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Thill ~elation fUnction tor the electric field in a tully. ionized. 

plasma is· ~d.Wd tiU1d its appUcst:i.on to the problem of find-ing the force 

on a cba21>ge ~ng slowly through a p.lasma is d.eacribed~ The correlation 

tuotion is eval\te.ted tor a plallma. with. ana. with<.Nt a asnet1c t:lel4 and 

this 1\tnct1on is then convertec;t to the spectrum of the tntan-square 

fluctuation in the random eleetrie. f':tel.do The appUcation of the generalized 

tluctuation.-d.iss:tpat1on theorem t~n gives the mean to~ce on a slowly moving 

te.st chm:tse~ IJ!he relation .of this to other tretdnents is brietl:y discussedo 
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In a tu~ ic»:dted pl.aslna the correlation coeff'i<d.ents are ilnportant 

fundamental quantities ft"Om which a number of plasma properties can be 

obtained. :r:n this paper we cons.ider the evaluation, and ·an application, of 

tbe time co~elation of . the el~ctric field 

where Ea is a component of the electric field at a point and the average 

is ovet" an ensemble.~. The more genen.l coeff'ie:l..ent 

can be discussed along similar lines ~o 

'l'he application of this correlation tunction is illust,.ated by the 

calculAtion of the coefticient ot dynamical friction (the torce on a slowly 

moving Cbarge in a plasma in thel".mal equilibrium) • The calculation is 

per~ both With and Without a •snet:to field and this coef'f'i~ient is 

Tbi$ vork was done under the auspices of' the U" s. Atomic Energy Commi.ssiono 

t On leave from Atomic Weapons Resefl.rch Este.bllsbment, Alder.maston, Berks .. , 

England;; 



used to find an approximate value of the resistiVity_., The method adopted to 

obtain the coe:t'ticient of dynamical friction is first to transform the 

correlation tu®tion to give the spectrum of the mean squ$Ze (thermal) fluetu;.. 

at1ona 1.n electric field Within the plasma.. This is achieved by the use of 

the Wiener ... IQlintchine theoremo1 The generalized fluctuat1on .. d.issipat1on, 2 or 

Nyq,uist1 relAtion is then used to relate this spectrum ( tb.e analogue of the 

• power spectrum i in noise analysis) to the dynamical f:rtoti.on in somewhat 
' 

tl:le same way that the noise 110wer spectrum of a resistor is related to its 

resistance. 

II o THE CORREIATION COEFFICIENT 

Since the field is the sum of contributions of ind.iVia:ual particles 

tbe ·eo.rrelation coefficient can be Wl'itten 

( 1) 

where ~ is the position o:f' the !th particle at t and £~ 1 its position 

at t + 'f 1 and e is the char~ on the particles" Only one species of 

particle is considered here but the generalization is obVious, 

We now introduce the approximation, discussed bel<)'W'; that 1n this 

expression tm particles can be regarded as independent,. then OnJ.1 terms with 

1. = j contribute to the ensemble a.V'erage and. this average can be performed 

over each particle separately since the ensemble distribUtion function is 

then the product or individual particle distribution t\lnc:rtions~ !l'hese are 
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themselves p~uets of the velocity distribution function and the (uniform) 

spatial distribution tunetiono The average oVer coordinate space merely 

involves an integration over r and 

H~(~) = <ne2/ (~) (~: ~;p d3t ) , 

where now the average is to be taken only over the partiele distribution in 

velocity space o 

It is convenient to introduce a function which plays the role ot a 

potent1a1, 3 

(2) 

Then 1f we write t~ = t +! so that 1 is a function only of' the velocity 

and the time separation 'tr 1 (eog .. ., tor oomplete.ly uncorrelated motion in 

zero magnetic field ! = X T); then 

The integration in K is easil,y evaluated and y1.elds 

H~(~) • 2«ne2 < { ~ . "a834~} ) , ( 3) 

In this formula. 1 t must be remembered that !, is a fUnction only of I 

and 'T' o 



The assumption of independent particles meanS that the c»rrelation 

coefficient ( ') becomes incorrect for very short or very long t and we 
' 

must accordingJ.:r modify H( "it) Q To discuss it exactly in these limits would. 
.. , 

involve calculations weli beyond the s~ope of' this paper.. However, a 

simple mod.itication of (,), sufficient f'or our present pul!'pOses, can be 

obtained. in the following way Cj. 

tn taking the spati.al avel"ag$ :f:t was assWl'.tl!d that the ensemble 

distribution vas unitot'm in r , whereas it shoUld ha~ been weighted by 

Up(· t v /k!r) i<J ij 

where v13 is the interaction energy. Now this factor is dill l unless the 

configuration is such that any t~ particles .ruoe. within some distance ot 

order 

at which their :lnteract:t.on energy is a.pprOJdmately equal to the thermal 

energy., Now it is cleal" that tbe divergence in H( 'If) as 'IF.,. 0 comes 

from the contribution to tbe integral (2) from small r 1 and it is in 

this region(tbat the neglect of' the Bol tman factor is most serious o 

However here it can be allowed for by introducing a cutoff in the integration 

at r = b so that 

if s < b " (4) 

At long times the assUtnption of' independent particle trajectories 

(embodied in the neglect of te:t"m$ W1 th 1 r J) i:s incorrect I> A measure 

or the t~ for wbic.h the independent approximation is realistic is given 
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by the period of collective oscillations, which in the absence or magnetic 

fields is the plasma period 'fp 1 beyond which collective effects are 

certainl;y important; there tore we .turther impose 

.,. > "p ~ J 4tt:.,a • (5} 

The usefulness of these approximations depends on the f'act that interesting 

:results are insensitive to the values of' b and 'f 0 
p 

III" DrnAMICAt FRICTION, B = 0 
"' 

!1'o illustrate the use of' the correlation function, consider first 

the case of' plasma Without a magnetic fieldo Then from isotropy H~ = 0 

if a := ·Ia and the other components are equal and are denoted by H(,.) o 

Then 

where .- is the angle between 1 and the axis along Which w are 

computing Ho We now insert the values e = V"'l" 1 and perfom the 

averagins tor a Maxwellian distribution, then 

(6) 

The generalized Nyquist theorem2 can now be used to obtain the 

clynamical friction on a slowly moving chargeo I:f' the mean force on a 



test ¢hal"ge e1 oscillating in the plasma (assumed again to. be in thermal 

eqUilibrium) 'With frequency p is F(p) eipt and the veloctt:yo is -if(p) e1Pt, 

then a frictional coefficient can be defined by 

e1 E(p) = F(p) = ~(p} ~p) 1 

and the Nyquist fo$\lla states that the mean square fluctuating force on 

the same test particle at rest 1s 

< -r > = 
00 
J G(p) dp 1 

.,.(X) 

G(p) = lol~(p) 

and where "'~ is the real part of' ~ o 

The spE!etral function G(p) is related to the time=oonoelation 

coefficient by the Wiener..,Khintehine tbeorem1 

and tbe correspond.ing inverse :relation.. so that we can express JJ.'(p} in 

te:rms of the conelation coefticie:tl:t of the fluctuating force, namely 

~'(O) (= ll), 

00 
J H(~) cos(pT)dT 6 

0 
(7) 



2 
e.l 

kT 

00 
J H(T) d1' o 

0 

Inserting the value f'or H( 1'), w find that the friction on a slowly 

moving charge e
1 

is 

F - J.lV = 
; kT 

V ~ v log A ; 

(8) 

(9) 

here A is the ratio }..,/b , where }.., is the Debye lengtho Strictly we 

shOuld defer taking the velocity average until after the ~ integration, 

but the error is negligible proVided ). >> b as is usually the caseo 

IV o PLASMA RESISTIVI'.I't 

The result obtained above can be used to derive an approximate 

value f'or plasma resistivity. To d.o this consider a model of the plasma 

which is the opposite extreme to the Lorentz model (in the Lorentz model 

electron-electron interactions are neglected) J namell' one in which 

electron .. electron interactions are sufficiently strong to maintain the 

electrons in thermal equilibrium even undel:' the influence of the electric 

field, which merely produces a relati~ velocity w betveen ions and electrons. 

Then the 1on•electron drag produces a rate of momentum transfer 

(N :c: ion density = njZ), while the current density is 

j = new , 



(10} . 

while the actual value, for tons ot Z = 1, as calculated. by n1.Uilet"idal 

integration' ot ·the Fokker.,..,Planek equa.ti<>n.; :r.s 

so ttw.t the 't):'Ue value U.es near the geometric mean of the Lorentz value I 

which is correct as z..., CX>, and the value derived here, vhiQb. ie correct 

In a magnettc field With the ~ axis in the direction of ~ the 

off-diagonal element Hxy is nonzel'O and can be calculated in the same 

way a$ the diagonal components Hzz (denpted here by H11 ) and 

Hxx = Hyy ( = H ~ L 1:hJ.ch are discussed. in d.eta11 belOw. 

In the pre.sence of a magnetic field the particle orbits ere no 

longer straight Unes, but it is still true that ro:r: the diagonal components 

2 
H. n- 2 ( Sin r ) w == c.nne s i 

and if s = (x, y, z), 
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~ne2 ( 
2 2 

H (T) "' 
X + ;l } 

I I s3 
, 

2 :l· 2 H
1

(T) ( + z } = 2Jtne 3 • 
s 

Ao Parallel Component HI/ 

It is qonvenient to express the velocity in pola:r coordinates v, e, 

~ with the e axis along the direction of B. Then 

2v . caT ( a.rr) x -· 15 sin 9 sin T cos ¢ + 2 , 

y = 2v sin e sin !! sin (91 + ~ ) , 
CD 2 ,; 

2. = 

where CJJ "" e:S/mc , 

CO$ 8. ; 

tJYr and if we write q = T , 

~ sin
2 e sin

2 
q ~ 

(JJ \ 

(q2 cos2 e + s1n2 q sin2 e) ]
372 

/ • 

(13) 

The average over e can be separated from that over v, and one finds 

+Jl ( 2) 2 H (-r) = .nne2(.!) 1 1 .;l•f-! .. sin q 
It v 2 · . 2 2 2 2 

· ksin q + (q ... sin q)r.t _, 

leading to a coefficient,of friction, from Eq. (8), 

d!J. ' 



'""II = 

+l 
< 1 > I ciq J <4t 

v 0 2 2 . 2 . 2 ·~72 
[sin q + (q ... sin q)JJ ] 

0 

(14) 

The s1ngul.ari ties of the integrand at the points where the denominator vanishes 

.., ... i4e~, at I! = o, q = .nn ...... are excluded from the range of integration by 

the condition (4), since this implies H.= o if' 

(15) 

where a is the La.rmor radius" 6 

Only situations with b 2 << 4e. 2 are of interest and in this case 

it can be show, by expanding the integrand about 11 = 0 1 q = Rlt, (n ~ 1) 

that the additional contribution hem each singularity obtained by neglecting 

the subsidiaey condition ( 15) 1s or order 

so that the total contribution from all s1ngul.ar1ties is or the order 

N l 
t- J 

h 1 

where N i-s l:United so that nl lies Within the range of the q integration. 

It will become apparent that this contribution forms a negligible fraction 

cub of the total integral over the range 0 ~ l.l ~ 1, 2V < q < ~ ., 

Arter the l.l integration one finds 



1:1 
II 

2 2 2nne e1 

kT 

where Q = sin o/q . 

""12.-

( 1 ) f l l I"' [ 

v . j q (l- Q2) -
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2 3j2 
(l- Q ) 

(16) 

Now if q << 1 then the integrand ~ -~ 1 while if q >> 1 the 
~ 

integrand ~ ;/q 1 so that the effect of the magnetic field on the integration 

is very small. In fact if ~ << l then q << 1 over the whole ra.nge, a 
and the upper limit on the 1'1 or q , integration is again set by the 

plasma period so that the ef.fect of the field is completely negligible and 

fJ., (B) = I.L I if' X« a. 

On the other hand, if a << X, then we can estimate the value ot 

the integral (16) by dividing the integration into two regions in each of 

which the asymptotic form may be used, that is, we put the integrand equal 

1/q if q > 1 and ~qual ~ if q < 1 • Then 

3kT 
~ [1 2a 7 "'2k.T og b . + 

2log orrm l 
2 2 1 

J (17) 

where Tm is tlle cutoff introduced by collective effects.. In the absence 

of magnetic field 1'm -~ ~wp , but in the presence of magnetic field the 

frequency of collect! ve oscillations depends on direction, ~ing c.up along 

the lines of force and _/ (1.) 
2 + m2 across themo It is therefore not l p . 

immediately apparent what ,.m should be., but the work of Rostoker and Rosenbluth 7 



(18) 

It 'Will be noted. that; even cUs:regard!ng tbe uncertainty in the cutoff 1 the 

efteot ot the magnetic field is extremely smallo 

B.. Tre.nsver.se Component H.J..(T) 

,Proceeding as in the case of the parallel component one finds 

2 2 1 ,. 2 2 
. . . 2 1 lj q J.f + 2 sin q( 1 ..... - ~. .) A •• 

H. (T) = 1tne <0 ( -v- ) ~ 
~ ' 2 2 2 2 3/2 

0 (sin q + ( q "" sin q)f£ ) 

(19) 

2 2 l 2 2 

1 lj q 1£ . + 2 sin q{ l o~~t· ,.. ) . ' ' .,. ' ' ' '' ' 2 dJ,t dq " 
.2 2 2 2 3/ 

0 (sin q + ( q "" sin q)f.! ) 

(20) 

As in the, case of' IJ. 
11 

it can be show that the contribution from 

the s:i,ngularities is negligible and the ll intcg;n.\tiou givoo 

2 2 2st ne e1 

ltT 

l f' [(l ... !Q,2) { - ) 1 '' ' ' 2 .. ' 
v' q 2 372 

' {1 .. Q ) 

(21) 

.. ' 
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2 If q << 1.. the integrand again reduces to 3q 1 so that 

if X<< a 

In the regime A. >> a the region of integration can again be divided 

accordj.ng as q ~ 1 • The contribution from q < 1 gives 

eLl/~ 2 2 
vn ne e

1 

3kT 

2a 
1ogb 

In the region q > l an approximation which is sufficient in a search for 

gross effects is to write the integral as approximately 

0>1" /2/ 
m. i 2:. (log 2q .. log I sin q I - ~2 )dq 

i q -
I 

I"' 
and then to replace the m:f.ddle term by its mean value 1 so that finally 

~ J_ ... 

o_l/2 2 2 
un ne e 

.. 1 

3kT 

~ ·. 2a 3 2 a>Trn 1---;T (log b + 4 log. 2 

<.lYt 
+ ~ ( log 4 - ~ ) log 2m ) 

CONCtuSIQrl 

(22) 

A general express.1on for the electric field correlation in a plasma 

. . has been derived according to which the correlation falls off as ;1-r over a 

wide range Of 1". From the correlation an equivalent expression for the 

spectrum of the mean-square fluctuating electric field can be derived and 



by the use of Nyquist's theorem one then finds a value for the coefficient 

of frictiOn. In a plasma Vi thout magnetic field this is 
; 

anl/2 ne2 e. 2 
.,. 1 Ylim· , ...... A JJ. = --·· ........ -...,;;.;;..... ~ .J.Ug .. 3klf .~J.' 

(23) 

Our treatment ao far refers to the drag on a test particle of small 

charge but effectively 1nt1n1te mass (so that its velocity is ~fected 

by the drag).. One usually' considers a test particle of finite mass, in 

whiCh ease one must correct for its reoo:t.l.. For a field particle of given 

velocity this ®:rr&ct!on 1nvolws replacing the real field particle mass 

'by its reduced mass, which means that (23) must be multiplied by 

(1 + m ) 
mtest 

'l'h.e :t-e.!!Jult then agrees 'With that obtained by Gasiorowtcz et al, 8 

and by Sp1tzer.,4 Xt appears to 4iffe:xo from tbat Biven by Rostoker and. 

Rosenbluth 7 by a factor {2 .~ 

In tlW case that the 'test' pat'ttcle is an ion and the field particles 

are electrons the correction is negligible, so that we do not need to modify 

the E!sttmate (10) of the tesisti\iity on this account. 

In the presence of an applied magnetic field an explicit eXpression 

bas been given for the diagonal components of' the trict1on tenso~ "'~ ; 

and 'I:J1ese have the app:ro:nmate :forms given in the texto Apart trom the 

:factor F, mentioned. above, the :result for fJ. 
1 1 alSo agees With that 

given by Roatoker and .Rosenbluth.. but the result for "'J- appears to d:if'fer ·· . 

both numeri$U:r and q,ualitat:tve]3 by the appearance of' a term of the form 

lo a .·· 
g Q)'fm " 
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Since it is really only the electric field which influences a particle 

in a,plasma it may be more realistic to deal with the field directly, as in 

the present paper, rather than introduce the concept of 'collisions'. 

The author wishes to acknouledge the support of the Cormnonwealth 

Fu11d, Ne1,r Yorl-:, through the grant of a Harkness fello,.rship • 
.._ 

.. 
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