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ABSTRACT

Helicity amplitudes are written for photoproduction of mesons and related
to the amplitudes of Chew, Goldberger, Low, and Nambu. The expansions
of both types of amplitudes in terms of amplitudes for particular angular-
momentum states are then inverted.
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I. INTRODUCTION

The formulation by Jacob and Wick1 (hereafter referred to as JW) of
scattering theory in terms of helicity states results in a simplification of the
amplitudes for photoproduction. The advantages gained by employing these
amplitudes are: (a) One is able to write directly a rather simple angular-
momentum expansion for the various amplitudes; and (b) the complete set
of functions L—.d J(6):] used in this expansion have simple orthogonality
relations that make the inversion of these expansions quite simple. In this
note, we explore the relationship between helicity amplitudes and the
amplitudes heretofore used in photomeson theory.

II. HELICITY AMPLITUDES

By the use of the procedure and notation of JW, the four helicity states
for the ‘goton-nucleon system are described completely by the total helicity
(\) of the system: : .

A= A - A, N o= S, =L (2.1)

The nucleon is taken, for convenience, to be traveling in the z direction
.so that \_ will be identical to the z component of nucleon spin. Since the
m has no 1%pin, ‘the total final helicity (n) is just the helicity of the final nucleon.

If we assume parity conservation, the helicity, amplitudes '(fp )\) obey

f"H: _)\( 0 3 ¢) = mn g qu )\( 9 N T = ¢) s (202)
where M
Mg = LS (-ntr - (2.3)

L

If we make the usual intrinsic parity assignment n n® 1. and

‘nY =m_=- 1, the scattering amplitude is

“This work done under the auspices of the U.S. Atomic Energy Commission.
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) 3 0.9) fl 1(05 9) £, (6,4) 'fll 3 (0, ¢)
27 ' 277 272
F , . o , (2.4)
- 3}((—,\ G ;fl ' (6, T -4) -f) (6 m-9) -£, 3‘(9,'11 - )
z'72 2772 2 2 22
where 1.
;A =)
£, =Z(@J+ —;—)AJ)\e 7-: N T (o). (2.5)
=N T 7
Now, usiﬁg the orthogonality relation for d, P-TI ,
™ ‘ o . : 5
. a_ Yoy a_ T @)sin0 a0 - _J’JI'- , (2.6)
0 b mp (3 + )
one gets
o 2m -i(A=1/2) ¢
J_1 ' | 17 »
Ay = — sin 6 d0 | déd,, =— (8) e £, (6,9).
2T 2 i
0 0 : 2

(2.7)

The differential cross section is given by
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III. CONNECTION BETWEEN AMPLITUDES

The amplitudes of Chew, Goldberger, Low, and Nai'nbu2 (hereafter
referred to as CGLN). are defined by ’

[t _ s "’. -ty O' ° o- ° (k ?) ? 1 a-’. k q.e i O- ,q . € C-\J ;
5"10 ¢ ‘3:1 + 1 X 2t ct* 2 zj"4

qk . qk
(3.1)
where the differential cross section is then defined by
2
do z
dQ k

The x 's are the usual Pauli spinors representing the z component of nucleon
spin.

The helicity amplitudes differ from those of CGLN in that
(a2) they refer to circularly polarized photons, and .(b) the final nucleon spin
is quantized.along the direction of motion rather than the z-axis.

For a definite helicity of the photon, we can take the linear combinations
of the spin-up and spin-down Pauli spinors that correspond to the helicity
~states. When these linear combinations are used as the final state, the
resulting amplitudes are just the helicity amplitudes. The linear combinations
required are obtained by rotating the z axis to lie along the direction of
motion. .- A particular photon helicity, F, can be represented as

'KY' . )\Y
F|J., )\p = X|J.F X)\p N (3.3)

where the yx 's are the usual two-component Pauli spinors. Also we can
write

N
: -1/}"
F Y=y R Yy, o (3.4)
Y =X X\ :
SR K o
and thus we have
A 1
F Y=R" L (3.5)

If for convenience in comparison we take ¢ = 0, then we have

is o
Rlze 2V . (3.6)

The N\ = -1 state of a photon traveling in the negative z direction is
represented by ' :

’



-6-, UCRL-8858

€° = e L ’ ‘ S B

The amplitude of CGLN for this case becomes:

JZ

t}:‘_: i )f(?;l__,_?z)(0X+ioy)+sir1_9(63'/3.ff7€1)(f.z‘
L

0
-i6 - : :
0 2 , N in 0
-2 cos —2— e @(ox +1i oy) - sin 4oz:|

- Substituting this in Eq. (3.5), we obtain

(3.8)

cos %sin@ (?:3 + ?:4) . 2(23(1-‘3;)005 % - sin6 sin—g- (?3 ‘_,?4)

\--sin-g- sin 6 (?:3 - c‘};) ”/'-2('};+ %)Sin -g- - sinf cos -02-(‘3"3+5r4)/

(3.9)
£, 3 £
272 2°'2
:F—z
o U T B
2"z I 2
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This yields

f13 %0 1 1" h s
! ?,1= .o zz 2r 2 o, 22 2tz (3.10a)
J 2 » 6 0
4 sin VA 4cos7
£33 £, £ v 4 ]
; ) >z  zZ 33
= ‘}’2_ - 2 . , (3.10D)
4 sin > 4 c"o.s-z-
hs 13
'1 :‘3- ]. Z 2 + 2 -‘2 , . (3910C)
7 2 2. sin 6 0 0
COST sSin "2"
and
B U T S
IS S c & . 22N - (3.104)
2 2 sin 6 : :
Y 6 .6
COST sin 2—-

By expanding the f's, one obtains an expansion for the c}/' s in
terms of first and second derivatives of Legendre ploynomials which can
then be compared to the expansion of the ‘f' s given by 'CGLN. - This yields
the relations: ’ :

§

M,, - -i /_z AlJz+1/2 ) Al£+1/2 + ¥ 2 _(A3£+1/2 _.A32+1/2)
4(L + 1) > > N > >

(3.11a)

i /2 0+1/2 141/2 ' 2+1/2 241/2
My, = - 2/ 2 -A, /2 A /2, [ (A, /2, A 3 / )
4(0 + 1) - 2+ 2 L2

Z 2

™) —

(3.11b)
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E - _A/Z | 0412 041/2 (A 1+1/2 5 £+1/2)
4(4 + 1) > A > )

2
, , (3.11c)
£ - iV2Z | t1/2 , a+1/2 fT+2 (A31+1/2 LA 3£+1/z ,
e TP L 4 > -5
_ |z 2 ‘ Z 2
where £ =17 - Vi
IV. INVERSION OF AMPLITUDES
Equation (3.10) and Eq. (2.7) can be combined to express A)\z
in terms of the 's, yielding
! * 63:) Pyx) - Pyypx)
L+1/2 i ‘
A, = 2 JT0 +2)[ dx > 21 13
+2 JZ » t
Py_1®) - py ) '
N £-1 £+1 ’ (4.1)
24 +1
and
1 ' —
141/2 _ [ - Tl ?.’ “F,
A 1 / = = (?i, + ?2) (+ ——— z 4 (p£+1 X)i pf (x) ).
=b7 N3 ' l : 2

Finally, these formulae _can be combined with Eq. (3.11) to project

the E's and M's out ofthecjc’s:

! P, (x)-p,. (%

) | -1 £+1

M = —-—/ dx t‘(:?l pZ(X) - ?;pﬂ+1(x) '?3 T +
-1 - |

2w
20
(4.2a)
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‘ (pl_l(x)" P£+1(x) )
LN 1)f > [_71 e (FPHI(X) +?:3 © T 21
P,(x) - Py, ,(x)
+‘}'4(£+1) ! £+2 :}
20 +3
) ' o ' _ _ (4.2b)
1 p (%) - Py, ,(x))
1 £-1 141
M, = — ([ 4 (x) + ( )+°:Tr
2 [T Foe i |
£ >0
(4.2¢)

1 |
| (g 1 (%) - Pyyyx))
E, = 7217[1 ax [‘}I b ) - T oy g0 - Fyiarny Tk T 1“1
Py_o(x) -p
. f}: 2-2 1].

24 -1

L71 (4.24)
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V. CONCLUSION

The above formulas give the recipe for projecting multipole
amplitudes out of the CGLN amplitudes. Another use for these expressions
is in deriving partial-wave dispersion relations for photoproduction. This
work is now in progress. '
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