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SECTIOrl l INVARIANCE CONDITIONS 

This section contains a general discussion of the operations of 

time re1n~rsal 9 charge conjugation and spatial reflectiono 

lo Time Rev~a1=First Quantized 

Let the state vector / lfl ( t) ) represent a possible physical 

systemo A c©Jrresponding ~Utime"' 'nwerse 111 system will be represented by 

a state vector .denoted by I o/e {t)) o 

In order that two states be termed "time=inverses" it is necessary 

that positions, momenta and spins in the two states be related in the 

manner implicit in the term "tirne=inverse"o That is, if measurements on 

the two systems are made at times t and =t respectively then position 

~xpections must be equal butmomenturn and spin expections must be oppositeo 

Specifically 9 if \>Je make the definition 

< P {xj) t)) := <<fJ<t) I P (x) '\fJ tt}) 

< P (x9 t)) ® ::('f' ( t) I P (x) jlf'@ {~ :), 

where P(x) is a projection operBtor for an eigenvectors of x9 ~~1en the 

physical meaning implicit in the term time reversal implies 

# P . ) >e /p ( l) <..._ \X; t . ·~ \. X~ - ·t 



= 3 

Sbilarlly 9 we have the requirements 

0 

The required relation~h:i:ps may be SRtisfied by taking 

where T0 is defined by T f(t) :::; f(=t)ll A is a unitary transform&ion 
0 

in spin space9 and K is a Wigner complex conjugation operatorp which 

satisfies by d~finition the conditions 

<x q; I K ~ > ~ (o/J¢ )* ~ (¢ J \f) 9 

Klo<'f +,8~>: o<* )K f)-tp J K ¢ > :( ~ ;; {1 scalars) 9 

For spinless particles J2:: 1 and the requirements are satisfied 

by apecif;ring that the eigenvectors of x are ~.o That is9 the definition 

of K is completed by the specificatio~ / K x / ~ J x > o With this 

definition of K the coordinate spaqe wave function for the time rewersed 

system is 

ljJ e (xv t) ::_ (xJ«jl~ (t)) =(x/ K ~(,:t)> 

~ (K X /lf ~=t} > ~ ~ < X' 'f (=t) > * 

Not:i.ce that the eigenvectors i k) defined by 

are not rual1 



... 
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For particles with spin the requirement that spins be reversed under 

time reversal implies that for all 

( K P/v'l* i? .Ft. K P) ~ 
Here Jl.~ is the Hermitian.conjugate of JiLo 
with arbitra~"Y o{ and {3 P one obtains9 for arbitrary ¢ and lf !i the 

more in©isiv~ form 

li era t.he properties of K have been used c. Taking the eigenvectors of 

c:::t=~ ~~o be real» which completes the definiti.on of K~' one IQ\bt.e.ins in 
z 

this real representation the condition 

''l"'here the superscript ·r denotes transpose o 

In the Dirac=particle case 9 the physical requirements implicit in 

the te!"I"'l ~ttime t~~wersal ~ are. < j 0 (x0 t) ) 
0 

a ( j
0 

(x ~~ t) ) 

1'-iAS.$ 
These reqv.irements 9 together 1-rith &:~~11}<-t..r, invariancev imply 

fL * '~ . .J1 
J. 

OJT 
i 

and B are the (P..ermit.i,an) Dirac Ifl.E.triceso 
I 

H.a'V'i.ng thus defined the operation of time reversal by the physilCaJ!. 

requh·ement.s implicit L7l the terrninology9 one may inqu .. t:re Hh~ther the tll1'8=-

inverse, of a syst.em tha·t exists in na~.:;ure systam Hill also e;;c:1.st in natur~lo 

The ne~essary and sufficient condition :for this is that 

? 
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.'h I \pe( ) ", l q;G ( ) ~ i-~~'-: t -'" s H :1 :. t J o ..:)t ,/ . ~ 

This is equivalent to the (given) equation 

provided 

An©ther form of the requirement of ihvarianee under time=re'll'rersal 

invariance is 

This may be expressed as 

Writing S (tv =t) ~ S and using the unitarity of S9 one obtains 

where the star denotes hermitian conjugateo Hence :f:'or arbitrary time= 

independent states ra and i.V one has 
' 



~ <Jt* S * JL K lf ) K £8 ) 

~ <'f~ 1 s J ¢~ > o 

Ut.:.-rtr- -8859 

'lbi~ is a rather useful ftcJrm of the condition of tiine=-oreversal in variance" 

In the second quantized theory the vave fun··tion f (xv t) of 

the first quantized theory becomes an operator and the state is represented 

by a new state vector 'Jf o In the S~hroedinger representat,ionv where the 

state vector is time~~dependent and the operators time·=independent9 a 

typi~al expectation value will have the forr1 

where F (:x) is some function of the opera tors YJ (x) " For instance v 

we may have 

F [o/ (x) J o 

'l'he operators for various physical quantities are in fact just the correspond~~ 

ing ex-pectation wlues of the first quantized theory but with the 

\f (x) and ~* (x) now He:rmH;ian oonjugate operators and with some 

spe•J1_fica.tion of the ©Jrder of these operators, 

The second quantized fo:rm for the expectation value of thi!3 

sam.o physical quantity in the t.imec:r;:nrersed system is 



·= 7 = 

(F (x9 t) ) G ~ (, ':lft' {t) { F (x) / f@ ~t)) 

~<_Tf (t)\ ~:· {x) IT f (t)) o 

The physical requirements implicit. in t.he term "time revex-sal '~ will again 

be contained in equations of the forA 

where Fn (x) . is generally ~ F 1,x) o. Inserting the ansatz. T ;;;; UKT09 

©ne obtains9 for arbitrary 'fP , 

and hence 9 as before 9 

K 

The relationship b~tween F (x) and Fn (x) is determined by the 

physical meaning of time reversalo Equivalently9 one can take F 0 (x) 

to be ~ (x) 9 the operato~ obtained. from F (x) by the tllne=reversal 

transformation pf the f lrst qUB:ntized .treatment but with 'f {x) and 

* . \f {x) now consider•:Jd as Hermitian conjugate oper'ators and 'rlith the 

«llrde,r of these operat·IJ~I 2."'t:'l!'e.'t:iGd, rwith th:!.s l'Ul•~ ©ne obtainsil for 
L.. ~ -·]· 

instance~ the physically. required 1•elationship. Jv (x) :;;; =·J (x).~ 
~ ~-7' , ... 

lnserting the relatic,.~l Fn (x) ~ F (x) into the above equation one 

obtainsp for a geneY.'&l fQ-t'ill. F(x) = ~ *(x) ~11 fdp (x).9 = 

•* * '~13 * lfO\ KU ~P' {x) r:;{ KU {x) UK 

{fl. f» * _felt ,B (Jl K 
1f (x) ·=· (xl ~ ) s; 

~ 



g = 

where _r{ is the complex conjugate of _fl o 
!J =se has been made here of 

the fact that the unitarY, operator U operates in the space in which . 

'J. is a vector and lfJ is an operator; that is9 U commutes -with the 

spin=space operator .f o 

The condition expressed above may be satisfied by takihg 

TI1is last condition, which defines the operator K. by specifying the 

reality of ~ (x)» is analogous t© the condition in the first qu~ntized 

treatment that P (x) be realo· It implies that the coordinate=space wave 

function~ defined by 

~) c (xp t) = ( 0 Jljl (x) J ~ ( t) ) 9 

where / 0) is the vacuum state 9 becomes complex con;juga_ted under the 

complex conjugation of the state vector; 

(o J 'f (x) K 'If (t)) ~ (o I K \jJ {x) f (t) ) 

~ (K o/ 'f (x) p (iii) ) * 

~- <fc* (x9 t) o 

Here the reality of the vacuum has been assu.medo Similarly9 

: < 0 I lfJ (x) J \f 
~ .Jl ~* {x11 ct) 

c 
0 

Collecting the abmTe 1•esultsp one has the be.slc equations for ti.me reversal~ 

r. il 
ro . ~~ 

. .., 
r .{ 1 , 
.. ~< ~ ) 

0 
( ·' \ '> 
\l.-j / 
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~ (f I F~ [ o/ (xp t)] I gf )~ 
FWJ ['f (xp t)] = Ftr [fl r (xg =t)J = Ftr L If@ (xp t) 1 1J 

K ~t F* [ tjJ (x)J U K ~ FS [ lf (x) J 9 

K r (x) K ;;; ~ (x), U * ~ (x) U ~ ..fl ~ (x), 

0 

The superscripts T and tr stand for transpose and transposition ot ©rder 

~ respectively a 

A necessary and sufficient condition for invariance under t:l.me reversal 

isp for all ~ (t) 9 

This is equivalent to 

a condition used by Paulip Hermiticity of H is implicit in this 

characterization a 

As in the first.quantized casep one obtains9 as a form of the 

condition of time reversal invariance~' the requirement 

where JP and 't are time=independent stateso This is equivalent to . 

* Fo~ Boson fields the transformations are as given here but with no spinor 
factoro This will be true also for C and Po The phase factors are 
@hoosen so the Hamiltonian is invariant9 if this is possibleo For a 
discussion of the phase factors see the referen~es at the end of this 
sectiono 
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This gives the requirement of time=reversal invariance as a condition on 

S rather than on its matri~ elementso 

Notice that the question of the commut~tion relations does not arise 

in the discussion of time reversalo 

N~tice also that one may change the definition of K by taking a 

new field ~ (x) =. ei 'f lf (x) to be the real operator without 

affecting the. above argumentsP. Generally one will incorporate phase 

factors :l.nto the definitio11 of lfJ (x) so that Hint is simplifiedo 

3o Charge Conlugation- Second Quantized. 

Physical requirern~nts implicit in the term· ncharge conjugationn are 

( ~ (xl) t) ) c ~ = ( j f (xi) t) / , (cl (xiJ t) )'c ~ (C/ (xi) t) > 
the charge and current densities are reversed but spin i~ unchangedo. The 

operators are defined by 

0 
$ 

JfL ~xll t) ~ 1/2 [LJl* (x!) t)., ~ lf<xtl t)J 'j o-
1 

bcllt) ~ 1/2 [<f* <x~t) 9 

CT LV (xl)t)l ~ -i rr (xp t)l> Cil oJ lf<xllt) J~ E 
1 T ~ 4 l 3 k ijk 

The antisymrnetrized form is used. in order that the vacuum expectation 

values be zeroo. The charg; •30njugate. state is defined to be 

where 

C * tp fJ ~ w* 
1 (x) \.J .-~. E f (x) o 

The matrix E . is defined by 
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Except for phase factors 9 E ~ fl. ( /). o The conditions . 
. 5 ~ 

c * j }A c :;;; = }I and c* (fl. (xjl t) c ~ (1i ~xll t) are satisfied by virtue 

11 "' J a" 1'\t., 'e\ 

of the antisymmetrize~ form of ~Ao These forms are nonzero only in the 

second quantized theory9. and they would be constants (ze o9 or infinity) 

if the fields were ast~umed to obey conm.:v:tation relations 9 rather than 

anticommutation relationso 

The identification of the transformation defined ~:~we as charge 

conjugation is confirmed also by a study of the equations of motion of a 

Dirac part.:i.cle in and external electromagnetic fielP.o If ljJ(xp t) if.! 

a~sumed to satisfy the equation 

multiplication by (c, E K) gives 

e A 
i 

where c UJc w* 
Aft :;; = Aft 9 1 ~ E 1 9 and the Hermiticity of the ~ i and 

~ is usedo. Thus ~)C (x9 t) is a solution of theequations of motion 

in a reversed external fieldo 

If a free field 'f (x 9 t) ro 

~ {x.,t) ::: S (~~)4 N (p) 
0 27T 

Pc> 0 

v(p/) ~) b* (pp ~) e =ipxJ!) 

V {p.~~ o( ) ::;;; EKU {p9 0() !> 

U (p)j !X) :;;: EK \f (pp 0();, 

is expanded in the form 

ipx 
e + 
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* c * and N(p) is a real normalizAtion factor, then e. r 0 ~ E ~~ 

;;; tf
0 

© is obtained from ~O by the substitution 

which is the interchange of the annihilation (creation) operators for 

particles and antiparticleso. 

4o Invariance Under Spatial Reflectiolls, 

Given. a system represented by I i' (t)) , the reflected system 

is represented by 

where 

Invariance under spatial reflection may be expressed by the eq~ivalent 

conditions 

* PHP:=H, 

< 

5o !toper Spinor ~trix9 

A typical term in the field theoretical B=matrix for the 

scattering of a Dirac particle by a spin=zero boson is 

f~ (xfi) G (xC yn; y x) r (x) f* (yU) Lf (y)p 
0 0 0 0 

or~ in momentum space 9 
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)t~ ~ko) G (ku q 0 ; q k) lP, (k) f*(q 0 ) 

" 0 . (' 0 
f (q)o 
c 

We make the definitions f ~ ± k ~ k J k /1 k 
0 0 

Then 

\f (k) ~ lN(f) 2:,. a(f 9 o() U(f., o() 
0 C\ 

* N(f) ~ b (f, 0( ) V(f, 0\) 
IX 

1 (q) ~ N(p) a (p) 
. 0 m 

N(p) * (p) b 
m 

f * (qU) ~ N(pU) * a (pO) 
0 m 

N(pO) b (pO) 
m 

9 p g ± q g q I q
0 

) I q
0 

o 

(for k ) 0) 
0 

(for k "'0) 
0 

a 
(for-k > 0) . c 

(for qo > c) 

(for qo .( 0) 

(for..,~ n ( 0) 

(for r--q a ) 0) 
0 

Introducing the free=particle momentum eigenstatesp 

where 

et©o 9 V3 define the proper spinor: scattering matrix. S (k 0 q 11 ; k q) by· 
ll 

the equations 
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: fJ { 0! u ) S n (f o, p u ; P,f) ¢ ( o( L. 

<<roo<o) (fo()
0 

\ s J (p 0 )
0 r) ~ u (fuo-<o) G (f\= po; P;f) V (rot) 

:¢C (~ 0) Sn (=fUD pOj =pp f)~ ( o( )g 

<<fc:;< )c Pc J sf (fo 0\o)c (po)c) 
1' . .., 

The minus sign in the middle term of the last two equations comes from 

an anticommutation of the creation and annihilation operatorso Notice 

that the states on the right of Sn refer to the ~incomin~states in the 

spinor or proper time senseo The stat.es ¢ (o{) and ¢ (of 0 ) represent 

the states of the positive=energy partic~e in ita rest frameo In terms of 

these states the U(f o{) and V(fo() are given by 

u(r, ol) " (ri(rl{ftl) fll ~) [1+ <fc/ml] ~l/2, 

v<r!>oj) ~ <o<r>fl+l) fJ0 <ql)rl4>(r0/m)l=1/2)l 

If l J 
whelt"e ;r (f): =i Oo f/m and T1l is the mass of the Dirac particleo 

Noticing that ~ fS{ ~ ) g ¢ (~) l) {if? (o( ) ;;;; = ¢0 ( c;1 ) and that in 

S the vari'J...ble k {k ~) is + f (f 0 ) or =f(f 0 ) for particle or n . 

antipaz-ticle respectively9 one obtains the general relationship 
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With the notation ~ ~ 1/2 (1 ± {3) ~ · 1\ c:r we see that the single 

matrix Sn(k 9 qu; q k) describes four different. pz~cesses, in accordance 

with the four choices of the signs c; 9 c:r s in 

s (_.9 fU CJ' p9. [I p -f) 1\ 0 n "" » 'c:r , _. <::1 

According to the substitution rule of field theory G(k 9, q 9; q k) is 

a single .covariant function of its variableso Hen~e S is also a 
n 

single covariant function of these variables, aside from the square 

root factor, which is knowno A single es,.entially covariant matrix 

Sn (k 9 q 9 ; q9 k) describes.four different processeSo [~SO~ One 

quadrant 1\ a S 1\ " given as a function of the four energy momentum 
~ n ~6 • • 

vectors, determine~ the entire Sno·] 

If we take f3 to have the· u~ diag._:-:•al form then the four 

parts of Sn lie in the four corn~rso Each proces~ is described by a 

twO=by=two spin matrix of the Pauli formo As tM.~ reduced form is some"" . . . . 

what mor~ convenient.for calculation~ we inquir~ into the consequences of 

the Syn~etry pri~ciples in rega~ to Sn (k 0q 9 ; Q k)o 

6o Time = Reversal. Invariance .fumlied to 5
0

.., 

We may take the representation 

f5~t 1 ~1 _J 
JL (~0), 

~) 
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Then the condition 

becomes 

f/J ( C)O) Sn (f'U pU; p f') ¢ (6() g f!l (o-' ) t.J S n (fS v pe; fnS pU(B) ~?) ¢ (Q(n) 

wher~ 
Q .....:. r g <rc, ="l )o 

(f'o Po) H (r0 a Po n) .9 (.}-) = e;=; and a transposition of orders of all 

~ 0 so The same condition applies for /),. S A o For these two 
n 

quadran~s the initial and final states consis~ of the same particles and 

thus the time=reversal condition is a condition on the single quadrantv 

not a relationship between the matrices for differen~ processeao 

F~r the off=d~agonal eleme~ts we have 9 from time=reversal invariancev 

the relation 

(<fuD(n) (r~)c \ s J P (pU)c) 

g < p9 (pn)c® I s I (rv o( n >a croe>ce > 0 

Ihtr-,oducing the defi~i tion of' the Sn and using the fact that. 

I (rn o{ n)G (f o( )cs):;:; = I (f'ti\)ce(f0 O(U}@) one obtains9 

0!' 



and finally 

= = 

A .f. sn {f 0 
= p'; p = r) /\-

·"' 1? = 

"' - 4) I A. s <-l", p6; -P's r•e )/\+} ~, 

UCIU.o 8859 

This equation relates one off=diagonal quadrant of S to the opposite 
. n 

quad~ant and therefore imposes no restriction on either quadrant aloneo 

?o ~rge = Cgnjygation Invariance Applied_!Q_ S • 
--n 

Charge=conjugatiom invarianca gives conditions on the off=diagonal 

pa.rts of Sn• It implies 

(<rn 0\n) (ro\)c I s I (pn)c P) 

~(<rn o\ O)c (fo() / S I pn Pc) o 

Inserting the de~:':tr•1tion. of Sn9 one obtains 

or 

r 

~=lAs (f-po p« =rn)A=WJT 
[ + n "~ ' "' 

• 
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::: 4,) r _.. S n (f,- p; p ~ - f') 1\ - J T U) • o 

This says /\ S /\ is invariant under the substitution (.(p) ~(f 0 ~ p 0 
) 9 + n = 

a-~ = cr provided the order to the er- 0 s is reversed o 

Applied to the diagonal quadrant, the requirement of charge=conjuzation 

invariance sayso 

~ro o<u Po J sl fqp)~( (ruO( o pn)c Is I (ro< p)") 

or 

or 

This is again a relationship between t\10 different quadrants and does not 

impose a restriction on a single diagonal quadranto 

8o PA.rJ.tv Inyariance A Plied to %o 

Invariance under parity implies that under the substitution 

{lp ~!) f>o~ f'o) ~ c.:t .;;, :t~ =fg) the diagonal quadrants. are invarian_t 

and the off=diagonal quadrants ~hange signo This sign change comes from 

the t9 in the equation r p(Xpt) ~ fl 'f (=ip t)o 



= 19 = UCRI-88:59 

9 o ~.§ral Form~jlf Invariance Condi tio!!§..g_ 

,~,.. . ( I )~ ( 1 ( u;. )~] 1/2 ~ ~ ! . "' fr:f m ) ;r 1 'i"" r0 m 0 , a covariant matrix. In the Dira.e 
L(__ ·,., 
representation9 where pr is diagonal 9 four related processes. are 

described by the four quadrants. of sn.(k 0 ~ q u; q, f) 9 provided the appropriate 

signs in k.~ :t. f$) etco, are usedo For the quadrants at opposite corners 

the physical matrix elements .are obtained. by using opposite signs of all 

the momentao But for any covariant matrix. a reversal. of all vectors 

followed. by a switch to the opposite. quadrant.leaves a matrix unchangedp 

as is easily seen9. Thus Lorentz invariance implies 

These relations allow one to obtain res~rictions.on the diagonal quadrants 

from C invariance and restrictions.on the off=diagonal quadrants from 

T invarianceo. 

The previously obtai~ed consequence~ of time-=reversal inv~triance 

combined with the abov~ consequences of Lorentz invariance 9 imply that 

under the transformDtion. 

ffs ~)#{= ~s ::in) 
(fos Po) b (fc u, Po u) 

cr~ =es-
T of 0 

the diagonal quadrants of Sn (k 0 v qu; q 9 k) are unchangeq and the 

offe~iagonal elements change signo Here ~Tof 0" represents a transposition 

of the ~ of the c;r- matriceSo· 



S~ilarly charf~~onjugation invariance~ together with Lorentz 

invariance, implies that under the transformation 

(fp p)f--.+(f'O pO) 

a-~ -o-

T of 0 

e.ll quadrants be invariant o 

The requirement of reflection invariance (parity) says that under 

r, p, f p p ~ =f9 -p, -f =P trans~ {~ -S> "i ~) ~ ( ... ~ 0 0 >J p ? 

the diagonal quadrants are 1nvariant9 and the off=diagonal quadrants 

change sign. 

It will be observed that the product of the three transformations 

(Cp P, and T) is the identity transformationo Hence the combined CPT 

invariance is always maintained o Stated differently D our equations 

1\ 5 (fU pO• p f)/\ 6> 1\ Sn (=fO =Paj -p =f)l\ P ·+ n ' ..;.. .,. -

which were obtained trom the substitution rule and Lorentz invariance 9 

imply CPT invariance o 

The principal results of this section are contained in the above= 

stated forms of the separate invariances under C, P, and T as applied 

to the matrix Sn (kn 9 q 9 ; k 9 q)o These results aprly in unaltered form 

to a system of several Dirac particles prowided the generalized Sn 

is defined by the obvious generali;1Btion of the one Dirae=particle form 

given aboveo 

Relationships between various observables. implied by the the invariance 

conditions may be obtained by an examination of the expressions for these 

observables in terms of the scalar parameters of the proper spinor scattering 
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matrix9 S o The restrictions imposed on these scalar parameters by the 
n 

invarianee conditions leads to corresponding connections between the 

observableso In general one obtains various relations among the 

observables over and beyond those that follow directly from the postulated 

physical significance of the syr.~et~ operationso As an example 9 the 

reaction p ~ p --+A 4-A is considered in section two" 

REFERENCES REGARDING PHASE FACTORS 
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3o Pauli Lectures at the University of CDlifornia (1958) 9 (Footnote 

to lecture 10); 

4o Ro Spitzer and Ho Po Stapp, UCRL=3796 Revo, Appendix D; 

5~ Go Feinberg and So Weinberg, Nuovo Cimento (to be published). 
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SECTION II:: THE REACTION p + p ~ 1\ {~ A 

The reaction Pt-P~I\r/\ @tin be described by a matrix in th(!) 

product spin spaces of the tw Dirac particleso Expressed in terms of 

the two proper spinor scatte'i~ing matrices9 S and S n ll the reaction . n n 

is related to one two by two quadrant of eacho Thus the reaction is 

represented by a Matrix of the form 

a ...tb o- + .. ........, +- d .......... ~ a..a..b o:t -'-·~co ~:,#o d 0 70 
? i i ~i 6 1 ~ i ij fj ~ v I ., 

The o-i and yi are Pauli spin matrices in the proper spinor spaces of 

the two Dirac particles of the reactiono In accordance with the theory 

given above we let the indices on the right=hand side of these matrices 

refer to the "incoming" particle in the Feynman or proper time or spinor 

senseo That is 9 for an antiparticle the final spin state multiplies~ 
from the right and the (complex conjugate of the) initial spin state stands 

on the lefto 

There are two ways of associating the matrices ~i and o-· 
i 

with the particleso In the first (Form One) one set o.f matrices9 say 

the ~i9 is associated with the proton and anti=proton and the other -set, cr-1, is associated with the 1\ and 1\ o In the seond form 

one set9 say a- p is associated with the particle ~1oeG 9 /\ 9 p) 

and the other set» Y 19 is associated with the anti=particle (p9 A ) o 

For these alternative forms the consequences of the various symmetries 
1 are as followss 

1 
See section oneo 

anti=particles are 

The operators corresponding to the spins of 
~ ~ 

~=cJ) and (= /1 in this f'onnalisl'!lo The 

~rmulas are specialized to the reaction center=Of=mass frameo 
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T ~ i~tso 0 r -+ -+-+ c . b o N ~ ~, N ~ 0 0 

Form One ~ todort~ito do t :;:; 0 r ~ 7 ~ p b 0 t g © 0 t ~ 0 

l iodo1~ ?odo 
-:, 
t ~ 0 

T 
~ ~ T 

n c ~ =b d ;; d .. 

-: 0 ~:;:; =1 0 ~ 4 ~ ~ ~ c . b 0 t ;; c 0 t .. 
~ ~ -) ~ 

Form 'fw9 t 0 d o ~ =N o d o t 

"to do v-tn ~ ~ 
~ 

tU 0 d c t 

p • 
' 

In these equations, and in what followsv 1! ~ will be the unit vector 

perpendicular_ to the production. plane and 't and 'tn are vectors. in this 

planeo 

The general foms of the warious observables t>. expressed in tenns of 

the parameter.s 

For the special case in which C» PD and T are individually 

conserv'd and the «possible) polarizatio11 of the inciden'\i ant.iproton is 

perpendicula.r to its direction of motionll the general for ··ulas. reduce to the 

forme given in Tabl~s Bl and B:!~. For this special case there are 24 

scalar observa~le~ for each polar productio~ angleo. These ar~ defined by 

the scala~ parameters on the right hand side of the equationa 



+ PKS 1 (sin c.p) C9 f- PPS J,' (sin lf ) fY , 
o~ --) 

I(e ~ ~ ) ~ ~ 1/4 Tr <= ~ 
-I> -~ 

) MI (1 = (f 0 (i)) MI ~ 1/4 'IJ. ((, = 

MII(l =·1; 0 P> MII· 

+- Pps 1 (sin t{' ) (? 9 

. -4 ~-) 
--, - N t:;j 

~ 1/4 Tr (= Sf ) ~ a;\ (1 ~ (, ~ \) ) 

-) ~ 
( 1 = 1> (Y) M 

II 

g -~(CNNO + crmc (cos «f ) (f) 1( 

+ l((CKKO + CKKC (oos tp >(}') (-
A Ul IV _..., 

-/. P{ Cpro ·:-- cPFC (cos , ) lf ) P 

-\r ~(CPKO i" CPKC (cos l{J)(f) 1 +·1{\cKPO +CKPC {cos Lp )(P) -9 

+ ~( CNKS ( sin f )(jJ) 1 +'I(' ( CKNS (sin l{J ) fh ~ 

+"·~(CNPS (sin if)(?) ~+'P(cPNS ( sin !f )Q-1) )?o 

~ is tle angle between )?9 the normal to tho production plfu~Ov and 
,.,...., ,A. 

~ the incident polarization vectoro The orthonormal vectors P and K 

ard in -~he plane of production and the subscripts I and II on M refa.r 

'l.o ·i.:he ttrst and second foTTlls of Mo 

Tho r:1 .J.fforcntial cross se<:·i~ion for a p1 Dducti~n :!'eac'l:.ion at angles 

·)' /\ ~ 
( ~.c· lrollo·.•tc'l bv a decay i3JHH.:if-'ed .·:,r ,;fte un:~.;~ ·n'•,tO.t."'J V and w ~a given 
' .., ; ... 
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1\ 
The vectors V and 

the I\ - 2 and 1\ particles as measured in the!? :rest f'rameso Ths 24 

observable scalar quantities A1 (G) ~ (I IX , !Qrp Pot,8 ~ CCX f) 0 ) 
may be obtained. by appropriatli)l averages of I (Op l{J ll Vj) V) over 

weighting factors CV i { tf P V P V) " 
By virtue of' the assumed invar:tance under parity (spatial reflection) 

24 other analogous quantities tmJSt vanisho Ir the obvious extension of t~e 

notation introduced above is used~ these elementary consequences of 

conservation of parity are 

I ··P =P ·~'P =P IBP ~p '~P -p ='P =p => 
S ·~ KO = . PO - KO - PO. KC =. PC = KC. - PC = NS ~ NS = 

~c =c =c =c -c -c ""'"' =c ., e"",..;l ~ - n'1ltn CoO) ~ Q;1i'JI NKC = v eQ a.~.._TtY't c-:"!0 NKO KNO .n';v NPO KNC . PNC ~~.ru 

The elementary eonsequ~mces of charge=conjugation invariance 

alon~ are 

- -p ~ p g p g ~PKO' 
NO NO KO 

0NKO g =CKNO o 

The elem.entaey consequences of ·tima=reversal invsriance (CP) alone are 

2 
See for instance Ho Po Stapp9 Relat.ivistic Transformations of Spiu 



p 
NO 

(1 
'1i .. 'l 

PNO 

p 
KO 

" p 
r.o 

0 

A w:i.olation of parity is demor. :.:>t:t'ated. if any .of the 21~ tse Ja~t~ScfJ.e.l· 

·\iiol at.i.cn of C . (and lwnce •r ::;: CP). is sho\JTI by a breukdorm of ®ither of' 

the equal:tties 

J' ='P c ~c . NO <-· NO Y KPO ¥.1\0 0 

TlH~ re>maining elementary c!,;msequnnces i)f C and T invarianc.a ars 

tmp1ied 'by P inva:rianceo 

'f:he t:~] ememtary consnquences. of in variance~ listed abo v.e fC'Jlou 

s:lnce ,,rith G9 P, and 1' (!onseL"'VHd the M matrix is dascrib~!d by six 

complex p•n•&meters~ of t.-!h~.ch one is an m~bitrary phase, and th<:Jl'e E<re 2/~ 

·~i ">llYanish:ing obaervablas9 . there must be. 11 rc1tl"':ionsh1.~JB bet.~·Tf.:w:n the 

observables implied by C, P (and '1') in addit].on to th<o t111o gl~~m above~ 

lhe~a ralntionship.s ar~ :implicit in ·:,he exprtHJS~.ons r.,r tht~ observables 

g-1. ven in 'l'a ble m. 01 .. Ex;oressed as relations between thE, 

::..·~~s':lr,ra.bles the constraints are ::-ath:9r ~omplic;ated in general o Howevfln· 

2 
l' ) 
H'~ 

C I 
NNC C 

') 

(e -:··c )'-
PP KK 

. ·' ,VT' ··. ., . 

(P 
::sc 
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'l'his mett.od of determining o< OZ. arises from the f'act that the obbtL ,ed 

quantities are essentially (o". ~ (ICr.mc) and ( 6'Xc) P h~nce thE". quc-;:.:tar. t 

-<> is r:-/ o<. o Also., sinc_e the same. assumption of P and C i.TJ.\"al"iance 

(in the production) implies P :; P9 the ratio of the f.,~.yrmnatrie~ :for 

/\ and 1\ decay _gives the ratio o~ o( and 0( c This, re.t:lo~ 

together w:i.th the above. determination of the proouct o( C~ l' aJ.lOWf the 

pa!'P.Jnet.ers !/""<., and 0( to be found. 
1-

'l'he ratio of o<. and 0<. is of course fixed. to be minus one is L 

CP i:avariance is maintained in the weak, interaction c. A diffe1 encs 

in t.he asynmetries of .1\ an:l 7\ would indic~ate a breakdo\rr of 

C:P in either the strong in·teraction or in the weak interac:tlor g 

01' both_;)' 

'l'he third consequence of inva:dance under Cp P. (and hence 'I) 

listed at~ve .is more complicate~ ond the remaining eig~t do not appear 

expressible as s.tmple combination~ of a few. cbservableso 
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.~ .. ~~ 
" ~~ p fji."}; dji* p 

NO'fEg The initial part1.cl~ spin rrs.tricss appear: on the righ·t of M and 

in:J.tial antipart_icle matrices. appear on the left. of Mo •.r;:;.e 

operator repr_esenting sp:i.:n is given oy ~·z!- or ~.· ~ for 

antiparticlesc 

I 1
2 -~ 4 ~ '~ 

l/ 4 'i'Y M M ~ a + b* o b +- c* o c ~1-- Sp d " d 

1/4 Tr "7; T-"w ~;;; a*;{ -ia "'t{~a + bG o c1 + d o "t + i {'t* x-J) + i [ d a ~~. 

1/4 Tt' M if. (~'·· J3') M ~ a* d o ;· + a @~ d ~ 1* (~ "@) ·} -:~ (~~ " 65') 

i· i {d~.~*) c ~? i ~c 6)1.d =l~Xd "@ 
1P [do~~ d] 

1/4 Tr (11- M ( -:t! o @') l1 ~ at d • @ + a @ o d-+ bt {"J o 61 ) + ~5 

-~- " 0 e d 



-P ) =i {b*"' dX 

= i 

i Sp (do 6'x d) 



TABLE Bl 
-~~ ..... -----~-

&qllic.it expressions for the observables in terms of the scalar 

.. parameters for the special case \~here C and P are conserved and 

7JY o '£i ~ 0 P where 1 is along anti= proton motion o. dNN ::: dN etc o [ f~Ji!:.' ~ J 
.. Ic = 1/4 Tr M M ~ \,,_,2+ \dNJ2+~p/\faKj2+fdPKJ~JdKPJ2 

- -~ 1\ 
IC ~ 1/4 Tr M (e·1~ o N) M :;; =2 Im dpu dPK +- 2 Im dK~ dJKp. 

~ ~ A 
PNO g 1/4 Tr M (cr c N) H ~ 2 Im. dKP. dp;& ., 2 Im dPK dK'il- · 

:;; 1/4 Tr (= (j! " f1) M H ~ 2 Im ~P. dp * =.2 lm dPK dK*· 

- ~ A ~ ~ 
~ l/4.Tr M (cr ,. N) (='t1 o NJ M ~ c, 2 Re dN_a*+'R. R0 dp ''K* '"' ;~ Re dKP dP.K* 

~A- ~1\ 
:~ 1/4 Tr (=cr" N) }-1 ( ~ ".:. o N) M ~ + 2 Re. d a*' ..f.., 2 Rs d d 4> 

N P K 

= ~ Re dKP dPK * 

P ~ 1/4 Tr M (cPo K)(=-~ 0 ~) H ~ = 2 Re.dK a*+2 He d ~ d 
KS P U · 

- -) A ~ /)· 
p :;;:; l/

1
4 Tr M ( c:r ~-., P)(= '( <> K M ~ e~ 2 Re dPK a* c~ 2 Re d d ·. *. PS N KP 

. ~.-1\- ~A 
1/4. Tr (=<Jo K) M ( = f; " K) M ~~ 2 Re. d a* + 2 Re d o d 

K p N 
p ·= 

KS 

_,-""=~A 
1/4 Tr (= (j'" P) M (= ~'o K) M ~ 2 Re d a~ ~ 2 Re dN •l,p* 

PK " 

= p = 
~~ 

PS 

1/4 T; (c.#o ~) M {~o ~ M ;o: ~[lal 2 t~N~ 2 ~~~2 -ldl·· hpt ·h,Jj 
l/4Tr (~;" ~ M (,?o 1l M" '"0al2+ \ dpj2 ~ ldNI2 "ldK\ 2 +K~ 2+PP!i 

0
NNO 

= 

CPPO "' 



•· 

~ 

).f_. 

c 
Kiro 

c 
P".t{() 

CK:ro 

c 
NNC 

0PPC 

c 
KKC 

c 
NPS 

0
PNS 

c 
NKS 

c 
KNS 

= 
= 

= 
= d 

XP · 

co 1/4 Tr {=ifo 9.') M <if 0 'P) M :;: ·= 2 Re. d d * ' = 2 Re d * d 
- PK K . P KP. 

= 
~/\.~ ~ /\. ~./\ * * 

1/4 Tr (=c7"o N) M (17"o N)(c. i:c N) H:;;: = 2-Im d d f- 2 Im d d 
P PK K KP 

= .. -.;:. 

~,;\- A -;)A= * _ * 
= 1/4 Tr (=cr- o K) M (o- c K)(= u' N) l.f = ~~ 2 Im dp dPK = 2 .l.m d d 

K KP 

~A-4~~/\ * * 
~ 1/4 Tr (d!io K) M (CS'" o P;(~~to ·N) M ~ 2 Im dK· dp =· 2 Im d d + 

KP PK. 

* !1-
c~ 2 Im. dp cL i- 2 1m d d 

-.K KP PK 

= 
~ 

= 
=· 

= 

-~ __ , 
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TABLE B2 
........,~.., 

Explicit expressions for the observables L1 terms of the scalar 

param~ters for the special case where C and P are conserved and 

{? o ·~ :;;; 0 where .-; is along anti proton, direction of motion, dNN :, dN 

etco d :;; d ~ e [ F 0~ 1>1 T w 0 J 
PK KP · -

* * 2 Re a* b =· 2 Re b*· ~ = 2 Im .dp e. + 2 Im dK ·~ 

* * 2 Re a~ b = 2 Re .b* d + 2 Im d e. = 2 Im d e. 
N P K 

= 
p = 

'-~ 

NO 
~ A - * *· * * l/4 Tr (= 't;;o NJ MM. ~. 2 Re a b = 2 Re b d f. 2 1m d e·= 2 Im d e 

' N P . K 

PNC 
= = 1/4 Tr M (~o ~){~:f, ~ M ~ = 2 R&. a* dN+2/ bl2-+- 2 Red* d ~ 2je{

2 
. p K 

-p ·= = 
NC 1/4 Tr (7 t· '-' t/) M (c~ 0 /~) M ~ Ia 12+ 2/b/

2+ jdN/2 
= }dK/2 -Jt~.J. 2 

= 2/e ;~ 
Pps = 

= 1/4 Tr M, ~ o ~ (= io 1) M :;; = 2 Re a* e +2 Im b * dK + 2 Im b * d = 2Re d, '· ;,;; 
p /:'. 

p = = 
KS 

' = 4 "" .. "- ~ * * 
1/4 Tr M (6""'o KH=· -...~c· K) M ;;; =2· Re a d +- 2 Re d d · K N p. 

= p = = 
PS 

--., t\ = """"" A .... * 
1/4 Tr ( = 't' c P J M ( c 't o K) M ~ = 2 · lm a b = 2 Im d b +~ N . 

* * -\-2Red ef-2Red t'! 
p K 

PKS = 1/4 Tr (~ ~;, ~) M (-"tc 1) M ~ )a/2 =/dN\2+ \dK 12 ~I dpl2 

CNNO ~ 1/4 Tr {,to ~ M (?"'!f) M ~ = 2 Rea* dNt2 lb/2 

* 2' ~ 2 Re d d + 2 ~eP 
p K ' . 



CPPO 

0
ICKO 

c.: 
PKO 

c 
KRO 

C:NNC 

0
KKC 

= 
-~ 

= ·= 

·= 1/4 Tr 

... * 
~2Imb dt2Red e 

p N. 

->A- A 4 /\ * 
(= t· I N) M (5" 0 N)(= "!!' N) M ;;; 2 Re .a b 

* * +- 2 I.m e dK = 2 Im e d p 

* 

= 2 P.e d b 
N 

~ _,.~t = , -:> A -,\> /'. 
~ · 1/4 Tr f= e··,. P) M ~a P)(= ~' N) M ~ = .2 Im e a·t 

* * * 
11.... 2 Re d b "' 2 Re d b + 2 Im s d N· 

K . :P -

* * = 2 Re d b + 2 Im tS d 
K N 

~~=..._,A _.,A * 
= 1/4 Tr (= 6to P) H (o- o K)(<, ~ ,N) l.f g = 2 Im dK a =. 

~ * * 
= 2 Re eb 1' 2 Rei eJb +2 Im dp dN 

" ";(', 

-\\A-~)\ ~A "' * 
G = 1/4 Tr {=· ~-"'o X) M (cS c PH= ~~ ·N) M g; "'/= 2· Im dpH a. = 2 P.e· eb 

I\PC "' 

* * 
= 2 Re eh -l 2: Im dK d r . , N 

,...., ,d, = ~ A ··""· 1\ t~ * 
~~ 1/(. 'l'r {~· Z' N) M (o-o PH-- 9;'', K) M :::-. = 2 Im ·dp a -+ 2 Xm ~J dK 
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<~! 

• 

,.{ . 

(• 

c 
KNS 

* * r 
= 2 Re d b = 2 Re d b + 2 lm dN"' e. 

p K 

4- ~ = ~ ·~ ~ A *. 
= 1/4 Tr (c 'l~o· K, H ~~ ~ NJ (= ·~ ' K) 1•1 ~ + 2 Re a b 

* * *' 1-2 ·Re d b = 2 Im. e d = 2 llJn. e d 
N K P 
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'l'liBLE C 

Relationship between parameters of first and second for.mso 

A /\ .-1 
(Barred para1neters are those of F©rm Twoa N9 P~ K Form right= 

handed basiso) 

1/2 a + 1/2 d + 1/2 d r 1/2 d 
N K P 

~'i b ~ 1/2 d "~ 1/2 d 
Y!\ KP 

dN ;:3 1/2 a + 1/2 d = 1/2 d = 1/2 d 
N K P 

-dp ~ 1/2 a = 1/2 d = 1/2 d ~, 1/2 d 
N· K . P· 

; ~ 1/2 d +-1/2 d 
PK KP. 
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• This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 


