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fEirtur'DatiO!i.th~ry with ope.r~:tOZ. 'e~~s is· aP»4e4 .to a n<ni"" .. ·;:: 
. .· ' ', • . ' . '. . . ... · ' . . ,' --~1 ' .. · ... : 

· 4egenera~ ~ ~e~a .JJystem ~ill the .~l~~n a:ol)Ul~tons, 1j 4 
r;1 ,,···_ · 

~- tne ~~tiof!;. · Th~ ~iret ~t v•ve. t~tt\·ten (W .;r~ ), ~~ t•i'·ob~~~, .. · 
'' 

rig(:)l'$1SlJ1n ~$S!'oO£ the .first orier w.J'.'.s: ~ tndepeJldent two e~ct~n · 

aya~ ~ --~ pair -~~-' .. ~tai:ltiq nuc~ ~eters ~sa be 8~3.ve4 ·_ ': 

,or 1.t14iv:f4.Wlilly gy_;~~tional. or-~9ther met~~then use41n v~--
.. ; . . . . . ·. 

(. . . . ; •·. . • . . . . . . ; . . . - . . . . ,. ·. . r ~ 

at0m8 ·or mo~~~. ·. Por _e.~e U atom 1$ ·1J\4~- ~ -com.pJ.·e:tel.y ·tl'Qtn ~ ;._ · 

·.(.l.s_)~ _+a, (lea•f los ~ 's •~ate~ of u+. t*he·~ .&!vee ~- •n.rst to! , 
;"' ·, :· . ·' . . .. . . . . ·,: 

:;thi• otr1u · M4 84i an ~r Umit to the •-.at_ $• · -a,e. 12 is ~ _to tile• 

· awn o't . -let~ Piu· lln~~Uon$ ·pl.- ;n.n;r· ~ ·.ta1$J· ot tW t~: . ·•) 
' ,. . . . . . 

. ~- . :s .· . 

'"Qroe pol.Ut,..ii~l\1" Wbich ntsts .wen in • qe~e inw~l•Oular to~s, and 

b) fem:L eorrel&tt• •. 

' 
j 
_.J 

. '. 
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ren\U.'bat10ll ~ o$ !!!t' lUe<:t:ron. 4tol8s· an4 ~~~ules .. 
·. ·• Oktq S1Dilt10Slu 

~t of Chemist.ey and lawrelaeG' lWUatioa ~J"&totr 
f1ni vwifitr of C$litornie., Be~y . a., eal.U\mlf.a 

X. I11troduetion 

'!he single par'tiel~ theories of ·atoms and Vl9leQUlss :4o J).(lt take intdi 

$C~ the :correlati®s in the_ motions 6{ •l~7:0!'.r.S· lArP ~:nora result 

t.n the c~ou.latiou ot energy 4i'f'ten::tces of e~ieaf and spectroscopic 

interest. 'lQ introdllce .• elt'etron eorteta.tion, varation method has been 

waed extensively. J:n i;he rm:>st CUDmon form of this m&th04, s. finite rwmbv 

of' Slate Cietet'llimmta fQrmed from a eet ot cne elbct~ . qin-orbi teJ.s 

e:'8 .Uaeai-11' eOmbJ.~ into a trial functiol'l.. Tb.is method sutten .i'rom 

very slow converpnce. A.leo, 1 t does not e.l.l.ov one to draW general 

eoncluaions Vhi<:h ean be extended to larger s;yBtems since each atom OJ' 

molecule is treated as a new mrrner1cal. problem. 

-Bow ee.n e. l.ar.ge atom or mole'CNJ.e be built up ~ smaller groups or 

eleetrGru; $aah e.ontaining some c-orrel.e:tiont A treatment dir~eted. at 

an&vering this question would reduce a. many eMtctro.n problem to s-everal fewer 

electron problelitl1 but pe.rh&Je more ~l.y, wot.U.!l extend tbe qualitative 

eoncepts ot ~w chemistry •o as to 1nel.u4;e c&rrelation • 

* ?reeent Address: St.er-Uns Chemistry ta.borawey, tale Vntversi:t;y, tfeV Be.ven1 

Conneeticut. 
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~ shEtll stru~t:w:-,e. ol7 atoms, the 1ndeperl.dmlt whavioltt of certe.ib 

re81;ons of molecules $3."6 un4ou.btedly vn.ltd. beyot:Jd the usW3J. orbital 

.a.pprosil!fations. For atoms and mlecuJ.es a.s thi!r. ~:Kist in •t'Ure, we '\'iieh. 

. . . ' ' . . ' ' +' 
w ~ (J.Ueetions ~as: Wb$t 1$ the· .dU'feft~ 'between~ free Li . 

f.tm. and tim core of 'Li a:tma? . . - . ' 

Becen:tly'
1 ~ treated,&. many electron .s;ye~m by .se~ order pe~:t:fon 

. . : . : . 

. "theory starti~ ~Om - He,rtree-~ ell1!1t:ilT •. · ;We ~ ~ c~U.~ 

~lei8h-Schr&tinger (R.S.) method and c~s~~; e.il th. vtrt~ ~sttions 
. . ,. . .. , 

. ' 

1 . 
~ S:i...naDoglu, J. ~. P~., Oct. 1960 ( 1.n· press). 

i.e. three and four pm'tic~e Fe:nni correlat~, a.lthou&h, "00 obt.fi~ ea.eh 

~rm in ciosed fon1 .and not. as: an intWte aeries, the approximation ot re

pla:c~ the enet'fJY ~nolllinat.orf3 by ga1r "meau exeite.tio:n entB"&ie~·n was ma.4e~ 
~ 

In. this theory as well as in ~ckner'a theory of nueaar matte;rt.:; 

?see. e.a. 
K. A. Bn1ealme'r1 in 11The Man¥ Body Preble.m, '1 Grenob~ tln1ver$~t¢ (Wilby, 
Hew York, 19$9). 
i'h1s theQry is also ba.sed ol$ ~i.r CO!'T$latiens, but' for fmite aystelftl:l . 

(SeeR. J. Eden, :tn Hue~ ~actions, I {Nor'bh-tRolland Ptllbl. Co., .Am$te~. 

1958) it requires a.s yet f'ol"I~Jidable seU-consirrteney p:rQcedure'lll· 
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· aU, the electroil$ ot th1';l IJ .. el.eotron s~tem (the ~meiUum,.) e.ft'ctet a '. -~' . . . . ·, 
~:·( 

. correl.atW ,Pair i) by their avereae (SCi') ;potenti$l, and· ii) 8, tHir 

"e~luicm effects it· mentioned above. CzL:tp.e >i:1m:fmr., hand:, :t:er~ :the ip1;1tpose of 
. UJ) an~ tom or. mo'lecul.e . , 

iin1Jllins/ .hem SOlie groups of elactr'ODs which a¥ be trans·terre4 trcm: ~ 

a~ or IIOl.ecule to anothe:'1 each srO\lP must be independent of the .\. 

other electrona of the systell end ~ ttlttJ'e "metiUII" effecte shoulA, .be . 

a4de4 on rather tbim lleing implici to 

To 4o this, w ~ban t~ pe~u.rbe.tfoli-,tl\eort to a n0h·k8eMl'ate 
. I 

lf-eleetm aJStem taldns the enti~ interelecrtmmic repuJ.aion, .£. · l/riJ" 
. t>J•l 

as ·the pel"tUI"l.'nition. We eowiier Oll1y ·the ttrst ~ W&mt hnoti® 

(W .Po) an!i $bow how 1 t caa he built ~ f.rQm ir.tdE!p&Ment two ele¢tron 

s-olutic:ms. 'the i'Q111alia avoi4s the :1-nfinite eoms ot a.s. method over 

~te seta of' eigenf\mctions llt~ very ~· cc;m.tin\1\Za ooDtributiou ~ 

Inatea4 each pair t\m.<:tion 1s obtatnable tran. a We eleQ'tron <Utferential 

equat.tott 01" an eq,uivaJ.ent .Yar1&tional. prtnctpleo So far, first Ofter ti.Jte 1s 

.have been Getenn.ined 18aini.y f'Or ie-like s;ystezae.' These can be waed for 

' • f •• 

inatana.a to build up J.a.xoger atoms. ·f11e t:tnt orQ.er w.. f. determines the 

energy to third order. Tbe energy comes out sa a flum of independent pair· 

energies and some added "medium" efteets .• · ;.'he latter ~ eXUlined in Seo't;ton · r/. 
. of this article · 4 . .· . 

~, fo~~wi.ll also be app:U.ed separately to the correlation energy ot' · 

·4 . • 
Okta;v Sin~ogl.u, hGc. Rpy. So.c. (io:ndon) 1 (to be published.) • 
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a many ele:etron system starting from its Hartree-Fock s'Olution and 

obtaining the results of Reference 1 in closed e.nd rigorous form;, • 
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n. 'l'h.e Perturbation Method 

Let !a 'be the unpert\a'bed Hamiltonian and !!1 tb.e ~rturbe.tion; tllen 

R ~ = E t ; < <b
0 

~·. t
0 

> = 1 • 0 0 0 0 . 
(1) 

If we write: 

such that 

< ~() ,t > <= 1 1 < ~O ,x > D 0 (~) 

ve set exactly 

E= <~ ,H't::>=E + <~ ... ,H1.X.> 0 C) v 
(j) 

Perturbation solution is obtained by: 

} (4) 

(5) 

where E·lO<t ,It> 1 0 l 0 

Q • l ~ t
0 

> < ~0 is an operator that proJects out ~0 • 
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~the and klpe~r, !nc}'Clopedia at Physics, \'ol. ~~ (Spl'iJ:lgQ"•Ve:rleg, 

Bt~rlin · 19,7). 

(6) 

This is ~lQSeJ.v rel.ated to the tact that energies to oQ4 cm.'lera are hishttr 

limit-. to the eact ener{!3, E, and thus also follow from the· stanaard·· - . . ., ' 

vartationalmethodo 6 Bnergies to even orders, bowever, do not have th:ie 

' ' .· ·To a¢e the relation between the ttnergy calcUlated to tb.il"d Order and the 

exact E, substitute (~0 + ~) with < t 0 1 x1 > ~ 0 in (< tf. K t > / < ''· t > ) ~· E 

and use E<a,s-o (6) i (7) end the relation: < ~l 1 B0 ;(1 >, • E0 < ~l 1 ~l > ... 

<X1 1 fii •G > whieh i"oll.ovs tram Eq. (S). Then we have 

B + E 
E < fll. + v + .. 2 5 .<. ·'121 + 1l> + lL + Z1. 

D6 ~1 . ~ · ~ ~ ~, 
l + < X,. I )(l > 

since < X. J x.l > 1.10 I x.l j2 > o. The normalization ro rrection .is of the fourth 
higher ofaers. · 

and/ See also: Morse and Peabbach, . ll(ethods Qf' .:!!t2rettm f»Zsi4ft, Vol. ,Q 

(McGraw Rill llook Co. 1 New York ~95l); pp. Ul9-20 • 

• 

'r-.'t''. 
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relation tc I~ 
. -

E~tion ( 5) is. a non-hamoaeneous part~al diffe-rential e~tion. 

It has solutions Gll.l.y if the aolut1ons .of the correspondins llom.~ous 

equation are orthogOnal, ~ the nOn•bQao$eneity,: .~l~o· 

11. Frt.-:n, P;rinel,fl.es ~ ·~ebniqU&s c~ A»J41-•4 Mt>v..emati~s 1 (J'. Wiley 

and· SOns~ kc., New Yor~ 1957) . 

This mean& that in C&SeiJ o:t degeneracy, t.he degenerate zero ol!'(ler eigea"" 
k' . . . 

t'Unetlon&, t
0

, must be chosen so as to $&tisty 

(8) 

!hen a different etuartioo like Bq. (5) can be written doWn· tor tiNti'I:Y t! 
. k 

w1 tl1 a solution XJ: • 
iquation (5) ia equivalent to the. extremum condition: 

state of a giYeil SytllllWtry . 
. ln pe.rtic:uw, the x1 :ror th• lowest 1 (, ,ae.n oe tound approXiRl&tel:,r 1>1 

Ulirtimiz.lng 

Ba S {a c:; xir ~ ·(al- El) ~o > + < x~ ~ (ao - ~o> xir >} (9b) 

With ·tutta.ble tr1&1 tuncttone, X:r. IJ',)J.el'&&B has used 14l• (9) to Obtaia 

the !e ani ~1 tor th:~~·sro~d ste.te of the He atom3. 

·, 
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Tl:ie ~ of an a·rM,:trary ,excited state .wA1~ faY.be qt the !Ziimie! $~'try . 

e.s some o-t the '1~.el" .· ~ta.tes may also ·~ found. by 1;1. min1miut1on pro .... 

~~. We ~v~ develop~a· suCh 4\ procedure 8 ~·>shown that fol' $ ~· 
.. · . . 

~1te<l. state, xt 11!l.tri bO' chosen $Ul>.Jeet ta """"' restri¢tioll• vhl,<!h ""iilli"" 
~ ~wledge of ortly the unperturbeni W •. F. •:e of thf' lower ~tatee. 
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of 
The particular solution, xi,/Eq. ( 5) is given bys 

(10) 

. ~l ( )-1 ' . where L
0 

.:, 1{
0 

.. E
0 

is th~ Greea .s i'u.:nation operator. But the general. 

sol.u.tion, ~1, is: 

(Ua) 

.£ is an arbitrary constant which can be chosen such that 

(llb) 

Let the non-degenerate ground ste.te of a.n I electron system be : 
. ·-

4) O ( ~ J ~ I • • • ~) = J!! det { l (~} g (,~,) • • • lf(~) } 

~is the anti .. s;yrrunetri~ing operator: 

p 1 
t (-1) p ~ ---
p .fN! 

det 

We shall take tor the unperturlled system the b~ nuclei Hamiltonian: 

tf 
E • t 

0 

N o o l 2 
H = t h • h "* - - \7 - r. 

o i=l 1 , i - 2 1 a 

, and 

N 

, a1 • E. l\j ; 
i>j 
=l 

z a: -R 
eti 

(l}) 

(14) 
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in atOlZlie units (1 a.u. • 27.2 ev. ) • Ra is the distance of eleotron ! 
1 . . 

to nucleus o. l( ~1), 2 (~) , ••• k (l1 ) in Sq. (12) are the ep1n-

orb.itals eatis:t'ying 

(15} 

~ deSi&DAtes both the spe.ce · ( .tt ) and the $pin ( 11 ) ceor~nates of tile 

fJlectro:m. ! . In atOms, the eomp).ete ene eleetron, 'b&a1s s~t { k } 1$ the 
·. T}-\us . · · 

b.tdrogen·lik~ orbitals multiplied by spin ~ or !• /1 !! lsa;, g ! l ~ , ••• 

so that e.ll odd integers stand for spin-orbital.$ with 2_ spin, and ali even 

OJleS. 'tor thOse Vi th ! . 
From Ev • (l2) a.np. ( l~) s 

• . -.J..l 
11 • < •o' ltl •o :> • ,; ( 11J - '~1.1 ) (16) 

i>J•l . 

!tJ and ~ ere the coulQn\l e.nd qchange integal.s between tne orb! tala 

11 
K1J is non-~ro only for !. and .d. of like spih. 

lfot:lae ~~ 1n .Sq_. ( 12) 1 before is applied, Q. epin-ol:'bits.l and tU 

electron occupying it are designated by the same numeral, e.g. l(J!l,), 2(~), etc. 
. ) -1 

In the spectral r~presentation of !!o' the Green<piJ funct1on 1L
0 1

1n Efl· (lO) 

is given b;y s 

. .. .... 



:: ·" 

.t-1 
' > 

( 00. )' 

n-l > 

,;. 
' .. -'' ~.: 

';;. . .;;• 
for the 1!1P&ce of d1$tingU1a~· electrons, ·and b1 

54-<ItJ .. n) > < J4.-<kl .. n) 
-l 

Lo * £ 

n> •• ·> 
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for the aat1-sYJ111ietric space ot ! f$l'JIU.ou. In .._. ( 18 )
1 

lt, J, ete. eaeh 

runs· over the CCilltPlew one eleotroa basts aet of $p1n•orld tala • 1'he sum 

(19) 

in Bet· (19) on the other band is over all the un1qul./Q4fJ,Slater dete~ts, 

i.e.· •"ordered configuration&" 1 that can be formed from { k } • for use. 

in the .next section we al.so detinet 

.1to11d write 

ll.-1. 
0 

1 

I-E 
0 0 

= 

(90&) 

1 (20b) 
••• -e 

n 
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. l._If. Seerat.io;n lato. h.J.rs 

We now write x1, ot Eqo (5), in tum& ot the tint ol<der w•ve tunetiOns 

c4 ~~~. ~CI el~etron statems e~oh one of which aan l;)e ~ne4 
. . ~. 

from an Eq. (;).or Bqo (9) in eactly the s~ way a.e. solvinl!/t~ ground . 

. ~ e.~ ' i or an excited statE" ~:tithe Be atan. · . · 

Consider an N-electron state whose -~ero orcier w.P. ean 'be written as e. 

single Slater detenuin&nt (closed shell or clOsed shell pl.us one electron . 

syst$B). hom Eqs. (5), (10) to (17) ana (~0) we b.a:ve: 

· N N · . 

~· • L~l(ll • Ki) to .. t.;l {· .t . (JiJ - ~) .. ~ In }. ~(12J. • •li) (21) 
. i>J•l tJ 1>~1 ~ . . . 

(!l - !l) <::Cil.ll'lhlltea nth~ atnee it is une~ after any permutation 

ot the electron indices. Tllu's 

In "J' ! and l refer to the electrons <tt and ~), wbere&s in (J1J ~ J-(1~1 ) 
they refer to the orbitals ! and J.• . Since there is a one-to•one correspop.dence 

between !. a.nd ~!before operating. by .~ , we associate a (J1J - 1
13

) 

With · escb g
1 

j and wr1 te 

; 

then in Eq. (22)t 



·: 
,,, ... : 

. ·. '~ 
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(24) 

' ' 

~~tea w$th 1!
0 

and hence also with L~1 , _so.'tht\t: 

. If now t;1 * (e1 + e2 + u .eNrl. w~ applied ;to each m
1
}123 ... N) te~: 

itl Eq. (25) 13e~tely, it would have si~11.~titfes in ea:ch such. te;nn.1 

eorreerx)~ to ~i¢ne~cieo of the tn>e l{~) ia(~) with l(~) 2(~;.-)1 ete. 

(See e~g. Eq. (18)). Of course these s1~tics oaneel in the suan. att¢r 

a:pplyine ;:;d.,;in Eq. {25 ), so that x.
1 

:is, f1111te~ 

~ ~ j,l ~ ~ (?Unl .£!:. teniUJ 1 ~ ~ C(lltti1J.infn~ !!!! _f:!i~:pendent tW9 

e.lectrQn sol,ution,J.i• (~) mt'lat E.!.~ J;'earra!!I~O. tb,at each term YJJ,.l ~ve 

~ !L~larit:i.eli!. ~t't;ire 9P!I'at~~i ~ .!;! £l ~. 
ifO¥L • •• • • • j-. 

To achiew this· we gt.> back to Eq. ( 24) and introduce firat the ·oJ?0l:Stor 

.1ttj in front ot ·eadla ~j. 13-ij is the an:t.1-~tr1zer tba.t operates only 

on x.: and x ; i • e • 
. P!.IJI . rvj 

\) 
13 

interc~s only ·.~ and ~ and leav&s the other t~lectrona the ~· 

Since P i.J :L$ an ~len»nt of the .perrauto.tion g:rottp of l! electrons, the 

folloving re le tion :twlda : 

1 
,r'?.. 

(26) 

(27) 



~"we.s defined in Eq. (13). hom Eqs. (24) $n.d (27) and eoueider:tng tha't 

itj is ~;ynunetrlc With respect to -p ij' ve ~tt 

11' • 

. ··."·· ( .,..; ·2 

l 

From Eqs. (15) and (20s.): 

e1 1(4) = 0 , 

thus 1 tor any a.nal.ytic f\motion, !. of ~ : 

Therefore: 

1· ')( __ ....... 

x_ = ~ ~ f ~. (l2 ••. (i·l)(j+l) ..• N} 
.• J. ..f2_'- ~~>j=.l. 

1 
~·-----

' (28) 

,· ~ . ' 
•' ,.·:· 

. ' . ~ ' ' 

' ' ( 30a.) 

·· .. · {jOb) 

(31) 

(32) 

.. 
' 
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Equation (31) can be V'~:rified ·also from Eq. (lB ). 

SOiae ot the. {iJ) terms in. Eq. (32) are e.lreaey- in tht'l desired non-

singular forms, others are not. To examine each term in detail.CCJne~~ly 

we now cotttin~ ~ del~ivation with a specitic oa~MJ: The Li atcm>.. 

Then t 0 (~~~ ~~ ~3 ) = ~( 123} and 

{33) 

{$4&) 

(34b) 

Our aim is to write each u1J f.LB the solut·:ton of e. non-htiYmogen,e:ou,s 

2ot.electron -eqUation in t~ t'orm of Eqs. ( 5) attd ( 9). The eond.i t1on toot .%3. 

in Sq. (34b) not be infinite is e~ivalent to the condition that 

(35) 

bas a solution. As giYen by Eq,. (2), this conditi-on is: 

< ~j , miJ ,...13 (ij) > = 0 
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~J denotes either .:2 ( ij) or OM ot the othe'r .soiut1otw of 

(37) 

de.generate with 1;t. If Eq. (36) holds, then uij can be obtained :ftom 

!q. (35} by a.tcy".ID.etb,od (including V$r:W.tione.l~ Eq. (9)). But Eqs. (3~), 

(10), and (ll) ehm'l that it must be ma.de or'thOs<>n.al to-..23 (ij} oo:fore it is 

in.serted into Eq. (348.). 

In Eq. (34}, wo of the u
1
J 's already cor:re~nd to peys:l.oall;y existin,s · 

t'WO electron S:fEltems; u12(~, ~)is the first order wa:v-e function o~ fr~e 

Li + ion in 1 ts ,grpund. sta toe' and satisfie$ 

(38) 

Also, u
13 

is g:tV:@ by:· 

(el + e3) u13 = {Jl.3 .. ltl3 - 813)-J3 (lsaasa) (39) 

and is the ~ as the ( ls2s) 3s state ot t1 +. It :La not possible to 1f!'i te 

direotly :such an equation for u
23

• This caae violates Eq. (36), becauae 

.$ 23(23) = _ 1 · det (1stl2s.) is degenerate vith .j3 (.ls 2sf3) and ia 
../ g! a . a 

not a. pu.."'$ spin ~ta·te. To solve this difficulty ve re-call tllat in tbe over-

all Li a~om this degeneracy is :t"inal..ly removed ~fter the application. of 

~in lq. (3ha). Thus_, again we go back to Eq. (28), VheN. L~1 U&d not 

been applied ~t, and remove the degeneracy- in the foJ.:I.oving wa.y: 
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:lJ (lsf32s
0

) is a mixture o:f a. singlet and a t::.•ipl.et state, so that 

3 l 1:23 ~ J' \ [.z (.23) .t :J3 (14) J 
23 

(41) 

( +) sisn refers to the triplet state and j3 (.14). a~ det (lsa2at)). 

·To sp~:tt Eq. ( 4o) into two parts sueh that both 'Will satisfy Eq. (8 ), v:e 
. . r .. , 

. mtlltiply it by ~/2, then add and subtract K4:{ 11?23(23)} obuuni~.: 

..14- . ; . .· (42) 

L~l + 72 { (J2j - K23 - ~3) ( 1.}3 (23) ) + (J2.3 + K23 - ~3)(.1.J(a3}} 

(43) 

1'-hen using Eq. {1~1), we get: 

. r..;l:;:. (J23 • ~3) {lB(23)} = L;,t ~~l(~) [ (J23 - ~3- g23) 

Finally we commute r.;1 ~nd~ use Eq. (30b). The result is tbt;l.t ~3 
in Eq. ( 3lia ) is now given by tWo terms, ins't'A!!a-d of by Eq. ( 34b ) : 

(44) 
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(45b) 

. ' 

3 l 3 .· 1 
u

23 
and u

23 
must be ;made orthogonal to <4>

23 
a;nd q:>

23 
1>efore they are .in .. 

. ,. 

serted 1n Eq) ( 31~). 

The first of Eq,e. (45b) and the spatiaJ..P~·G:f 3u
23 

are the.~ as 

Eq. (39) and the spat:tal part of u
13 

reapecti~J.¥. 'the· lu
23 

and u
13 

di.ri'er 

only in tbe:tr sp:tn faot(}rs, ol'le beilll the Me = . 0) ( ~ + ~ )1 and th¢ otner 

M
6 

= +l (en) eonponent of the t:rip~et. Thus the entire x1 fo-r the groul:ld 

state of the Li atom 1s obtained by comb~ in Eq. (~) ~he fj.rzt order 

W.F.s of the (1$)2 1s, (ls2s) 35 and (ls2S) l.s states of the tree (Li+) 

ion. The advantage of this approach 1e that the two electron solutionS u.1.i 

can be obtained. ;tpdepend,e:gtzy and 'When thl!ily are obtained as a f\11lctioi1 of 

the atomic nQ •. z as l1yllerae.s3 has done tor I.f, He, Li+, etc., tbey oan pe 

used to build up larger a. toms. In S)ing hom Li to Be 1 op.q one mqre paJ.r 

( )2 l . 
function, the one t'or t~ ~s s state,is needed! In general 'tJ.1e number . . - . 

of independent pa.tr states needed rill be less- than the total. no. of pairs, 

because of the nultip~icity of some ot the pe.i,r E;tates. 

For the N-eleetron system with a aingle ®~ermit.ll:Ult t 0, we now htl"1e · 

( cf' Eq. ( 32 ) ) : 

x
1 

= .1:_ rl f ~ (12 ••• (i-1) (j+l) ••• N) u
1

j }-:-· 
.f2"" ~i>j=l . . . 

(46) 
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Wherevrer .23 ( td) belongs to a, row of' an irred.u.cible represent..ation of the 

0 0 
symmetry group of tlie tv:o· electron Hamiltonian, ()l1 + hJ + g1j), the. OO'l'Te• 

spolld1n(i u. j is ·the: ool.ution o:f'I 
-J.. 

(47) 

such that, < ttij" 'E. (iJ) > .. 0. In other cases ~iJ must be ciecqmpmJed into 

sy'mmetry eigenf'unetiona as in Eq. ( 45a. ) , and. each part determined from 

equa.tiGns such us Eq. ( 45b )~ A su,rv'ey of the approximate methods tor solving 

such two electr()ll,. equations are given by Bethe and Salpeter5, and the· ya.:riational 
extension to aey excited state has been discussed by the author~ 

met~) ~~: .. (-9-},.(a.nd i~s/ AU the tuo electron degeneracies, e.g. nriaillg 

from a.ngular momentum., etc. , can tirst be removed ;in 'tJw sa.me vay aa shown 

We now turn to the ~xa.mination of the energy of an !-electron system 

obtained n-om the :first order W. F. 1 x1 • Since each uij in Eq. ( 46) is 

orthogonal to its J3 (iJ) or q>ij' we have < ~0., x1 > = o; then 
(48) 

E
2 

""< ~O' H
1 
~ ·:> = <>f-<123 ••• N), ( ~~) .3t- {-, ~ {12 ••. (i-l)(j+l) .•• N)uij\. 

:t>j=l J 2 1>j !f 

The last step follo'lffl be~use 54-is se~f-adjoint a.nd #,., JNr _:;;d.-- . 

In (34 ••• N)u
12

, etc. orbital and electron indices are the same (3(~), etc.). 

For Li atom, Eq. ( 48) gives: 
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l 
J 

(49) 

~a first term 1s f!~ly the gr-ound state £!2 of (Li +); from Eq. ( 45a) 1 

~~ . . . . 
the sum ot /si1!C.Ond and third terms are the su."ll of the E

2 
's of (1s2s) 3s and 

1s states of Li+. Notice that this result is oore than the usual ~:l.rw1se

a4ditivit¥ of dispel"sion forces: e.g. < ,8(12), g12u32 :> is the entire E
2 

ot Li + ion. It :Ulalud:<Ss both the dispersion and ~ 11
orb:1. tal average pola.r

iza.tionl1 tem.s1 which arise from double and single virtunl transitions re

spectively in the Rayl.eigh-ScbrOdilliif!l" exp~ssiort for E2 (i.e. using Eq.(l9) ). 

The· reme..in.ing tel"m.S oi" Eq. ( 49) are tlile nop-pairwise a.dditi've inte:ra.ctione 

in s~cond oi"der, Their ~ing is IM.de el.ear by exp~nding 9+(l.23) in its 

llli.IlGrs, in each of the last three te~ of Eq. (49). For instance, th~ f1r$t 

of these terms becomes: 

.J3f2 <f2L( 123 ), gl3 ~~3) u12{,ti' ~) >"" ~ < 22J$,(ll33),gl333u1?' 

- < 12.j;( 2l 33), g1333~ > ... < 328;<1123), 81333,.2 >} {50) 

Where W$ have us€4 s.ubscripts for electron cocirdinates, e.g. 12 "" 1(~), etc., 

and u
12 

"" u
12

(A:1 ; ~). The last tenn is the "exclue1on e'ffect "
1 

of the 

occup"ied orbital J on the correlating pair of electrons* 1n ~· As 

·# The nexclusion effects"· can be formally incorporated :Lnto the pa.ir 
energies. by making ~a.ch u1_t ortho~ona.; to the remaining occupied orbitals 
((: ~ 1, ~h e.g. in L~, we sUbstitute 1;1:12(7¢1 , ~2 ) "' u12(~h' ~) 
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-~· ~ 's i:n the other two terms t:>f Eq. (!'0) are lef't ~· It:J. 1lll atom 

Qr JllOlttCule with 'mOTe ~ tb.ree i!! leetrone 1 thO'~ l1111. alse be :f.'QU!' ele~~ 
4 ' . •· .. 

exclusion effe~ts . 'l'he.se arioo beQause oo'Q.ble excitations to a pail" 0f . 

orbitals occupi~d b~ t"WO_ Q·t.tler eiectrolls :tn. ~b ~ excluded by the Paul.1 

Pl"iri.ciple11 4. The four.>.'body exeluaion e-ff~ct 'Hill ~ muoh l!!!~s than a 

three..:bed1 ~JtelUfiion eft•ct; beeauec 1n the. J.att-er·, nOt just one, bu,t $ . 

vhole set of dot1bllf' oocc1te.t.ion4 -~ involved. -- a.:re the m.isainS 

trans1'tions ot an electron to a complete {1Jet prbite.ls wile ~tiber is 

pre~ ted from soina. mto an orbital aU'l'Ul~ occupied '):>y a t~rd electron 

(see reference 1~}. . / .. ' 

. •.~ ·. ·.~ ........ _, :'1~.-.-,~;t·i~ ..,. .... ~,··- .,..., .. ~ ..... -
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.cU1Jcueeed 1n m.f<!l:'imce 1, this is a. ~ ooq ·~ eo~l.ats.on. In the··· 
. . . ·. a . . .. · . . .. ·.· ,. . . ...... , .. 

theo~7 ·ot -~~~, l!lt\tter , ~htiee· fb~<:1usioll effe<:tlJ. ·~. o~. to be ,PQttJ.t ' 
. . . . . . . ~·. 

, ~~:ij)-l.e £~ .~· $111a.l.,l.ness of· -the taree•Mdy ·CQ~i.c qc~Te4t~QM .. 
"~ ~ . ' ~ . { .. 

whieh a~ tlrit. ¥l· ··~ ~ Whet~r the same - U ~ in, a.~ and'· . · · 

mol•~$~;~ or~ is" pQ-!'nt that n·ct~ ~:~trl}ieatj.(ju,. 

. 'l!he la,st ~ ~ o1' ~~~ (5G)~. of .a d1f!etrent nature. ~Y arl.M 
. , . n . . . . . 
iu ::R~'Y~·.&ellrOdtnger l:2 (unil'Jtd Eq •. {19) ), tt;s the erose te:t'!QS up~ ... 

. sqUaring ,tbJ:) -~~ excitation, :Le. · 111)rbit~1 ~erase pol.arimt:10n111 ~~ 

. ~ ~{123)_, · (t g. ~J atr(a le) >. Such "6rGtWB po~iu.tion" ~· .~ up, as 
shown in the Appendix';1 · · · .. 
iJ e~.n .in tile. rieon,d ot'der Van &ar Waals attr&:c~ion of three. sel?aJi'et.'te .atollS even: 

· ~hen tbe7' e.n1. ;so tar. ~ tba.t all ·excllarlse ~Uec·ts .. can. be ~gl¢toted.~ 

~Aa;t~i.iA' ... 
.·· 

~, tor tb~. e~l7&Y of an! •l$et:ron system to se~91l4 or.d.er;; ve bave 
· trom. Eqs. (14), (i6), and (48): 

N (~ 
E0'f·E1t-EI') . ..;. . '1: (pai,a" ~rgles ) + li ( cro-s:a polarlza.tion a.nd exc~UG1o& . 

•t; $>ji=1 et'fed~$) 

All of ~· :~~ • Et.lso !:3 to· &;,.. (1) are obtaiin~ ~ .. ~ e.nd z1 stY~ 

by .lq. (qo). !b,e. <;~ts ot E oan be sitnilal'lf ~ted 8d:ld ~l,bu't$ . ... . -3 . . ] ' 
. . 

1;o· the ~~ra:tes o1 't;.ht! ~~·t pairs and ~ -leet:ron te~. As 

· 1.11$tidn:ed6 $,n flectiOn n 1 1 t 1$ iq)ort.El;nt tJo ~ 0\.tt the .li$el.'"&" C~l~t~ 

to !
3 

!"&tll$:t than !
2 

$Q as ·tQ ~t 8ft upper limit to . ~ exact ! . 
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'!...!_ Conclueion 

We have show that the f:i;rst order wav~.a fW3,ction, x.1 , of an If~l;®otron 

system ean _be obtained lf'rom the ti:ret or4el" f\mctiOZ$ ot: the g.routt.d and ~ ... 

ei ted states ot a two· ele.etron systel)l -with the same nucltlU'il" tran'kilworlt. Each 

pair tu.notion can b® obtained from a 2-el.ect?:'on non-b:omo.neous d.ii'!'eren'l;;i.nl 

8 . . 
equation, e.g. l;>y a v~iatiOml ~thod • 'rhen both the individual pa..il' 

energies and the non-pa.irwise add'itive e.:f.'fe¢ts :Ul !
2 

and !
3 

follow t:rom this 

x.1 • Theee results ahould be :!.mmedia.tel.y ap}?licable to. a1l:oms, since uiJ can 

be obtained -with t:~xplicit Z dependence3; and. Li, Be, etc. can be ealcul.;ited 

from mstly existing oalcula'i;ions on the ·grol.Ul<l and exci~d states- of He-lik$ 

ions. Similar calc1Uat1ons my b4t ma.de on moleclili!s, where e ·8• il'tner slt.ell 

p-airs ean be te.k<Ml owr from ~tQm;l.a caleulatiQ-nS, a.nd co:re..:vaience e.le-ctron 

. . ' . 1, 5' 1.0 . intaraetions obtBined usin8 co~ PQ-larizat.ion potent.U.ls _· ·• In many 

molecular proble~ ,il1 is al$J ,Oss:Lble to ~aleu.J.a:te x1, E2 ·end t
3 

starting 

t:l:'oin a Hartre.e-Foek ~0 • -Th,ere are l'.lOW .many Hartree-Foek moleculAr o:r'bita.l. 

(M.O.S.C.F.) caJ.eulati~ns ava-ila'b~e, and, ve ~ve ae:parately developed' 

tllethods. $1m1lar to those. aiven l'»re t0 obtain cor.rela.tion en~rgies stut:tne 

from Bartree .. Fock $0lut:i;ons. 

10 w 
Ctktay Sinanog.lu and E. M. !'40rtansen, J. CMro.. Phys. {To be published). 
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: - . . 

l e.lso wtah to e'T41r~;e .. ss ·my in&!!btedlaeas to the '~kish Educational Sooi~~ 

(~k :tg1ttm De~ga) cd' .Ankara, '1\srkey vh:tch indireetl.y made tlrla worn·. 

l:»Snible. 

This research 'i'ms can-1e4 out l.Uld¢1' the .auapices af the u. i.· Atc;.nti-c · 
. !, .· . .' 
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all ex~ 12ffects can be ~sleeted. ~t a1 b, ·and c be! their ground ·· 

states. and v.AB, etc. denote the insto.nta.neo'U$ electrosta;tic po~nt1al 'be- . 

tween A $Ud. B, etc. USing d«efini tio$ s:imiJ..a:r to those ~ the text, we 

have• 

xl = a ~ + b u + c u ~ · . DC ao au 

Then 

or: 

(Al) 

(A2) 

(A3} 

E2 ., < ab, VM3 ua.b> + < ac, VAC uac? +<be, VBC '\o> + {< abc,VACQ ua~> (A4) 
I 
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The :first t~e tenna of Eq. (A4) are the pair interactions. Noti~e 

~t they. ~¢1• the mutual el~ctrostatic R_2lar;tza.tian w1th:l.n. ! ~r ~ 

additir,n tp tPe ~ dispersion :torcl!ts_., The lalat three terme are the 

3-body "c~ss-::polarization'1 terms mentioned i..'1 tll~ text (ct. Eq. (50) ). 

Ii' the atoms !, !!, Sind Q al1e n0utrel and spherical and if V Ml is axpa.n<ied -
in a multipole series kee:pi113 only the dipole .. d:tpole tem, the pair :pola.rl

za'tion and the .cross terms vanish. Then i 2 reduces simply to the sum o~ 

the Y.su.e.l London dispersion energies~' U: 

Ii\r. London, Z. Phys5.k. Chela. at~ 222 (1930). 

l1 II. ~nau, Rev[? • Mod. Phya • ,tt, 1 ( 1939) . 

• 
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