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A STUDY OF K MESONS 
IN ANTIPROTON -PROTON ANNIHILATION 

George Randolph Kalbfleisch 

Lawrence Radiation Laboratory 
· University of California 

Berkeley, California 

March 7, 1961 

ABSTRACT 

The experiment reported here is a study of K-meson production 

in antiproton-proton annihilation. The final sample consists of 28 7 

KKn1T annihilation events with observed K meson decays. 

The experiment was performed in the Lawrence Radiation 

Laboratory's 72-in. liquid-hydrogen bubble chamber at each of two 

momenta. The lower antiproton momentum was 1.61 Bev/c, and the 

higher momentum was 1. 99 Bev /c. The total numbers of antiproton 

interactions in the sample are 14, 562 ± 300 and 2200 ± 300 at each of 

the two momenta, respectively. The events were measured with the 

Franckenstein measuring projector. The analysis of the events was 

done with the PANG; KICK,, and EXAMIN programs using IBM 704/709 

computers. After the analysis of the events by these programs, further 

analysis was required. Many of the events fit two or more hypotheses. 

The a,mbiguities as to the multiplicity of the final state were resolved 

by analysis of ideograms of the square of the missing mass. The am­

biguities remained as to which particle was the second K meson. Half 

of the events fit only one hypothesis and were unambiguous. 

The Fermi statistical model and phase_ space calculations were 

performed using the Lorentz invariant phase space. The multiplicity 

distribution for all pion annihilation in this and other experiments 

agrees with a Fermi statistical model using a volume n1T=(5.6± 0.6)n
0

= 

( 1.78± 0.07) 3no, where n0 = (41T/3)(1i/m1Tc) 3 . This value of n1T predicts 

pion multiplicities associated with a KK pair in agreement with the 

experimental results. 
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In this experiment, the average multiplicities for KKnrr anni­

hilation are observed to be 4.4 ± 0.1 (2K+ 2.4rr) and 4.6 ± 0.2 (2K+ 2.6rr) 

at 1.61 and 1.99 Bev/c', respectively. The fraction of the annihilation 

yielding KKnrr final states is observed to be (0.103± 0.011) and 

(0.13± 0.03) at l.61,andl.99,Bev/c, respectively. These fractions are 

in agreement with the Fermi statistical model for a K meson volume 

nK = (0.12 ± .015) n!l'. The multiplicities and fraction of annihilation 

into KR nrr for previously reported experiments at lower energies also 

agree with the predictions of the Fermi statistical model with these 

values of n and OK. 
' 'IT 

The momentum spectra of the K and rr mesons and the angular 

distributions between pairs of particles in the antiproton-proton center­

of mass system are in agreement with the predictions of phase space 

for each multiplicity of the final state (three-, four-, five-, and six­

body). The angular distributions of the K and rr mesons relative to 

the antiproton direction deviate from isotropy. 

The distribution in the effective mass of KR pairs is consistent 

with the predictions of phase space. However, the mass distributions 

of Krr (or R rr) pairs deviate from phase .space and show the effect of ... 
the recently discovered R rr resonance (K:".). The Krr (or R rr) mass 

' - -~( *': 
distributions observed here are consistent with both K and K res-

onances. A crude estimate of the number of calculated Krr (orR rr) 

pairs that are in resonance is (5 ± 2.5)o/o. 
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I. INTRODUCTION 

The primary purpose of the first 7 2-in. hydrogen- bubble­

chamber experiment was a study of antilambda particles produced by 

anitprotons incident on protons. The result Of that study has been re-
1 i 

ported elsewhere. With the large number (26,.000) of antiproton inter-

actions available from this experiment, many other reactions can be 

studied. The experiment reported here is a study of K mesons in 

antiproton-proton (p-p) annihilation. 

The experiment was performed at two antiproton momenta. 

The lower momentum (1.61 Bev/c) was chosen above the antilambda­

lambda threshold; and the higher momentum ( 1.99 Bev /c) above the 

antisigma-sigma threshold. 

The theoretical analysis of p-p annihilations is generally done 

with a Fermi statistical model. 
2 

The interaction volume in which the 

statistical equilibrium is assumed to take place is used as a variable 

to obtain the desired average multiplicity of pion final states. The ex­

pectation of the statistical model is that the volume should be determined 

by the range of the particles in the final state. This expectation de­

fines a (spherical) volume (n0 ) whose radius is the Compton wavelength 

of the pions. Generally the volumes required to fit various experimental 

data do not correspond to this simple interpretation. In particular, 

the volume (n1T) required to fit the early data on p-p annihilation at rest 

was much larger ['i 2.1 )3 to ( 2. 5 )
3 n

0
] . 

3 
The present experiment re­

quires n 1T = 5. 6 n
0 

= ( 1.8 )3n
0

. However, the large volume required to 

fit the average multiplicity gives the correct multiplicity distribution. 

Also, momentum spectra in the p-p center-of-mass (c. rri.) system are 

consistent with a purely statistical model. Various modifications of 

the statistical model have been proposed to allow a small volume 

(::::: n0 ) to give the correct multiplicities (the Koba-Takeda model;
4 

pion resonant models, such as that of Cerulus). 
5 

Of course, the modi­

fied models also predict changes in the momentum and angle spectra 

.of the final states. None of the modified models has been sensitively 

tested. 
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In view of the crudeness of the statistical model, deviations of 

the experimental data from the predictions should be expected. The 

experiment of Goldhaber· et al., shows a deviation in the distribution of 

angles between pion pairs, but only when these are separated into the 

specific charge states of like and unlike pairs. 
6 . The application of 

Bose-Einstein statistics to the pions in the finaL state modifies the pre­

dictions of the statistical model such that agreement with the observed 

ff t . b . d 7 e · ec lS o ta1ne . 

The statistical model predicts that a large fraction of the anni­

hilations should yield K mesons. Only a small fraction of the anni­

hilation is observed to yield K mesons (4o/o for annihilations at rest
8 

and 8 o/o in the Gol_dhaber experiment at 1. 05 Bev /c). 9 Howev.er, the use 

of another parameter ("a volume", QK' for the K meson~) gives the 

observed fraction of K mesons. Goldhaber et al. found this volume 

to be approximately one-tenth of the pion volume (QK ':::! 0.1 Q1T). 9 

They also found that the pion volume (Q rr) required tc: fit the a.nnihilation 

into pions only gives the observed average multiplicity .of the pions 

associated· with the K mesons. 

Previously reported antiproton experiments have yielded only 

a 'small number of annihilations leading to K mesons. These experi­

ments were performed with emulsions and propane bubble chambers. 

The majority of these events were annihilations with complex nuclei. 

The experiment of Goldhaber et al. yielded 39 K mesons arising from 

. hydrogen-like annihilations, 9 The experiment reported here is based 

on 287 p-p annihilation events with associated K-meson decays observed 

This sample of events allows a detailed study of the K mesops in p-p 

annihilation. Specifically, it is of interest to see how well the predic­

tions of the Fermi statistical model fit the observations, and, also to 
.. . -~:c_ 10 
·see if the recently observed K (Krr) resonance manifests itself in the 

annihilation process. 
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II. BEAM DESIGN AND CONTROL 

Beam Design 

The lower antiproton momentum selected was 1.61 Bev /c, and 

the higher momentum was 1.99 Bev /c. (The thresholds for production 

of AA, K~O or A.~ 0 • and~~ pairs are 1.43, 1.64, and 1.85 to 1.90 

Bev/c respectively.) The "separated" beam design was patterned after 

the 1. 17 Bev/c K beam of Eberhard, Good, and Ticho. 
11 

Because 

the desired rejection ratio for pions relative to antiprotons was 30,000 

and the distance between the Bevatron and the 72-in. chamber was about 

200ft, three separator systems were used. Each system consisted 

basically of two magnetic quadrupole lenses (triplet}, one parallel-plate 

velocity spectrometer, and one slit. The antiprotons were separated 

from the pions by the action of these velocity- selecting spectrometers 

on a momentum-analyzed beam. The vertically deflected pions were 

rejected by the defining slits placed at vertical foci. 

The momentum of the extracted beam was analyzed in the hori­

zontal median plane of the Bevatron. The negative particles were ex­

tracted from the target through a hole in the magnet yoke located 35 deg 

north of the west straight section of the Bevatron (see Fig. 1). The 

first quadrupole (Ql} focused the target horizontally on the principal 

plane of the second quadrupole (Q2) (see Fig. 2}. The dispersion in 

momentum caused by the Bevatron field was thus transformed into a 

spatial distribution at Q2, and the momentum bite was determined by 

collimation in Q2 (30 in. of uranium). The following quadrupoles (02 

through Q6) were arranged as field lenses hQrizontally to give optimum 

transmission of the accepted momentum bite. In addition, the horizontal 

optics included two bending magnets (BM1 and BM2). The first was 

required to avoid a Bevatron-building support column (I) in the first 

separator system. After the third separator system, the second bend­

ing magnet was used as a clearing field to sweep off-momentum com­

ponents out of the beam. These off-momentum· components were re­

moved by uranium and lead collimation at the bubble chamber. The 

collimation was designed for a 20-deg bend. 
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MU.;...21076 

Fig. 1. Beam layout. The antiprotons were produced in the 
target (T) by the 6.2-Bev proton beam of the Bevatron and 
were directed over a ·200-ft path to the 72-in. liquid-hydrogen 
bubble chamber (BC). 'fhe beam channel consisted of a "nose 
cone" magnetic shield (NC), six triplet 8 -in. quadrupoles 
(Ql through Q6), 'two bending magnets (BMl and BM2), ·three 
parallel-plate velocj.ty spectrometers (SP 1, SP 2, SP3), and 
three slits (Sl, 52, S3). · · 
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Antiproton experiment with 72-in bubble chamber beam 
optics 

Vertical Counters 
NC 5p1 BM1 511 5p2 ts12 5p3 ~513 BM2~ 

.: LJ~ -u~ UM~- ~UM~-~L!LUr!J~ 
11 -n w - rw - wn~ 

1" 2" 0.2" 2" 0.2" 0.2" 1 ,, 

Horizontal 
T L_j

NC Q1 1 1Q2 1 I Q3 Q4 Q5 Q6 

o o _L_jo~-=-~~-o 
11 -- r-.., r1 -- r, --
1 .. 1 I I I I I I 

4 II 3" 3" 

BM Coli 

MU-19002 

Fig. 2. Schematic diagram of the optics of the 1.61- and 1.99-
Bev/c separated beams. ·The collimation in Q5 was used 
only in the 1.99-Bev/c beam. Here U is the uranium collimator 
or absorber, other symbols shown are defined in Fig. l. 
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The velocity selection was achieved in the vertical plane by de­

flecting the undesired pions and muons out of the horizontal plane. The 

parallel-plate velocity spectrometers utilize crossed electric (E) and 

magnetic (H) fields, with the electric field vertical and the magnetic 

field horizontal. With such an arrangement, particles with velocity 

13
0 

= E/H traverse the spectrometer undeflected, whereas particles 

with some other velocity are deflected out of the horizontal plane by 

an angle 

eV 
6,f}:-c-

Cp 
Ld ~~. (p:-1 )' w t-' radians, 

where p is the momentum of the particle 1n ev / c, V is the voltage 

applied to the spectrometer plates, d is the separation of the plates, 

L is the length of the plates, and we define the difference in 1/!3 for 
I \ 

the two velocities in question by 6 t1/!3) = l/!3- 1/13 0 . 

This angular separation 6 e 'was transformed into a spatial 

separation S by means of the optical arrangement shown in Fig. 3. 

In the vertical plane, the object rays were converged to a par­

allel beam within the spectrometer by the first lens and then focused 

to an image at the slit by the second lens. (The effectiveness of each 

system for rejecting the undesired particles depends on the ratio of the 

image width W to the separation S. The width W is determined by 

tar get size, multiple scattering in windows, and chromatic and spher­

ical aberrations of all electric and magnetic fields 'in the system. ) 

Multiple scattering in the Bevatron exit window and the first system's 

entrance window, and the spherical aberrations of the first system 

were the most important contributions to the width, W. Under typical 

operating conditions, the pion image had a width, W, of 0.2 in. (full 

width at half maximum) and had a vertical displacement, S, of G .4 in. 

The characteristics of the target, the beam and the optical sys­

tem are listed in detail in Table I for both the low-momentum and high-

momentum experiments. 

... 
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Spectrometer plates 

I 

First 
lens 

I 

Second 
lens 

MU-21666 

Fig. 3. Optics in the vertical plane for one separator system. 
The angular separation (6 B) is tra~sformed into the spatial 
separation, S. 'The width (W) of the image is due to the size 
of the object, the chromatic and spherical aberrations of the 
electric and magnetic fields, and the multiple Coulomb- scat­
tering in the windows of the vacuum systems. The ratio of 
W to S determines the effectiveness of the system for the re­
jection of the undesired particles. 
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Table I. Summary of beam characteristics 

Characteristic 

Energy of protons incident on 

Bevatron tar get (Bev) 

Antiproton beam 

Momentum (at target) (Bev/c) 

Momentum (center of 

7 2-in. bubble chamber) (Bev /c) 

Momentum bite (at bubble chamber) 

(Bev/c) 

Solid angle (msr) 

Production angle (relative to 

internal proton beam)(deg) 

Transmission of total system 

Average p flux per picture 

Target 

Material 

Size 

Azimuthal (in. ) 

Radial (in. ) 

Vertical (in. ) 

Physical position -

Radius to outside edge (in. ) 

Azimuth (NW quadrant-­

measurement from tangent 

tank) (deg) 

Distance from Q l entrance (in. ) 

·Virtual position (Distan<;:e from, 

principal plane of Q l) 

Horizontal (in. ) 

Vertical (in.) 

Low momentum High momentum 

6.2 6.2 

1.64 

1.61 

0.020 

0.20 

l± l 

0.33 

0.8 

Aluminum 

5 

l/2 

l/8 

599.4 

22.34 

19 0 

600 

230 

2.02 

1.99 

0. 030 

0.25 

ll± l 

0.10 

0.15 

Same 

Same 

596.0 

23.65 

180 

350 

230 
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Table I. Summary of beam characteristics (continued) 

Characteristic Low momentum High momentum 

Separation 

Spectrometer characteristics 

Plate length (ft) 

Width of uniform field (in. ) 

Plate spacing (in. ) 

Average operating voltage (kv) 

p -l(6~-l) _(Bev/c)-l 
rrp 

Average angular separation (mrad) 

Image widths W (vertical) at slits 

(First/ second/third systems )(in. ) 

Vertical magnification per stage 

Separation S per stage (in. ) 

W/S 

rr/p ratios 

At target 

At 72-in. bubble chamber 

Rejection ratio for pions 

System 1 

System 2 

System 3 

Total 

Beam composition and total flux 

Average beam composition at bubble 

chamber 

19 19 

6 6 

2-1/2 2-1/2 

385 385 

0.092 0.053 

3. 1 1.8 

0.20/0.18/0.40a 

1.2/l.O/l.O 

0.5/0.40/0.40 

0.40/0.45/l.Oa 

20,000/1 30,000/1 

0.36/1 1.8/1 

50 

100 

lOa 

5 X 10
4 

b 2 X 104 b 

1 . o I o. 3 6 12. 8 1 o. o o 2 1 . o I 1 . 8 1 1 . 8 ;o. o 2 

Total number of antiprotons 

through chamber 

Number of antiproton interactions 

46,000 

20,900 

12,500 

5,600 
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Table I. Summary of beam. characteristics (continued) 

a At- conclusion of l. 61 Bev/ c run, it was found that Q5 had a misplaced 

pole tip. After this condition was corrected, a good image· was obtained 

at the third slit in the 1.99 Bev/c run. 

bThis rejection ratio is based on all visible pion background in the 

chamber. Much of the pion background actually has a lower momentum 

than the antiproton beam proper. 

Beam Control 

The system was first tuned to transmit the intense pion beam as 

determined by measurements with .a hodo.scope of scintillation counters, 

and then to adjust the magnetic fields of the spectrometers to transmit 

particles with the velocity of the antiprotons. 

In front of each slit was mounted a hodoscope or "sandwich" of 

several separate 0. 20-in. -high scintillator counters. The outputs of 

each channel were displayed consecutively on an oscilloscope trace. 

·When the beam was centered about the separation of a pair of adjacent 

counters in the "sandwich", equally high traces appeared on the oscillo­

scope. When the "sandwiches" were centered appropriately on the center­

lines of the slits, the beam could be steered into each slit by adjustment 

of the magnetic fields in the spectrometers. 

Upon determination of the magnetic fields required in each 

system for transmitting the pion beam (a) with no voltage applied to the 

spectrometer plates (H 0 ) and (b) with the desired operating voltage 

applied (Hrr), the magnetic field HP" required to transmit the antiprotons 

could be calculated by using 

(H- -H ) 
p 0 

13Tr -
= 13- (Hrr- HO), 

p 

where 131T. and 13- are the velocities of the pions and antiprotons, re-p- -
spectively. 
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After the spectrometers were adjusted to transmit the antiprotons, 

the hodoscope was moved off the centerline of the slit into the rejected 

pion image. Thereafter control over minor changes in voltages and 

currents was attained by adjusting them to keep the rejected image 

centered in the hodoscope. The intensity of the rejected image at the 

third slit was quite low, so that an integration of the counts over 

several pulses was required in order to monitor the operation of the 

third system. Periodically, the whole adjustment procedure was re­

peated in order to maintain optimum transmission over the long period 

of operation of this beam. (This beam setup was in use at the Bevatron 

for approximately five months-- June through October, 19 59. ) 
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III. SELECTION OF EVENTS, BEAM COMPOSITION, 
AND NUMBER OF INTERACTIONS 

The events for the study of K_ m~sons in p-p annihilation were 
" ,· : 

obtained from the 972 strange-particle and unidentifiable events recorded 

in the first and second scans of the antiproton film. A hand-recorded 

list was originally made from the first scan sheets. The second scan 

data and corrections to the hand-recorded list were obtained from the 

master-:-list tape described below. A final sample of 287 annihilation 

events with observed K-meson decays was analyzed. Examples of a 

typical V event and of a charged K-decay event are shown in Figs. 4 

and 5. 

It was anticipated that analysis of these events would be difficult, 

because the 72-in. bubble chamber data system was being used for the 

first time. Also systematic errors in the optical and film system:s had 

not been completely evaluated. It was also expected that the events 

would be ambiguous in their interpretation. The annihilation into K 

mesons generally yie.lds events in which only one of the two K mesons 

is observed to decay or interact in the chamber. Most events also 

have one or more unobserved neutral particles associated with them. 

The assumption as to which particle is the second K meson gives rise 

to the ambiguities of interpretation. It was thus desired to have a clean 

sample--one in which the pion background is low, the film quality is 

good, and the efficiency of detection of the events is high. 

In order to have a small background, only that film was used in 

which the spectrometer voltage was higher than 350 kv. In addition, at 

the higher momentum, where the pion background was much larger, 

only those individual frames of the film were used in which the time-of­

flight counter (B. counter) registered the pas sage of an antiproton. 

Since approximately one frame in three had a B count and the pion 

background is approximately constant in all frames, a considerable re-

duction in pion background is obtained. l.l 

The film was edited in order to assure good film quality. Many 
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ZN=2742 

Fig. 4. Photograph of a typical V two-pronged event (event 
151 -128). 



18 -

ZN-2743 

Fig. 5 . Photograph of a typical K four-pronged event (event 
15 3 - 18 3) . 

~· 
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rolls of film at the beginning of each of the two momenta used in the 

experiment were deleted because of high pion background. In addition, 

several rolls were deleted because of camera troubles. After these 

deletions, there were approximately 80 rolls of film for each of the two 
' 

momenta used. A random search was made in this film for. various 

defects. Each roll of film contains approximately 600 frames (three 

stereo views for each frame). Approximately 5o/o of the frames in each 

roll were rejected. The major loss was due to the splices in each roll 

of film. These splices were the result of the necessity, at that time, 

to develop each roll of film in several sections. 

It was expected that the efficiency of detection of the events by 

the scanning personnel would be lower at the entrance and exit ends of 

the chamber because of illumination and beam conditions. Interactions 

occuring in the end zones (zones 0 and 9) were excluded from the sample. 

A fiducial volume was thus defined which excluded these zones and which 

also excluded regions on the sides and top and bottom of the chamber. 

This interaction volume was a box approximately 120 em long, 30 em 

wide, and 18 em deep in the central region of the chamber. A second 

(decay) fiducial volume was defined which contained the interaction 

volume. Its dimesions were approximately 135 em long, 35 em wide, 

and 25 em deep. The K-meson decays.associated with the interaction 

had to occur inside this decay volume. The events which were inside 

the volumes were selected by the computer program EXAMIN described 

below. 

The number of antiproton interactions is determined by the ob­

servation of two quantities: the total number of interactions and the 

number of delta rays on the corresponding incident tracks. Only those 

delta rays are counted whose energy is greater than that which can be 

produced by the antiprotons. Delta rays with a kinetic energy greater 

than 3. 7 Mev (which corresponds to a diameter of l. 0 em on the scan­

ning table) cannot be produced by 1.61 Bev /c antiprotons. These num­

bers were obtained by a computer analys(s of the data recorded by the 

scanners. The computer analysis utilized several programs to examine, 
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correct, and evaluate these data. The scanning data were punched into 

cards which were read. into the computer. The programs checked the 

data for various errors, and compared the data recorded by scanners 

one and two for the film which had been scanned twice. Disagreements 

·between scanners one and two were resolved by checking the film again, 

and corrections were fed into the computer. A correct master list was 

finally constructed (and stored on magnetic tape). It contained necessary 

information needed to ·evaluate the various scanning efficiencies and 

count and tabulate events c:H any type. Further computer analysis cal­

culated the scanning efficiencies, then counted the numbers of events, 

delta rays, etc. and corrected them for the various scanning efficien­

Cies. The film edit data was used by the computer programs for the 

desired sample of events. 

The beam composition and the numbers of interactions have 

been calculated from these results, by using the known pion and delta­

ray cross sections. The K-meson component was determined from the 

number of beam K-meson decays observed. Most of the recorded beam 

decays were muon decays. The beam composition is given in Table I 

above. The numbers of interactions are given in Tableii. 

Table II. Number of interactions in sample 

Momentum Number of Total Pion 
(Bev/c) prongs interactions a inter~ctionsb 

1.61 0 1604. 3 58± 9 0 

2 9692 1533± 220 

4 4559 133± 50 

6 715 0 

8 16 0 

Total: 16,586 2024± 270 

1.99 Total: 3101 901±300 

aStatistical errors here are essentially N 1 2 

bThe (few) K-meson interactions are included. 

Antiproton 
interactions 

1246 

8159 

4426 

715 

16 

14,562± 300 

2200± 3 00 
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IV. MEASUREMENT AND FITTING OF EVENTS 

Approximately 800 of the 972 strange-particle events recorded 

on the master list were chosen as candidates for the reaction 

p+p-+ K+K+mr. (Those events which were not measured were improper, 

were known to be TI- + p interactions, or were annihilations in which the 

incident antiproton had already undergone an elastic scattering.) These 

events were measured with the Franckenstein measuring projector for 

the 7 2-in. bubble chamber. 
12 

Track coordinates were measured in two 

of the three stereo views of each event. The tra.ck reconstruction was 
13 

performed with the IBM 704 computer program called PANG. This 

program computes the momentum, azimuthal angle, and dip angle for 

each track. Magnetic-field variations of the 72-in. bubble chamber are 

taken into account. In addition, energy loss in the hydrogen is consid­

ered, and errors are computed for each variable (utilizing known meas­

urement setting errors on the Franckenstein measuring projector and 

multiple Coulomb scattering). Some optical corrections are taken into 

account. However, systematic errors still exist. This is attested to 

by the x2 
-distribution from the fitting of the events(see below). Work 

is currently being done to find and correct the causes for this effect. 

After the track reconstructi.on had been performed, a least­

squares fit of the events was performed with the IBM 704 program called 

KICK. 
14 

The fitting procedure adjusts the measured quantities under 

the constraints of energy and momentum conservation. For each fit, a 

x2 
function is computed which estimates the goodness of the fit. The 

number of constraints in a fit depends on the number of measurable 

variables. I{ all the variables are measured, there are four constraints 

(one constraint for energy conservation and three constraints for mo·­

mentum conservation in each of three directions). For each variable 

(momentum, dip angle, azimuthal angle) which is not measured, one e­

quation of constraint is lost. Fits can be performed for l, 2, '3, or 4 con­

straints. In particular, V decays have three c'onstraints (the momen­

tum of the neutral particle cannot be measured). Interaction vertices 
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that have no m·issing neutral particle have four constraints. Those 

vertices that have one missing neutral particle (three missing variables, 

momentum, dip angle, and azimuthal angle of the neutral particle) have 

one constraint. Many annihilation events have two (or more) missing 

neutrals. No fit can be performed for these events, since six variables 

are missing. For such 'events, the so-called missing mass (MM) is 

calculated. The formula for missing mass is 

(MM)
2 

n 

= (E- L 
.i=l 

2 _,. 
E.) -(P-. 

1 

n 

L: 
1= 1 

_,. 2 
P.· ) 

1 

_,. 
where E and Pare the energy and momentum of the initial-state 

_,. 
particles, E. and p. are the energy and momentum of the ith final-

1 1 ' -

state particle, and n is the number ~f observed final-state particles. 

The missing mass is evaluated, in general, ·by using measured values 

of the variables. For a vertex with four constraints, the missing mass 

should be zero within errors. For a vertex with one constraint, the 

missing mass should be equal (within errors) to the mass of the miss­

ing neutral particle which was not observed. For vertices which have 

two or more missing neutral particles, the missing mass should be 

equal to or larger than the sum of the masses of the missing particles. 

Two vertices were fit in general for the events in this experi­

!Ilent. First, the observed K decay was fitted. If a satisfactory fit 

was obtained, a fit was then attempted on the annihilation vertex. In 
0 -0 the case of V decays, the fitted values on the K or K were pas sed 

along to the annihilation vertex. In the case of charged K decays 
+ -(K or K ), the measured values of. the variables were used in the 

annihilation vertex fit. This was done for three reasons. The K decay 

has a one-constraint fit for K 
2 

and K 
2 

decay. The fitted values of 
f.1 .lr. 

the variables and of the. errors for the charged K generally show no 

substantial improvement over the ~easured values. Most of the charged 

K's fit both Kf.1
2 

and KlT
2 

decay, but with different fitted momenta for 
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the K meson. Some K decays are three-body decays and cannot be 

fitted. The K+ and K fits were used only to identify the decay as that 

of a K meson . 

Fitting of the events was considered satisfactory, in general, 

when fits of the decay and annihilation vertices gave satisfactory x2 

values for one or more hypotheses. In the case of annihilation vertices 

having two or more missing neutrals, the 11 fit 11 was considered satis­

factory when the missing-mass calculation gave satisfactory values for 
2 

one or more hypotheses. In general, the X values were considered 

satisfactory when they were less than 15, 20, 25, and 30 for 1, 2, 3, 

and 4 constraints, respectively. The x2 
distributions obtained have a 

larger average than that expected. It was found that x2 
/3 had approx­

imately the correct distribution. This suggests that the quoted errors 

are too small by 3
1

/
2 

because of systematic effects. Since x2 
/3 has 

a x2 
distribution, it is felt that the analysis is reasonably unbiased. 

The distributions of x2 
/3 for KO decays (three degrees of freedom) and 

for some annihilation vertices (two-pronged events with a K 0 decay and 

a missing neutral --one degree of freedom) are given in Figs. 6 and 7. 

If the events did not give satisfactory fits, they were remeasured 

and reprocessed through PANG and KICK. Those events that failed to 

give satisfactory fits twice were examined by hand. The majority of 

these events were shown not to be annihilations into K mesons. The 

remaining few events were given special processing or were accepted 

with x2 
values slightly higher than usual. Those e'vents that did not lie 

in the fiducial volume were not remeasured in general. A total of ap­

proximately 1500 measurements were made on the 800 events chosen 

for measurement in order to obtain a disposition of all these events and 

to obtain satisfactory results for the final sample of 287 events. Most 

of the remeasurements were required for reasons other than the failure 

to fit some pp _.. KRnrr hypothesis. The reasons for these failures are 

too numerous to discuss here. 

Further processing of the events was done by the IBM 704 pro-
15 

gram called EXAMIN. The EXAMIN program consists basically of 
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Fig. 6 Comparison of (~/3) for K.l 0 decays (three constraints) 
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various FORTRAN language subroutines which calculate the various 

quantities of physical. interest desired by the experimenter. Specifi­

cally, the EXAMIN program checked for those events that occurred 

within the fiducial volume. For thes'e events,. several quantities were 

calculated from the fitted data for each satisfactory hypothesis. 

For each event, a weight (W) wa·s calculated. This weight is 

used to correct the observed events for the detection efficiency of that 

event. The weight is the inverse of the probability (P) that the particle 

will decay beyond a minimum length cutoff and before escaping from 

the fiducial volume. The weight is calculated from the formula 

l -T 1/T -T 2 jT 
W = P = e -e 

where T 
1 

is the proper time to the minimum length (L 
1

) cutoff, T 
2 

is 

the proper time to escape fiducial volume (equivalent to a length L
2

), 

and T is the lifetime of the particle. The times T. are calculated from 
1 

L. and the momentum, p , of the particle, 
1 

For neutral particles, we 

have 

T. = ML./pc, 
1 1 

where M is the mass of particle and c the velocity of light. For 

charged particles, energy lo·ss was also included in the time calculation 

JL· . . 
(T. = 

1 
dT., where dT. = MdL./pc and 

1 0 1 ~ 1 ' 1 . 
p varies according to the 

energy loss). 

The minimum cutoff length for V decays was chosen as 0.3cm. 

Those V's that decay before 0.3 c.xn from the point of production are 

often difficult to distinguish (during the scanning of the film) from the 

outgoing charged prongs of an annihilation event. The minimum cutoff 

length for the K+ or K meson decays (in flight) was chosen as 4.0 em. 

A reasonable measurement of the momentum of the K meson can be 

made for tracks that are longer than 4.0 em. No cutoff length was used 

for those K mesons that .came to rest in the chamber. The momenta of 

stopping K mesons were obtained from their range in the hydrogen. 
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For each annihilation vertex, the momentum and c. m. angle 

(relative to beam) of each particle, the cosine of the angle between all 

pairs of final particles, and the effective mass (M 12 ) of each pair of 

final-state particles were calculated in the ty-p c. m. sytem. The ef­

fective mass is given by the equation 

where E. and p. are the energy and momentum respectively, of the 
1 1 

i_th particle. Miscellaneous quantities of interest were also calculated 

(see below). 

In order to make histograms of the results of the calculations 

to compare with the predictions of the statistical model, these quan­

tities were punched into IBM cards. The appropriate cards for each 

event were then selected by hand sorting. The histograms were then 

constructed by use of a card sorter and the IBM 650 computer. 
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V. FURTHER ANALYSIS OF THE EVENTS 

After the analysis d~scribed above was completed, 287 events 

were found to be p-p annihilations into K mesons and pions. The dis­

position of these events and of the rejected events is given in Table III. 

Further information pertaining to the events was available. 

Identification of individua~ tracks as pions or K mesons is possible 

from bubble density (ionization), delta rays, and associated scatters 

or decays. Bubble density was used for identification only for an ion­

ization greater than twice minimum for the K mesons and less than 

twice minimum for the pions. Pions and K mesons with momenta be­

tween l 00 and 400 Mev/ c produce such an ionization. Bubble density 

was used only on those tracks that had a dip angle of less than 30 deg. 

Fifty-two tracks were identified by their ionization ( 13 as K mesons 

and 39 as pions). Six tracks were identified as pions by the use of delta 

rays (the delta rays were more energetic than could be produced by 

K mesons of the same momentum). Twenty-four tracks underwent 

subsequent scatterings. Fitting (by KICK) of these scatters identified 

11 as rr-p elastic scatters, one as a K-p elastic scatter, and 12 as un­

determinable (as ambiguous --fit both rr-p or K-p scattering- -or as 

unmeasurable or inelastic). Eleven tracks were identified as pions by 

means of associated 1Tf.1 or 1TIJ.e decays. In addition, 12 events were 

identified as having a missing neutral pion because of associated elec­

tron pairs or Dalitz pairs (10 '{-fays fr~m rr 0 decay converting to elec­

tron pairs and two Dalitz electron pairs from rr
0 

decay). In no case 

did any of this additional information conflict with the interpretation of 

the events resulting from the KICK fits. This information did reduce 

somewhat the number of ambiguous interpretations that resulted from 

the KICK fits. It must be noted here that the KICK program itself 

reJected certain hypotheses that reduced the number of ambiguous in­

terpretations. The KICK program checks that the potential range (from 

energy loss) of each particle is consistent with the observed length of 

that track. The potential range is obtained from the measured or fitted 

·• 
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momentum and the particle interpretation for the track. All mass inter­

pretations of a track are rejected that do not give a potential range 

greater than or equal to its observed length (within three standard de­

viations of the quoted errors). 

The next step of the analysis was the resolution of ambiguities 

between the various multiplicities of the final state for each event. In 

general, the errors on an event are such that if, for example, the event 

will fit with no missing neutral particle, it will also fit with one missing 

neutral. Likewise, events with two missing neutrals can fit one-miss­

ing-neutral hypotheses if the errors are large, or they will fit with a 

higher x2 
if the missing mass is not too large and the errors are small. 

In general, events which have one missing neutral will not fit hypotheses 

with no missing neutrals. Such events have, in general, missing mo­

mentum in each of three directions which cannot be equal to zero within 

the errors. Thus events that fit with no missing neutral most probably 

are correctly interpreted as having no missing neutral particles. All 

events which fit wi.th no missing neutral particles were assumed to have 

no missing neutrals. 

In order to resolve the ambiguities between the events with one 

and two missing neutral particles, ideograms of the square of the miss­

ing mass were constructed (the final ideograms are shown in Figs. 8 

through 12). This was done for all events which gave satisfactory fits 

with one missing neutral. The ideogram (for V events) showed a dis­

tribution peaked at the square of the mass of the rr
0 

(or K
0

) with a 

secondary distribution corresponding to a mass of 2rr 0 (or K 0 +rr
0

). 

Ideograms for events with K+ or K- decays had poorer resolution. A 
2 

dividing line in MM was chosen that s,eparated the one and two missing 

neutrals statistically. Missing-pion interpretations having MM
2 

values 

less than 0.070 (Bev/c
2

)
2 

(3.6mrr
2

) were accepted as having one missing 

rr
0

, and those with MM
2 

greater than 0.070 (Bev/c
2

)
2 

as having two (or 

more) missing neutral pions [MM
2 

for two pions is greater than 0.078 

(Bev/c
2

)
2
]. Those interpretations which require a missing K

0 
meson 

and which have MM
2 

greater than 0.15 and less than 0.35 (Bevjc
2

)
2 

were 



Table III. Disposition of strange-particle events. 

Type of event or disposition Number of events 

Good KRmr annihilations 

Improper events (A A, scatters, etc.) 

Film edit 

B -counter edit 

Secondary events (scatters prior to annihilation) 

Outside interaction volume 

Outside decay volume 

Electron pairs (instead of Y's) 

Failed beam averaging (incident momentum incorrect) 

Pion decays or rrp scatters on secondary tracks 

Pion interactions 

Beam decays 

Length cutoff (decays occur before the minimum length 

required) 

Total 

Good KK nrr annihilations 

with good EXAMIN output 

at 1.61 Bev/c 

at 1.99 Bev/c 

with V decays 

with charged K decays 

with two V decays 

with two charged K decays 

with one V and one charged K decay 
o. 

with leptonic K decay 

that are unmeasurable 

287 

62 

38 

66 

56 

123 

20 

29a 

13 

106 

59 

65 

48 

972 

264 

246 

41 

248 

65 

21 

2 

13 

9 

18 

ain general, this and subsegu~nt entries are events within the fiducial 

volume. 

,_., 
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accepted as having a missing KO (or RO). Those interpretations having 

MM
2 

greater than 0.35 (Bev/ch
2

were accepted as having a missing 

K O O ( -KO 0 ) Th . . K 0 . . h . MM 2 1 +TI or +TI . ose m1ss1ng 1nterpretat1ons av1ng . ess 
. 2 2 

than 0.15 (Bev/c ,) were discarded. All such events had acceptable 

interpretations which requi;red one or two missing neutral pions. 
2 

Ideograms of MM (for V events) are given in Figs. 8 through 

12 for events having no missing neutral, one missing 1T 
0

, one missing 

K
0 

.(or R0
), and more than one missing neutral. The distribution pre­

dicted by phase space is shown for events having two missing neutrals. 

It is to be noted that only a small fraction of events with three missing 

t 1 . . . d' d A 1 f . f . · K 0 2 O · h neu ra p1ons 1s 1n 1cate . . . arge ractlon o m1ss1ng 1T 1S s own 

in Fig. 12. This large fraction comes from the 17 V zero-prong events 

in which only one particle is seen (the K
0

). 

Of the 264 events having fitted data (the other 23 events are un-
O 

measurable or have leptonic decays of K --see Table III), 131 events 

fit only one interpretation, 80 fit two interpretations, 51 fit three inter­

pretations, and two fit four interpretations. Most of the 51 events that 

fit three interpretations are events with two missing neutral particles. 

The ambiguities that remain are mainly ambiguities as to which particle 

is the second K meson. Only a few events are ambiguous as to the total 

number of particles in the final state (for example, four-body or five­

body final state). 

The data were examined next for possible biases. The sample 

of events was found to be reasonably free of biases. For the largest 

class of events [two-pronged events wi~h associated K
0 

(or R 0
)decays], 

the distribution in angle (around the direction of the beam) of the plane 

defined by the beam direction and an outgoing track was investigated .. 

This distribution should be isotropic in the angle. The angles ¢ +, ¢ _, 

and ¢
0

, respectively, for the positive track, negative track and the 

neutral K meson are isotropically distributed (see Table IV). The spa­

tial distribution of all events along the beam direction was also investi­

gated. The large p-p total cross section and the large size of the 72-in. 

bubble chamber give a 33% attenuation of the beam as it passes through 
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the fiducial volume of the chamber. The distribution of events along 

the beam is consistent with this attenuation (see Table V). 

The distributi~n of decay times for the K
0 

(or R0
) is exponentially 

distributed (see Table VI). A maximum likelihood solution for the 

225 K 1° decays observ~d (which used a 0.3~cm minimum length cutoff) 

gives a lifetime of (0.85± 0.10)X1o-
10 

sec, which agrees with the cur-
-10 . 16 

rent value of ( 1. 00 ± . 04) X 10 sec from other expenments. The 

distribution of decay times of the K+ or K-, which decay in flight, ap­

pears flat except for a decrease at long times. This decrease is due 

to the size of the chamber. The distribution of K+ or K- decay times 

divided by their potential times (to escape the chamoer) is essentially 

flat (see Table VII). This is expected on the basis of the long lifetime 

of charged K mesons (l.22X10-S sec). 
16 

(The probability of decay in 

flight of charged K mesons within the fiducial volume is ~ 5o/o in this ex­

periment.) Of the 52 events with K+ or K- decays (or interactions),. 

22 decay in flight and 30 come to rest or would have come to rest in the 

chamber. The K that come to rest produce sigmas or lambdas ' 

(K + p-:E(i\.)+n). 

For the K+ or K decay events, the angle of decay was plotted 

versus the momentum of the K meson (see Fig. 13). Two of the curves 

shown are the scattering angle versus momentum for lT +p scatters 

which yield 0.3 em and 1. 0 em proton recoils. Those events (at low 

momentum) that fall below these curves have been identified as K mesons 

by their decays or interactions, or by their ionization. The other two 

curves are the maximum angle of the 1-1 or n meson from K 
2 

or K 
2 . 1-1 lT 

decay, respectively, versus the momentum of the K meson. All of 
+ -these events are definite K or K decays. It is to be noted that all of 

the decays have an angle of decay greater than 10 deg and less than 

160 deg. A correction (estimated to be 8o/o averaged over all of the 

decays) must be made for those (unobserved) events whose angle of 

decay is not within these limits . 
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The scanning efficiencies were ,determined from those rolls of 

film that had been scanned twice. Effective scanning efficiencies (which 

are averages over the singly. and. doubly sca,nned film) were calculated. 

All events found in the first and SE;cond scans were used .. The scanning 

efficiencies are summarized in Table VI!I. 
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Table IV. Distribution in angle (about the beam) of the planes containing the positive, 

negative, or neutral K-rneson and the beam track(<\>+' q._, and q. 0 respectively). The 

angle of zero degrees corresponds to the top of chamber. Numbers of events are given. 

Angle 0-45 45-90 9 0-13 5 135-180 180-225 225-270 270-315 315-360 (de g) 

<P+ 22 19 21 20 22 18 15 16 

<P 18 13 18 21 25 20 18 20 

<Po 21 23 20 15 22 13 18 21 

Total 
<P 61 55 59 56 69 51 51 57 

Table V. Number of events in each zone along the beam direction compared with the 

theoretical attenuation for a total cross section of 96 rnb. Each zone haS a 15-crn 

path length. 

Zone 2 3 4 5 6 7 8 1-4 5-8 

Number 42 44 36 35 42 34 22 32 157 130 
Fractions (0.15 (0.15 (0 .13 (0.12 (0.15 (0.12 (0.08 ( 0.11 (0.55 (0.45 
of events 

± .02) ± .02) ± .02) ± .02) ± .02) ±.02) ± .02) ± .02) ± .04) ±.04) 

Theoretical 
fractions 0.148 0.141 0.134 0.128 0.121 0.115 0.110 0.103 0.551 0.449 

Table VI. Observed distribution of K 0 decay times compared with the expected 

exponential distribution for a lifetime of l.OOX Io- 10 sec. (Minimum length cutoff 

L 1 is 0.3 ern) 

Pro2er time 
(Jo- 10 sec) 0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 > 3.0 

Number of 
events 95 62 31 20 7 4 6 

Fractions of 
events 0.42±.05 0.27±.04 0.14±. 03 0.09±.02 0.03±.01 0.02±.01 0.03±.01 

Theoretical 
fraction 0.394 0.239 0.!45 0.097 0.053 0.032 0.050 

Table VII. (Proper time/potential time) distribution for K± events that decay in 

flight. (Minimum length cutoff LJ is 4.0 ern). 

t/T 0-0.25 0.25-0.5 0.5-0.75 0.75-1.0 

Number of events 4 7 6 5 
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Fig. 13. Laboratory decay angle 8K or 8Krr versus the lab-
. oratory momentum of the K+ and ~- mesons _observed to decay 

in the bubble chamber. Two curves are shown, representing 
angle versus momentum for 1r+p scatters which have 0.3-cm 
anq LO-cm proton recoils. The other two curves show_ the 
maximum angle of the muon or pion from K IJ-2 or K1r2 decay. 
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Momentum 
(Bev/c) 

Both 

Both 

Both 

Both 

Both 

Both 

1.61 

1.99 

1.61 

1. 99 

Event 
type 
--
v 
v 
v 
K± 

K± 

K± 

v 
v 
K± 

K± 

Table VIII. Summary of scanning efficiencies. 

Scanner (i) Efficiency Fraction (f) of 
E. film scanned twice 

1 

1 0.93± 0.02 

2 0.91±0.02 

1+2 0.994 

1 0.87± 0.07 

2 0. 73± 0.09 

1+2 0.970 

0.72 

0.53 

0. 72 

0.53 

aThe effective scanning efficiency is given by E eff = f E 
1

+
2 

+ ( 1-f) E 
1

. 

Effective scanning 
efficiency, E eff· a 

0.98± 0.01 

0.97± 0.01 
I 

0.92± 0.02 ~ 
...... 
I 

0.90±0.04 
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VI. RESULTS AND DISCUSSION . 

In any analysis of data, significant results can only be obtained 

from a sample that is sufficiently free of biases. In this experiment, 

all but the few unmeasurable events have been used. The 6o/o of the 

events not used in the construction of the various histograms are un--' 

measurable for reasons other than those that would introduce a bias. 

Some events have short tracks {negative tracks interact in flight yield­

ing no charged secondaries) whose momentum is undeterminable. Some 

occur under the thermocouple (attached to the top glass of the chamber 

in this experiment) which monitored the temperature of the chamber 

while it was in op~;ration. The unmeasurable events are accounted for 

in the calculations of multiplicities and cross sections. The unmeasur­

able events have little effect on the various histograms. 

To utilize the data from all of the events for the construction of 

the histograms, we must clevis e a procedure that takes account of the 

ambiguities in the interpretation of the events. By means ofthe·,adopted 
' 

procedure, which is described below, each event contribut~s to all of 

the hypotheses that it fits, in a manner such that it contributes as one 

event when summed over all hypotheses. 
·' 

It was decided to assign equal weights to each satisfactory hy-

pothesis of ar:t event·. Each event had a weight W (calculated from the 

detection probability of the event as explained above). Each hypothesis 

was then given a weight W /N,; where N is the number of satisfactory hy"'< 

potheses for that event. The weight W for each event had been punched 
. . 

into the output cards by the EXAMIN program.-The number of hypotheses 

N was punched in by hand. The histograms were made by sorting the 

cards into the desired intervals on the ca~d sorter. The IBM 650 com­

puter calculated the number of counts in each of these intervals. The 

number of counts (~) was calculated by means of the equation, 

~ = L ( w /N) ± (, ~ ( w 2 /N)) l I 2 ,. 
i i. . 

where L indicates the sum over the events. The error formula was 
i 

-·~ 
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chosen to give the correct behavior when all hypotheses of all events 

were counted. In that case, the error should be equal to the average 

weight multiplied by the square root of the number of events. 

Equal weighting among hypotheses of an event is a reasonable 

procedure. Examination of the ambiguities existing in the sample of 

events shows that the various combinations that occur are equally dis­

tributed. A statistical model isotopic-sp.in analysis (see AppendixA) 

for the three-, four-, and five- body annihilations into KRrr, KK2TI, and 

KK 3TI, respectively, was applied to the V 2P events. This analysis 

shows that V2P events for the five-body final state most probably have 

a missing K
0+TI 0 It also shows that various states for the three~ and 

four-body final state are equally likely. 

Those V2P events that have two missing neutral particles are 

generally ambiguous among three hypotheses. Histograms of various 

spectra for these five-body annihilations were run with both the normal 

equal weighting among hypotheses and also with unequal weighting. The 

two spectra were es senti ally the same. The only variable which is 

strongly affected by the weighting among hypotheses is the counting of 
0 - -0 + 0-0 

the numbers of K K , K K , and K K pairs. The counting of these 

numbers gives back the assumed weighting ratios that were used, as is 

to be expected. The various KR charge states cannot be counted by this 

procedure. 

Some final comments should be made regarding this weighting 

procedure. Even with a priori knowledge about the true distribution 

of the ambiguities and hypotheses, it is practically impossible to cal­

culate the distribution to be observed. The constraints placed on the 

problem by the fitting procedure and by the additional information uti­

lized on each event (range versus length, ionization, associated scat­

ters, delta rays, electron pai'rs, etc., discussed above) are exceed­

ingly difficult to evaluate. In any case, each event is, in reality, unique. 

Thus any weighting procedure introduces misinterpretations. The degree 

of misinterpretation depends on the data being observed, and the number 
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of ambiguities that exist. In the case of the momentum spectra of the 

observed K
0 

meson, the misinterpretations have a· negligible effect. 

The K
0 

meson (being well known in the laboratory from the fitting by 

KICK of its decay) has essentially the same momentum and angle in each 

hypothesis that fits satisfactorily. In the case of the momentum spectra 

of the other particles in the annihilation, the misinterpretations are not 

negligible. Although the fitted laboratory momenta and angles are, in 

general, not much different in the various hypotheses, the assignment 

of different masses (1T or K) to the tracks greatly affects the Lorentz 

transformation to the c.~· system. 

In the present experiment, the misinterpretations must be less 

than -soo/oin any case (131 events out of 264 fit, with only one hypothesis). 

The misinterpretations are less than 50%, since one of the hypotheses 

of the ambiguous events is correct. The misinterpretations will be 

negligible for the momentum spectra and c. m. angular distr~bution 

(relative to the beam direction) of the K meson observed to decay. The 

estimated degree of misinterpretation will be of the order of 15% for 

those spectra involving an observed K meson and a second particle 

(inferred 1T or K). It will be of the order of 30%for spectra involving 

inferred particles only. It is possible though not expected that the,mis­

interpretations can produce spurious effects. General~ y, it is expected 

that the misinterpretations will obscure (somewhat) true effects. True 

effects that are sufficiently strong will be expected to be seen in spite 

, of the misinterpretations. In any case, the reader is cautioned tore­

member the problem of misinterpretations in evaluating the results. 

The average decay probabilities for KKn1T events produced at 

these energies had been calculated a priori on.the basis df phase-space 

distributions. The calculation was performed by the IBM 7 04/7 09 

program CHAMBER described in Appendix B. Some of the results of 

this program are summarized in Table IX. For events with observed 

K
0 

decays, the weights calculated for each event by the EXAMIN pro­

gram and by the CHAMBER program are small. These weights differ 

little from the average weight (averaged over all orientations in the 



KKnrr 
final 
state 

Table IX. Average decay probabilities calculated by the CHAMBER 
program at 1. 61 Bev /c. The decay branching ratios are not included. 

Probability of observing 
decay of at least one r:neson 

Probability of observing 
decay of both K mesons 

K 0 
1 

K U 
2 

K+ K K 0:K ° K OK+ K OK- K °K ° K+K-
.1 1 1 1 12 

-

F~ur body 0.900 0.011 0.044 0.044 0.810 0.040 0.039 0.010 0.0020 

· Five body 0.894 0.013 0.053 0.053 0. 799 0.047 0.046 0.012 0.0029 

Six body· 0.89 0 0.015 0.061 0. 061 0. 790 0.054 0.053 0.014 0.0037 I 

*"" \J1 
I 
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chamber) which corresponds to the particular configuration of these 

events in the c. m. system; The error in the calculated weight is small 

for these events. The error in the number of counts N (as calculated 

above) for V events is not appreciably affected. However, this is not 
+ -true for those events with K or K decays. The probability for decay 

in the chamber is small (Table. IX) and is strongly dependent on the . . 

orientation of a given event in the chamber. The weights calculated for 

the actual events vary fr.om one to 55 (the weight is the inverse of the 

probability). The average weights (as calculated by the CH;AMBER 

program) vary from 12 to ,25 for various angles of the K meson in the 

c. m. system. Thus the weight for each event as calculated by the 

EXAMIN program varies widely from the average for the event. Those 

histograms that were constructed with the weights calculated by EXAMIN 

were poor fits to the predictions of phase space. · The fits were poor 

because the errors on the number of counts (~I) in each interval (calcu­

lated as described above) do not take account,of the errors on the weights. 

The histograms were rerun using the average weights calculated by the 
. + -

CHAMBER program for the 22 events with K-- or K mesons that decayed 

in flight. The weight assigned each event was the average weight appro­

priate to the actual c. m. angle of the K meson that was observed to 

decay in the chamber. The histograms shown below are those construc­

ted by using these average weights. 

The observed average multiplicity in KKnrr annihilations at 1.61 

Bev/c is 4.4±0.1(2K+2.4± 0.1TI) and at 1.99 Bev/cis 

4.6±0.2 (2K+2.6± 0.2TI) .. The.total energy in the c.m system is 2.29 Bev 

at 1.61 Bev/c and 2.43 Bev at 1.99 Bev/c, which corresponds to a total 

mass of (KK+ 9TI) and (KK+ lOTI) at each momentum, respectively. The 

multiplicity distribution apd the data from' whi.ch it was obtained are 

given in Tables X and XI. , The fraction of the annihilation cross section 

that yields KR pairs is (10.3± 1.1)o/oat 1.61 Bev/c and (13± 3)o/oat 1.99 

Bev/c (see Table X). The calculations are summarized in Table XI. 

The charged-prong distribution of· KKnTI annihilation events is summa­

rized in Table XII. The errors given represent the uncertainties in 
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Table X. Summary of the experimental observations for KRmr final 
states ·.in p-p annihilation. 

Momentum 

Multiplicity distribution 

KR 

KKTI 

KK2TI 

KK31T 

KK41T 

Average multiplicity ( 2 K 

mesons + pions) 

Charged-prong distribution 

Zero prong 

Two prongs 

Four prongs 

Six prongs 

1.61 Bev/c 

0+o.oo4 
-0 

0.14±0.03 

0.37± 0.05 

0.42±0.05 

0.07± 0.02 

0
+o. oo4 
-0 

4.4±0.1 

0.04± 0. 01 

0.66± 0.07 

0.30±0.06 

o+0.01 
-0 

1.99 Bev/c 

0+0.02 
-0 

0.05±0.03 

0.41±0.17 

0.45±0.17 

0.09± 0. 09 

0+0.02 
-0 

4.6± 0.2 

0.06± 0.02 

0.62± 0.23 

0.32± 0.21 

0+0.01 
-0 

Fraction of annihilation 
yielding KKnTI final states. a 0.103± 0.011 0.13±0.03 

a 
Calculated from the estimated number of events given in Table XI and 

the fraction of the visible interactions which are annihilations. This 

fraction is 0.55 (from 51 mb of annihilation and 93mb of total cross 

section as corrected for unobserved small angle scatters) at 1.61 Bev/c 

and is assumed to be the same at 1.99 Bev/c. The number of inter­

actions is given in Table II. Corrections have also been made for the 

unmeasurable events (~6%) and for off-momentum tracks (~2%) in the 

counting of the number of interactions. 
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Table XI. Data for the average multiplicity and the multiplicity distribution 

1.61 Bev/c 
final state KR 

Observed number 0 
of K+ or K- events a 

Estimated number 0 
of K+ or K- eventsb 

Observed number 
of V eventsc 

Estimated number 
of V eventsd 

Estimated tmmber 
of KRnrr events at 
1.61 Bev/ce 

Estimated number 
of KRnrr events at 1.99 
Bev/cf 

KRrr KK2rr KK3rr KK4rr KK5rr 

86±36 154±47 217±52 25±20 0 

101±43 182± 55 257± 62 30± 24 0 

6.5±3 (VOP) 6.5±3 (VOP) 77±10 17±5 
18± 5 (V2P) 80± 10 (V2P) 

60±15 236± 31 212± 31 4 7 ± 15 

107±25 279± 35 313±40 51± 18 

7±4 58± 24 65±24 "12±12 

aCorrected for escape probability, but not for scanning efficiencies and small 

angle decays. All of the K meson decays (KtJ-2 , Krr 2 ' and three-body) were used 

so that no branching-ratio corrections need to be applied. 

bCorrected for scanning efficiencies and small-angle decays also. 

cCorrected for escape probability, but not for scanning efficiencies and branch­

ing ratios: 

dCorrected for scanning efficiencies and branching ratiQS also. The branching­

ratio corrections are ~ultiplicative factors of 3.0 for the K±KOrr+, 2.25for 

K~0nrr 0 , and 2.7±0.1 for KK2rr,•KK3rr, and KK4rr. (The value 2.7±0.1 is an 
-0 + 0 - 0-0 

estimated average of 3.0 for K K and K K , and of 2.25 for K K by means 

of the statistical model and by considerations of those events with two K
0 

decays observed. ) 
e - 0-0 +-0 0 -

The V events have the KK charge states K K , K K , and K K The K+ and 
- + - +-o o -K events have KK charge states K K , K K , and K K In general, the 

statistical model predicts approximately equal splitting among these charge 

states. Consideration of double-V decay events and the splitting of hypotheses 

among events confirms this prediction. Thus, the estimated number of events 

is two-thirds of the sutri of the estimated number of V events and the estimated 

number. of K+ or K- events. 

£Compiled in a manner similar to the 1.61 Bev/c data. 
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Table XII. Data for the charged-prong distribution 

No. of prongs Zero prongs Two prongs Four prongs Six prongs 

Estimated number of 
0+3 events at 1.61 Bev/c 29± 7 499±53 222±40 

-0 

Estimated number of 
0+3 events at 1.99 Bev/c 9±3 89± 33 44± 30 
-0 

(a) the branching-ratio corrections, (b) the measured cross sections, 

(c) the scanning efficiencies, and (d) the statistical uncertainties on the 

numbers of events. No events were observed to be annihilations into 

four K mesons (KKKKn1T). 

The spectra observed are shown in histogram form in Figs. 14 

through 65 inclusive. The (normalized) predictions of phase space are 

shown also. The Fermi statistical model and phase-space calculations 

are discus sed in Appendix C. The calculations were performed using 
17 

the Lorentz-invariant phase space discussed by Srivastava and Sudarshan 
8 

and by others. The center-of-mass angular distributions (relative to 

beam direction) are compared with isotropic distributions (horizontal 

lines). For histograms that sum over various final- state multiplicities, 

the predicted curve is the sum of the fractions from each multiplicity as 

determined from the data. The ordinate on the graphs gives the effec­

tive number of counts in each interval. The histograms combine the 

1.61 and 1.99 Bev/c results. 

Figures 14 through 17 show the momenta and c. m. angular dis­

tributions for the K
0 

(or R. 0
) mesons that were observed to decay. 

Figures 18 and 19 show the same distributions for the inferred K mesons 

(for V events). Figures 20 and 21 show the same distributions for the 

observed and inferred K mesons 'for K+ or K events~. Figures 22 

through 25 and Figs 26 through 29 show the momentum spectra and 

angular distributions respectively for both observed ~nd inferred K 

mesons (for V events) according to their multiplicity (three-, four-, 
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Fig. 14. Center-of-mass momentum spectrum of the KO (orR 0) 
mesons observed todecay in the chamber. 
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Fig. 15. Center -of-mass angular distribution of the observed 
KO (or RO) mesons. 
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Fig.16. Momentum distribution of observed KO (or R 0 ) mesons 
in the four-body final state. 
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Fig. 17. Momentum distribution of observed KO (or RO) mesons 
in the five-body final state. 
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Fig. 18 .. Momentum spectrum of the inferred K mesons (for 
V events). 
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Fig. 19. Angular distribution cos 8t<_ of the inferred K mesons 

(for V events). 
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Fig. 20. Momentum spectrum of K mesons from K+ and K- events. 
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Fig. 21. Angular distribution of K mesons from K+ and K- events. 
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Fig. 22. Distribution of PK (for V events) in the three-body final 
state. 
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Fig. 23. Distribution of PK (for V events) in the four-body final 
state. 
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Fig. 24. Distribution of PK (for V events) in the five-body final 
state. 

.. 



" 

(/) 
+-
c: 
:::3 
0 
0 

Q) 

> 
+-
0 
Q) 

'+-
'+-w 

10 

-61-

0:4 0.6 
(Bev/c} 

0.8 

MU-23190 

Fig. 25. Distribution of PK (for V events) in the six-body final 
state. 
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Fig. 26. Distribution of cos eK (for V events) in the three-body 
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Fig. 27. Distribution of cos~ (for V events) in the four-body 
final state. 
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Fig. 29. Distribution of cos eK (for V events) in the six-body 
final state. 
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Fig. 30. Center-of-mass momentum spectrum of the. inferred 
pions for V events. 
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.Fig. 31. Center -of-mass angular distribution (relative to 
the beam direction) of the inferred pions for V events. 
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Fig. 32. Distribution of P1T forK+ and K- events. 
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Fig. 33. Distribution of cos en for K+ and K- events. 
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Fig. 34. Distribution of Prr (for V events) in the three-body 
final state. 
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Fig. 35. Distribution of cos Brr (for V events) in the three­
body final state. 
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Fig. 36. Distribution of P1T (for V events) in the four-body 
final state. · 
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Fig. 37. Distribution of cos BTT (for V events) in the four­
body final state. 
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Fig. 38. Distribution of Pn (for V events) in the five..:body 
final state. 
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Fig. 39. Distribution of cos e'Tl' (for V events) in the five­
body final state. 
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Fig. 40. Distribution of P1T (for V events) in the six-body 
final state. 
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Fig. 41. Distribution of cos err (for V events) in the six-body 
final state. 



-78-

(/) -c: 
~ 
0 
0 

Q) 
50 

> -0 
Q) 
~ 
~ 

w 

~I +I 

MU-23207 

Fig. 42. Angular distributio'n between KK pairs (cos eKR) in 
the center-of-mass system (for V events). 
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Fig. 43. Distribution of cos Br<.lT (or KlT) for V events. 
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Fig. 45. Distribution of cos ~R for K+ and K- events. 
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Fig. 46. Distribution of cos eK'IT (or K'IT) forK+ and K- events. 
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Fig. 47. Distribution of cos elTlT forK~ and K- events. 
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Fig. 48. Distribution in mass of KRpairs (MKK) for V events. 
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+ Fig. 49. Distribution in mass of KK pairs (MK~ for K 
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Fig. 50. Distribution of MKK (for V events) for the three­
body final state. 
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Fig. 51. Distribution of MKK (for V events} for the four­
body final state. 
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Fig. 52. Distribution of MKK (for V events) for the five­
body final state. 
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Fig. 53. Distribution of MKK (for V events) for the six­
body final state. 
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Fig. 54. Distribution of MK1T for the observed KO (or R 0
) 

and all charge states of the pion. 
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Fig. 55. Distribution of MKrr for KO (or R 0) and iT-. 
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Fig. 56. Distribution of MK1T for K 0 (orR 0 ) and 1T+. 
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Fig. 57. Distribution of MKrr for KO (or R 0 ) and rrO. 
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Fig. 58. Distribution of MK1T for the inferred K+ or K­
(in V events) with all charge states of the pion. 
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Fig. 59. Distribution of MK1T for K+ and K- events . 

.. 



20~------~-----------------

f/) 
+-
~ 
~ 
0 
0 

Q) 10 
> 
+-
0 
Q) 

'to-
'to-
w 

o~~~----~------~~~--~~ 

0.6 1.0 1.4 1.8 

MU-23225 

Fig. 60. Distribution of MKlT (for V events) for the three-
body final state. · 
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Fig. 61. Distribution of MK1T (for V events) for the four­
body final state. 
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Fig. 62. Distribution of MKlT (for V events) for the five body 
final state. 
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Fig. 63. Distribution of MKrr (for V events) for the six-body 
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Fig. 64. Dalitz plot of TK
1 

versus TK
2 

(folded) for KKrr 
annihilations (T is kinet1c energy). 
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five-, or six-body final states). The momentum distributions are seen 

to be consistent with phase space, and the a·ngular distributions are 

consistent with isotropy. However, the angular distributions of K 
+ mesons for the K or K events fit poorly. 

Figures 30 through 41 show the momenta and center-of-mass 

angles for the inferred pions. The momentum spectra are in agreement 

with the predictions of phase space. The angular distributions are con­

sistent (although poorly in Fig. 31) with isotropy., Figures 31 and 37 

show that a nonisotropic c. m. angular distribution for the pions is pref­

erable. Figures 42 through 47 show the distribution in the cosi·ne of the 

angle between KR, KTI (or KTI), and 1T1T pairs. These distributions are 

consistent with phase space. 

Figures 48 through 53 show the distribution in the mass of the 

KK pair. These distributions also agree with phase space. Figures 

54 through 63 show the dist:dbution in the mass of the KTI (or KTI) pairs. 

A difference is noted between the data and the phase- space predictions. 

The departure from the phase- space predictions is not very substantial 

statistically when averaged over the total range of distribution. In view 

of the recent discovery of a resonance in the KTI system, 
10 

the deviations 

seen are much more significant. The mass of the resonant (KTI) system 

is 0.883 Bev/c
2 

with a (narrow) full width at half maximum of 0.015 

Bev/c
2

. Figures 54 through 59 show a peak in the 0.85 to 0.90 Bev/c
2 

interval, consistent with· such a resonance. In fact all the KTI mass 

distributions are consistent with deviations from phase space because 

of such a resonance. A crude estimate of the number of calculated KTI 

pairs that are in resonance is (5±2.5)%. This is the fraction of the dis­

tribution that lies above the phase-space distribution in the 0.85 to 0.90 

Bev/c
2 

interval in Fig. 54. Further discussion of the (KTI) mass dis­

tributions is given below. 

Finally, the events that fit annihilation into KKTI only were plot­

ted on Dalitz plots. Figures 64 and 65 show plots of TK
1 

versus TK2 
(folded, so that TK

1 
is less than or equal to TK

2
) and of TK(or K) versus 

T respectively. '(T is kinetic energy.) The density of points is con-
1T 

sistent with a uniform density, which is predicted by phase space. 

.. 

.• 
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VII. CONCLUSIONS 

Multiplicities and Multiplicity Distributions 

The charged-prong multiplicites for all pion annl.hilation in this 

experiment agree well with a Fermi statistical model that uses a volume 
3 QTI = (5.6± 0.6)!:2

0 
= (1.78± 0.07) n

0
. The transition from charged-prong 

multiplicities (which are directly observed) to final- state multiplicities 

was made by using Pais' tabulation of the charge states of n pions in a 

statistical model. 
18 

This value of Q predicts multiplicities for KRnn 
TI 

states of 4.6±0.1 at 1.61 Bev/c and 4.8±0.1 at 1.99 Bev/c, in this ex-

periment which agrees with the results given above (4.4±0.1 and 4.6±0.2, 

respectively). If we assume Q to be independent of energy, this pre~ 
TI 

diets a multiplicity for KKnn states of 4. 2± 0.1 at 1. 05 Bev / c, which 

agrees with the result of Goldhaber et al. of 4.4± 0.5 and a multiplicity 

for KKnn states of 3 .8± 0.1 for antiprotons at rest. The multiplicity 

distribution and charged-prong distribution for KRnn annihilations also 

agree with the predictions of the Fermi statistical model. The results 

are summarized in Tables X through XIII. 

No two-body annihilations were observed in this sample. How­

ever, 11 two-prong events (in a larger sample) are candidates for anni­

hilation into K+K- only. Approximately two-thirds of these events cor­

respond to the number of interactions within the fiducial volume of this 

experiment. This number (approximately seven) of K+K- two-body 

annihilations is in fair agreement with the predictions of the statistical 
+- d 0-0 model (-2 K K an -2'K K ) . 

Fraction of Annihilation Yielding KRnn 

A volume QK = (0.66±0.08)n0 = (0.87±0.03)
3 n

0 
forK mesons is 

required to give the observed fraction (0.103±0.011) of annihilations 

leading to KR pairs at 1.61 Bev/c. The value of rlK/nTI = 0.12 is in 

agreement with that found by Goldhaber et al. (rlK/rlTI ':: 0.10 to 0.12). 

This ratio, !:lK/!:2 n' is not in agreement with the expectation that 

rloK = 4n /3( 1tK)
3 

which predicts a ratio n0K /non= (mTI/mK)
3 

= 0. 022. 
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Table XEI. Summary of the predictions of the Fermi statistical model 
for KKnrr final states in p-p annihilaticn. a 

AntipJ;oton momentum 
(Bev/c) At rest 

Average multiplicity 
( 2 K mesons + pions) 3.8± .1 

Multiplicity distribution (%) 

KR 2 

KRrr 32 

KK2rr 53 

KK3rr 12 

KR4rr 1 

KR5rr 0 

Charged-prong distribution (%) 

Zero prong 

Two prong 

Four prong 

Six prong 

Fraction of annihilation 

1.05 

4. 2± .1 

'1 

17 

49 

29 

3 

1 

1 .61 

4.6± .1 

0.3± .1 

9± 2 

39± 3 

39± 2 

10± 2 

3± 2 

7±1 

56± 3 

36±2 

1± 1 

1.99 

4.8± .l 

0.2± .1 

6± 2 

32± 2 

43± 3 

14± 3 

5± 3 

5± 1 

53± 3 

40±2 

2± l' 

yielding KKnrr 0.057± .006 0.082± .008 0.103± .011 O.ll5± .012. 

aThe predictions are based on a volume for the pions n =(5.6±0.6)n
0

= 
3 . 1T 

(1.78±0.07)~~0 and a volume for the K mesons OK=(0.66±0.08)n0 = 

(0.87± 0.03) n
0

. The pion volume is that required to fit annihilation into 

pions only. The K-meson volume is that required to give the observed 

fraction of KKnrr in annihilation at 1.61 Bev/c: 

.. 
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This volume nK = 0.66n
0 

predicts that the fraction of annihilations 

yielding KKpairs at 1.99 Bev/c is 0.115±0.012, at 1.05 Bev/c is 

0.082± 0.008, and at rest is 0.057± 0.006. These values are in agree­

ment with the value of 0.13±0.03 observed at 1.99 Bev/c, 0.08±0.02 

observed at 1.05 Bev/c, and 0.04± 0.01 observed at rest. The results 

are summarized in Tables X and XIII. 

No annihilations into four K mesons (KRKRmr) were observed. 

This indicates an upper limit of approximately 3o/o (as compared to an­

nihilation yielding KKnrr). The statistical model predicts this cross 

section to be approximately 0.5o/oof the KKnrr cross section. 

Momentum Spectra and Angular Distributions 

Although many angular momentum states are present in the anti­

proton-proton initial state at these energies, tl,lOSt of the center-of mass 

angular distributions (relative to the beam direction) are relatively con-

s is tent with isotropy. However, deviations from isot-ropy - are observed 

in the pion angular distributions (Figs. 31 and 37) and some K meson 

distributions (Fig .. 21 for example). These deviations indicate that 

higher angular momentum waves ~than s- wave are contributing to the 

annihilation process. This is not unexpected. All momentum spectra 

and angular distributions between pairs are consistent with phase space 

predictions for all of the final state multiplicities observed (three-, four-, 

five-, and six-body final states). 

Distribution in the Mass of KR and Krr (or Rrr) Pairs 

The mass distributions of the KR pair are consistent with phase 

space. Any possible KR interaction did not manifest itself here. 

The mass distributions of the Krr and Rrr pairs however do show 
~ -* 10 the effect of the recentli discovered Krr (K ) resonance. The data 

on the Rrr resonance favors its interpretation as an I= l/2 resonance 
-~c- -~cO - -0 10 

consisting of K and K states (analagous to the K and K doublet). 
,,, 

The R''' decays via the strong interactions which conserve isotopic spin. 



The decay modes are 

and 

-l 06-

'-0 -
-~.c- K 1T K __. 

,,, 

Charge-conjugation invariance (or CPT invarl.ance) predicts a K.,, with 

decay modes 

and 

The n1i3.SE?. distributions observed in this experiment are consistent with 
->!< >!< 0--0-

both K and K resonances (specifically the K 1T /K 1T distribution 

shown in Fig. 55 .and the K
0 

1T + jR0 1T + distribution shown in Fig. 56), A 

crude estimate of the number of calculated KTr (or KTr) pairs that are m 

resonance was given above as ( 5 ± 2. 5) o/o. Each event contributed ap­

proximately three calculated K
0

1T pairs (on the average). (For an av­

erage multiplicity of 4.4, there are 2(4.4-2) = 4.8 KTr pairs on the average. 
+ -

Some of these pairs are K 1T or K 1T, ) 
:::~ -~( 

Detailed calculations of the effect of the K (or K ) resonance on 

KKrl1T annihilations cannot be performed without knowledge of the spin, 

isotopic spin, and parity of the K* (orR>!<). Such calculations should 

account for the effects ofBose-Einstein statistics for the pions (the K 

and R are distinguishable particles) and angular -momentum conservation 

in addition to the K1T (or K1T) resonance and possible 1T1T resonances. 

Such calculations are exceedingly complicated and are beyond the scope 

of this paper. 
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APPENDICES 

A. Isotopic-Spin Analysis of KR n'TT States 

All final states are equally weighted in the statistical model. 

The number of final states is the product of the number of spin states, 

the number of isotopic spin states, and the number of states in mo­

mentum space. The calculation of the momentum- space integrals is 

explained in Appendix C. Conservation of angular rriomen~um is not 

generally considered in statistical-model calculations. There is only 

one spin state for spinles s particles (the K, R, and 1T mesons are spin­

less). Neglecting mass differences between charged and neutral K 

mesons and charged and neutral pions, the momentum integrals are 

identical for all KKn'TT final states that have a definite n. The statistical 

model predicts the branching ratios into the various charge configurations 
+-0 - 0 

(for example, K K , K K , etc.) to be the sum of the squares of the 

Clebsch-Gordon coefficients of the appropriate isotopic-spin wave func­

tions. This is the result of the statistical model assumption of equal 

incoherent amplitudes to all final states. 

The isotopic-'spin wave functions were derived for KK'TT, KKZTI, 

and KR 3:rr final states. The derivation was made from first principles, 

using the notion of a lowering operator and the condition of orthogonality. 

The wave functions are listed only for the KR and KK'TT states (a complete 

table requires more space than can b~ allotted here). The wave func­

tions for the KR states are well known: 

+-0 
( 1, 1 )KR = K K 

·. 0 -
( 1 -1) -=K K 

' KK · 
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.... 
where (a, b) is the wave function with isotopic spin a: and z component 

b.· 

The wave functions for KK1T are 

and 

The (2, -1), (2, -2) and (1, -1) wave functions are easily obtained from 

the corresponding wave functions with a positive z component (by chang­

ing plus to minus and vice versa). 

The p-p system is in the (1, 0) and (0, 0) isotopic spin states only. 

Conservation of isotopic spin in the annihilation process permits only 

these same final states. The KK1T final state has two ( 1, 0) states and 

one (0, 0) state. Combining these with equal weights and reexpressing 

the sum in terms of the four possible KK1r charge states, we can obtain 
' 

the branching ratios according to a statistical model. After we sum 

the squares of the Clebsch-Gordon coefficients contributing from each 

isotopic· spiri state:;. the ·number :irr:e9-ch charge state is 



,, 

4 KO-KO 0 b rr, 
4 K+K- 0 b rr , 
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5 KOK- + 
b rr ' 

5-0 + -
and '6 K K rr , 

giving a total of three states, as required. The KK2rr final state has 

four (1, 0) states and two (0, 0) states, which are divided as follows 

according to the statistical model: 

14 KO-KO 0 0 
30 rr rr ' 

39 KOK- + 0 30 rrrr, 

14 K+K- 0 0 30 rrrr, 
37 0-0 + -
30 

K K rr rr 

and 39 -KOK+ - 0 30 rr rr 

37 + - + -
30 

K K rr rr 

The KK3rr final state has nine ( 1, 0) states and four ( 0, 0) states which 

are divided as follows according to the statistical model: 

~ -KOK- +2 O 
10 rr rr , 

+-0 0 -
It is noted that the K K nrr and K K nrr cross sections for each pion 

0-0 
configuration are equal. Similarly it is noted that the K K nrr and 

K+K- nrr cross sections are equal. This is a general result. It is true 
0 - -0 + 

for K K and K K , since their wave functions differ only in the sign 
' 0-0 + -

of the z.component of the isotopic spin. It is true for K K and K K 

since both the ( 1, 0) and ( 0, 0) wave function for the KK system are half 
0-0 + -K K and half K K . In a nonstatistical model, the cross sections 

would differ from equality because of an interference term which would 

exist in the general case. The eros s sec,tions would be equal to some 

constant plus the interference term in one case, and to the same con­

stant minus the interference term in the other case. In this experiment, 
0 - -0 + 

the total K K cross section is always equal to the total K K cross 

section, since the initial p-p state is an eigenstate of CP. 
19 

Invariance 

under CP demands that these cross sections be equal after integration 
0-0 + - . 

over all production angles. However, the K K nrr and K K nir states 

are:.transformed 
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into themselves by CP and their cross sections will generally be dif­

ferent. 

The results from the above isotopic-spin analysis were applied 

to the V2P events. Three-, four-, and five-body, final-state, V2P 

events arise from the following charge states: 

0 - + -0 + - . 
K K rr and K K rr (three-body final state) 

0- 0 + - 0 - + 0 - 0 + - 0 
K K rr 1T , K K rr rr , and K K 1T rr (four-body final state) 

0- 0 + - 0 0 - + 0 - 0 + - 0 
K K rr rr rr , K K rr 2rr , and K K rr 2rr (five-body final state). 

0 to 1 to 1 (three-body final state) 

37 to 39 to 39 (four-body final state) 

30 to 13 to 13 (five-body final state). 

If we use the branching ratios 4/9, 1/3·, and 1/3, respectively, 
0 + -to observe one K ..... rr rr decay, the ratios to be observed in the bubble 

chamber are: 

0 to 1 to 1 (three-body final state) 

46 to 39 to 39 (four-body final state) 

40 to 13 to 13 (five-body final state). 

The statistical model thus predicts approximately equal splitting among 

the various possible charge states for three..: and four-body final state 
0-0 + - 0 

V2P events. However, the K K rr rr rr state is three times as favor-
a - + o . -o + - o able as the K K rr 2rr or K K rr rr2 state for two-pronged events with 

. . 0 . 
a charged K

1 
decay. 

B. Description of the Calculation of the CHAMBER program. 

This program was coded in the IBM 704/709 FORTRAN language. 

The program calculates an_ average probability of decay within the de­

fined fiducial volume. The average is taken over the following variables: 
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a. the position of occurence of the events in the chamber (by 

using the known true beam distribution) 

b. the angular orientation of the event about the beam direction 

c. the angular distributions in the c. m. system 

d. the momentum distributions in the c. m. system. 

The calculation is done for charged and neutral K mesons, and correctly 

accounts for the attenuation of the beam as it passes through the chamber. 

Charged-particle tracks are assumed to be helices (energy loss is not 

considered). The program calculates the probabilities for one-K-meson 

and two-K-meson decays. The probabilities for each c. m. angle (rel­

ative to the beam direction) are also .giYen. 

A phase- space distribution of the two K mesons in the :p:...p c. m. 

system was used. This distribution was calculated by a modification 

of the H.OKO programs described in Appendix C. It is a distribution in 

the three variables p 
1

, p 
2

, and cos 8
12

, where p 
1 

is the momentum of 

the first K meson, p
2 

is the momentum of the second K meson, and 8
12 

is the angle between them. This distribution is N(p
1

, p
2
,cos 8

12
). The 

phase space is the integral of N('p
1

, p
2

, cos 8
12

) over the three variables 

p
1

, p
2

, and cos 8
12

, ie., 

phase space= Jdp
1 

dp 2 dcos8
12

N(p
1

, p
2

, cose
12

). 

The actual distribution used in the program is an intergral of 

N(p
1

, p
2

, cos 8
12

) over a range of each variable. The program used 

three divisions in each of the three variables. Thus we can write 

actual distribution= N(p
1

, p
2

, cos 8
12

) .6.p
1 

6.p
2 

.6.cos 8
12 

= J dpl I dp2 f dcos 812 N(pl' p2' cos 812). 
6.pl 6.p2 - .6.cos 812 

The other angular distributions used were taken to be isotropic. 

These angles are the orientation of the second K meson about the di­

rection of the first K meson, the orientation of the first K meson about 
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the beam direction, and the c. m. angle of the first K meson (relative 

to the beam direction). The distribution for these first two angles are 

isotropic in angle, whereas the distribution for the c. m. angle, is isot­

ropic in the cosine of the angle. 

The calculation was performed as outlined below. A position m 

the cha.mber and a value for each angle and momentum was chosen. 

Both K mesons were Lorentz transformed to the laboratory system. 

The path length L
2 

to escape the fiducial volume was calculated (both 

as neutral and charged particles) for each K meson. ·The decay prob­

ability for each K meson was calculated from the path length L
2

, its 

lifetime T and its momentum p, by using a minimum cutoff length L
1

. 

The decay probability P is given by 

-T 1/T -T 2/T 
P = e -e 

where T. = ML. /pc, and c is the velocity of light. The decay probability 
1 1 

to observe both K mesons decay is P 
12 

= P 
1 

P 
2

. This calculation is done 

for all values of the variables (position, angles, and momenta). The 

probabilities P 
1 

(for the first ·K), P 
2 

(for the second K), and P 
12 

are 

then averaged. The results are I\, P
2

, and P
12

. Note that, by defi­

nition P
12 

is not equal to P 
1
P

2 
. However, the results of the calculation 

show P
12

:::::: P
1
P

2 
(see Table IX). 

The calculation was designed to take into account charged part­

icles that stopped. If the range of the particle was less than the path 

length L
2 

to escape the fiducial volume, its decay probability was set 

equal to one. (No minimum cutoff length was used for stopping tracks.) 

However, the number of c. m. angles used in the actual calculation did 

not give many stopping K mesons. Those events which have stopping 

K mesons ·in the laboratory system are those in which the K meson has 

a c. m. angle 8 such that cos 8 is in general, less than-0.8. Thus the 

. calculation actually performed by the CHAMBER program gives the 

average decay probability forK mesons that decay in flight and would 

not have stopped in the chamber had they not decayed. The fiducial 

volumes and minimum cutoff lengths in the calculation were the same 
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as those used in the EXAMIN program. The average magnetic-field 

value used was 17.4 kg. Three intervals were taken in each of the angle 

and momentum variables. The calculations were done for eight positions 

in the chamber. This corresponds to the construction of 583 2 events for 

each case. The time required to run each case was about 90 min. The 

calculations were done for both the 1. 61 Bev I c and 1. 99 Bev I c antiproton 

momenta and for the four-, five-, and six-body KKnTT final states. Some 

of the results of the program are summarized in Table IX in the main 

text. 

C. Statistical Model and Phase-Space Calculations 

All final states are weighted equally in the Fermi statistical 

model. This follows from the assumption that all amplitudes leading 

from the initial state to the final state have equal magnitudes and random 

phases. The counting of the number of final states is discus sed in 

Appendix A. The transition rate Rn to n final-state particles in the 

statistical model is generally given as 

where G(S) is the number of spin states, G(I) is the number of isotopic 

spin states, nj is the number of particles of the jth type, Qj is the 

volume associated with the jth particle, f-Lj is its mass, and. p n is the 

number of states in momentum space. The (n/) accounts for the in­

distinguishability of the jth-type particles in the calculation of p n· The 

calculation of the momentum phase-space integrals was performed using 

the Lorentz -invariant phase space. The Lorentz -invariant phase space 

has been discussed by Srivastava and Sudarshan 17 and by others. 8 The 

integrals can be evaluated exactly by numerical integration. The integral 

for p n can be expressed as an integral over p 2 by using the recursion 

relation given by Srivastava and Sudarshan and by others. The recursion 

relation results from the Lorentz invariance of the integrals. 
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The number of states in momentum space is 

p = rr d q. o(q. -!J.· ) o(E- L E.) o(P-J [n 4 2 2 n :..:. 

n i= 1 1 1 1 . i= 1 1 

4 3 2 2-2 -where d q. = d p. dE., q. =E. -(p.) , E, P are the total energy and 
1 1 1 1 1 1 

momentum of the system as a whole, and 

momentum, and mass of the ith particle. 

yields 

( n d p. 1 n 

-E., p., and· !J.· are the energy, 
1 1 .1 2 2 

Integration over the o(qi -!J.i ) 

- -I TT 1 

[ 

3 l 

p - . 
n- ) i=-1 2Eij 

o(E- z= E.) o(P-
1 

p.) 
1 

i.: 1 

The Lorentz~invariant phase space has no volume, per se. In 
2n:..;4 

this, phase space, p is proportional to (E) · ., so that p +
1
/p is 

· n n n 
proportional to E

2
. For a nonrelativistic phase space, Pn+l /Pn is 

proportional to r.!E
3

. The volume r.l has dimensions of E-
3 

. The intro­

duction of a volume into the Lorentz-invariant phase space is done in an 

arbitrary manner. We follow here the method used by Desai. 
20 

The 

nonrelativistic momentum phase-space element is r.ld
3

pj(21T)
3 

for each 

particle. Desai multiplies this by iJ./E to obtain the relativistic analog, 

whereas the p n defined above has 1/2E for this factor .. This explains 

the factor 2!J.j nj for each particle given in the transition-rate formula 

above. 

The integrals ( Pn·) were calculated by numerical integration by 

means of IBM 650 programs for the four-, five-, and six-body phase 

spaces. The order in which the integrations are performed is varied 

so that the last integration is over the variable whose distribution or 

spectrum is desired. The distribution is then obtained by performing 

all of the integrations except the last. The IBM 650 programs calcu­

lated the momentum spectra (HONE programs) and the distribution of 

the cosine of the angle between pairs (HOKO programs) in the c. m. 

system. The three-body phase-space distributions and the distribution 

.. 
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of the mass of pairs of particles in the four-and five-body phase spaces 

were calculated by means of IBM 704/709 FORTRAN programs. 

The numerical results of the programs are not given here. 

Graphs of some of the distributions in the c. m. system for the 1.61 

Bev /c experiment are shown in Figs. 64 through 69. 
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Fig. 66. Phase-space momentum distributions (for 1.61 Bev/c 
antiprotons) iri the center-of-mass system forK (orR) mesons 
in KR mr final states. 
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Fig. 67. Phase-space momentum distributions (for 1.61 Bev/c 
antiprotons) in the center-of-mass system for lT mesons in 
KR nlT final states. 
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Fig. 68. Phase-space distributions in the cosine of the angle 
between KK, Krr (or Rn), and iTiT pairs in the center-of-mass 
system for the four-body final state (KK 2n) at 1.61 Bev/c. 
The other final states (3-, 5-, and 6-body) have similar dis­
tributions. The distributions become less peaked as the 
number of final- state particles is increased. 

v 
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MU-23234 

Fig. 69. Phase-space distributions of the mass of Krr (orR rr) 
pairs in KKnrr final states.(l.61 Bev/c). The distributions 
for the mass of KR pairs are similar. 
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may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from th~ use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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