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?@rtmtion nmery of Mauny Electron Atams asnﬁ aole:culea
Oktay 61nnnaglu

rtment of Chemistry and Lawrencé Redistion wmofy
University of €alifornia, Berkelsy %, Californis

X. Introduction

. The single partiéle theorte‘é oi’ atoms md &oleéulss 4o not take intd
“aecound the eorx‘el&@i&h_é in the motions of éla?ecisfqns. Largs errors result
in the caloulstion of emergy differences of cﬁmi'eeilf end spectroscopte
interest. To intm&uce elect;mn cortelation s va.rmtion method has been
© used exteneivaiy.. In the mest common form ef this maethod, 3 ﬁnite mnnber
of Slater determinents foxmed from & sat of one eléctron spin-orbitsls
ere linesytly c:ombimd into a trial funection. | This method suffers from
very. islcw' cémmme. Also, 1t does not allow one to drew genersl -
cmeluaiem which can be extended to lerger systems since cach a,tom or
molecule is traaised &8 8 névw numerical problem.

ﬂw cen e large atom or molecule be built up from smaller groups of

electrong each containing some correlstion? A treatmzit vdirv'éete& at
answering this question would reduce & many electrom problem to several fewer
electron problems, but perhaps more importantly, would extend the qualitative
concepts of gusatum chemistry o &6 to include correlation.

Present Address: Sterling Chemistry Laboratory, Yele University, Hew Heven,

Connegtieut .
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The shell struc:tum‘ of atoms, the independent behsviour of certain

msians sf molecules gre undoub‘oedly valid beyond thn usml orbital

approsimatiens.. For mboms and melecules as thcy exist in paturse, ve tsiah

@a e.sk queatm mmh as: What 1g the dii‘femme bemen '&he fme Li
mmthncoresf ia‘bma? | ) |

Beeently we tmated & mamy electron systam by secrmd arde;': per’turh‘ation

‘ tﬁmory starting ﬁom 'bhe Ewtree»?bck emxm'. ; ﬂe umé *t.hc ardinaw
' R&yleigh-Schréﬁin@er (R.8. ) method and ciaﬁsii’ied 8ll the vmm msimons

1th'ay Binepoglu, J. Phys., Oct. 1960 (}Ln’ press ).

: wpmseutaa by the. unpemurhaa detemiamwl mmf\mctzons . Thus the

- energy vas ebtaimd ag a sum of pair enwg:ms aﬂd exclnsimn effects, "

-

"Tnis 1s equivalent to the second quantized or hole-particle formaligh.

i.e. three and four particle Fermi correlntions, although, to obtain each
term in closed f_’.dm and not as sn infinite ﬁ@x‘i&.“s , the epproximation of re-
placing the energy denominators by pair "mean excitation enewgies” vas made.

. . o
In this theory as well as in Brueckner's theory of nuclear matter®

28@0 .8,
K. A, Brueckner, in '"The Many Body Pmblem, " Grenoble Uniwrsa.te (W1ley,
| New York, 1959).

This theory is also based on p&ir correlations, but for finite systems
{8ee R. J. Eden, in Nuclear Reactions, I {North-Holland PuBL. Co., Ams*ber&m .
1958) it requires as yed formidable self-consistency procsdures.
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a&.i. the e&ectrcms oi;’ thin R»alzetmn system (the "medium") aﬂ‘eet a
comlating pair i) by bheir average (scs) potential, and 11) by their
emlus:um effects™ mentioned abom Ofi " the »m‘d;her hand, fnfr thn @m'gose of
up and@atom or molecule - .
‘Building/ from scme g;raups of electrons which can be transferred frem one
aton or mlscule o anomr, each smup muat. be indepemien‘b of the
other electmna of thn system and W ex;tz'a m@ﬁim effects should be
sdded on rather thm being implieit. '
To do this, we apgly here formal pez‘turbatm thaery to & nan-—ﬁegenemte
- B-;eieetm system teking the entire mtemleemnie mp.ulaion, E 1/3‘1 $#
a5 the jerc\n-bation. We consider only the fivst order wave aé.?i;éa
(W.F.) and show tm it cen be built up fram indapenéent two electron

scluticnﬁ The fomlim avoids the inﬁnite sums ef R.s. mathod over

- cotplete sets of eigenfmetims with very s.arga continmm contributions.

.Insteaﬁ each paiz' function is obtaineble from a two alsm;mn differentisl

equation or an eguivalent miational principle. So far, firs’b order W.P.'s

heve been determined mnly for Ee-like s'ystm.a These can be dagé for

3"E. A. Byllerass, Zr. Msiii ,‘{32;' 209 (1930).

instance %0 build up lerger stoms. The first order W. F. determines the
gnergy to third order. The energy éomee out &8 8 Sum of independ;ent pair’

energies and some added "medium” effects. The latter are exmuined in Seetion IV.
of this article A
'ﬂg fomaa,imn/will also be applied saparately to the correlation enerw of

L Qk‘tay Sinanaélu, PMcRey Soc. {London), (to be published).
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a many electron system starting from its Hartree-Fock solution and

obtaining the results of Reference 1 in closed and rigorous form:.
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II. The Perturbation Method

let go.be the unperturbed Hemiltonien and g& the perturbation; thea

(HQ + B, )y = BY

B O =E 8, ; < @& ,¢ >=1. \ (1)
1f we vwrite: |

“v‘: ®°+3{
such that

<¢O ,w>=l,. <§°,x>=o | (2)
we got axsctly

e <o meeEe <o mX> ()

Perturbation solution is obtained by:

X 2%, 4+ X 4 ees o |
1 2 :
aw E‘E°°EI+EE4’854’ o000
X, 18 a solution of:
where E, = <« & ,H & >

1 (] l o

and : Q=1- Qo > < @o is an operator thst p@oj&nts out @6.



8- " UCRL-9320

The * datemines the energy to third ‘em‘der=§

%ame and salpetar, Encynlopedia of Fuyatcs, Vol. 35, (Sprin@er-\ferlag,
Berlin 1957)

;Ea"<%731"1>'_31“°¢.-’x1” ' S (6)

By = <Xy, glxl> quxl,-xl>-2$2<@§f‘x1> (7)
This is closely related to the fact that energies to odd orders are higher
limits to the exact energy, g, and thus also follow from thest&ndard

" variational mﬁhod.é Energies to even orders , however, do not have this

6'{.'0 see tiae relation betmﬁ the energy calculated to third order end the

exact E, gubstitute (@ + xl) with < 5,1 % > #'o in (< w; n >/ < ¥ ¥ >)>E
and use Egs, (6), (7) =nd the relats.om <%, K 7‘1 > = B “%3, s 911 > -

<Z( » Hy 6 > vhich follows from Eg. (5). Then we have

B, + By | |

E<E‘+E4 .
l-+<X»-1,Xl>

[ 1

<"$0QE1+EE+E5

since < %y , X, >e | X, » 0. The normalization o rrection is of the fourth

12
higher o:r!hers . 1
a.nd/ See also: Morse and F’eahbaeh, xethods of mmticai Fb_{aica , Vol. g

(McGraw Hild Book Co., New York 1953); pp. 1.119.30
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relation to B. »
E@aﬁi@n (5) is e non-homoganeous partia}._aifferential egquation.

I’t hasg sjc)liat’ions only if the solutions of the corresponding homogenecus

equation are orthogonal to the nan—he@ogeneity,? Qﬁi o

H

73 Friedman, Prmcgylea anﬂ Pechal _im of Aﬂlmd nu’mematics ’ (3 Wiley
and 8@1’&5; h@o, x@w York 3.957) .

This wmesne that in ca&es\ of degeneracy, the degenerate zero order eigen-

functions, @5, muat be chosen 80 as to zatisfy
o1 ARy 05> =0 | @

Then a diffexent equation like Eg. ( 5) can be written down for every &z
with & golution x;‘ . '
Bquation (3) is equivalent. to the extyemum condition:

B {2<11, (El‘EB.) ¢°>+<x1,(ﬁo~ﬂg)xi>} =0 {(98)

state of a given symmet

' ry
- In particular, the X, for the lowest / ocun be found apgmmmtely by

1
ninimizing

_sgf_:;v{a <xtr (nlwmz)@ >+<x s (8 } (sv)

vith sultedle trial functions, o marmmm has used Q. (S) to obtain

the E, and '311 for te: gro‘tmd state of the He atom .
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The X’l of an arrﬁitﬂary- ' .e'xc’ited state vhi-eh may be of the pame aymmetry
as goms af the Smtefr' states mey also be found ‘by a min:i.m,.zat;ion pro-' _Q-‘f

'cedure We have da*.reloped such & p‘roce:duras @.nd shown that for an ex-

, eited state, mnﬁt be chosen subaect to SOt restrictiens which ra’rﬁvw

xl
@ knowleég@ of cmly the unperturbeﬁ W. P.'s cf the lowex S’bates.

85, Stnenoiin, Phys. Rev. (o be published). -
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N of
The particular solution, {,/ Eq. (5) is given by:

-1 .
SRR CAEE R | (10)

where L;l 3‘-(&9 - EO)']' is the Green's funciion operastor. But the general
golution, _X_l, igy-
X

lnxinwo; (1la)

C is an arbitrary constant which can be chosen such that

<8, X > =0 . (110)

.

let the pon-degenerate ground stete of an B electron system be :

o, (% 5 %y 5 <o %) -=Ja:§!— .det{ 1(x)2 (52) B(,ﬁf)}

= .94— { 1 (%) 2 (x) . H(@)}:SZ{—(my..a)
' ._,C_:i' is the ‘anti‘*symetrizing operaﬁor: - ' “

25 ()P pe—2 et (13)
o Jm!op N ‘ »

We shall take for the unperturbed system the bare nuclei Hemiltonien;

K°ci§1 h: ; hgi-% Vf "é EE
ui
‘ b4 °
80 that an-ifl & and
]
H =3 Byy ByyZ ;;3:5 (1)
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in atomic units (1 a.u. = 27.2 ev. ). R, is the distence of electron i
i -
to nucleus o. I ?61)’ 2 (52) , +ee k (i‘,i) in Eq. (12) are the spin-

orbitals satisfying

Rl e kfsel ) )

X designates both the spece ( I ) and the #pin ( g ) coordinates of the .

#lectron i. In atoms, the eompls’ta one eleetron %ﬂsis set 4{ } is the ,
hydregamlike orbitals multiplied by spin @ or 8. lui la 3 2 bt l sﬁ ) see
so. that all odd in‘eegers stend for spin-orbitala with a apin 2 a.nd n.ll even
ones for thoge vith .

From Bqe. (12) and (14)s

.4

Bie <8, o >ez (3, -K]) (8
=l '
g_i 3 and Kﬁ are the coulomb end exchange integmlé between the orbit;éls |
L end 31 "
Ky =< ixn) 1 (5) gy Mx) 1) > = <1 e
P3| > 8y Al X2 y Eyp 9 °
11 , N
K, 3 is non-zero only for 1 and § of like spin.
Notice that in Bq. (12), before is 'ai:plied’, 8 spin-ocrbital end the

electron occupying it ere designated by the same numersl, e.g. 3.'(;51'), 2(z,), ete.
In the spectrel representation of H , the Greends func‘tion,Lgl,in Eg. (10)

is given by:



e
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T . ) e ) g'k(‘ﬁ)? @ ) (8
o %l ' : '_ | (egfleg *.;&g) - ('eg + ég} e:’l) IR
s ‘
| ( ooe )

-n;l

electrons, and by

for the gpuce of dmtinguia able

%(u Y ><J#'(k£ e n)

e o ' - (19)
> RN, 8 (e +ez+€°)-(el+e +e) '
£k > 1 :

‘ for the aati-smtric space of N fermioms. In Eq. (18), &, A; é-t-e.. each
| runa over the complete one electroa basis set of ‘spin-‘orbitah The ;sum'
in Eq. (19) on the other hand is over all the uniqueVbij Slater deteminmta, :
Lo ordered configurations” 1 thet can be formed from { } For use

in t.he next section we aJ.se define:

e, = h;’ - €] + (spin pm)i_ ' (20a)
and write
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'IXX. Separation into Pairs

¥We now write X1s of Eq. (5), in terms of the first order wave functions

of independent tvo electron systems each one of which can be Sbtained

from an By. (5) or Bq. (9) in exsctly the same vay &s. solving/the grouné
or an exoited. state% of/ the Be atam.B
Consider an K-electron state vhose Zero order W.F. -e,an be written e.é. )
single Slater determinant (closed shell or closed shell plus one eleetron ,
system). From Bgs. (3), (10) o (aT) and (‘20) we haver o
8 N A
xl.nl(x - B) 8 ,.1:1{ z xﬁ gu} Aies..5)  (21)
1>.;=-1 1>J=3.
(B - " ) conphutes with ﬂ—-’ atnee 1t is unehanged a.fter any pemu%ation
of the electron indices. Thus |

yeits{

ioged 3y Kia - 51:_1) } : (125...K) (22)
(125...K) = (l(gl) '2(&) 75(53) .o x(g:“) ) .

In -9y i and J refer to the electrons (f.i and 53)) wherees in (.’ru - K“ )
they refer to the orbitals 1 and j. Since there is a one-to-one correspondence
between i and 5& before operating. by 5"’ , we associate a (J 135 J)

with esch 8 3 and write

] J

13 - Ki,j - gid 3 . ) (25)

15 =

then in Eg¢. (22)1
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. . S , | |
‘, 9%{ 1>§aix (g, 13 Kn‘ &4 (123...N)} oz ;qb{ “(mg...m (2k)

,ﬂ/eommteis_ with H, e.nd henee a;Lso vithv-le' , so 'that

0 sff»gq‘{m:; (123...3)} }?}‘L i>3;1 ia(l%...zi} i (25)

| If now Lc';l % (e o é.g'-+ ,,”@N)‘l were appliad *0. each (123...zf) mm
in Bq. (25) Bepamwly, it would BKave sing&ﬂ.arities in aach such tem, ':_'. |
correspoadins to degemmcies of the type 1(331) 8(;(2) with 1(252) 2(%_), ete.
(S@e CN-R ﬂ»q. (3.8)) - 0f course these Bingaﬁ.aritiea mmcel in the @, &f’b&r

 applying 2o Bq. (25), so that x, 1s fini'%e. ’ o

To get _x__l ag a sum of texus, sach mm canmininﬁ an independem B0

clectron sclutmn, I*lq. (25) must be 8o rearranged that each term x-rill h&m

8o smgularitma befam opera'bing on it by ‘54—'

To achisve: 'bhis g go back to Eq. (21;) a.nd :‘Ln‘k.roduce firgt the apemtaor
:2_1 3 in front ef egeh B, 3'. B L4 5 is the wti-symgtrimr .tha‘b erpemtes o@_y

om é)- and x.; ie

~J
g B (1w P L) e S e : (26)
W e T | o
P 13 in‘bercha.nges anly gi and 1;5 &nd leaves the other electrons the Geme
Since P 13 is an elexent of the perfautation group of N electmns, the

folloving relation holeiz,

gﬁg - :   <27>
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Qf—’me dennsea.'iz;: Bq. (13). From Eqs. (24) snd (27) and considering that

8y 1is symmstric with Tespect to P 1y e g;at :

¥ L | ) SR o L
LR ~qm, ; (123...K = Z '%/ (123,008

LS LBl @

 apd . . 3 . m-i?.(lzg...'z{)ﬁ__ (29)

' From‘E.qs. (15) ami (20&)
DU gl =0, R (302)
thus7 for any. a.naly‘bic 'ﬁmet‘imn, for e -
fle,) 1 = £0) 4 S {3m)
Therefore: |

e .

e, 4+ e, t,,.8
i 2"

. mij fid(l&..ﬁ...ﬁ) m (120, (1-1)(5+1)...¥)
Ko

my 23 4,0 - (3)
e, + e o .

17 %,

| .
‘ - l * { 0-.- "_ . i fo e .
i gd_/{mzﬂ(u. (1-1)(3+1)...N)

X “”'”‘i‘”"’“’“" M3 = 13 (?3?} - ()




«16- UCRL-9320

Equation (31) con be verified also from Eq. (18). __

Some Iof the (15) terms in EBg. (32) ere already in the desired _nqn? o
singular forms, Mrs are not, To examihe each term in detail. mmmﬁely
we now cohtinue the der :watiun with a speciﬁc casez The Li atam

Then 8, (%, éo, %) = SA-(123) wna
(123) g (1% () mﬁ (g) 2, (y) ) o (w

X becones:
n = 2 S i) e &)

- 20g) waleys By ¢ i) s ?s&} | (5

where _
u,,
£ e

— u, B (3%)

i3

Our aim 18 %0 write each u, 3 ag the solution of a non—hmm'gém’w@

‘2eelectron ‘equaticn in the form of Egs. (5) and (9). The condition that g_&‘,
in Bq. (3¥b) not be infinite is equivalent to the coadition that
(o5 + &) g = myy 5 (1) | o (35)

has a solution. As given by Eq. (2), this condition is:

cvkj ) myy B (13)> = 0 (36)
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tﬂ? 5 denotes eithe‘r @ (13) or one of the other solutions of

(e + e )@15 = 0 | . (37)

degenerate withfit 1f Eq (36) holds, then ‘ij can be obtained from
. Eq. (35) by any . method (including varistionals Eg. (9)). But Egs. (3&a}, |
- (10), and (11) show that it mgt be made arthogmnal ta\:23 (13) vefore it 1s
| | inser'bed into Eq. (3119.) | |
In Eq. (3&), two of th‘e-ui 3'5 already corz’es;pohd to msicallj existing -
two electron syatems: lé(xi" %)” is the first order wave function of free

L1’ ion in itg ground state and satisfies

(al +.32) ul? ”v ( 612) 2 (lﬁ lS*é , | ) (38)
Also, “.13 is given by:

and 1s the same as the (1s2s) o5 state of Li'. Tt is not possible to write

directly such an equation for Upge This case violates Eg. (36), because

1 - “ e . :
@ 23(23) = - - det (lsﬁgscz) is degenerate with IB (‘l'saesﬁ) and is

not a pure opin state. To solve this difFiculty we recall that in the over-

all Li atam this degeneracy is fimally removed after the application of

524”1':1 Eq. (34a). Thue, again we go back to Eg. (28), vhere Lal bad not

‘been epplisd yet, e.nd remove the degeneracy in the following wa.y: |
From Egs. (29) and (34), the (23) term is:

o (Fon - Box) 4 M) 28 (23) (40)
e, +e,+e BT =" 5 { ’ I
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ﬁ (13525&) is a mixturé of a singlet and a triplet state, so that

@ : T S

Bp ot 23 I3 (k) R ¢
1@23} = LQB () + By |  < 1)
(+) sign refers to the tri plet state and E (1) = S det (3.8 28 )
' , N

To split Eq. (340) int:o o parts such that both will satiefy Eq. (8), we
multiply it by 2/2 then add and subtract 1{23LL323( 23 )J obtaining |

S (kQ)
{ <J23 - gy) (1B (23) ) ¢ (35 + X %xwaw}
. 1P (323 - 823) I‘l(%-)&.(%g) h(§3))J is é.dded'aﬁé_-:mzbtraofed anﬁ *Ghezn | )
K%{'l(asl)\g(l(;é@)h(%) )J 1;3 added to each ome of ite terms, Eq. {42)
.rami»ns unchanged, since
2 {ug) Bl M) ) f o= 0 | (13)

Then using Bq. (41), ve get:
1 g o S Tir
3 0y - ) 13(23)} *y,qi-{l(ﬁ) |G - G 8)

Finally ve commte L am%d use Eq. (30b). The result is that uy3
in Bq. (3k4a) 1s now given by two terms, instead of by Eg. (34 )i
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f.b 1 | / 1 | - , | _f ‘,
vasler X3 = = (?u23 (Bor %3) + "oy (ﬁéy-§3?> | (458

'rhe triplet and ainglet conponents of u23raré' ﬁhe' selut.tém'of
(e, + e 5:3u' = (J: -AK» - ;') 3@ . o S
2 " €37 Fay T Va3 7 Pag stv B C
(e2 + e ) u2v 2 ( Ty ¥ &03) @33 - [

3 23 and lu& muzst e made o*thogonal 'bo 5@23 and lcp,,S before Ehey are in..

serted in Eq. (3%) . |
The ﬁrst of I;qa. (Ltrb) and the spatial par*t: of 3u23 are the W'aé

Eq. (39) and thevspatial'part of u reapect:lvely The 31.1 and u differ

i3 13
only in thelr sp‘in factors, one being the M = O, (ap + sa) and the o’bhtar

M_ = +1 () component of the tripl.et Thus the entire x, for tixe g:romm

state of the Li atorm 15 obtalned by eombining :m Eq. (3ha) the first order

W.F.5 of ‘che. (ls) , {1s28) ° 35 and (1523) 8 sta*tes of tha free (1i” )
ion. The advantége of this spproach ig that the w0 electrca solutions w 13
cen be obtained independently and when they are obtained as a fupctlon of

the atomlc wo. Z as EylleraasB hag done foy I‘I‘, He, I.,.i*, ete., they can be

used to ‘téuild up larger atoms. In going from L1 to Be, only one moxe pair
function, the one for the (23 )E,ls state,is needed! In general the nmaibe_ér
of independent pair states needed &an be less them the total no. of pairs,
bvecause of the m:.lti;alicity of some of the ge.ir states. | |

For the N-electron system with a sin.gle detemumnt ®., we nov have

0
(ef Bq. (32) ):
H -

1 : :
X, = = 1>§=1 (12...(4-1) (3+1)...§) Uiy } - (46)



- 20~ UCRL-%32

Whemver 3 (3.3) beltmgs to & row of an 1mcmcible rapresentation of the
0

o aymnetry group of the two electron Hamiltonizm, (h + h + gij)’ the co'e’r&-

sponding Uy 5 is the solution of:

such 'that, <, 5 B (i,j,) > = 0. In other cases u must be Gecomposed into

=id

s_mmetry eiganmnetiona as in Eq. (15a), s.nd cach part determined from

equations such as Eq. (hS‘c). A survey of tm approximte me'ohod.s for solving

- such two electx‘on e@ationa are given by Bethe and salpe'ber , and_the: yariational
extension to any excited state has been discussed by the author?

‘method, Ba. (99, »and it/ All the two electron degcnemcies, .8 s.r.gaing

from angular mntum, ete., can first be removed in the same way as chown

for the ls B&’s ~ pair of .L:L. .

IV. The Energy

We now turn to the exsmination of the energy of an N-electrom system

obtained from the first order W.F., x,. Since each Uy g in Eq. (46) is

0: then

orthogonal to its _f(ij) or @ g B > = (08)

ij,wehave <49

z (12.. (1-1)(,3+1) "H)uij}>

E, = < 8, Hlxl > - <.§¥{123...H),( ?gi Z,

i>3a
= JRNV /3 <-9"‘(‘12_3..,.N), (gle + g13+..'.) {.(Sh...ﬂ)ul‘? + (1256....H)§34+....I >

The last step follows because %"18 self-adjoint and .%—?-rz JVE] ﬂ-—/ .
In (3&...H)u12 eto, orbital and electron indices are the same (3(;5-3), 2tc. ).
) 2

For Li atom, Eg. (48) gives:
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Ey = <3(12), gyouy, >+ <B(13), e <B (23), Bo3p3 >
+ J‘?‘,‘?“é‘?“ {Wms), &3 3(x3) uig(’%l’ §2)> .
* <ﬁ-(123), 813 i(éa.)_ U X3) >
v <%i23), 5 20,) u13(§1, x,) > JL N s

The first te-m is gimply the ground state E, of (Li* )1 from Eq. (l’ué.),
the sum oi‘/segond and third terms are the sun of the E,'s of (lsEs) 38 and
13 states of 11", Notice that this result is more than the usual pairwice-
additivity.of dispezjsion forces: e.g. <3(12), gléule > is thm i‘ﬁiﬁ‘? E,
of Li" iom. It includes both the o‘.isparsion and the ‘orbital average polaf-
ization" terms® which arise from double and single virtual treasitions ve-
spectively in the Rayleigh-8chrodinger expression for E, (1.e. using Eq.(19) ).

'I‘!w'remaining terms of Eg. (49) ere the non-pairvise additive interactions
in second order. Their mepning is made clear by éxpe;nﬁing A (123) in its
minors, in each of the last three terms of Hq. (1&9).\ For imstance, the first

of these terms becomes:

where we have used subscripts for electron coordinstes, e.g. 1, = l(;&é), etc.,
= .3 ’ 25 3 W ver} R B
and u, v’lg('%l'_ ﬁ). The last temm is the "exclusion effect”"” of the

i

occupied orbital 3 on the correlating palr of &lectroms” in U o As

- # The "exclusion effects" cen be formally incorporated into the pair
energies by making cach u orthogbnal t0 the remaining occupied orbitals

K#i, §; e.g. in Li, ve stbstitute e (§1, ;52) = u (%1, ;52)
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Continuation of Footnote #.

| Tha < >
- Lo

The w,'s 4o the other o terms of Bg. (50) are 1sft unchenged. In an atom
or mlecule with more than three electrons, there will &lss bs fowr elettynn

excluaion .e‘ﬂz_:‘a‘bsl#. These arise !;euausa Gouble. excitat;iahs 6 & pai'rs_éf )
orbitals occupisd by two.othei electroms 13 ®b,are excludsﬁ‘by the Paull
Rx"‘imiple}“’ h. The f@ur&haﬁy éxélueiou effect will be much legs than e.,_'
fhzee«b@dy exﬂlusian-mff&ct; becanse in tha.la%te?,'ﬁot Just one, but a
whole set ag.doubmexeiwuom a.re sinvolved. mse are the za;nss.{ng
m51tiom of m_‘electran to & complete set orbitals %h:tle another 1s
‘ymve;nt.ed ﬁnm @c):‘mg inta an ;arﬁital almaﬁ oeoupled by a third electron

(see reference 4).

o e B RS RN G ey Wy Y

s it eI O L on AN e i s et i TNy MNP E T e 14 AR Rt o <o e A AR

‘meens integretion Q‘Ver_ '%2 only. We have < uie(;&l, 52), 3(@2):»%1 o

-Oo
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discnaaed in refemnce 1, this s & thres body Fermd eﬁmlation. In tha
;‘theory of. mmm;‘ mt‘bare, these exclusion ef)?ects t:um out te be mtly

z‘esgaﬁaimﬁ 3.’95:* ‘m:w smallnees of the thme«bo&y cenlenfbic comlationa

" vhich sppear ﬁm‘b 1 %  Whether the same tm:na 16 true m ‘atoms and”

m‘;‘.@eales or mt is’ a gaint that mguims mttma im:;m@tmﬁ.
- The larst two terms M Eq, (5@) are of a d.i.ffwrems nature thy arise

o 4n Rangh schmdinger E (uning Eq. (1.9) ), as the erozw ‘term upen

wl

. sq:.mrmg ‘bhn aingle exsitatisn, i e arbital zwerasa ml&rﬂ.m&ti@n terme

| like @4'(123), (E %U)M:ue K) > Sutzh "cmaa pomrimtien" tsms eome up, as
gshown in the Appendi
1,15; ever in the sﬁeend ¢rder Van dar Waais attraction of ‘bhrea sepm'ate aw;as even

when they am so far apart that all exchange effects can. be mglec@ad.m

_ T&ms, for t‘he amrw of an H a:\,ectron syshem to mccn& orﬂm*, we hﬁm
 from Bgs. (11&), (163, and (48): | '

5 ’ SR (51)

204-351%2- = % (paty mrgies) + I (mss polarization and axclusiom
ST el : ei‘fec*bs)

_m of ’tméa berms and a.lso ES mEq, {7} are abta.&ned ﬁmgo md_&i sﬂven
by Bg. (46). ’ﬁm components of E3 can be s’imilarly Wted and W&mﬁe

o the emrgies of the indépendent pairs and thme eléctron tams Ag

-mtmdé in Sect:txm II, 1% 18 momm to earrar out the eﬁergy ce,lmﬂmim

0 §3 rother than §2 50 88 to g@t BH u;rper mn to the exnct E.

gﬁo A, B@m' Pw&- RﬁVo,‘ % 1353 (1956).
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V. Conclus iqﬁ

We have shown that the first order wave function, Xys of an H-aleotron
system can be obtained from the first order i‘unctions of the ground and ez~
aited states of a two electron system with ta:).e ‘same nuclenr fram@worl,.. 'Ea-ch

pair f‘zmation can be cbtained fmm a a-electmon non-bnmgemeous differential

squation, e.g. by a vq:riatioml mtbods. Then both the individusl pair

energies and the non-pairwise adaitive vei‘i’egta in E, end §3 follow from this

Xy Thege results should be imnwd&a‘cély aﬁpplicabie te_at:oms, ginee z_'xi 3

be obtained with explicit 2 d;epen&eneeB ; and Li, Be, ete, can be calculated

can

from mostly existing aalculatioﬁs on the ground and sxcited states of He-like
iops. Similar _calcvj.atigom mey be made on molecules, where e.g: imner shell
 peirs can be ta.ken over from atomic caleuiatim', and core-valence e.lm‘:?émn

1, 5, 10

interactions obtained using core palarizatmn potentials In many

molecular problems ;;5; 1s aldo masible ‘bo. ealculate X E'. and B, starting

3
from a ﬁartre@-ﬁ‘bck 6)0 There am nov many Hextree-l?ock molecular orbmal
(M 0.8.€.P.) caleulations amimme, and ve have separately developed

methods gimilar to those. given here to cbtain correlation ensrgies star‘cing

from Hartree-Fock solutions.

Ooktay Sinanoflu and E. M. Mortensen, J. Chem. Phys. (To be published).
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APPEﬁDIX

Non—paimiwe Forces in. m Second Or&e Iam@emm

. of Three Separate Atams

Consider three identical atoms A, B, C eufficiently far apart go that
all exohange' affaoﬁs caﬁ be néglecte.d. et a,— b' ‘snd 'c be t-he:’:.r groumi
states a,nd VAB
tween A a;nd B, ete. Uging d@'fﬁnitienﬁ similar to those in the texs, we

Xy = - {(J - V5 )+(J »VC)+(J .VBc)j-(abc)
e.b + e

wmm“acgo Jab = < &b’ VAB &b > .

Using Eq. (30)

X'l_ = 8 u‘bc + P Ugp € U

gy, — I AB) (ab), etc.

Then

EQ = <.(a.bc), (VAB + 'vBG + IVAC) xl >

o

B

2

= < gb, VA?B uab>+<vac, VACu >+ < be, Bchb>+.2‘_<abc VACeu >

+ < gbe, VAca. Yo >t < abe, VAB b u%:»—i

R e‘ec denote the ins‘um'baneaus electmstatic po‘oantﬂal be~

. o)

(a2)

(A3)

(M)
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The Pirst three terms of Eq. (Ah) are the pair interactions. Notice

© that they. &n¢lude the mutual electrostatic polarization within s pair in

addition to the usual dispersion forcegt The last three terms are the

3-body “eross-polarization” terms mentioned in the text (cf. Eq. (50) ).

- If the atoms A, B, and C ave neutral and spherical and if ‘VAB is expanded

. in a mﬁltipale geries keeping only the dipole-——dip‘ole terw, the bai—:: polari-
gation and the cross terms venish. Then E’z reduces simply to the sum of
| | 1, 12

the vsual London dispersion energies

1%y, London, 7. Physik. Chem. BLL, 222 (1930).
2 3. Margenau, Revs. Mof. Phys. 1L, 1 (1939).






