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P.BSTRACT 

The f1ret order wave function, x1, in the perturbation 

1nethod can be obtatn·ed by a variational principle instead 

oi' s1:Umning the usual infinite series with a large continuum 

contribution. Fo'r a ground state or the lowest state of a 

given ayrrunetry suitable trial funotio~ !p are chosen to 

attain E2 as a rn1n1mum. This method is extended here to any 

excited state, m. To obtain x~, the expression 

and ~ orthogonal to the known unperturbed functions of the 

states lower than m.. The x.1 g.i vee also the third order energy. 
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In the perturbation solution of the eigen value problem, 

H:l.' = E:t', the first order wave fur1ction, xl' determines the 

energ;:y- to third order and the resulting energy will be an 

upper limi t 1 to the exa.ct E. The usual perturbation mettlOd 

1see the footnote (6) of: o. Sinanoglu, Phys. Rev. (To be 

published). 

gives x1 , E
2

, etc. in terms of the spectral representation of 

unperturbed H2'.~.mil toni an, H
0

• The resulting infinite .sun1s are 

very difficult to evaluate because the largest contribUtions 

to them come from the continuum part2 of the Bet of eigenfunctions 

2 See e.g. P. 0. Wwdin, nAdvancee in Chemical Physics", Vol. II, 

Interscience Publishers, New York, 1959. 

of H0 . Instead x1 can be obtained by choosing suitable trial 

functions to make a certain expression, given belmv, stationary. 

For the ground state or the lowest sta.te belonging to a given 

irreducible representation of the group of H, the exa.ct ~~1 makes 

this expression a minirnum. 

minimum to get the best x.1 • 

Then one simply tries to attain this 
3 Hyllera.e.s has used this method 

3 H. A. Hyllera6.s, z. Physik., ~~ 209 ( 1930). 

to obtain a very good approximation to the x1 end the ,second 

order energy, E2, of the helium atom. 
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For excited state.s which are not ·automatically orthogonal 

to the lower states by symmetry, the stationary expression 

will not be a minimum, and the vartation-perturbation method 

deeor1bed above tnust be modified. The purpose of this 

article: is to develop such a modlf'ied variational principle 

by whieh trial functions, 7.1' for an excited state, can bE! 

varied to attain a certain minimum Sl;l.bject to some restrictions. 

This 1s aimilar to what happens in the ordinary variation 

{
<"I Ht>l 

methodJ a· <~ f'> = o, where the energy of an excited state 

will be obtained as a minimum only if the trial funGtions 

are restricted so as to be orthogonal to the exact eigenfunctions 

of all lower . states. However, thes.e exact functions a.re 1n 

general not known. In contrast, we shall show that the 

minimum principle to be developed here tor the x1 of excited 

states involves only the known unperturbed eigenfunctions of 

the lower states. 

Consider an u,nperturbed Hamiltonian.,. H
0

, and a perturbation 

A.H1 with H = H
0 

+ AH1 , HI' = E±' and H0¢~ = ~¢~ Nhere <P~ is 

·the k!!! unperturbed eigenfunction. The usual perturbation 

expansion for the mth exact eigenstate of His (for A.= 1) 

. .m m xm 
~ -~ + + . • . 

0 '1 (1) 

g"'l = ~ 1:1 ~ + ~+~ + . • . 

The first order wave function, f~, satisfies the non-homogeneous 

equation 

( 2) 



vthere E1 = <¢
0

, H1 <'P
0
). This equation will have a solution 

only if (E1 -_~)~0 is orthogonal to the solutions of the 

homogeneous equation, (H
0 

- E
0

)¢ = 0. Thus, either ¢
0 

must 

be non..:.degenere.te or else it must be chosen such that the 

above e>rthogonalizat1on condition is satisfied (removal of 

degeneracy in first order). Equation (2) determines :~ 1 to 

within an o.:l:'bitrary multiple of ¢1 • If this multiple is 
0 

fixed so that <~0 .,X1> = 0, E2 and E5 will be given by 

( 3) 

( 4) 

.x:1 does not ha.ve to. be normalized, since its normalization 

affects the energy only to the fourth and higher orders. 1 

Equation {2) can be put into an equivalent variational 

fo.rm. The exact solution, :{~, of equation 

... m ["' m] state of H, makes the expression E2 x1 

+ s.t·, ( H
0 

- ~) X t>] eta t1onary 
5

, 1. e. 

"' E m[X m] 
u 2 1 

(2) for the ~nth -
= ( 2<<i'm (H - ~) 

( o' 1 1 

( 5) 

This equation provides a eonvenient means of approximating to 

~·,~ if the extremum, ~ [ '{1f) >is also a minimum.. Then, x1m, the 

trial function, can be varied until the lowest E2 (11 ] is 

attained. 

~ nt> /,1 
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.' 

- ,• . 
. . 

"·. ' ' .. · ~ l.~{.mi+ ·~ a m1ni~um~~~ 11' .~:·cot-responds to ·the ',.:t ' 

" ... . . 

•. · ~:.- ,:··~Ho' A .. Bethe,~nd.E-o~. St.alpetttr.- ~eyalope~1a of Physi.c:a,Vol .• 36., 
•', 

; •·• :~· ~ ~! • 

. , : ... ~. gro~ stat~,- f)~-. To s~e thi$. we wrlt:e· x1m =JC~ +. o ~in. 
· . . ::·: .. · E!~ .· tXi~J -(a~~ e<l~ati~n ( 5)) ami'. U·8i.n~-- e'qU,ation -(e) oq~.ain 

• I 

· .. 
." l\ ;- ..... ':; 

''·:·' J12nt:lB*il·5.:: ~ + < ox~> (H0 : ~· Jt;)i -5~ :> 
, .. '~- ... ... j 

J ~<_r·_ -~hue,' rn~. <:·~~~··::<'~i ~. ~) ex~ :> ~e-i, ;the firat order variation 

... ; . :~··df ~: _v~msJ~~s~ ... q,or~es.pond1ng to :~<tua't,.op < s) ana the err<>r tn 

. ·,·: ·-· .. · .. -E~ ~a. br- ~he ·ae~ond o;~et• in. eif.~- . ~~pt1.p·rll~g {lt
0 

- &
0

). fix~ 
.· .; .• • ' '. ,, . . ·1. . ; . ' ~ ~ • , ,.. . . , ' • . 

·: ,· · .... · .: .1-n the 'e.igent'Unc tioris of ,H we .hsve · 
.. . '···,, :·:. - . . . . . . 0 , .. , 

'.J • 

··.·, 

00 

: • ; :.i;rre~J =.E2 +J:o~~ , ~) < (, ox1 >2
• 

: ., '.c.·~~ ::..!..! •• __ :· ' .... 

( 7) 

' . . . 

FO~"'th~ gro~d state En> 'E0 
8¢ .tbat the last term is pQ·sltive .. ··:';·.· .. . ·. ·. . ·. tJ . 0 

' .. ~-::. 

~ ' I· 

; ~e~i:ni te. a.n __ q_.~ thete'fol;e 
•· •• '1'- - ' 

••• > 

~-' 

(e) 
.. .' 

The. ~am,e; Jninimun1 pl'1.~~.1ple ~pplies also to any_ other ~ 

J,f it co-rresPtinas to the low~st :stat~ 0t a gtven type of . : . .. ,'. ' . ~~. 

: ·a-~t;rr-!~e·~~ce t!>~i- ~-and oXf belong to the. same irreducible· 

·' . repreaen~att~' or ·th~ group.·Cf' H, just by Sytll'l.'/letry ei~ will be 
..... . · 

t' 
' 
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1. 

orthogcnol to all the ::!tateo <t~ belo;-.: Then the nee,r. t.i. Vf: 

terms, (~ not contribute to equation 

• "· n' 1 .• ,··~ ( -~· .-.· .• -;," ) 3 '·' l.l:_' . ~ . '·,. J.. """f..• - I.:. ~ ~ ....J j ' (;' ~~ c . s -:::: :.~. lJ ~:.· 3 

7 

of He c2..;,n be t:re2ted just like 1 ts gl'O'.l.nd st::,tE...) by ::ilnj_mi zing 

- m E,... with Sl:itable trh.l functions, c. 

Con&ider nm1 :1 general excited ctHte whi . .::h ~.:Ly be of the 

. . 1 ~ 1 J • h xm c. h t ..... t" 1 t. m1n1mwn pr nC-P-E co t e , 01 sue a s ~~e, m, ne var a 1on 
..1.. 

o:o.xm . v l11US"C 
l 

be restricted so ::..s to mLl-:e tl1e err·o:r in 8~'..15 t.ion 

. positlve deflnite. HencE-: in equ<~-~ion (7) 'f:e must 11e.ve 

,_, 
·ri·~ 0) -· ;:,, < 

0 

FJXiiGt .:30l.J.tiOll 

of e4uat1on (2); so the condition, equ&tion (s) become~ 

.. m 
Al 

( 6) 

(s) 

(lc = C•, 1, ~~, · · · {.1--l)] 

'l'l1e p.:;rticul:.;.r· ~3olation of' (~q·.l.:.lticn ( ~:) :u::- form:..ll: 

"\j".;'i"i 1 [ 'l....,l[i. } 
Y''i 

( ll) = ----. .. -~- H Cp'"' .11.1 E''l 
.... .., 

1 0 
H ..!.. 

0 0 

(10) 
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is the Green's function operator., t 

and < xm1, ¢1rn > = o. Sube.t1tut1ng equation {11) 
. 0 

in equation (10) 1 and noting that (H
0 

- E
0
)-l is 8elf-adjo1nt 

1 = d • 

....Jn f:!i_ .... 
Q 

< c;;k H .m > ElC · o' 1 (,po 
0 

{12) 

Thus, even though we do not have ~ in olosed form., we do know 

< 4'~, Xi >· This makes the qhoice of the trial functions., x1m, 

su"QJect to the restriction equation (10} or (9) possible. 

-.. .-. ......... -....... ______ --- -----------------------------·------··· ····----···-- ··-----·--- -- .... --~ . ..,.,... __ -~ ,.._ ... ____ ......... _.,. -.,,_ ........ .,.,. ........... ~-~ ,., ... -...... ~ ..... 

Trr (H - ~) .... 1 is written in the spectral representation of 
(i) 0 . 

. H
0

, the U.E3Ual formulc:~. 

00 <l)n > < <:P Hl @~ > ·"':"""..., 

xtll \ 0 o"' > == ) 1 
n~m Ffl ~ ... 

0 0 

. · resul te. we have already mentioned the diffieul ty of evaluating 

this infinite sum. 
--- _,_ __ ... , -- ~•· • ••• • -- --·-- ·--·• •••• __ • • • , , •• ··-·--------·4--•·-··- -- ----· ._.,_, ...... ~ - ·· '' •• •• • .. ..._ r •. _,. •• • • r. -·• ••. ,• 



.... /~-~tJ.onellO) .~nd ( ~2) snow t_ha.t i 1m mus·t oe of' the '!'om· · 
·:. t •. '. 

.... ' .. - ,' >~~· .. 
-~- , 

:t ;··' . 

. 'I'·-) (l~a.) 
)"_, .).· 

. . !. : 
••• 1 

~ . ' 
t"!_, .. t_ .• _ <·.i. 

I ~··•' • , ' . " . . . . 

: :-/: .' 't , -":::: .. ~.4. t.ne .a~p-~tra"ry. :~~r~;6 ~1 ttl, of, the tr~~l t);lno.t1on .. ·'j.J; m. !I m®·t 

... ,, .. : · .. ,~-". ,~~- 'k~pt.·t~rtHlQ&Q~~ ~Q the:~:·~f ail. the ·!States. lower tban m, ·f.~ e. 
• ,_• ' ' {,~ "'.o. ·'._'' '··>'"' I ' • · ~ • • 0 ' ' ' ·' • 

·~- ./;~~.:·::~.~:);.:~·:·,; ' ' ' ·.' ' 

_;. j 

"'• .,:· •. ;
;.. ,r ':··.· 

w;. ·. • ,., (m;\""lll · :(l3b} 
.. :· _: ... ~ ·.,· .. -. :_·~. ·,., 

... r,.. 
-~ '. '·' 

.. ·. ~-- ,·_·:. ·. :;c~~ .. :&_iv-$$ .. ~he in~th,;>d f~r Qbt&4.~ing. _aP,plrO~t.1os,w to-. the Xi:. 

:::;,~·an<i'.t;: "'~~.e ~~1i.tab1.~n~ (4)) 0,.~ -al'lY e*'~-t~~ $·t.ate,. m •. Th~ · 
: ~-- - . .... . . .. ~ 

~~l"~:sa1-on· . _. ; · ·, · 

. \ 
.•·, \ ( .·' . ' 

·-' 
'' ~.- ..I. ' 

. ·. . . ~ :.: 
'-.;-. 
' .. ... ,4;_-J; -· '. 

"' ........ ·:-. .-.· ll' ' • 

•, . ' 
' 

. . . 
. , 

~-~. J· • 

,.,,.:: 

. ' {;,; .\ 

,, .. ·. 

· . .f. 

... --'ia~ rximl· ... f?t41~, (!!l -~ ~l ji ~~~ > 
. I 

. ~' .. 

.· ·+ <.· · i .. m, ,_ {ti
0

_ ... - : ~)··· X m >] >. lf!_· 
4 . 0 ·l .... _., z 

. ... ,. . "'~ .. 

(14) 

. f " .. ' , ' 
. '· . 

• r ' 

, •. .-·I' 

.:- 'tt>1a.l· tunetions mus-t be kept or~hogo~a.t t~ the :e~at. · ~igen ... 
. . ··. . - . . ·. ' 

. tunctiens .or all lQwer eta.te{3~ in centra.st to t~s we not~ 

.again tbati the va.r.ia~ion-pe~ull"b~.tion metno·d gi'ven her~ by 

' :·-
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the similar excited electron pairs that arise in the theory 
1 ,_-

of a many electron atom or molecule. ' 0 

5oktay Sinanoglu, Proc. Roy. Soc. (To be published). 


