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·ABSTRACT 
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The numerical solution ·of a. linear differential problem is formulated a.a 
. ' 

.. i 

an overdetermined linear model with the objective o£ minihnzing· appr~xiina;. 
I ' . ;i 1 ' • • • 

1 · . . r 
tion errore. · The ~ual o£ this model is a linear program.: 
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I. INTRODUCTION . :.. 

In recent years linear programming has become a u~eful approach to 

many decision problems in various fields of· business, ind~stry, and science. 

Riley and Oass in [ 1 ] present some thousand such applications. · Wlth 

respect to problems phrased in mathematical language per se. ·Goldstein [2] 

has applied the technique to overdetermined linear systems and'· ·· 
' ' 

Mangasarian [ 3] has used it .for error evaluation in connection with the · 
I . . 

It 

numerical solution of the biharmonic problem. \ . 

0 

The approximation of linear differential problems by linear systems 

has been extensively treated, For example, Fox [ 4] uses this method for 

the linear ordinary second .. order differential equation with boundary c_~ndi• 
. • I 

tions. Likewise, Forsythe and Wasow [ 5 ] employ it for second•order partl1al 
t . I I 

differential equations. In all cases the syste~s are determinate, the 

unknowns are approximate solution values on mesh points. and no estimate o£ 
.. 

the error is explicit in the process. 

The linear model by which we represent the differential problem is more 

extensive: first. the unknowns include derivative as well as solution values at. 
i } : . 

mesh points. second~. sufficient mesh points and approximation formulas are . 

i ' 

.. 

. .. Jj 
jl 

;i 
'I 

used so that the system is overdetermined; third. the maximum .absolute valu~ · · 
' i! 

I'' 
II 

o! approximatio~ remainders is introduced as an unknown to be ~inimized: .. 

· and fourth. the model is the dual of a linear pr(?gra.m• · ... , . :. : 

;., 
' ._ 

-~ . • ·''.'! 

. .... · .. ,· ' 
:, 

i ; .. . ·, 
·. ·' ... 

:/ ' 
.. 
. -~ ' ' . ' ~ " .. ,, . . '1 · .. ··~ ' . . .. 

··, ·. 

.• i .. _ . - ; 

~ · .. 
...... ' 

' ! ~-... •· 

·,: ..... 
' ... ,. '"; '. 

. :..•" 

il 
if ; 

' . ll 
It 

f . Jt 
.::..:, ~~!l. 

_.;, 
. ·:r· ;· .. .' J •. -·· , ... :· ~r 
.,. ~-· 

// . 
lr 

f 
k 
i! . 
·t ·t -~ )' . 

·r . . ;I.. ' 
. II .. ' 

;· Jl•' '., ... 



... z .. UCRL-9498 R.e_v •. 

ti. LINEAR DIFFERENTIAL PROBLEM 

A linear differential problem consists of linear .differential equations 

·and prescribed conditions involving an unknown function· u and some o£ its 

derivatives with respect to an independent variable s. Either u or s or •­

both may be vectors, as in the cases, respectively. o£ an ordinary system, a 

partial differential equation, or .a partial system, 
' 

The differential equations are assumed to hold on a simply connected 
I 

domain, D, of polnts, s. The prescrib'ed conditions apply to. a set, T; of . 
' ,. . 

points, s. We consider only the case where D is closed and T is a· subset ·\·. 

of D. The method can be extended to D open and .T in the closure o£ 0- (for . 
" • ~ ·~--~. '''''"'A,.,..,..,~',.,,, ....... ·~ '• 0 < w , •• 

0 ,~, , ', 

example, when T is the boundary o£ D). ., .... :. . 
-~ .· 

The d~ffe rential equation( s) can be written as 
-. 

( 

• ,j.l_ 

·,• 

:.;._, 

Lu = c for s£ D ( 1 )' • .. .. 
•·'. (. " . : '. •. ' 

. '~ .-

. .. 
and ·the ·prescribed conditions by 

.) t : I .. · ·~~ . .. . . 

L u = c p p for SE: T < D. ( _2) 
' :. 

. ' . ' 
':/ 

The problem is said to be well-posed i£ there exists a unique .solution, u, on 

D, which has cont~nuous derivatives of orders appearing in L. The . 
. ; ·, 

ttcoefficientsn involved in L and L 0 together with c • are assumed to be' 
. p . . . ' . . . p .. )~:·,\. . ;, .. · 

·continuous £unctions o£ s on D, and we require that the highest-ordered. 
.. 

'· ~ . ' 
. . 

terms o£ L do not vanish on D. · 
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Ill. DISCRETIZATION AND THE LINEAR. MODEL 

We construct a suitable mesh over 0 and concern ourselves with 

numerical values at the mesh points for the solution u an4 its derivatives up 
t, 

to the orders which appear in L and L ·• These values ap~ear as the unknown 
p ~ . 

variables in a linear system obtained by applying ( 1) to all the mesh points by 

applying (Z) to mesh points in T. and by using tr,uncated Taylor expansions as 

approximations to rela.t~ solution and derivative values at adjacent points. 
~ . 

The last involve approximation errors. I£ we considered each o£ these errors 

as a distinct unknown variable, our linear system would have more unknOwns 

than equations. Hence, we introduce a single error variable which is the . 

maximum absolute value for 8.U the error terms. Each approximation_ .. ,:· 

equation o£ the· form 

e + av = 0, 

.. 

where e ie an approximation e~ror, v is a vector of solution and derivative 

. values, ancr'.'. a is a vector o£ coefficients, is replac~d by two lnequalitie s of the·· 

form 
I. 

·I 

where u0 • max le J. 

~ ! . . . '·< .• 

, .. · .·. .· ... :-··. ·, 
. ' 

I.:.," 

' ,,.·, •' 

~ . 

The other equations (obtained £rom ( i) and .(Z) f have the £orin . 
• ·- ~---- < -~---...._ _..,..,._. - ~·--

av ~c. 

'where c is a numerical value., 
I!:.'~' ..• ~ .. 

' .' 

: . 
:'. ,, 

,·.,· 

. ' 

. ' 
· They are replaced by the .equivalent limiting inequalities o£ the. form.· .... 

av;. c,. 
·. ·, . : 

. . . 

. . 
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'. 

Thereby, all our restraints will all be inequalities o£ the direction ~. The 

resulting complete linear model has the £or~ 
""'l:..q 

Av~C· 

:(where V nOw include& UO and C . is a vecto~ 0£ all th~ CO.~S~t.te:rm&) and 
• • ~ • J • ,· 

we wish to minimize the linear £unction, 

~ '# . \ 1 
• ' '.. 1,_" • • 

where b is a coefficient vector whose components JLre'~ al,l zero except the one 
. ' . . . . ".,. .... ./· : ' . . ' . . . ·. 

corresponding to u0 . which is t.. · · . . ; 
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... 

IV~· THE LINEAR p'aoORAM 

According~ reference [ 6] a linear·. model ofthe· £c;;rm. above has 'as . 
i· 

its dual 

Maximize z = ex 

subject to ' A• x rl b 

with. x-. 0,' 

-.~: .. ;. ' r: ., 

•.\ !t 

which is a linear p_rogram in primal !or.m.. The Simplex algorithm [ 7 1 

applied to it yields an optimal solution for both the linear program and the 

original linear model. Thus we are provided with numerical values for the 
, . I . 

solution and derivatives at the mesh points together with a value for the 

maximum magnitude of approximation errors. ·Linear progra~trrlna codes 
1 

. · · • · 

( 8 1 exist which perform the -necessary computation. · 

·I 

V. SIMPLE SPECIFIC EXAMPLE 

u" + u = s 

on D: 0 ~ s "- 0.2 ; · 

u(O) + u'(O) = 2.0, 

u(O.Z) m i. 18007 • 

• _: ... .. , .; . .. 
. ·. ·•. 

'··'f. 

. Full detaUs of the. construction o£ the linear model lor the mesh 

' . 

.. 
• I • '," 

.. · : . 

. ( 3) 
i_ ,i .. -• 
. ·-. 

) •· 

81 = o, 
a2 •0.08, 

• 3 • o.z. · hi • s3 • •a ·• o. tz, ·~. ·· , 
_.·.. '.. . -. ·' ·.~;: \.~.)-. ' .. _; .... ·. ~ ·,'·', .. 

·, . - - . ,. . ., ', . ' ' ~ 

·are given [9 1, In brie£, we have: 
. .. . .. . ~ 

·.- '~ . . . . ~· . ; 

,.;_·, .:.; 

~- ·., . ' " •·.·. ';. .. 
' ,· ~ ~ 

• c 

'/• . /·. . . 
•· ' :; ·' 

; 

'i . . ·.:. ~ . '·. "•( ~. -~ ,. 

i;, 

.f ~ • 

··'' . 
-· .. ' 

•. ~·. 
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• ~ < ~ 0 A •• , ~ 0 ' ..... ·.:.• "·~ • -~· ,'. '.f"':", • •• I 't 

' ., 
·~ .1 .. 

from (3), 

~ . " . 
.. ·"i .. •• 

._ ... ·n >' ' (. 
. ~· 

. •. iT , . 

·.' 
" ~-

-:_·.-·· ' k = 1 ( 1) 3 ' ' . 
,·, 

"1. ·: ~ 

fl. 
. tf 

If 
il 
~1." . 

rr. 
.if 
if' 

.. It 
.· il 
. . If 

If 

' ;( ·' ... · 'jr 
' ;. -~ . . l~ 

i} ' . . _.,._ ... ·r 

....• '>l '' · ...... "k • ~~~. ~ ."k 'f 
. ·'-

. ~. . . 
' ·'· _· __ ,' 

: .. / . 
from (4), ',. 

from (5), 
·, 

from Taylor approximations, 

":·.'· 

u
1 
~ 1.18007 , 

•U > •1.18007: · 1 . 

·.' 

. ~- : 

' . ~: ' . '· -. 

. .' ( 

~ . •,: . 

---- ·· -:..,._ 

·.'- .. 

' '• 

. .... t' 

,:, .{•' . ····. .,\ 

'\ 

: ": 

. · I. 
'. \: 

. , . I 
·'-· ·. i· 
'' ' .. ·' 

. -:-:o~ . 

uo ~('it+ ~'it'.+ .o.s~z"k". "k~t~ >~ 

uo :i: (~'it· + ~z"k a - ~~·+1) ~ 0 
r k ;a t:•z . ' ' ; 

uO I* ("k • ~"k' .+ 0.5 ~Z"ka • ~-1) ~ 0 

' uo :1: (~U}(' • ~~u,.." - ~"k-1) > 0 
} k = z. ~. 

./ 

- ~ '. 

Thus the linear model consists of Z6 inequalities in 10 unknowns, u0, 'it• ~·· 

'it 11 , and we wish to minimize u 0• The dual of this model is a linear program 
• 'j • ·~ • . 

· · with 10 equations in Z6 unknowns, a linear function of, which is to ·be · 

minimized.· 

Computation of the program gave u(0.08) = 1.07682., with the maximum 

error u0 = 0.00004. The problem has an analytic solution, u ~ s + c~s a, for 

which ).1(0.08) = 1.07680,. {The £inite•di££erence method describe~ ~y Fox [ 41 · 
gives u(0.08) a: 1.07681 •.. · 

·- •_,;," 

'.• 

\. ' 
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: ·, .t. 
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:. ·,· 
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.· This latter method requires a unifor:ai mesh and provides only solution 

values, whereas approximations for the derivative values are obtained in .the .. . 
'' 

linear program approach. ,. 
',, .... 1 

Many other examples .are given in· £ulldetall in [9]. 
-· .,· 

f·,' .• 

VI.· CONCLUSI.ON, 

The line-: r progra,m approach to the numerical solution of linear.·· ., 

" differential prob~ems has these advantages: 

(A) tt is global, that is, all mesh points are considered simulta~eously. · 
• t- • • ' , • ' • 

. ·(B) It applies to problems with initial boundary or mixed conditions.· 

(C) An overlay of approximation formulas can be used~ · . 

(D) It a.pplitui to single equations or systems. ··. 

(E)· It applies to ordinary or partial problems. · 

'(F) The mesh need not be uniform. 
', . ~ 

... 

.. 

-·-~· .• -. 

'•.·.• 

'. 
'' 

•'. -. 

. lj' 
.I 

. I' 
.I 

(G) It provides values for derivatives as well as for the soll1tion at mesh· · .. 

points. 

(H) It provide' an e!ftimat~ of the error. 

Disadvantages of the approach are: 

(A) It applies only' to linear differential, problems. 

(B) Construction of the linear model is tedious., 

(C) Extensive computation is involved. 

?c•• 
.--- .· 

: :_ :· 

'. '' -... ·:.-· _,·, 

•; •.. 1· . ,:.• < :-~ .1~ 
. .. 

' . : ... 

· . . ;: 

····---------;;----------·---- ... __ 

.-·. ,_ .. 
. f •. ·' ~ ' 

The linear program approach appears most likely to be useful as follows: . · · ·· 

(A) For problems where derivative values are desired •. ... ~. . 

' '. 

(B) When a unifo~m mesh is not suitable to th~. pr_oblem~ ·. ',.: :~ · · ·. 
" '., .. 

(C) For problems with unusual.conditions. . . , 
)' . . . . 

''• 

. (D) .As~ a, starting p~o~eas £or initial conditio~ problems., 
.... 

. ·! ·- / 

'., 

'. ""·· 

. ,·' .,.,_ 

. ·'. 

...... 

•' .. 

. ·. 

•· 
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We should note that Stiefel [ 10] presents an algorithm !or error 

minimization in· ove rdeterminate linear systems which 'may be applied to 

some linear models approximating differential problems. With his algorithm 

it i.s not possible to attain the versatility and generality a!£orded by dualizing · 

to a linear program. · · · , 

The author wishes to thank Dr~ L-.. :A;, Zadeh fot his advice and .. , 
' 

' . 
assistance iii preparing this article lor publication. 
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