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ABSTRACT

The mathematical derivation of solutions for longitudinal dispersion
in chemical-process equipment, carried out previously by Miyauchi for
countercurrent flow, is extended here to the case of cocurrent flow.. These
results are particularly applicable to certain types of heat exchangers, flash
evaporators, and line-mixing solvent extractors. The extent of completion
of the process, in dimensionless form, is given as an analytical function of
rates of dispersion in the twosphases, over-all heat- or mass-transfer
coefficient, partition coefficient, rates of fluid flow, and fractional height
in the equipment. Numerical results for a large number of typical conditions,
obtained on the IBM 701 computer, are given in tabular form.
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INTRODUCTION

. Logitudinal dispersion, or axia}l mixing, has recently been studied
widely as a factor affecting the performance of process equipment, particu-
larly in various types of solvent-extraction columns. In order to describe
this effect with reasonable accuracy, Miyauchi applied a diffusion model
to the countercurrent cas?,, and arrived at an exact analytical solution of
considerable complexity. * Numerical sclution values, corresponding to
representative values of the controlling parameters, were then developed
by using the IBM 701 computer, and have been tabulated in another report. 2

As a logical extension of this earlier work, the differential equations
have now been solved with boundary conditions corresponding to cocurrent
. (or parallel) flow. This solution will prove applicable to various kinds of
equipment embodying such flow, including flash evaporators, line-mixing
solvent extractors, and certain heat exchangers. Because the solution is
algebraically similar to the countercurrent case, it has also been evaluated
numerically on the IBM 701 computer, and the results are tabulated herein.

. GENERAL SOLUTION FOR COCURRENT FLOW

For one-dimensional steady-state cocurrent flow of two immiscible
fluids, the continuity equations are

2 2 , r . -
E, d% /dz" - F_de /dz - K afc, - (a+ mc%ﬂ = 0, 0
B dzc /dzz-n-F dc/dz+k a[c -—(q-i-mc)]z 0,
y vy y ¥ oxX x y

where subscripts x and y refer to the ""feed' phase, X, and the "'solvent"
phase, Y, respectively; equilibrium between phases is given by the linear
relation c = q + mc,,, with ¢ representing concentration; E is a dispersion
coefftcien%{; F is the superficial velocity of the phase; z is the length variable;

*Present address: University of Tokyo, Tokyo, Japan

1. Terukatsu Miyauchi, Longitudinal Dispersion in Solvent-Extraction
Columns: Mathematical Theory, UCRL-3911, Aug. 1957.

2. Alice K. McMullen, Terukatsu Miyauchi, and Theodore Vermeulen,
Longitudinal Dispersion in Sclvent-Extraction Columns: Numerical
Tables, UCRL-3911 (Suppl.), Jan. 1958, ’
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k < is the over-all mass~-transfer coefficient relative to phase X; and a is
tRe interfacial area per unit volume.

- Rearrangement of the equations into dimensionless form gives

d®x/dz® - P_BdX/dZ - N_P.B(X - Y) = 0,

X oXx X ((Z)
a®y/daz® - P BdY/dZ - AN _P B(X-7Y) = 0,

y ox' y

where the generalized concentration variables are

0
c_ - + mc
{q Y)

X = =
0 0
c, - (g + rncY )
and me - o O)
Y = Y y L (3)
0 0
. - {(q + mcy )

Also, Z =x/L, where L is total length of the equipment, measured in the
direction of flow; PB = FL/E; N = k aL/Fx; and A = mFX/F .
Superscript 0 denotes the inlet-erd exterior condition. Y

For the heat-transfer case, temperatures t, and t, replace concen-
trations cx and ¢, as variables in Eq. (1); q = 0; m =1; anid A = Fx(Cp)k/F
(Cp) » where G, represents volumetric heat capacity. With these changes,
the dimensionless ''concentrations' become

t —t0 t -to

X=_T—0_X y_ Yz.__O_TY y . - (4)
t -t t -t
X y X Yy

The boundary conditions for cocurrent flow are

at Z = 0, -dX/dz

P _B(l - X,), and dY/dzZ = PyB Y.,

0)s 0

0, and dY/dZ = 0.

at Z 1, dX/dz

These dimensionless equations may be solved as follows in the same
manner as for countercurrent operation; that is, by eliminating Y between
them to obtain a single linear differential equation of fourth order. The
final solutions thus obtained are

4 \Z 4 "
X = ..A.le1 = Z A exp (A, Z), ’
i=1 i=} ! ' (5)
4 \ Z 4
Y = X a,Ae = X a,A. exp (N Z),
. . it T B | i
> i=1 i=1



where
xj 1N 2
a, = 1 + N
ox
A =0
A, = lo,/3~+ 2Np cos (u/3),
Ay = la/3 + 2Np cos (u/3 + 2w/3),
Ny = la/3 + 2Np cos (u/3 + 4 7w/3);
cosu = q/p>/? (n>u>0),
' 2
p = (a/3)" + B/3,
3
q = (a/3)7 + ap/6 - v/2;
a P B + PB,
X y

P
Y

X

N PB-PvayB+ AN P B,

oxX X

‘{1+A)N P B P B.
R oX X Y

oxX'y
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J S
I\I——p'—B, for J = 1, 2, 3, and 4
oX X

By contrast to countercurrent flow, A = 1 involves no singularity in y.
Further parameters are

Aj = DPj/DP’ for j =

with

‘-

Dor -

Ly

(1- %)
X

)\Zazexp()\z)

)\Zexp()\z)

)\Zazexp()\z)

- _._KZ

(1 PB).aL2
y

x3a3exp()\3)

Azexp(X;)

1, 2, 3, and 4,

N3

(1 'ﬁ)
p.¢

)\3a3exp()\3)

Azexp(i;)

)\333 exp()\3)

)\3exp()\3)
N

“PpB)3
y

(1

)\4a4exp()\4)

)\4exp()\4)

(1 ——)\4 )
"P.B
x

hya expliy)
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N2, expidy) Ng24e%xp(hy)
D_, = +
P3
)\Zexp()\2§ hgexp{ny)
) )\zazexp()\z) )\3a3exp()\3)
Dpy = - -
)\ZeXp()\Z) )\3exp()\3)

Limiting Behavior at High Mass-Transfer Rate

As can easily be seen, both phases approach equilibrium at the
entrance end as N, increases, and finally reach equilibrium there at the
limiting case of N _—cc. The extent of -extraction for this limiting case is
therefore given by the following equation, irrespective of the magnitude of
the Péclet group: :
C,-mC 0 m(C . -C 0
_ x1 y _ 1 Ty A 6
X=X 0 - 0~ T TFA ©)

1-mC 1-m¢C
y y

The concentration of each phase is constant, and is equal to its outlet
concentration.

COMPUTATION

The sequence of operations required to evaluate Eq. (5) is shown
in Fig. 1. In programming this for the IBM 701 computer, the Symbolic
Assembly program was used, with the following routines from the Computer
Center Library:

000018 < Read decimal data
000412 < Square root

library tape

DUAL < Floating point interpretive routine
- - - < Absolute binary loader
Cos and ta.nw1 functions as before
DF-PO05 Decimal-punch routine for fourteen five-digit decimal integers,
with sign.

Output cards from the 701 were run through the 514 reproducing
punch to shigt columns; then through the 650 to convert the parameter ratios
to independent values of the individual parameters.

The following arrangement of variables is used to present the
numerical results of the foregoing computations, in the appended table:
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-7~
READ IN
PROGRAM
~ .
SET COUNTERS COMPUTE ~
i, ok 4, m TO‘—J e, B, vv FROM —
INITIAL VALUES ith Noy, i
Jth PyB/Noy, p, 9, NP cos u, u " 1's
th A
Tth Py/P,
[ PUNCH |< | Cx,, mCy FOR A's D's a's
th VALUE : Floating Floating
z Point Point
Floating Point

i-0 i -0 k= 0
j=)- k> k-1 1-1-1
(sror)
MU=-19530

Fig. 1. Sequence of conputer operations for evaluating
concentration profiles,
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A 0.0625 (x2) 2

- 1 (x2) 16
PXB Computed as a ratio to Nox'= 0.125, 0.5, 1, 2, 8
PyB Computed as a ratio to P}’{B = 0.25, 1, 4

Z 0.00, 0.05, 0.15, 0.50, 0.85, 0.95, 1.00

Calculations were not made for A values above 2, because of the
symmetry between such values and those for A € 0.5. Because of the
somewhat arbitrary designation of phases X and Y, the generalized concen-
trations for A >1 (designated A ') can be calculated from values at A < 1 by
use of the following phase-inversion relations:

AT = 1A N T = AN,
oxX oxX
pfsB = pB;, PTB = PB, _ (7)
% x x y -
X = 1-¥, v = 1-xF,

For cocurrent flow the variable Z remains unchanged.

Typical profiles as plotted from the tables are given in Fig. 2.
The phase-inversion relations are seen to apply in the following way. We
note that, for PxB = P B, the two phases approach equilibrium symmetrically;

that is,
(Y) PXB = PyB = Al - X). {8)

Then, also,

(vhe's =pTB = 1-x = v/a,
Y (9)
(x’f)prB = PYTB = 1-Y = 1-A+AX
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Nouh A!

MU -19312

Fig. 2. Typical concentration profiles in cocurrent flow,

for A = 1/4.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the

Commission” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access

to,

any information pursuant to his employment or contract

with the Commission, or his employment with such contractor.



