

I ik x  + ik.x

2 2. i 4 11 22
ky s (kl + ke) ) = 3 [/ a x, dx, e

2

A(kl 5

X {0 |e(-x) [ [c(0), B(x,)] , A(xy) ]

+ 8(x, - x,) [¢(0), [A(x)), B(xy)] 1]0)

(2.7)

 The representation (2.7) will enable us to show that, for fixed 02 , the
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2
absorptive part A(zl Zg o ) is an analytic function of =z, and 22 , which

1
is regular in a certein domain D(¢).
So far we have used only the causality conditions (2.3), but we shall

need now also the spectral conditions, which may be expressed in the form

(o]la]lan) = o0 unless pn2>a2,

(o|B|n) = 0 unless pn2 > b2 s (2.8)
2 2

(o]c|n) = o0 unless p~  c

Here |n) denotes a state with positive total energy Pro and total momentum
;; . Using the‘spectral conditions, we can simplify the expression (2.7). The
first term in this representation may be decomposed with respect to a complete
set of intermediate states In) such that there always appears a factor

(n | A(x,) | 0 ) or its complex conjugate. Hence we may use Eq. (2.8) to

show that the first term in Eq. (2.7) vanishes for k12 <a? . In the region
of interest, i.e. for 2, and Z, real and negative, we may now write
_ T k., -k »
2 2 2 i hy ok -1 2 .
A[kl » Ky s (kl + k2) ] = 3 [[daxdy exp l'l ———y + 1(kl + kz) x

X o(y) (0| [c(-x), [AC5¥), B-3¥) 1) ]0).
(2.9)
It is convenient to choose a Lorentz frame such that k, +k, = (g, 0), 0> 0 .
We introduce in Eq. (2.9) a sum over intermediate states in order to bring it

into the form
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N
A
!

\\

{

\
- .___-E.yJ o(y){ 0 | [ A( % y), B(- % ¥) i | n)
!

"\

4 .
x {n]c() o) (2n)" (k) +%, =p) .
(2.10)
Because of - ¢ > O , the first term in the commutator (2.8) gives no contribution.

Iet us write q = % (kl - k2) and consider the functions

iqg-

y »
a0 = FLsaty e ety (o] 3y, B-z9] In),

r,a
(2.11)

which are Fourier transforms of retarded and advanced functions respectively.

As a consequence of the spectral conditions, we find

£f(a) - £(a) = 0

unless we have

(2p +af > &° Ip o+ > 0
2 > ’ 2P0 "% >
and (2.4)
1 2 2 1
(zp,-0" > b, 5P0-% > O -

In Eq. (2.11) we take P, = kl +ky = (o, 0); then we have £, =1f, for

all g that satisfy

. 1 2 2 Y/? 2 2 .Y?
50 - {b"+q ) < q < {a" +q ) -

VT
Q

(2.12)
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The properties of the functions fr and fa , as expressed in Egs. (2.11) and
(2.12), are sufficient to prove, by the usual chain of arguments, that both
functions are boundary values of an asnalytic function £(q). This function

is regular in the envelope of holomorphy of the domain W \_/ N(8), where we have

W = {q: | Im a4 | > | Im.gbl } o, (2.13)

and N(S) 1is a complex neighborhood of the region in real space defined by
Eq. (2.12). Disregarding possible convergence factors and polynominals, the

function f(q) may be represented in the form

o) - [d% T T, w o) (2.14)

ko(u) %% - (q - u)? ’

where @ vanishes except for

1
luy |+ Tul « 50, N (2.15)
with
‘ 2 1/2
1 2 2 1 2 2
K, = m8X {0, a={¢( 50+ uo) -u" ), b (E G - uo) - u%)

The envelope E[W\/N(8)] is then given by the set of points q for which the
denominator in Eq. (2.14) does not vanish for any set of parameters satisfying
the conditions (2.15). Note that f{(q) depends upon the internal variables
of the state |n) with P, = (g, 0).

We may now insert the representetion (2.1%) into Eq. (2.10) and
introduce, as a new weight function, the result of the summation over all

2)

states |n) with P, = (¢, 0). Then we obtain a representation for A(z1 z, o
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2 2
a2, k2 A - fatuw ] ax Mk w a7 (2.16)
1 22 , k. = k 2
no(u) K2 . ( 1 2 Q)
2

The weight function ¢ has support only for u and x satisfying Egs. (2.15).
In addition it follows from Eq. (2.10) and the spectral condition involving C(x)
thet V¥ vanishes for 02 < c2 . Although we have chosen a speclal Lorentz
frame, we still have to make use of the invariance of A under space rotations.
It follows that the weight V¥ can only depend upon the length of the vector EL}
Therefore, taking q real, we can perform the angle integration in Eq. (2.16)
and find a representation that depends only upon % and gf . In order to

avoid the appearance of a logarithm it is convenient to redefine the weight

function and write the representation in the form

-:-L-c -J-o-u - 2
o 2 2 oo X(k, Uy, U O )
A(Zl 2 ° ) - é e fl duo mf o [n2 - ( -1 )2 + 2 + u2]2 - hug 2
uio 0 CRAYRS S
(2.17)
Here % and q? mey now be taken complex. They are given in terms of the
covariant variables Zq) 22, and 02 by
% - zl - z2 q? ) 02 i Zl + 22 . zl - 22 2
= s = &
20 —_— 1'- 20 (2.18)
Using the definition
2 2 2
h(z1 Z, ZB) = 2+, +zz - 22 2,-22z Z - 2z, Zs 5
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we finally obtain the cut-plane representation

2
oo Alz, z, o)
1 2 172
¥z, 2z, 2,) = = doo —_——,
3
where
o 1 1-¢ (o0]
A(zlzeo) = fa [ an [ éx
0 g"l RO
X(x, &, n; o)
X
2 1 2 2, 2 2 2 2
(26" + 5(1 + &7 - 7%)0" - (2 + z,) +n(z, - 2,)17 - €Nz 7, o)
(2.20)
and
1/2 1/2
K, = min {0, a- % ol (1 + n)2 - §2 ] , b= % o (1~ n)e - §2 ] }
(2.21)

In the language of function theory, the simple angle integration which leads
from Eq. (2.16) to Egs. (2.17) or (2.20) corresponds to an enlargement of the
enveiope E(W\/N(S)). This gain is due to the fact that we have restricted
our functions to the narrower class of rotation-invariant functions depending

only upon e and q? .
AAN

III. THE DOMAIN OF REGUILARITY
In the space of two complex variables, the domain D(o) is the set of
l" z, for which the denominator in Eq. (2.20) cannot vanish

for any allowed set of parameters. The intersection of D(o) with the real

e all points 2z

space has already been discussed in I. Here we will generalize these results
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and compute the boundaries of the domains D(g) for certain cases of interest.
As far as form factors are concerned we are mainly intefested in thé functién
F(zl‘z2 23) for z, ==z, =z and &=Db. In this case D(o) degenerates
to a region in the complex z plane. For every o > c¢ we can characterize

the complement of D(o) by the set of all points which may be represented in

the form

z = x+1y = r + g2 tir { 02 -4 g2 } (3.1)

with

0 2 g =« % o and k > max { 0, a ~ g} .

Then we find that the boundary can be described by pieces of the three curves

: 12 /2 1/2
y = ymax(x, o) = ((x +a [ 2x - a2 ] X % 02 -x+a[2x - ae] )}
(3.2)
12 1/2 Ve
vy = ymin(x’ o) = {(x-a[2x - a2] I ¢ % o -x-a [ex - a2] )} ,
y = © xl/g

For o = 0 we have the cut plane x > 32 , y=0, but as soon as o
becomes finite the cut is embedded into & singular region. In the interval

O £ 0 < &, the domain D(¢) 1is then given by

l B
ly] > ymax(x, o) if 30 -—ac+a ¢ x £8 |
and (3.3)
1/2 2

ly] > ox if x >a .



UCRL-8838

1l
For a £ o £ 2a, we find
Iyl <ypaplx @) or Iyl >y (x, 0)
\ 1 2 1 2 )
if 3 a £ X & §~0 - ag +a ,
Iyl >y (x, o) if 1P ac+a® e x £a° ,
max 2 . (3.,11-)
and
ly| > o x2 if x la,az .
Finally we obtain for ¢ > a
vl < ypinlx @) ox Iyl >y (x o) ]
2
for 2 £ X = 8.2
2
and (3.5)
ly] > o x¥2

for x >a2.
In order to give a qualitative picture of the domains D(o) for various
values of ¢ , we have plotted the boundary in Fig. 1 for several characteristic
cases.
Of special interest is the intersection of the regions D(o¢) for

“all o > c¢. let us define

D(a, ¢) = /f) 5?0) .

og=c

Then the vertex function F(z z zj) is an analytic function of the two complex

variables 2z and 2 which is regular for z ¢ D(a, ¢) and all values of z

3
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except those on the static cut x5 > ce, y5 = 0. For spectral conditions
with ¢ 2« a, the domain D(a, ¢) consists of all points 2z which lie to the
left of the line x =% 5.2, - £y £ 4+ ., But for c¢ > a, the region D(a, c)
contains, in addition to the points with x < % a2, the set
2
1 2 e 2
Iy'<ymin(x’ c), 38 £ X é,—2- + a -ac. .

Here the quantity ymin(x’ c) is the function given in Eq. (3.2) with a
replaced by c¢. Using Fig. 1, one can easily visualize the shape of D(a, c)
as the intersection of all D(o) for o > c.

We may now ask whether or not the regions D(¢) and (or) D(a, c)
are characteristic for the assumptions we.have made, namely lLorentz invariance,
causality, and the spectral conditions. Here we call a domain characteristic
if it is not possible to continue analytically beyond its boundary without
introducing additional, new assumptions into the theory. From the method used
in Section 2 for the derivation of the cut-plane representation, it is not
evident that the domains D(o) are characteristic. However, we shall show
in the following that it is possible to find functions that satisfy all the
conditions we have imposed and that have singularities at points on the boundary
of D(o). In this way we can account for all boundary points of the domains
D(o) and thus prove that they are characteristic.

Perturbation theory is &8 rich source for the construction of functions

satisfying our axioms. We use here especially the function
F(z, z = F (z 2z mmm
p( 2 3) P( Z5) m 5) J

which has been discussed extensively in I and II. In II we have shown



UCRL-8838

=16~

that, for all z = x + iy with x < m2 + m32, the function Fp may be represented

in the form

2
o0 A (z, o)
o b
| oaf L, (3.6)

]

Fp( z, 23)

where the absorptive part ‘Ap(z, 02) is given by

Az, @) = 1 2z - m32 u) -
p m3202 +[2 = (m + m3)2][z - (m - m5)2] [02(02 - hkmg)]l/2
(3.7)

By construction, the function Fp( Z, z3) satisfies all our axioms including

the spectral conditions, provided we require

mo+ g > a and °m > ¢ . (3.8)

We may also generalize Fp(z , 23) somewhat by choosing the lower limit of the
integral in Eq. (3.6) to be an independent constant ¢y > c. Then we consider

A (z, 02) only for ¢ > c,, and the spectral conditions are satisfied for
P

0
> a even though the mass 2m in Eq. (3.7) may be smaller than c.

m +
"3
2
For a given ¢ > ¢, the absorptive part Ap(z, o ) has a pair of
poles at
1/2
z=x+iy=m?\+m521im5{02~b,m2__]_ . (3.9)
Let us choose the "masses" m and m5 such that we have
m + m3 = &
and
2 2
m + m = X k)
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or

2m = a -v 2X - a2 s
and ’ (3.10)

QmB = a + 7/ ox - 82 ,

1.2 . .

for x > z & . Using the upper sign in Egs. (3.10), we see from Eq. (3.9)
that the position of the pair of poles is given by x and y =& ymin(x’ a).

On the other hand, the lower sign gives y =1 ¥y

(x, o). Here the quantities
me.x

ymax(x’ o) and ymin(x’ o) are just the functions that have been defined in
Egs. (3.2). We can now account for the complete boundary of D(¢) for any
given o > c. For every pair of points on the boundary, we use function (3.7)
for different values of the parameters m and mB:

(a) The points on the curve y = % ymin(x" g) are obtained by the use of the

upper sign in Egs. (3.10). This curve is applicable in the interval

-]é'-agé xé%oe-ao+a2 for a< o<« 2a and in

1l 2 2

58 £ X <8 for o > 2a. In both cases we have 0 > 2m > sa.

(b) We obtain y = % ymax(x’ o) using the lower sign in Egs. (3.10). For
¢ > a the curve is applicable in the range = a2 &« X £ a.2 and for

2
2
<

g <& in the interval -1 02 -8 0+ a2 £ X a . We have always

2

a > 2m > 0 Dbesides the conditions o » c.

/2

(¢) Points on the curve y =% o x for x> a2 can be obtained with

our example if we use the parameters m = O, m5 = X .
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In the previocus considerations we have uéed perturbation theory only
as a mathematical tool for the construetion of functions which satisfy fhe
axioms. However, as we have seen in I and especially in II, it can also be used
as a gulde for the understanding of the relation of certain singularities‘to
physical properties of particles. It is the boundary of the domain D{a, c)
that is of primary interest in this connection° For real, positive values of
the mass varieble z = x and real, negative values of the momentum-transfer
variable 25 = Xz the vertex function F(z, 23) = F(z z z5) may be interpreted
as an electromagnetic form factor of & stable particle with mass xl/eo For

z € D(a, ¢), this form factor is an analytic function in the z5 plane except

for the static cut x, = ¢, = 0, which is related to absorptive processes.

3 73
For the examples in IT & condition corresponding to z e D(a, ¢) guarantees
the absence of structure singulerities in the physical sheet of the z3 plane.
But for real values of the mass variable, which are above the boundary point

of D(a, ¢) on the positive real axis, the structure singularities are in the
physical sheet; offen they determine the slope of the distribution in coordinate
space. The formal connectioh between the reel boundary point of D(a, c¢) in
perturbation theory and in representation (2.20) has been discussed in I. 1In
view of the results obtained in I7, we can now describe these limitations in

a physical language. Iet us use an example. In perturbation theory, the
nucleon form factors have only the usual absorptive singularities (static cuts)

952

in the physical sheet of the z, plane;”’" they describe the pion cloud. Because

3

of the conservetion of nucleon number, it is not possible to consider the
nucleon as a loosely bound system of two other particles with masses m and

m = M is smaller than

such that the binding energy B =m +m

2)1/2 2

However, if we use only the axioms employed in

3

2
m+m, - {(m~ +m

3 3
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Section 2, the spectral conditions do not specify the type of particles
appearing in the intermediate states. All they do is set a lower bound for the
total mass of a given state. ILet us take the isotopic scalar part of the
electromagnetic hucleon form factor. Then we have & = M + mﬂ, ¢ ='3mﬁ, and
the boundary curve of the domain D(a, ¢) 1s givén by the line

X = %(M + mﬁ)e, =0 L Yy £ +w, The point gz = M2 corresponding to the mass
shell lies outside of D(a, c¢), and consequently there will be certain structure
singularities in the physicel sheet of the 23 plane. For example, the‘spectral
conditions do not prevent us from considering the nucleon as a bound state of a
boson with mass m = % m and a baryon with my = M- % m, such that

m + m3 = M+ mTt and 2m = Bmﬁ. Thié system is bound loosely enough for
the slope of the m-particle distributions to reach outside the pion cloud. The

maximal range of the probability distribution of the m particle is given by2

S 2M -« m

0 2 3m
hmﬂ[(zM + mﬂ)(M - mﬂ)] 7

Although the conservaiion of nucleon number has been used in order to obtaein
the spectral condition with a =M + m s the condition itself does not exhaust
the information about the corresponding_ldwest intermediate state In), We have
not used the fact that this state consisfs'of one physical nucleon and one pion.
'If we want to exhaust such information in the general approach, we are led to
consider relations of the vertex function with Green's functions of higher
order. It is reasonable to expect that a more complete analysis of this kind
will eliminate the unphysical structure singularities. However, gccording to
their'definition\in 11, structure singularities appear'always on the real

axis, and we know, especially from Jost's example,h that they are not the
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only source of nonabsorptive singularities in the 25 plane. In any case, as we
have seen from the example given in I as well as in Section 1 of this paper,
the limitation x < %(M + mﬂ)2 can be understood in terms of unphysical-structure

1
singularities. 0

IV. DIRECT REPRESENTATION
In the previous sections we have discussed the analytic properties of

the vertex function F(zl Z starting with the requirement of regularity

2 %3
in the cut z, plane. From Eq. (2.20) we can in general obtain & domain D(a, b, c)

3

such that  F(z is an analytic function of three complex variables for

1 % 23)

(zl, 22) e D(a, b, ¢c) and z_, in the cut plane. If (Zl’ z2) are not in

3

D(a, b, c), we expect additional singularities to appear somewhere in the z

3

plane. For this case it would be of interest to know the exact shape of the

region of analytiecity in the z_, plane, especially for real, positive values

3

Z = X < a2 and z2 = x2 < b2. The problem of finding the region that is
characteristic for the axioms is essentially equivalent to thét of computing
the complete envelope of holomorphy of the primitive domain obtained from
Lorentz invariance, causality, and spectrum. We shall not undertake this
rather involved task.ll Instead we derive a simple representation, which is
not the best possible, but which is sufficient to show that, for positive

a, b, and ¢, +the points where singulafities may occur are restricted to a

finite region in the z_, plane and the stati¢ cut x3 > 02, 'yB = 0.

3
Let us write the vertex function ( k | ¢(0) | p ) in the form

T ikex
e

o(k, -p) = -1 f a'x o(x) (0 [ [¢0), Ax) 1 |p)

where 'p} is a one-particle state corresponding to the field QBo We

introduce the related advanced function and write, using transletion invariance,
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6ol p) = £1fd% M o) (0 [ [ACEX), o(-3011p) ,

(4.1)
where q = k - % p.  We choose a Lorentz frame such that p = (2t, 0). As a
consequence of the spectral conditions (2.8), we find then that we have

1
Gr o Ga =0 forall qe€eS where S' 1is the region

2 1/2

0V

t = (c2 +q°) < g4 < (a2 + q?)v -t . (4.2)
By arguments that are completely analogous to those used in Section II, it
follows that Gr and Ga are boundary values of an analytic function

G(q, t) which may be represented in the form8

(g, t) = [a ?0 dk ’”(“’ u; t) ) (4.3)
£3(w) - (a - w?

The weight function @ vanishes unless we have

and

. 1/2 2
kK > K, = max {0, a-I[(t+ uo)2 - u2 ] / , c'f [(t - uo)2 - Bf]%/

Because of rotation invariance, @ depends only upon the amount of the vector

u . We can perform the redundant-angle integration, and, using

+ 2

Z. =~ % Z Z. = 2 2
e N | 2 2 % tE% 1”2
Q@ = T and q = L e ( —~EE—-2 ),

we obtain the following representation for the vertex function F(zl hte zB):'

/
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- 1 1-¢ (o]
- F(z, bt z3) = [fa [ aq [ a
- 0 g1 ky
ok, & , M3t). .
X —3 - - 5
[26° + (1 + &5 - 97)t - (z) + z3) + n(zl - z3)] -t x(zl Lt 23)
| (4.4)
The function k(zl Z, 23) has been defined in Eq. (2.19), and k, 1is given by
, 1/2 “ 1/2
ko= mn (0, a-t[(1+n7-®1 , c-tla-n)-t" )
(4.5)
Note that in Eq. (4.%4) the quantity x. = 42 is a real parsmeter, 2t being

2
the mass of the one-particle state |p) . The spectral condition (2.8) of the

B field does not appear.explicitly in the formula (4.4), but we have always

b > 2t because the field ﬁB(x) describes a stable particle. The region of
analyticity obtained from the representation (4.4) is the envelope of holomorphy
of the primitive domain W\_/ N(S') with respect to the class of rotation-
invariant functions depending upon % and q . Here W 1is the tube domain
(2.13) resulting mainly from the causality condition, and N(S') is a

suitable complex neighborhood of the real region S' given in Eq. (L4.2).

The regularity of F for (zl, 25) e N(S') is a consequence of causality
and the spectral conditions for the A and the C field. We would like to stress
that for the derivation of Eq. (4.4) we have not used all of the implications
of causality and spectrum, and hence we cannot expect that the resulting
region of analyticity is characteristic as far as these physical requirements
are concerned. However, diéregarding possible subtractions, the representation
(4.4) is the most general function.that satisfies the mathematical conditions

contained in Egs. (4.1) and (4.2).
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Iet us now discuss the region of analyticity in the z_, plane for real

3

values of the mass variable z Since we are mainly interested in form factors,

10

we shall take a =b and x. =

1= % = ’-Lte, where 2t < a. In addition to the

static cut x5 > 02, y3 = 0, we have then singularities at those points of

the z3 plane that can be represented in the form z3 = x5 + i y5, where x3
and y5 are real, and given by
2 (1 +m)® - (1-n)%+e?) - ue?
X 2t : = 5 : (4.6)
(1 +m)” - &
and
2 | , V2
y3=¢ Etg 5 (x2-£2~[(1+n)2-§2] } o)
(1+1)" - ¢
_, 12 1/2
x({2-[1+n2-21" 3 -9 ,
where h;nl/t, 0 £¢ «1 and n] 2 1-¢ .

We consider first the special case & = ¢, in order to get an idea about the
shape of the region defined by Eqs. (4.6). The domain of analyticity is as

follows:

(a) for 0 « 2t £ % a, we have the whole z3 piane except for the static

cut x3 > a, ;y5 .
(v) in the range %a &£ 2t < %a( +/ 17T = 1), the region

=O;

2t

|y3| P yl(xB)’ 2ala - 2t) = x5 & 8t2(‘1 i )

(4.7)

is exceptéd in addition to the static cut, and
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(¢) for % ( 717 - 1) &« 2t < a, the éut and the region

sl £ vy(x)), 2a(a-2t) 2 x, & 8t7(1 + =22 )
(4.8)
v .(%,) = |yl = v, (%) 81:2[1———-9‘—2-—-—-]1—}: < 2a(a - 2t)
273 30 T T Ma® - wf) T 3
are excepted. The functions yl(x3) and ye(XB) are given by
where we have
2,2 /2
1 - 2 2 2 2a t
h (x,) = —5—— { 2at + [2(a” -« Ukt )(x, = 8t + -5 ) ] }
P 8t° - Xy 5 8% - bt
(4.10)
and
/2 2 2 1/2
Bz, n) = [1-12] [(Z&) - (x,-8t%)7)
3 _ h )
’ (4.10a)

In Figs. 2 and 3 we have plotted some of the regions (4.7) and (4.8). As long
as 2t is less than &, the complex singular region is finite; especially, we
have always analyticity in a strip along the negative real axis. But as 2t

approaches a, the peint x, = @ 1in Fig. 3 moves to =~ , the point =x_, = B

3 3
to zero, and x3 =y to +00. At 2t = a, the mass variable X, = 2t
coincides with the lowest branch point xl = a, yl = 0 1in the zl plane, and
the singular region (4.8) covers the whole 25 plane.

We have mentioned earlier that the boundaries of the regions (4.7)
™
and (4.8) cannot be expected to be characteristic for the physical assumptions

we have made. That this is actually the case may be seen by comparison with
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the cut-plane representation. Take for instance the vertex function -F(zl 2, 25)

for 2, = z2 = x < a2 and assume a = b = ¢. According to the cut-plane

representation the real points =z < 2a(a - xl/a), x, < ae are inside

3 3 3
the region of analyticity. On the other hand, we know from Section 2 that

F(x x z3) is analytic for X5 < a2 provided x <« % a2 ; for %.ae <x< % a
1/2) < a2°

= X

2

we have 2a(é - X
In view of the applications, we are especially interested in the region
of analyticity in the =z

plane for the case c¢<a, x, = X, = hte. Again the

3 1
direct representation (4.4) shows that we have regularity except for the

static cut x, > c2, = 0 and e complex region around the lower end of this

3 3
cut. It can be seen from Egs. (4.5) and (4.6) that the points where singularities
are allowed are restricted to a finite region as long as 2t 1is less than a.

We shall not describe here the shape of the singular region for ¢ < a, because
its boundary is not characteristic. We give only the points where the boundary

of the éomplex singular domain intersects the real axis. The left-hand point

has already-been mentioned in an earlier publica.tion.l2 It corresponds to

x3 =0 in Fig: 3 and is given by
bt c(a - 2t)
¥ " Zt+e-c (4.11)

For the right-hand point, which corresponds to x3 =y 1in Fig. 3, we find

the following expressions: for a > ¢ > 2a/3 we obtain

(r) _ g2 2t . (8 - c)(c - 2t)
X = 8t° [1 + ——>t * (s - 5%) 1, (k.12)
provided we have = < 2t 4« 2¢ - &, and

o
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(r) _ 2 2t a - 2t ‘
x5 = 8t° [1 + —>t * 5% ] (4.13)

for 2¢ - a =2 2t < a. TFor cases where we have 0 & ¢ <« 2a/3, we find
Eq. (4.13) provided % a £ 2t < a . In the special case of the electromagnetic

form factors for the nucleon, we have for the isotopic vector part a = M + m s

e = Em“, and 2t = M, which gives

12
(B) _ 2 oM (v) _ M
XB = Qmﬂ M m : X3 = Sm (eM +m ) .
14 Tt
(ko1d)
The isotopic scalar part requires c¢ = 5mﬂ and leads to
12 -
(8) _ 2 _M (v) Mo
X5 = 5m1t o X5 = 5 (oM + mﬂ) .
7 n
(4.15)

In problems related to the question of consistency of quantum electrodynamics,
it is sometimés useful to know some analytic properties of the eléctron#hoton
vertex function. From the direct representation, we can say only the following:
if one is willing to introduce a small, auxiliary photon mass A > O such

that we have x =m 2

., &= b = m, + A, ¢ = 3\, then the singularities in

the z, plane are restricted to a finite region and the statiec cut

3
x3 > (3%)2, y3 = 0. The real boundary points of the region with complex

singularities are given by Egs. (4.15) with M replaced by m,» and m by

A. DNote that for N -+ 0 the mass variable xl = x2 = me2 coincides with

the static cut x > a2 - lim (m.e + h)g, y = 0, and the singular region
A0

covers the whole z, plane.

3

§
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In the case of the pion-nucleon vertex and the nucleon-nucleon scattering
amplitude, the situation is completely analogous to the one described here.
Compare Reference 6, where the envelope has been computed for the case
a=>b=c¢= 0. For arbitrary spectral conditions, it is somewhat more
difficult to guess the boundary of the envelope, which is more or less a
prerequisite for the present method of proof. We hope that the results
of this paper may be of some help in this connection.

R. Oehme and J. G. Taylor, Phys. Rev. 113, 371 (1959); see below Eq. (3.10).
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FIGURE IEGENDS
Boundaries of the domains D(o) for various values of ¢ and

2 = 2, =% a =b =2, The region of analyticity lies always

1 %2’

to the left of the corresponding curve. The region D{(a, c¢) is

the intersection of all domains D(¢) for o > c.

Region of analyticity of the vertex function in the z, plane. The

3

parameters are a =b =¢ = 2, X, = 5 = ht2, For a given value of

the mass variable, 2t, the function is regular outside the corresponding

closed curve and with the exception of the static cut.

Region of analyticity of the vertex function in the z, plane. Parameters

3

are the same as Fig. 2, but for larger values of the mass variable, 2t.

For 2t +a =2 we have O - =00, B = O+ and 1 - +00.
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