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Since there are (NZ)! permutations P, the operator which projects from

any (unsyrmnetrized) state the antisymmetric part is

N , 4-1 :
AT = [(wz)! ] %, 8, By - (2.18)
Since the states | AN (0) ) form a complete (unsymmetrized) set, the states

i N . '
A | A" (0) ) form a complete antisymmetrized set. The trace may thus e written

Tr exp (-BH") (A"(0) | AN exp (-pa") A"| AN(0))

Z)\

5, (A(0) | &Y exp (") | A"(0))
(since A ana B commute, andv (AN)2 =AY )

= Lm)™hg 5 8, (AN0) | exp () | 47(0))

| (2.19)
For every electron reassignment from the original assigmment (0), there
are (Z!)N permutations P, representing further permutations within molecules.
If we restrict the set {a} to the set of reassignments vfrom the assignment (0),

we may write (2.19) as

Tr exp (88) = (z1)" [2)17™" 5, 5 5 (W(@)| exp (pH") | A7(0) ).

(2.20)
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ABSTRACT

The method of the linked-diagram expansion is applied to the
equilibrium statistical mechanics of a nondegenerate gas of molecules,'
taking into account the structure of the molecules, and using the Pauli
principle for all the electrons. The equation of state is obtained in the

form of a virial expansion analogous to that of Ursell and Mayer.
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I. INTRODUCTION

A gés is a many-body system of interacting molecules which are
themselves structured systems. " The intéraction between molecules is due fo
Coulomb forces and the Paull principle, both of which are responsible as
well for the structure of the molecules themselves. Most previous treatments
of the equation of state of a gas, such as the classical Ursell-Mayer
expansion,1 have attacked the problem in two steps: first, use of guantum
mechanics or experimental data to obtain the molecular interactidn; and
second, application of statistical mechanics to the gés, treating thé molécules
as simple particles with a given interaction.

Recently there have beeﬁ several derivaw‘:.ionsz-5 of linked-cluster
expansions valid for a quantum-mechanical system of integacting pérticles,
In this paper the techniques developed by Giaségoid, Heckrotte, and Watsonh
are generalizéd to handle the pfoblem of é gas of interacﬁing molecules,
using the Coulombhiﬁteraction and the Pauli priﬁbiple throughout. Molecular

iﬁtefactions, including the effects of exchange, are thus obtained from first

principles.

*
This work was performed under the auspices of the U. S. Atomic Energy-

Commission.
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Ii. FORMULATIOﬁ

To simplify the présentation, we shall assﬁme that the gas is composed
of N identical molecules, in a bok of volﬁme‘ 2/\. (The extension to several
species éf molecules is described in Sectidn V.) Each molecule contains Z
electrons and Z' atomic nmuclei. The set of Z'  nuclei will be referred
to as a "molecular ion." Theﬁ we assume that the gas is nondegenerate, in
the sense that exchange of nuclei between different molecular ions is
ﬁegligible. However, ﬁe shall consider the poséibility of eiectron exchange.,

The Hamiltonian for the N molecules is6

R A LA T @)

The sum is over all the electrons and nuclei of the system. Tp is the

kinetic energy operator for particle p , qp its charge, and Spa the
distance between particles p and o. The second term of Eq. (2.1) is thus
‘ 7 .

the total Coulomb energy.

let us considef a specific assignment of eléctrons and nuclei to
moleéules; we denote this éssignment by the symﬁol (0). Then we may write
B as the sum of two ferms: KN(b) , the total Hamiltonian for N

noninteracting molecules, and VN(O), their total Coulomb interaction:

(0) = ziN n,(0) , o ' (2.2)
b (0) = zpi L zi<c 9, qc/épc,, (2.3)
(o) = Zl;lq v, ,(0) o, N | | (2.4)
vij(o) = zpi zdj a, qc/spo . (2.5)
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The symbol Zpi means to sﬁm over all particles in molecule 1i.
The symbol (0) determines whiéhv“p and € apﬁeér in fhe sums of (2.3) and
(2.5). The Hamiltonlan of the single molecule i is hi(O); and its interaction
energy with molecule J is ViJ(O). |

Since the molecules are identical, the eigenstates and eigenvalues of

hi(O) are independent of i and (0):
h|rx) = e |n). (2.6)

Then | xi(o) ) denotes the state of molecule i for the assignment (0),
and ei its enefgy. We assume that the set | Xi(O) ) is complete for the
- particles in molecules -i j then the N-molecule states

N

| A%0) ) = T 1 2y(0) ) | (2.7)
i=

form a complete set for all the particles of the system. These are eigenstates

of KN(O):

o) 1 a%0) ) = =, 14%0) ) | (2.8)

N
E, = Zi €, (2.9)

We shall suppose that the single-molecule states | A ) are properly
symmetrized. Let us now apply a permutation {(of electrons) P, to the

system state | AN(O) )y e

B, | 4%0) )

"

l ANa) Yy . | (2.10)

The state | AN(a) ) has the same | A ) e 1 AN(O) Y, but | xi(a) )

and | xi(o) ) are different in the sense that the electrons of molecule i
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are, in general, different in (&) and (0). Only if P permutes electrons

within the same molecule'does one have

| ANa)y = 8, | o) ), ' .‘ o (2.11)

where qz is : 1, depending on the number of interchanges in Pa 3 in

general one has

| %@ ) = Eoey, a0 L (2.12)

Although HN commites with Ra , KN(O) does not; in fact we have
Fa K'(0) PO,"l = K@) ’ | - (2.13)

and

K'(a) | A%@) ) = B [A'@)) . (2.13)

~ For any‘aéSignment o we méy decompose HN into
B = K(a) + VV(a), | " | (2.15)
with '
Wa) = =8 v, (@) . S (2.16)
i<y i ,
Because the N-molecular ions will be treated as distinguishable, the

grand partition function is
}(e, w YY) = mgm) ™t AN exp(oa) | (2.17)

where 6 = B-l is the temperature, and p 1is the chemical potential. The
trace is to be taken over states antisymmetric with reépect to electron inter-

change.
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Now for every permmtation Rm which exchanges electrons between
molecules, there are (Z!)N npermutations with the same reassignment of
eleétrons among molecules, but with further permutations within molecules.
Since there are (NZ)! permutations altogether, the number of reassignments
is (NZ)!/KZ&)N. The operator which projects from any (unsymmetrized) state

the antisymmetric part is thus’

AN T8 P, - (2.18)

a a
where the sum is over different reassignments (@). Since the states | AN(O) )
form a completev(unsymmetrized) set, the states AY l AN(O) ) form a complete
antisymmetrized set. ‘

The trace may thus be written

Tr exp(-pH")

L]

Z, ( AY(0) | A" exp(-gr") aY | A%(0) )

It

z, ( AY(0) | A" exp(-gm") | A"(0) )
(since AN and HN commte, and (AN)(é = AN )

AN
- (ﬁéz f £ 8 ( (@) | exp(-pE) | AN(0) ) .
(81 .

(2.19)
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ITI. DEVELOPMENT
. We wish to make-a perturbation expansion in the interaction between

molecules. To accomplish this, we first express exp(-ﬁHN) as
, o - Mol
exp(-8H") = (2x1)™h [ aB (B - B exp(-pE) , (3.1)

with the contour of Fig. 1l,which crosses the real axis to the left of all

the eigenvalues of HN° With the notation
a N -1 N
3 HE) = B (K@) | (B -E) | AY0) ), (3.2)
we can then write the partition function (2.17) as

}; § (2 PYNiwr (zw)e)t Z, (221)~% [ aB &~PF Z, JAa(E)-

(3.3)
For any assignment- Y , we may éxpress (E -.HN)~1 as
& -1 - (2~ M) s V)E - 1) (3.ka)
or ‘ )
(8 -8 = e (@ -1V OIE - I, (3.40)

corresponding to the decompositidn (2.15), and then.can iterate by using
(3.4) again on the right-hand side. Because ( AN(a) | appears on the
left of the matrix element of (3.2), it is convenient first to use (3.k4a)

-

with (7) = (@), to obtain. o
53m) = ayE - [ (AN [ 4%0) ) + (o) | Wa)(E - HerlAN(o»J

(3.5)
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In the second term of (3.5) we next use (3.4b) with (7) = (0) +to obtain

1%E) = s (E-E)" (AN | M0) )
¢ oE - ) (%) | W@ | A%0) )

+ 8 (E -.EA)-Q ( :Na) | Wa)(E - BT o) | aNo) ) .

(3.6)
In the last term of this expression, we may then use either (3.4a) or
(3.4b) successively, with arbitrary 7 each time, but for concreteness and
simplicity we shall set (y) = (0) in each iteraﬁion. We then have. the

infinite series

(8- - [ z {[E - k(o)1 v“(o)} n] (5 - K/(0)17" .

n=Q
For each value of n, there is a contribution to (3.6):

8(E - £)72 ( A@) | Wa)iE - K(0)17 V(o) - K'(0)17 ...
ceo[E = K(0)17 v(0) | AY(0) ) . (3.7)

In this term e insert unity in the form X, I A'.N(O) W A'N(O) | at the

appropriate places:

)2z

8 (E - E
ol ATA" . A"

A

(A(a) [v(@) |a"M(0) 1(A*M(0) [v'(0) [v(0)).. .4 M(0) [(0) A(0))

(E-E, ) E -E ,)eee(BE-E,,)
A A X (3.8)
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Then for each VN(a) and‘.VN(O) in (3;8) or (3.6) we use (2.165 or (2.4),

and obtain a sum of terms of the type .

-0 }
5 (E - E,) z _ _ : -
o A pear o - :

AV (o) lv <a> |l ()0 | v, £0) | a¥ (0))-++( "’N<o> | V() 1a%(0))

(E = EAu)(E A") °'°(E - EA/U)

X
(3.9)

‘Each such term may (in principle) be explicitly evaluated,'and can be represented
by a graph.
For each (@), we have such an expansion; let us denote by JAu(E) the

value of a single term of the expansion, such as (3.9). Then we have, for (3.3),
£ 3%E) = = g3, (E) . (3.10)
a A u  Au »

The sum over u will be called a "sum over all graphs.”
We illustrate these graphs for the example (@) = (1, 9, 2)(6, T),
by which we mean that iEa_:germute53e15c$ronscémnngﬁmoleculea‘eél}c9;f2) .
and between molecules (6, 7). A graph shows which interactions Vij and
which permutations appear in JAu(E)’ Thus the first term of (3.6) is showm
in Fig. 2a. Only the molecules concerned are represented, by vertical lines. o
2
The horizontal dotted lines represent Pa . Such a graph is called "unlinked"®;
this one consists of two linked parts. ' o ’
Let us specialize further to the example of a'gas of hydrogen atoms,

with (1, 9, 2) representing a cyclic permutation‘of the electrons. Then for

this graph u we have



UCRL-9Qkk1

 -11-
Tha(E) =4E = B)THOA(9) Ag(2) Ay(1) | Ag(1) Ag(9) 2x(2) )
X (ng(T) Mf(6) | 2g(6) A7) ),

where h1(9), for example, is the state of molecule 1 as a function of

proton 1 and electron 9., If the states A\, occurring in AN are low-

i
lying electron states, this term gets appreciable contributions only when
the molecules (1, 9, 2) aré néay &ach other.. - .o o7 ... However, since
the set IAN ) must be complete, this graph, for other AN 5 may represent
continuum states [N ) -
Figure 2b illustrates a graph contributing to the second term ofA

(3.6), with (&) the same and with V9’2(a) appearing as a term of VN(a)°
The intermolecular‘interaction \'s is'represented by a solid horizontal

9,2
line. The value of this graph is (for hydrogen atoms)

D :
TpalE) = =(B - E )7 (2(9) Ay(2) 7\2(1) | Vg, 0(2,1) | 2y(2) A5(9) Ay(2) )

X (7)) M (6) | Ag(6) A(T) )

yhe;e Vé,z(é, i) denoﬁes the interaction between atom (proton 9, electron 2)
and atom (proton 2, electron 1), |

Finally we show, in Fig. 2c, a term of the type (3.9) with five
interactions and the same o as above. The ordering of the V's in the
graph from bottom to top corresponds to the order in (3,9) from right to
left, and will be referred to as if it were chronological, although of course

time does not enter into the pieture. We note that the "initial" and "final"

states are the same AN (with different assignments, however), while the
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intermediate states (represented by the portions of the diagram between
successive interactions) are to be summed over.

As a first step in evaluation, it is convenient to elimiﬁate the effect
of thoée molecules which do EQE appear in a given graph u . The states ~

],AN ) and energies E, which appear in (3.6) and (3.9) refer to the whole

A
system of N molecules. Let us factor |AN)
N u f
A7) =AY %), | (3.11a)

where |Au) is a state of the molecules appearing in the graph u , and

lAf> a state of the other (free) molecules. Similarly, we write

By, = B + B, (3.11b)
u £ ,
E,, = B, + E~ (3.11c)
and
f
E = W + E =, ‘ (3.114)

f
to define a new complex variable W, since E and IAf) are constant in u.

A
With these substitutions in JAu(E) [see (3.9)], the latter retains

the same form, except that all IAN)'s are replaced by |A")ts, all E,'s

u's, and E 1is replaced by W. Let us call the resulting

A
expression JAu(w)° Since it is independent of [Af) and EAf , we have,

are replaced by E

for each graph u , .
[ 8]
| -1 -pE } £ -1 -BW
z,(eni)™™ [ a8 e g, (E) = [zAf exp(-BE, )][ZAu(2“i) Jawe™™ 5, (W), ,

(3.12)

to be used in (3.3), with (3.10).
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Since EAf is just a sum of free~-molecule energies [see (2,9)], we
may immediatély evaluate the first factor of (3.12),
n n '
f -Bey 1 1
Z £ exp(~BE,") = (%, ") " = g = (3.13)
where gl is the siﬁgle—molécule partition function, and nl(u) is the

number of molecules not in the graph u. Thus the partition funection (3.3) is

n.(u)

; = nz P s g U E (o)™t S awe™

J, (W) .
A Au

. (3.14)

Let us now seléct, from the set of all graphs {u], subsets whose
graphs all have the same molecules linked together. A group of linked molecules
will be called a "cluster" £ , and a group of clusters will be called a
"clustering" C. For example, graph Fig. 2¢ contains three clusters. If there
were an additional interaétion V19’ the new graph would belong to the same
clustering, but an interaction VSh would produce a different clustering.
To obtain a graph u belonging to C, one does not need the complete

Hamiltonian HN, but only the clustering Hamiltonian

¢
B = Z,H, , (3.15)

where Hz is the complete Hamiltonian for the molecules of the £fth cluster.
Because the clusters are not linked to each other, the interaction between
molecules in different clusters may be omitted from HC .

We may sum over all graphs u belonging to a given C:

e = 503,00 = F 150 8, (%@ | -89 %0 1.
(3.16)
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The matrix element has the same form as (3.2); upon expansion one obtains all
the graphs u éf the‘cluétéfing c, and'others?‘ Thé sum over « includes
only those reassignments that presérve the clustering,vi;é.; reassignments
within clusters. The operator ;f; then selects graphs belongihg to C, and
drops those in which one or more clusters are unlinked (and therefore are no
loﬁger clusters).- The ﬁértition function now reads |
” n.(C) BW

Z, = zN(zz eﬁ“)l\l[lxn(zw)z]"l Z, & 1 pX C(zni)‘l f dWe-'

I, W(W) o
1 A AC

(3.17)
The integration over W can now be performed:

(2e1)™ [ awe™ 5 () = F05,0 8 (%) [(2n1)™ [ awe™(w- 897 a%0))

L

]

L1505, (1% | exa(-62%) | a%0) ) 1 .

Because the ‘H, commute with each other, this becomes

£

T ol 5a (A%(a) | 1y exp(-pH,) | 4%(0) ) ]

1, 7z o, (1%a) | ex(-er)) | 2%0) )1 ,

where Cz; selects graphs in which the molecules of cluster £ are all

linked. Upon summing over AC, as required by (3.17), we obtain
2 £
I, of;[zAz L, 8(7°(a) | exp(-gH,) | A7(0) ) 1,

or I, Cg; [(sz): (z¢) L oy exp(-BHz) ] (3.18)

by analogy to (2.19). The trace is here taken over antisymmetrized states
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of the Nz molecules in cluster 4 .

Iet us inﬁroduce the notation
”Nz
- 1 1 -
g, = (§,2)t (2!) _OG [Tr exp (-pH,) 1, - (3.19)

so that the partition function can be written as
, n,(C) -
;% = zN(z: e_ﬁ“)N [Ne (zmw)!] 1 Z, 8 1 M, 8, - - (3.20)

We note that although gy is defined for the particular group of molecules
in the fth cluster, its value depends only upon Nz, the number of molecules

in the cluster. Thus we have

| 2,(0)

where g, Tnov denotes gz for any m-molecule cluster:
g, = (m2)! (21)™ L [Tr exp(-gH")] , . - (3.22)

and Em is the number of such clusters in C. Wé note that our definition

(3.13) for g, 1s consistent with (3.22). Thus the partition function is

;/ n (C)

(2 PN (mr (aw)1)™t So L4 (&)

’ n (C)
5y (N1 (z)™t 5, n_, [(zt PH)” gl " (3.23)

il

where we have used
N = Z mn o . (5c2)‘|')

We are still distinguishing between clusterings in which the labels

of the molecules involved are different. Now the number of clusterings with
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the same "partitioning"” into n ~ groups of m-molecule clusters is

N}
— , | (3.25)
fl (m!) Y ony o
s0 that we have
n
(zt LM g | B .
- 2 -1 = 1 l, ' — B s (3.26)
o y (Zn)! (o} w1 P A ,

where the sum over {nm} is a sum over partitionings, subject to (3.24). It
is now convenient to introduce what we shall call the m-molecule linked

‘partition function

m

to= ) P E (7 emp(-gE™) ], C(3.27)

which differs from the form (2.17) in that there is no sum over m, and
in that the linkage operator Sfm is included. Upon comparison with (3.22),

we see that

£ o= ——l P g, - (3.28)

By analogy to (2.19) and (3.1), we see that another form is

= (m)t Py (2n1)"t [ aw e £ 1 ( 1P(0) | A%(w - B A%(0) ) 1.

(3.29)
In terms of £ , the partition function (3.26) 1is
n

1 1 m ‘
= I g T n == [ (mZ)t £ ] . (3.30)

m m
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From the analogy of f_ (3.27) to ;;L (2.17), we can immediately
write down a recursion relation for _fm « The linkage operator 5(; Just
subtracts off the effects of clusterings into more than one cluster. Noting

the form (3.30), we thus have

f, = o P em(-pt) -y R AT g

(3.31)

with |
T, m'n, = m

‘and

Let us now realize that our mathematical definition of a linked graph
includes terms representing physically unlinked molecules. Consider, for
example, m = 2 for the case of hydrogen atoms. If eiectron 1 interacts with

proton 2, this is represented by a graph linked by either V12 or an exchange.

However, the state of electron 1 interacting only with proton 2(and not with

proton 1), and electron 2 intgracting only with proton 1, is included in f2,
although it is not manifest in our représéntation. It is convenient to
subtract off such "physically" unlinked graphs; their contributions are of
course each the same aé those of the corresponding "mathematically" unlinked
graphs.

Let - pm denote the operatér that subtractS'offkall such unlinked

graphs, and let

Fo= (m)™ M o (Tr exp(-pE”) 1 | (3.32)

be the analogue to fm . For each mathematical clustering {nm,].there are
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.l (.mz)iz '

5 (3.33)
n (m2z)] ™

m'
physical clusterings, éince this is the number of assignments of the electrons
to the clusters. If we insert this factor in the second term of (3.31), that

equation .then applies 'to: Fm :

1 B 1 nin’ ‘
F = 2y e HE pr exp(-pHT) = I I — (Fmv) . (3.34)
. . X v {nm'} m' W m'o . — .

i

Similarly, we modify (3.30) with the corresponding factor

(Nz)1
I (mzt) ™
m
and obtain
n
-z z m ()"
N {nm] m m

or

/f&n} F, - (3.35)
m=1

Thus the logarithm of the grand partition function is expressed as the sum

of the Fm's, which are evaluated from (3.34) and its graphiCal representation.
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The pressure and density may now be obtained:

» - eV'l"zn;% o Ytz r , O (3.%6)

n o= @ 2/"1 ) En;/ap. - e )t z aFm/au = V‘l_zmmFm ,
o o (3.37)

where (3.32) was used in the last step of (3.37). These are converted to the

conventional forml by introducing the activity

Then we have

and

z = F/Y = 0/V = ¥ e, /V . (3.38)
and the "“eluster integrals"
b, = (Fl/?/) /YY) = =R /Y . (3.39)
F, = vV P b | | (3.40)
p/6 = I z" b | (3.41)
n o= I m 2" b« , | ‘ (3.42)

(We note that b

1= 1, so that in the limit of low density, 2z = n.)
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IV. THE CLASSICAL VIRIAL EXPANSION

The quantity g, was defined in (3.13) as the single-molecule partition

funection
g, = 5 Pt S (4.1)

where the sum is over properly antisymmetrized states. Let us separate the

center-of-mass:nmtidnrfrom'the internal coordinates:

¢ = e + KM, | (k.2)
- R
[a) = 1A% [, o | | (4.3)
- (= e/l )y ~Pe (k.4)
g = 5 CI e Kint ¢ ¢ T

The center-of-mass partition function may be evaluated classically:

- - |
Vi3 adk S/ Y3, (4.5)
where‘

o= (an/Me)l/2 - (4.6)

is the "thermal wave length."” We shall denote the single-molecule internal

partition function by 7 :

y = £, eP® S (4.7)
We then have tﬁe relations
Ur3y, (4.8)

zZ = eBu h-B Y . 7 (5.9)

23]
]
n
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At temperatures low compared with the excitation potential of the ‘first excited

internal state, we have

-Be 4 .
7= e O, , S (4.10)
z o~ AT PR (k.11)
with
| o .
wo=m-ey o, ' (k.12)

the conventional molecular chemical potential.l

In evaluating Fm for m > 1, the kinetic energy of the molecular
centeré of mass cannot be separated out, because it does not commute with
the potential energy, which is a function of the center-of-mass. positions
(as well as of the internal coordinates). However, for large molecular mass
(or high temperature), the center-of-maés motion may be treated classically.

We shall assume that this is the case, so that F_ (3.32) becomes .

m

F = (mz)"l( B“‘/x}')m L deR(m) Tr expl-B H" R(m)) ]’ R
_ o © m : *® N - (4.13)

here the center-of-mass kinetic partitién function has been evaluated to
yield X-Bm . Integration over the positions of the cénters of mass ,sfm)
of the n moleéules remains to be done. The trace now refers only to
internal coordinafes;

m
PE™) = -z (ko0 (4.14)
i=1 . |

depends parametrically on ‘5fm) , and includes the internal kinetic,energies

and the total potential energy of the m molecules. Since only the relative

positions of the centers of mass enter into the latter, one integration can
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be immediately performed to yield a factor V Thus the cluster integral

b (3.39) is, from (4.13) and (4.9),

m

b, = (@)™ 7L 4 @R 1 explp E™) 1Y (1.15)

m

The recursion formula (3.34) now reads,v for the cluster integrals,

o - __1; [ dBR(m-l) Tr exp [-B Hm(‘l‘?im)) ] - L x I -ﬁ—]-"—!- (V bm') SN
mi 7 : [nm‘} m' m'
(4.16)

Let us ihtroduce the exact eigenstates and eigenvalues of Hln(‘lz.(’m) )

PER™) @™y - ™) 1w @)y, (5.27)
so,j:hat we have | | o
rr expl-8 BE™)] = 5, exol-p £ (E™) 1. C (ha8)

For temperatures low compéred with excitation energies, this is approximately

exp [-B 50(,5,(_111)) 1, - ' ‘()4'.19)

where E/o(.fém) ) is the ground-state energy for fixed molecular centers of

mass. In this approximation we may use (4.10), and introduce

o ? (4.20)

gm(ﬁm.)) = éb(gim)) - me

the m-molecule ground-stafe interaction energy. The recursion relation

(4,16) now reads
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| . n,
o = 2 %R e rR®™) 1L 2 ox A (Ve ).
m me - L {nm,} m' P n

(4.21)

This form is equivalent to the Ursell-Méyer virial ex?ansion;ll
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V.. GENERALIZATION
We have supposed above that only internal interactions are present
in the system. Suppose now that there is additionally an interaction, with'

a static external field, of the form

vl os oy, ' (5.1)

where Vi is the external interaction energy of molecule i . We must now
inelude graﬁhs for which there are a number of external interactions, as in
Fig. 3. The arguments leading to Egs. (3.32), (3.34), and (5;35) are clearly
still valid; H' 1is now the total m—moiecule Hémiltonian, including.the
external interaction. It is convenient (for future applicationsg) to write

F =% FF , - (5.2)

where Fmr is the resultant of m~molecule linked graphs with r external
interactions. (Fig. 3 corresponds to r = 2.) This provides é perturbation
expansion in the strength of the external fieid.

If there are several species of particles, with chemical potentials

My (s = 1,°¢¢, S), the grand partition function (2.17) becomes

gﬁ(e, uds 2/3 = {ZA {H (Ns!)'lJexp(B Toou, W) Tr exp(=p B{N_] ] .

NS} s
(5.3)
The antisymmetrization operator (2.18) becomes
Ns
{x_} n (z_t) ,
A% = B2 8 % & P . (5.4)

(z z x )y & ©& o
S S <]
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Other changes are self-evident. Equation (5.55) becomes
fn = z'F{ms] ,
: {ms] E

where (3.32) is generalized to

Pm) = [m, mt 1™

UCRL-94k1

(5.5)

exp(p £ u, m ) LITr exp(-B B {m ) ) ] .

(5.6)
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FIGURE CAPTIONS
"Fig. 1. Contour for E-integration.
Fig.. 2. Examples of unlinked graphs.

Fig. 3. A graph with external interaction.
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