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EFFECTIVE PHOTON ENERGIES OF HIGH ENERGY PHOTO-NUCLEAR REACTIONS

- Leonard Eyges

~Radiation Laboratory, Department of Physics
- University of California, Berkeley, .California -.

September 7, 1950

ABSTRACT

We have attempted to use shower theory to evaluate the effective
energies of the photo nucleaf reactions measured by.Straucho It seéms that
 these energies can be determined most accuratelj from the area urder the
transition curve, the so-called ﬂtrébk length?. A théoretical formula for
the track length is discussed, The shape of the transiticn curve at small
thicknesses can elso be ca}culated quite accﬁrateLy and serves as a rough
¢heck on the‘effective energiesvas derived from the tfaék length, A compari—
son with experiment of the theoretical shape of the whole transition curve is

given and, as one would expect, the agreement is not very good,
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Introduction

In this paper we try to usé shoﬁer~theory to evaluate some of Stfauch'sl
results onvhighbenergy photo-nuclear reactions, As Strauch has described, the
cross sections for these reactions have a more or less sharp maximum for some
photon energy. For most of our caleulations it will be adequate to assume
that the width at this meximum is very small, i;eo, tha£ the reactions take
. place for only one photon energy, which we sﬁall call We9 the teffective energy’.
 The effect of this approximation is discussed later, If it were easy to make
accurate calculations Wi%h present shower theory there would be no problem;
one would simply calculate shower curves for varioﬁs energies W,, and for s§me
We obtain a fit with thg‘experimental éurve° For the energies that we are in-
terested in, however, around 20 Mev, it is well known that shower theory cannot
be relied upon to predict an accurate cascade curve, mainly because the cross
$ecti9ns for pair production and bremsstrahlung vary consideraﬁly'over the
fangé_of energies of interest, which is from about 26 to 300 Mev, We must,
thereforé, look to some quantity that can be caleulated more accurately than
the shape of tﬁe entire fransition curve and yet one that giVes us the informa-
tion we want.,

It is clear that‘one does not really have to know the whole transition

curve in order to find the energy it corresponds to, If we consider transition

Lk Strauch, Fhys. Rev. (in press) 1951
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curves corresponding to different energies, but to the same initial conditionms,
then at any phickness tﬁerevis a unique correlation Between the energy and the
height of the curve. Thus, any one p01nt on the tran51t10n curve determines,
in principal9 the energy. Of course, this is no real help9 for if we could
calculate an arbitrary point accurately,-we could.calcﬁlate the detailed shape,
There is, however; a particular point on tﬁe transition curve which can be
: calculafed rather more accurately‘than any‘other point, namely ﬁhe height
ef the maximum, The reason 1s, as Rossi and Greisen® have p01nted out, that
at the meximum of the shower one can take inte account approximately the varia-
tion of the palr productlon cross\sectlon with energyo This enhances the
accuracy con31derably° Thus, 1f the shower curve correspondlng to an energy
We shows a maximum, one mlght hope to determlne Wy by the pos1t10n and height
of the meximum, There lies the‘dlfflcultyc_ Although some of Straugh's curves
have a ﬁaximum, those corresponding fo higher energies do.nota We must fina a
different method if we wish it to be univereaiﬂ,y'applicable°
For very large\thieknesses,muliiplication becomes unimportant, and the

B shower! curves‘simply become the exponentiai absorption cufve of photons of
energy W o* One might hope to deteréine the absorption coefficient from the
vs;ope of the experimental curve and from'this get the'enefgy Wéo There is no :
_ﬁdiffieulty in principal with this idea; in practice one must go to such large -
| :fhieknesées before pure absorption sets in that the intensity becomesvunusabky
small, | | |

- The beginniﬁg of Stfauch"s shower curves have a characteristic shape,

There is a drop at very small th 1cknesses due to the absorptlon of photons of

2 B. Rossi and K, Greisen, Rev, Mod, Phys. 13, 274 (1941).

If we take the finite width of the reaction cross sections into account
- the shower curve at large thicknesses really becomes the absorption curve
of the photons of lowest energy that can produce the reaction,
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energj We; multiplication soon sets in however, and the curvé becomes less
steep and may even rise again° The initial slope is entirely due to self
absorption and this slope, in principal, determines the energy. Unfortunately,
this slope is very difficult to measure with any accuracy. On the other hand,
one might hope that since the first pari of the shower cﬁrve9 up to perhaps a
half radiation 1engtb; is mainly an absbrption curvé9 multiplicétion processes
5eing secondary, one might be able té caleulate this multiplicafion with suf—;
~ficient accuracy to predict the behéviour of the Beginning of ﬁhe curve with
reasoenable accuracyol This expectation is fulfilled. .One can calculate the
shower curve tovalmpst a radiaﬁion length with considerable accuracy. Unfor-
tunately, there is an experimental limitation, It is difficult to get good
stétisfics on the beginning part of the curve., Therefore, one cannot obtain
a very accurate value for Wé in this way,

Finally, it is possible to determine the éffective energy W, from fhe
area under the transition curve, the so-called "track length', This quantity
has the édvantage that one can take the variation of the pair pfoductioﬁ cross
section with energy into account, .just as in calcﬁlating the height at the
4@aximumo Moreover, it has an advantage over the latter quantity: although
not all of Straﬁch‘s transition curves have a maximum, all have an area, It
_ éé”the track length that-we have meinly used in calculating W, although we
éavevalso’used the initial behaviour of the shéwer eurve9iup,to almost a radia-
tion length, as a rough check,

.The rest éf the paper is in‘four ?arts; in section I we have cal-
culated the photon spectrum to be expected from the Synchrotron target; in
section I1 we have caiéu}atéd the track length as a funcﬁion of energy, and

applied our formula to Strauch's results; in section IIIwe have calculated
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the detalled shape of the curves at their beglnnlng, finally, in section IV,

we have calculated, as best we could, the detailed shape of the transition

curves, neither expecting nor gettlng.veny good agreement, with experiment,
For convenient referehce, we will write here the usual shower equa-

tions, using the notation of Rossi and Greisen unless otherwise indicated,

aﬁ('Egt)z 2,[0 Y(-‘E;,t) V (%_:‘9u) %ﬁﬂ [QH(E;E).¢ (E,v) dv

t ’ -
9 7 - . (1a)
] A
[ (ot (o mar + € S
AY(W,.t) ' W W | av '
2EH L T s &S emrm ' (1)

Here n (E,t) is the number of electrons of energy . E at thickness +t
and Y (W,t) the same for photons, V¥ (W,u) is the pfobability per radiation
length that a photon of energy W produce a pair, one particle of which has
~ fractional energy u. (B, v) is the probability per radiation length
that an electron of energy E emit.a photon with fraetional energy V. The
~ usual Shewer theery deals with high energies where Y and ¢ are functions
ef u aﬁd v- only, but for our purposes9 keeping the dependence en'W and E
ekplicit facilitates discussion, E. in the abeve equations is the critieal
energy, and thicknesses are, of course, measured in radiation units., We also
depart slightly from Rossi and Greisen by ietting o (W) be the total absorp-
tion coefficient for photons of energy W. This will be diecussed later, 1If
we call 0,(W) the absorption coefficient for the Compton effeet and ab(W)

that due to pair production, then ' o(W) = 0@&%0 + @E(W).
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1. Photon Spectrum from Target

The 322 Mev electrons from the beam of the.synchrotron are .allowed
to fell on a target of Pt, 0,0ZO in., thick, producing the beam of photons
used in the_experimento va the térget were infinitely thin the distribu-
tion of photon energies W should be given by £ (Eo’ v) where Ej = 322
Mev and v =v—%;o Actually, the finite thickness of the farget iﬁtroduces :
a correction,.whigh Wé shail éalculate in this sectioh,v First, we should 1ike
to make explicit an.assﬁmption inherent in our use of thé function @ (Eo, ).
This fﬁnction gives the energy distribution of rhotons produced by -an electron
of eﬁérgy E,y integrated over‘the'angles between the electron and the photon,
At first sight, one might think that’the appropriate function for: our pur-
poses should be the energy distributionvof photons produced in essentially
the same direcﬁion as the electron. In passing through the ta;get, hoWever,
the electrons are multiply scattered and in the present geometry thé effec} *
of these'deviations due to scattering will be-taken carevof to a good.épproxi—
mation by using the integrated function @ (EO,V),B
We éanrget,the photon S§ectrum by simply putting into the shower

equations a power series expansion corresponding to the -correct initigl con-

ditions, i,e.

n (Ey,E,t) = G(E,-E) + P(Bg,E)t.+ . . . i

B

T (Eg,W,t) = Q (By,W)t + R(E, ,Mt° + , . .

Equating to zero various powers of t in the shower equation, the unknown
functions . P, Q and R are found in succession as easily evaluable integrals,.
Q(Ey, W) comes out to be just @ (E,, v), as it must. If we use the approximate

expression @ (E,, v) 21/v to calculate the small correction term R(E., W)

(o4

3 L, I, Schiff, Phys, Rev. 70, 87 (1946)
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we get

. . . . ) . ; Vg
R(Eg,W) = @%EO'(W)BJ"n(l“gO)]_

’

Thus our. corrected spectrum from the target is:
t ' , :
# (fow) - (o) - In (1w} | @

This ébrrected'spectrum»is plotted in-Figure 7 of Straucht'!s paper., The
‘ physical interpretation ofrfhis spectrum is clear, For v small,la(l - V)0
and the imporiant term in the correction is just the absorption of photons in
the target., The correction term as.£Zéﬁ2E; repreéentS‘this self absorption,
For large v the term in [In(l - v) is important, This term diminishes the
- number’ of high energy photons. This represents. a double radiation. processs
~there is an overwhelming\probability_for‘emitting a low enéfgy'quantum in
which thé.energy of the electron is diminished below ‘322 Mev; therefore, it
can 1o longer emit a gquantum with.this up@e?;limité Thus, the effect of the
-finite target thickness is to diminish apprecisgbly the number of very high
energy photons, |

» After leaving the target, the beam must pass through a quartz donut about
5{8 in. thick., The main effect of this on energies above 18 lev is-to reducé
ﬁhe intensity unifbrmlyg singe the abéorption coefficient-is small and varies

élbwiy with energy in this region, We shall, therefore, neglect this correction, -

II, The Track Length

The most accurate calculation of the track length of photons to date

4

is the numerical work by Richards and Nordheim™ in which collision loss of

electrons and the Compton effect are taken into account, as well as the varia-

& J Richards end L, Nordheim, Phys, Rev, 74, 1106 (1948)
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tion with energy. of the rédiation and pair production cfoss sections, These
are not very convenient fof our purpose, however, since they are made for a
single incidéhtphotono To apply them fé the present probleﬁ, one would have
to integrate numerically their results over the photon spectrum emerging‘from
the synchrbtrono Moreover, aside from thellabof involved in this, tﬁere is
the.difficulty that Richards and Nordﬁeim“s results thd only whén the single
iincident photon has an energy much larger than the energy W, of the photons-
one is considering; in these circumsténce;\it is nof clear how to carry out
- the integration over the photon beam from the synchro£ron, since, of course,
it contains photons With'energy arbitrarily close to Wyo
Fortunately, the photon energies W, with which we have to deal are
aiways greater than about 18 Mev, i,e, about two and a half‘fimes the criti-
cal energy in lead, In this case, it is poséible to make a slight adaptation
 of the formulae for the track length in Rossi and Greisen so‘that they apply
-with considersble accgraquw Before we do this, there is a somewhét peculiar
feature of the usual track'iength formulae’which we should like to discuss,
" For the saké of discussion, suppose we are interested in the track length of
photons of energy W, due to an initial spectrum which goes as-%'ﬁp to some
maximum energy WO; Now, following Nordheim and Hebb5 the track length of
_phofons of‘energy W, due to an arbitrary initial spectrum Y (W,, W,0) is
§+ 1 -(s+l)

Hz(?’ Lﬂ) - f A(s)ii(s,0) W
0’ Gﬂ2nl- 5- i A(s) - B(S)C(s)
o~ -

ds | (3)

where .

- ( s. o) = f Ws?\(v:o,W,O)dW-
. o -

° L. Nordheim and M,H, Hebb, Puys. Rev. 56, 494 (1939)
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1 L WS o
For a,~%rspectrum up to Wo’ M(s, 0) = ~§- and we therefore have

; 8+ i oo VS
Z(W sl = e / - e — ds 4
(o) oWe2ni A(s) = B(siC(s) s ,b/ ‘ H

-1 60 . o~

where 'y = 4 1 % and the integration path is to the right of all the
fsingularities of the integrand, Here A(s), B(s) , ¢(s) are defined
{égﬁin Rossi andvGreisenézﬁ Now the integrand of (4) has siﬁple poles at
g = L, =2,6, «3,6 0000005.0 If we evaluate the residues at these poles
aﬁd divide the result by the initial sPectfuma%gxio get the track length
felativé to the number of photons at t = O we get

, e 1| | W \2.6 3.6, .
% relative (Fosll) =< [ 437@- = 0,02 (- - o.,oo5( s 3o ] (5)

. 0 o

Now it is clear that (5) becomes incorrect when W approaches qu%* The

relative nunber of photons of eﬁéfgy Wy when W is very close to W,, will be

3

4 A .
given by e , since there will be essentlally no multiplication, Hence,

1 e , ,
% pel, will be just@; and for smaller W where there is multiplication 2

ral.

» L , .
mist be greater than's®. This conditlon fails to hold for (5) when WRO0,41 W

It is not ¢lear to us why (5) is inecorrect for Wf\fWo, when (4) is almost.

;nerLalnly vorrect It may be that the integrand in (4) hag singularities off

’the real axls; although Nordheim and Hebb have made a search near 8 = 1, and
we also have made a rather perfunctory search, without finding any, We are
concerned with this point,»hot because we want to use a formula 1ike (5)
for W close to Wy == in Strauch's experiments hg; is always fairly émallﬁm
but we really would like to know whether (5)'can be considered correct fbr

* Nmtc *nat B(s) as defined in Reference (2) has a factor oo in it, so
that the integrand in (4) is really independent of 0~ »
*rhis was called to my attention by Dr., Strauch.
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. smallg' where the higher order terms are negligible, This is not obvious,

O ' -,

since the fact that (5) breaks down for W~ W, throws suspicion on it,
Some light can be shed on this guestion in the following way., If

one uses the CarisonwOppenheimer approximation to the shower equations,

it is easy to show that this is equivalent to using

2 s 20 1
A(s) =——, B(s) = , 6(s) =—,
stl s+l s
' Then 6. s
1 + i oo
1 8 ey.S ‘ 0,500 < W, W )
Zl(W,W)ﬂ-' '''' : ds & — (— y—)
reL.nro ov2ni ) sl - ‘w W o (6)
§-1i o -

This is a most reasonable result since Zpey, as given by (6) is always
greater than -;:: and approache‘s%} as W approaches W, . Unfortunately, (6),
however reasonable in appearance; cannot rea.lly be trusted for W clese to
Wos since the Carlsoanppenhelmer approx:.matlon is not very good in this

_ region. For smaller W,Equation (6) shows that Zye1. is proportional tolgr
with a correction term ‘of order (%)% which is small, This is ﬁrobably
a trustworthy qtalita“bive conclusionoin gen.eral9 sinece the Carlson=Oppen-

,v;he“imer aoproximation is not bad for W é< Woo

- We have also tried to check (5) in the follow:mg way: We have

i.o'alcu.latad the shower curve as a functlon of ’c,hlckness for various values
of y = ~j.n'ﬁ and integrated +these numericelly to find the track 1ength°
we have used an e_xpans:.on in powers of + for small t and 'bh‘e usual
saddle point method for larger t., This method gives reasonable results;

A 1
©.8.; ac W approaches Wo the relative track length approzamches;'° - The main

E J. F. Carlson and J. R. Opperiheimem Phys, Rev, 51, 220 (1937)
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difficulty is that it is not very accurate since the saddle point method can

be off.by 10 or 15 percent for the smaller values of y and t, We haﬁe ’
_corfected ‘for the inaccuracies of the saddle point method as best we could

by comﬁéring the answers it gives with the quite accurate results given'by

the powér serieé in t, for those t for which one can get an answer by

both methods, Comparing our answérs for Zrelo by this method with (5) it

éppears that (5) is correct for y = 3, is a few percent low for y = 2,

about 30 percent low for y = 1 and, of course, off by a factor ; 5 fory = Q,
We have done the same sort of calculation for an initial spectrum
1 2
?E- -§-<1 - aﬁﬁb + OQBS(agb , which is a rough approximation to the spec-
0 o

trum from the synchrotron, and find thet the formila corresponding to (5)

is more accurate than fbr the-ﬁ-spectrum, being off, e.g, only by a few
percent for y = 1. All in all;then, it seems clear that although formulae

like‘(5) are not correct for W close to W,, they are probebly all right for
WL Wy | |

| Now we +turn to the real prdblém of interest, that of calculating

as accurately as possible the track length of photons using the initial
spectrum given by (2)0 We.are interested in eﬁergies from about 18 Mev up.
. Energy loss of electrons by ionization is not negligible in this raﬁge, but,

_ &8s Rossi and Greisen6 hawe shown, one can correct for this by using an'asympm
tatié:éipansionuin powers of %%a The wvariation with epergy_of the pair pro- '
duction cross section can also be included in the menner indicated by Rossi and
Greiseng i,e, by writing N ' o _ v

| | Y(w,u)du = op(W)du o | (7)
and considering that the unknown function in the shower equations for the track

track length is not z' (W,, W) but’ (Tb(W)o z (W,, W), The above approxima-

" Reference 2, p, 293, -
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tion for ir(wgu)imeans that the pair spectrum is taken to be flat, i.e, the-
probability for producing an eiectfon of anyvenergy is indepen&e'nt.o-f‘e.nergy°
This is quite a good approximation in the range 18 - 322 Mev?' The variation
of the radiation eross section with eﬁergy can be included by taking some

average expression appropriate to the region 18 = 322 lev, The expression

EY VA - el
g =«;[§<1mv> «%vﬂ o (8)

Reference to Rossi and Greisen will show that this seems a reasonsble
. approximetion execept for v close to unity, where 'ﬁ(v) is relatively

. small anyway,

If one carries out the calculations according to the above sketch,

using the boundary condition that the iﬁcident spectrum is that given by (2)

. one gets
0,346 W
z (W_,W) = > (9)
@, (W) “Weo V (E/W).
; where o £

V(E/M) = 10,71 = O, 32.(7%)2 +0, 41(&)3 oo

Wo
- .We have not included the dubious negative powers of === that one gets from

w.

f;evaluatlng (4) at the. poles on the negative real axis, since the dlscu381on i

fwat the beginnlng of this section implies that they are negligible for the

energles we will be interested in, The factor 00346 appears in (9) 1nstead
of the usual 0,437 for two reasons, First, M(19D), as evaluéted by numeri- |
cal integration of the spectrum given by (2), turns out to Ee 00816-%L
instead of*%g as before. Second, we have used the A(s), é(s), and C(s)
corresponding to the @(v) end VY (u) gi%en above instead of those calculated:

with the usual asymptotic. @(v) and W (u), as in Rossi and Greisen. . This



UCRL~903

“15= -

alters the Fesidﬁe at s =1, This change is rather insensitive fo the
choice of @(V), E.g. if we use the A(s) corresponding to v @ (v) = (1=v)+v
and tov% (1-v)+ %2, the factor 0, 346 changes to 0,355 and 0,330 respectlvely.
Thus, using the average @(v) given by (8) introduces only a small error,

At the lowest energies for which we wish to use (9) the cross sec-
tion for Compton effect is about 15 pefcent of that for pair production,
Iand is thefefore notlnegligible, To taeke this into account éccﬁrately one
would have to supplement Equations (1) by a terﬁ tﬂat deécribes the produc-
tion of electroﬂs Wi@h eﬁergy greater than W in the Compton effecf, énd‘a
term thaﬁ describes thé'photons with energy-greatervthan W that get an
énérgj: W iﬁ a Compton scattering, This is difficult and we éhéll not
attempt it, since the effect of these terms is probably smell anyway. In
addition to these effects the Compton effect acts to absorb the photons
of energy W that we are interested in, One takes this roughly into ag-
count in th~ follow1ng Way; | One rep]acps 05(W) in (7) by GKW) and as
mentloned before uses fhp total aboOfptan coefficient o(W) in (lb) A
glance at equations (1b) shows that this mgans we take the absorpt;on of
photons of energy W'iﬁto account corréctiy, but that we faiéify the s@ec—
trum éf electrons with enérgy greater than W’sihce reﬁlacing-éb(W) by o (W)
makes the paiflérosé Seéiion_too'large, -But a photon of 18 Wev is produced
on the average by an eleétronlof,-say, tWice that energy, where the Compton
effect is very small anyway, so it doesn®t matter that we héve-allowed
¥ (W,u) to inﬂlud@ the ‘Compton effect, vAlso, and this is probably a
stronger argument we have cbenked (9) by r*ompérir‘:vag ﬁhe analogous formula
for a single incident photon w1th the numerical results of Richards and
Nordheim and found agreement within 5 percent from 14 Mev up, if we take O’(W)

and not ob(W),
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In evaluating the experiments, one wants not the track length given

v (9)s but Z,..15tive (Wo,W), the track length relétive to the number of
_ ., , .
photons initially present in dW.

If we use the notation

Wo,oW) -
Y(%,,0) = (o, ) 7§I9W)
and meke the change from Ob(ﬁ) to  O°(W) just mentionedgthe relative track .
length is giﬁen.by

(Mo, ) = —2240 T | (10)

o’ (W) WV(W) £ (W, W)

rel

In applying (10) we have, as Stréuch has explained, increased the radiation

length by 10 percenﬁiéver the value giveﬁ in Rossli and Greisen and decreased
the pair productién"cross section per em. by ld percent., It is obviously

diffiéult to estimate the érror_in (10), but if forced to guess we would say
that it is probably gOOd,to 15 ?ercenﬁ at 18 KNev, and perhapé 10 percent at

twice the energy. Aé we have discussed earlier in this section, (10) mist

break down for W~W o’ but if we can extrapolate from our prev1ous results

it sheuld still be reascnably accurate for%%-<-%%
o 4

As Strauch has noted, a kind of internal check on the experiments
and theory can be had by carrying out an experiment on a given element with
two different maximum energies W, and Wy, of the photon beam, The ratio of o

the relative track lengths is then

Zrelo(WOl,W) ' W01 f(WOZ,W) (11)

Zrelo(woz9w) Wo2 f(wol9w)
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This theoretical expression for the ratio should bé quite accurate, since
most of the approximations involved in the derivation of (10) effectively
cancel in forming it, Equation (11) has been checked for the two reactions

2

Cu63(Y9 n) cu® and Clz(Y, n) Cll, which were done at maximum energies 322

and gbout 200 Mev, The results are given in Table 1 of Strauch's paper,

III, Small Thicknesses : ' | 5a3.

If we wish to find the shape of the transition curve for small
thickness, an expansion in powers of +t suggests itself._ As we have seen,
the transition curve mist drop at the very béginning, since sbsorption of
“vthe'phofoﬁs in the incident besm is a first order effect proporticnal to t,

and the production of photons is at least of second order, Thils suggests

«
.

using an expansion of the form
S ) 4

Y(Wo 91’—‘;91:')

n

- Nt ' o :
o (Mt [Y(wo,w;o) s K (W, 1)t + L, Mt + ] (122)

n(W,,E,t) { M(W,,E)t + N (WO,E)t‘ + oo , _ (12b)

This expansion obviocusly sétisfies the boundary conditions, The factor
e“ﬂd(w)ﬁ in {12aj, of course, represents the sbsorption of photons of energy
W initially ic the beam and the coefficieﬁts K(Wy,W) s L (W, W) ete. des-
  éfi§e:their subsequenf mﬁltiplication,

These functions can be found by putting (12a) and (12b) into the
shower equations (1) and equating to zero successive powers of t, The
functions then come out as simple, but éometimes teaious integfals, £lter-
nately, one can find, in much the same manner, the Hellin transforms of the

shower equations as a series in 1 and invert this transform, evaluating

the complex integrals that result by the method of residues, Both methods,
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of course, lead to the same result, which we first write down and then dis-
cuss, As before, the auantity of interest is not ¥(W,, W, t) but

Y (Vi ,W,t)
Yy (W ,Vi,1) = ————m—mm———o
rel,\"o?"s o
Y(W,y5W,0)
Qur results are

o ~ ) 5
. - (W T Fy)t™ . gly)e”
'Y‘p('—*] (W09W9t) = e D.(A)t [l + P + \y:)

f(if‘.-’osﬁ‘) 3-f(@.ﬂzo,‘iﬁ5) L

where

W
yzln‘ﬁ , o= o (VW W)

16 v -y - oy -
Fly) ==5 (3e U R - L 27 €7) + 1.8 (} + 2=~y T-c")
S 2 :

o

+ 0,45 (87 = &V -y &)

Gly) = O° (y=1 + &) = T H(y) - L (Fa
o o] gny‘
Hly) = 1,645 - » | + (1=e7) Ln(1-eY) - 5 &7

o n®

The following epproximations have been used in calculating the above

. result, As an analytic approximation to the initial spectrum, we have

. B . # ] - q g .
,useaﬁ‘ﬁY C%bgﬁ, Q) = f (1 - ﬁ})+ 006-?f? o JIn calculating the term in
. . e . . ;a‘ N’O "'ii -4 .

ﬁz, we have used, as for the track length, vwi(v) =€%-(l=v) +i%'v29 and
W (W, n)du = const, » d1, In calculating the smell term in t°, we have,

. < . -y .y ; L LR I I e
for simplicity, used @(v) = 1/v, In the terms in t~ and t” describing

W_ % ). This enters in

the mltiplication, there is the factor o7 ( o

p
the following way: multiplicetion takes place because electrons of some

average energy between ¥_ and W are created and then radiste photons of

9]

energy W; for this average energy we have chosen the geometrical mean
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of WO end W; hence, the pair prodﬁction.éross section at this energy 1is
'.Qb(VrW;_WW)Q We have checked this épptoximation by Wfiting Ob (W) as
ba linear function of In(W), which is a fair representation in the energy
fange éf interestvhere, and then éalcuiating the coefficieﬁt of t2 using
the initial spectrum Y(W,, W O) =‘%§ and.the approximatioﬁ o} (v) = l/v°
One één then carry outkthe integrations and it tﬁrns out that to a very
close epproximation one gets the same results for the coefficient of tz as
if he had started from the begipniﬁg.with the average value (7b(47i;_7§);

| For W = W, it is clear that (13) must become e~ G(W)t,'since there
can no longer be any multiplication, Thus, for this case (y = 0), F (y) and
G (y) must vanish, This provides a useful Qheck on the calculations, In
the terms in tg there enters a correction due to collision loss, This
gorrection diverges as W gbes- to gero, but for W>E it is probably cprrect,

We have used the sbove formula to calculate the beginniﬁg shapes

i2 11

of -the transition curves for the reactions Cuég(Y, n) Guégfand,'c (Y,n)c ™,
using for the respective‘ 'resonance' energies the values 18 Wev and 27 Mev-
derived from the track length, The results are shown in Figure_l° The
experiments, éf course, do not give very relisble results at these thick-
nesses since one is trying to measure changes in intensity of the order of a

- few percent and very long counting periods are needed to get good statistical

accuracy., Within the experimental errors, however, the theory seems to give

falr agreement, If anything, the theoretical curve seeméqﬁg Ee too lon;ro
‘The theoretical curves would be raised if one assumed ﬁhat the effective
energies were somewhat lower than 18 and 27 Mev, but the poor accuracy
;of the experiments does not justify this,

One should note that the expansions-given above. are quite accurate
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where they aéply. This is - because the main phenomenon at smell thicknesses
is simply the absorpticn of_Priginal photons and one knows accurately the
absorption coefficient for this, Ihe shower theory enters, of course, in
giving the coéfficientstF(y) etc, for the bigher order terms, but it turns |

out that these are not at all sensitive +to the approximate expression for

the cross sections one chooses for radiation and pair production.

IV, Miscellany

We have also calculated as best we could, the detailed shépe of
the trensition curves for the Cu63 (Y;n) Cu62 and Clz(Y,n) Gll reactions
using the ﬁsual saddle point method, As in calculating the trgck lengths,
one can take some reasonsble average value for the radiation cfoss section
and teke into accoupp lonization loss by using the asymptotic expansions
as given in Rossi end Greisen, One cannot, however, take intc account the
variation of the pair.prqdpction cross section in éven'the approximate way .
in which it was dong_q‘.n_ calculatiné{ the track length. Since the pair pro-
ducti?n varies by almost a factor of two between maximum and minimum enérgies.
with which we deal, i.e,, between 322 and 18 NMev, considerable uncertainty
is introduced intg_thgvresults, Nonéthelessg'we thought it might pe of some
iﬁterest to present them,

Since one cannot take into account the variation of the ebsorption
éross section (W) with energy, one must choose scme average value in car-
rying out the calculations, The question arises as to what is the most
reasonable valué for this, We have chosen to use O(Wé) for the following
reasons: this value is roughly correct for the track length end, for the
same reaéons that apply there, for the maximum of the shower curve; also,

. for very large thicknesses, the cascade curve approaches a pure absorption
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curve with ebsorption coefficientv‘o(Wé)é

The saddle point method leads to the following expression

- : A(s)t
15(8) .
Yrel., (Woswat) = = ) I‘z(S,_’. © l s : M(S9O) (]_4)
- o Ao f(WO9W)Ej' (S,)_%)-w] \/VNI(S)t*__]l./.SQ‘
where 1/# -y | ‘ o

t.
| 7\’%(8)

Here, the fuhctioqs %H(s)g Hz(é) and 14(5,-%9are defined in'terms
of A(s)9 B(s) and C(s) as in Rossi and Greisén; but in actually calculating
the latter functions we have used V(u)du = 0°(Wg)du and the ¢Kv) given
by {(8). M(s,0) is calculated numerigaily from the curve in Figure (7) of
Strauch's paper. Using the aboﬁe expression, we have calculated the transi-
tion curves for the reacfibns Cu63(Y9n)'Cu62-and Clz(Y,n) Clia The curves
. are shown in Figure 2, Wﬁéther the agreément*is better or Wo%se than one
“should expect 1s a moot quesiiono The agréemeﬂt for Cu with a resonance
éﬁergy of 18 Nev ié not as good as that for C for which the resonance energy
is 27 HMew, ‘Thié is not impléusiblé qualitetively, since the various approxi-

. mations involved in(taking éverégé‘cross sections and neglecting Compton
' ;Mlgffecﬁ are somewhat more serioué at 18 than at 27 Mev, One might perhaps"

%Qh;vekéxpected better asgreement at the nmximum9 for fhe reasons given in
the.inﬁroductibno |

| It may be, howevef, that the errors in théisaddle point method are
not negligible, If is altogethér poSsible that £he'saddle point metﬁod
gives too low a value by'perhaps'lo percent near the maximum; if this is
trﬁe the shower fﬁeory propér‘is in“better‘agfeemént Wifh the experiment

than evaluation by thevgaddle point method would seem to imply.
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In all the vork thus -far, we have assumed that the (Y,n)-crﬁss
sections are infinitely sharp, i.e., if We\cail fj(W) the cross section
as a function of énérgy, that 35(W) = &(W - W) Whefé Wy is the
“resonénceﬁ enérgyaj-What theﬁ is the efféct of the finite width?
Suppose for_illustration thet 23(W) is constant, snd has a squaré:shape= 

.centered about a value Wé, and with width A i.e.

W-A A

Y (W) = constant o a_2-<w<we +? )
ZW)=0 " otherwise ¥

It is then éasy to seé, 8.8, thét if%§u4<ﬂ% that Equation (9) is_replaCe6' ”
approximately by the following bne '
o() W £(w,, 1 V(¥

‘The effect of the finite width is quite small, E.g.,if W, = 20, A= 10,

Zrelo (WO,WE) =, (15) .

 this effect increases Zfelo by .ebout 4 percent, One can also see that the

effect of:thé finite width varies with depth in the shower. The spectrum"

of photons goes as where s is 0 at the beginning of the shower, -

ustl A )
is unity ot the paximum andé increases slowly with thickness thereafter.
‘Thus, the effect of the finite wicth in raising the shower éurve increases
schlyiwith thickness, Taking it into acéount Wéuld-therefdré élightly
incfease the diserepancy between expefiment énd theofy shown in Figure 2,

I should‘like to thank Frofessor Robert Serber fof several interest-
ing discuséibné and helpfﬁl suggestions,
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