UCRL 8866

o UNIVERSITY OF
CALIFORNIA
Ernest Of awrence

Radiation
- Laboron

TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call

Tech. Info. Division, Ext. 5545

BERKELEY, CALIFORNIA



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



For pub. Phys. Rev. Letters UCR1.-8866

UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
Berkeley, California

Contract No. W-7405-eng-48

THE CAUSE DEPENDENCE OF THE WAVE-FUNCTION RENORMALIZATION
CONSTANT IN QUANTUM ELECTRODYNAMICS

Kenneth Johnson and Bruno Zumino
~August 1959

Printed for the U.S. Atomic Energy Commission

PN



HE CAUGE DREPENDENCE OF THE WAVE-FUNCTION RENORMALIZATION COMSTANT
IS QUARTIM FIRCTRODYNAMICS
Kenneth J&mnT
Physies Departsent
Univerasity of Californis
Berkeley, Califernia
and
Bruno Miaag
Ievrence Radiation Leboratory
University of Callfornia
Barkeley, Californis
We should like o pofnt cut the existence of an exuet snd simple
relation between the electron Green's functlion renormalisedion constants
in the general class of "manifestly” covariant gauges., We consider those
gauges wvhere the unrenormalized zerotheorder photon Green's fumection in

momentun space has the form

Sup © nu; - BE MK, (1)

where A 18 an arbitrary function of k. By Dm? we shall mean a
covarignt Qreen's funotion in a Pixed gauge.

Une can show that the evact, wrencrmalized electrun Creen's
functions in the respective gauges are conpected by the relaticn

o
Gz = 2') = exp { 1o, (M- x') - M0))Jg,lx-x),
(2)
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where 2, is the warenormeliged charge of the electron, and
,, . 1kx
Ax) = f ﬁf;—} e Ak . | (3)

Tais result has been derived previouely,” tut in a manner which
seems to us somewhat q,uesﬁmble‘ An ixdependent and rigorous derivetion
is possible using the technigues of externmal sources, and is given in
papers on the gauge growp in ahctmﬁy:mwn.e’j The authors of these
latter papers were motivated by sowewhat different considerations. It
should algo be remarked that the connection between the Green's function
in the radiation gouge (vhich does not 2all imto clase (1)) and the
Lorents gauge has besn derived’ by sn alternative method which should
alego apply to the case under consideration.

If the trsnsformation is nonsingular, the function A(z) venishes
&8 ‘xg -, Ruather, if the singulexity of G at pg = »m2 is made
rigorously a pole by cutting off the soft photons with sn invarisnt
photon mase i , then apymptotically is any gauge

Mx - x') *zacm(x- x') (4)

as (% » x')eﬂm, vhere

eiy(x«»x')
T ¢+ 1

(3)

Clx - w) = 1(;‘%&

since 1, the physical gmas of the electron, is the lowest invariant
frequency contained in o{x - x'). Z, i the so-called wave-function
renormalization constant., It follows Prem Eq. (2) that the wave-function
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renormelization constants in the two geuges are connected by the relation
2, = exp [ ~ta” M0) ) %,° . (6)

To give an example of this relation one muy tske for I);‘e JO the

oo [ )

b = ’
) \ ----? -mk o ///; (n

!c-t—u

fumction

A\
vhere p iathapmtonmsm A iz inserted so that vo may regard
Ineal electrodynamies as the limit of a cutoff theory. Then we chooss

for A the function

1 1 1l
L § s \\\ ’ (8)
50 that we stuly the oneeparemeter family of gauges for which
( Bd gk aEm) . ()
D = 5 L Sy 4 . . 9
WY uy , ka kg + u§ K+ A

In this case, A(0) = 1&% bg(«-‘-&-), therefore

Yo, /20,
(-—‘-‘-)"/zf, (10)

u

22‘3‘

where Gy = eaa/&u is the szm coupling constant.

If A ia allowed 4o approach infinity, it is clesr that zg"
can approsch a finite and nonvenishing limit et most in ons of the gawges
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of classs {9)., Tims, if a8 A -» ™,

| -ax
80+ () O/&'Zaf’

?

where 22 ie fintte and not zero, then in the gauge in which v = €
e

the renormelization constant would be finite and equal to Za in this
limit. Bowever, wo wish to m:mes that m—mﬁ 1f such 8 specisl gauge did
not exist these considerntions would in no way affect the possibility
that the @mmmum physical theory is consistent. Indeed, the

reasson that & simple relstion of the type (2) exists is that the gauge
change refers o0 the way in which the longitudinal and seslsr quanta are
soupled to the electron, and these guanta (bucause of the conservation

of the fluctuating veouum currents) enter in an essentially noninteracting
way. The factor (ﬁ/&)'ma/ﬁa 18 produced by the change in the mumber
of these guanta in the state in whiehk po = -n°, and consequently has
pothing to de with the physical theory, which is comcerned only with the
transverse gquanta. Therefore, the fact that these degress of freedon
introduce inconsistencios only indicates that the use of formulations of
electyodynamies that employ them 1e dangerous in the imvestigation of the
consistency of the (unrenormalized) pbysieal theory at high energles,
This points to the radlation gsuge as useful for these purposes since

it does not fall into eluss {1), unphysical gquanta are avoided, and the
Greon's functions are directly related to matrix elements of operatars

in & Hilbert space with & physically sccoptabls {positive) metrie.
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In apite of these difficulties, vhich have to do vith the
congistency of the looal theory, one may still make use of the gauges of
elass (9) in e pragmtic way provided that A 1s chosen larger then auy
epergy of physical interest. In this cape 1t is useful to note that
information about the infreared atructure of the Green's function in
vorious gauges wmay bve derived from Eq. (2). It should be atressed again
that changing the gauge alters only the number of scalar and longitudinel
quanta in the varfous gtates and hence bas nothing o do with physies,
However, simplifieations in calcoulations mey occur if the geuge is choson
properly. In the loweenergy Gomain (as opposed to the infinite-onergy
domain) the trunsverse guante should enter in en eseentislly noninteracting
way once the charge is renormlized. It is thexrefore not inconceivable
that concellations between real guanta and the longitudinal eund sealar
m'mmmmm@awmta@u@oaftm (9) might exist vhere
G bas rigorously e pole at p° = -n°, in the limit as u = O. In this
case, the amgulm'ity in any other gaugs can be caleulated quite simply
by using (2).

If ve allow - O, the difference 1e "(A(x) = M0)) remsins
finite and becowes equal to

B S
© o (2) -
o, | OB (r -x" )

'”é'“{ Af )ﬂ:,? *%M(%Aﬁ)»%-% ,

;2
Therofore, for A 7ex > 1,

o T ars
16 ) - MO)) = = dostam )+ eomat.
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Suppose now that there exists a gauge with 7 = ¥ , where the
Green's funetion has & pole at ‘pﬁ - ~mg-. Then 4t is possible to show

that in the guwge corresponding $o an arbitrary velue of 1, the Gresn's

[
function in the neighborhood of p° = »mg will behave like

a (v - )/ ex
X J u? lo
Tp + m %pe«&mﬁ!

A

. (12)

The work of Yeanni&s indicates thet such a gauge exists with

?"51“'3“"“‘“} (13)

where o ig the renormalised coupling constant. This is explicitly
verified to the fourth order by Sc}.cv‘av.ﬁ






