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ABSTRACT 

The significance of inertial frames and the 4-apace-depend·ent 

Lorentz transformations among them in the mathematics of general relativ~ 

ity is expounded here in textbook style. The laws governing the components 

of affine connections on a frame are presented, and the Christoffel sym-

bols ere deduced from a viewpoint congenial to the notation of frame 

components. The parallel displacement of spinors is discussed, and is 

compared with the analogous notion for vectors. 

It is owing to the recent interest in generali.zed gauge-

invnriance notions, in the sense of, e. g., Yang and Mills, that these 

notes, reproduced from notes circulated privately by the author last 

year, are now distributed~ Indeed, such notions of gauge invariance, 

which stem historically from Einstein's general theory, are most evidently 

related to that theory in the notation which emphasizes the r8le of 

inertial frames. 
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.• Frames e.nd Lorentz Invariance in General Relativity 

Elihu Lubkin· 

Lawrence Radiation Laboratory,, Berkeley, California 

I. Introduction 

One is usually introduced to general relativity by the remark 
. .__ 

that the 6-paramet er family of inertial frames at a point should be 

determined dynamically. One soon introduces curvilinear co6rdinates 

in 4-space, and replaces the concept of 6-parameter family of inertial 

frames by a symmetric metric tensor, gp..JJ- By means of any of a 

6-parruneter family of linee.r co6rdinate transformations, one can bring 

g~Y(x) to the form 

fJ(f.v) = [ g ~1 ?lgJ ' (1) 
0 0 0-1 

. 1 
the Lorentz metric, at any given point x, in which case the vectors 

tJ:) (x) which. constitute an inertial frame at X may be chosen to be s;: .. 
(Ol) . 

The symbol f~ (x) designates the~th component of the covariant vector 
~) . . . 

f (x), so that the parent~esized index(~) is a label which plays no 

role in co8rdinate transformations. Thus, the inertial frames can be 

recovered from the metric tensor. 
. . 

It is only when half-odd-integral spin appeared in physics 

that the frames were discussed at length, under the name of vierbeine 

("fourlegs"), or anholono~ic reference systems. 2 Nevertheless, the 

whole of general relativity may profitably be discussed from the stand-

point of local inertial frames. The main advantage of the frames in 

discussions not involving half-odd-integral spin is the sharp separation 



of the physical requirement or Lorentz covariance from the purely 

conventional concomitant of the use or curvilinear co6rdinates: to wit, 

gemrnl covariance. 

The development of the theory,of parallel displacement. 

without halt-odd-integral spin, involving a derivation of the 

Christoffel symbols from ideas referent directly to the frames, occupies 

Section;.·II. The results may be found here and there in the references; 

: (1}.; here they are presett ed in a less abbreviated form, and apart 

from the problems or unified field theory. 

Section III presents the theory of parallel displacement of 

a 2-spinor. Since the close historical relation between spinors and 

inertial frames may appear puzzling, it may be appropriate to remark 

on this here. 

Local fields are required to transform as representations or 
the proper homogeneous Lorentz group~-the group of transitions between 

inertial frames at a point. It happens that the tensors~·-'defined with ,, 
respect to a totally different group: the group of general linear 

transformations induced on the space of vectors at a point by the group 

or transitions between different curvilinear coBrdinnte systems, may be 

pressed into service as quantities under integral-spin Lorentz transfor• 

mations. Different tensors correspond to essentially the same Lorentz• 

transformation quantity (the same, if Minkowski notation is used), but 

this awkwardness is resolved through the use of g)4Y and its inverse, 

~V, which by lowering and raising indices interconvert different tensors 

belonging to essentially the same Lorentz-group quantitye But ihere are 

no general linear group tensors to correspond to the half-odd-integral 

2 



i 

'• 

_3. 

spin representations. In fact, any continuous function defined on the 

general linear group must be single-valued because that group ia simply 

connected; all representations are therefore single-valued, and therefore 

restrict to single-valued representations of the Lorentz group. \Vhen 

these are reduced, none or the double-valued half-odd-in~~gral spin 

representations may appear. Spinors, then, essentially require a 

quadra.tic form, Eb set of orthogonal frames, or other notion of orthogonality, 

for their very definition; they belong more directly to the Lorentz 

group then the integral-spin representation,. which may be obtained 

first from a different group, with the notion of orthogonality brought 

in afterwards only to rele,te covariant and contrave.riant quantities. 3 



II. Skew Fremes, Inertial Frames, and Parallel Displacement of Tensors 
--·-·- ···-.-•-·•·. , ,,.. ' .......... ~ ....... ,...,.,,.,, •· ..... , • ...,,,,,, ---~·~-·~, .......... ,,,.,.., ........ , " ... , .......... 'Y. .... ,..,... ..... '~•·'· "'"·'•'"'·"-''''""''''-'""--~''"~-'"""-'·~- .......... • ~····--...-- - • ..uu. .... u.rw,,.....,._., 

l~ Skew Frames 

The usual tensor calculus is adopted. A skew frame at each 

point of e. manifold is specified in a curvilinear co6rdinate system by 

the functions 

f~li.) (x), 

(ol.) 
restricted only by the usual regularity conditions, and that the f, 

(2) 

be a complete system of linearly independent vectors at x. The skew 

frame is then given in all co6rdinate systems by the condition that the 

f{ot.) be covariant vectors: 

-f (Gt) (::\ = ~XV f ~) ( )· 
)A X} ~x.M. )! X • 

The field of reciprocal skew frames rf~)(x) is defined as the 

matrix inverse of (2). Thus, 

4 

f ~) (x) f~) (x) = ~p• (3a) · 

f ~ (x) r (~) (x) = &;. (3b) 

Equation (3a) implies that the f~)(x), for fixed(~), transfor.m,as 

tm components of a contravariant vector field. 

The fre.mes allow us to reduce an arbitrary tensor to an 

equ~ivalent collection of scalars: 

n1 .. (1) )A- l) (1) tn" 
~Y (x) ~ T(~~') (x) = flot.) (x) f(~') (x) flAT (x} T,u.ll {x), (

4
) 

~~~1JS(x) = r;) (x) f~~) (x) r(i) {x) T({)(~) (()')(x) • 

These paren~sized components have the geometrical meaning of components 

on a frame, or in the case of vectors, of the dot products with the fral!le 

vectors. 4 

• 



The introduction of new skew frames f to replace old skew 

frames f defines a linear transformation at each point x: 

- l~) ( ) ( bt \ ) Cr.>) ( · 
f p. X = L ((!)(X f )A- x), 

-A (~ )( ..M- ( f(o<)(x) = L(o<) x) f(~) x). 
-).(. ...;. (<>1) 

The requirement that f(~) be reciprocal to f~ is equivalent to the 

requirement that the two L's of (Sa}, (5b) be reciprocal matrices in 

the sense: 
~) (p) ~ 

L (~)(x) L('t) (x)=b1, 
(ot) ('(f) ( 1 

L (~) (x) L (ot) (x) = Op. • 

Note that no change of curvilinear co8rdinates is involved 

in a frame transformation. The same frame transformation in different 

5 

(Sa) 

(5b) 

(6a) 

(6b) 

u di t ' i i b L' (ot) ( ') L (ol) ( ) • h th t covr na es x s g ven y (~) x • (fl) x ., 1n t e sense a 

- -f-+ f' -;. f' and f ~f .... f' then agree; f' = r•. 

If a tensor has all or some ordinary indices converted to paren-

thesized indices, then it will frame-transform via factors of L, as in 

{Sa} or (5b), owing to the factors f contained in its expression (4) in 

terms of unparenthesized cqmponente. 



The trivial derivative (7) corresponds t() . (12) with c = 0 D 

which is not frame-invariant; see (lO)o 

8 

How do the ordinary components ot a covariant vector parallelly 

displace! 

(13) 

or 

. (14a) 

with 

r "' ~ v " (~l I ar 
,Iotti' = c .-M-'" + f{O() of~ ~x • , 

The trivial non-frame-invariant derivative (7) corresponds, 

as we have already noted, to c = 0; the ordinary affine connection 

corresponding to this trivial derivative is the second term of (14b), 

which may also be seen directly by writing out (7) in terms of the Vvo 

The first term c~~ = t(~> fj!") r~1) c{fl>)(o<'() {1£ (14b), in general, 

transforms as an ordinary tensor under co~rdinate transformations. 

(14b) 

Thus, in general, the curvilinear-co8rdinate affine connection character 

resides in the second term of (l4b), whereas the peculiar frame-transfor• 

mation character (10) of c which correspondsto frame-invariant differen

tiations is cancelled in (14b) by the frame dependence of the second ter:m. 

By transposing that term, the peculiar co6rdinate-transformation 

character appears cancelled on the left-hand side, and the peculiar 

frame-transformation character, instead, comes into evidence. 

From (13) it follows that 

v,u.(x ... , b) - v\"f(x, ~) ,: rf~) (x + ~)(v(ot) (x -r S) - v\I(O{)(x, b)), 

or 



'" 

.. 

bJI ,: f(Q() (x + c) 
v,M~~ .fl o 

v.P-, \1 ~v • 
so that we have simply 

9 

(~) 
vp.> V tv v(rx> ~) • 

f (f,) v...u., v ; 
(15) ) 

in words, the requirement that the two covariant derivatives be the 

parenthesized and the ordinary components of the same quantity coincides 

withi the natural correspondence (13) of parallel displacements, or, 

equivalently, with the relation (14b). 

In a similar way, one can discuss parallel displacement of 

a contravariant vector, starting with the formula 

v~~)(x, ~) = v(IX)(x) - ~(CA)(~1) (x) yl~) (x) ~(7), (16) 

. A~ 
which leads to the same conditions on the c (p'¥) that were derived 

for the c: namely, that they be inveriant to coerdinate transformations 

and that they transform according to the law (10) under' change of 

ek e;w frames. 

If one now applies the usual rule for displacing a product 

t6 the scalar v,u.(x) w.'t(x) = v(fl-) (x) w(O<)(x), on,~ finds ''.: ,.;:. 

(~) ( • ~ (<>t.) t • ' (0<) 
(v(IX) w )1\(x, o) = vll(()()(x, c) w\\ (x, o) = v{'X)(x) w (x) 

+ v(fl)(x) w(o<)(x) (c(~\0(1)(x) - ~~)(C('()(x)) ~Cr). 
If the parallelly displaced scalar is to be computable from the original 

ecelar, without reference to the individual components of v and w, then 

clearly c(~~C( l) (x) - ~ ~){QC 0') (x) = ~! u (1) (x) , under which circumstance 

the covariant derivative of a scalar s would be given by s 
1 

Cot)= 

d(«)s- u(~)' where, as in (11), 
' ~ ~ 

~(IX.) : f ((l.)(x) ~x)L• (17) 

with u(ot) the pe.renthesized CQmponents ot a povariant vector field, 



which corresponds to Ho Weyles pre-spinor gauge inV8riance. 

Jf one, however 1 wishes to get alomg with only one connection 0 

" and not.two+--c and c,.-or more, one can put the connections for 

" dirterentiation of covariant and contravariant vectors equal; c :::11 c, 

and have a scalar b·e unchanged by parallel displacement: u(o<) = 0. 

Thus, the scalar product of covariant and contraveriant vectors is 

defined independently of any notion of' orthogonality or metric, and 

' (01.) ) 
the most economical use of an arbitrary con~ection c ~Y) (x leads 

to invariance of this ece.l.ar product under parallel displacement. 

In the same spirit, one can use c and the usual product 

rule to displace and differentiate arbitrary tensors which are products 

of vectors, and then transfer the derived laws to arbitrary tensors. 

The coefficients c are ee.aily a.nnulled at a point, by 

choosing the skew frames in the neighborhood of the point appropriatelye 

In feet, set up new skew frames in the neighborhood· of x by parallelly 

displacing the frame at x to the new points ..... either along curves 

linear in the x~ or, e. gQ, along continuously self-parallel curves, 

or "geodesice;;". n a vector be pe.rallelly displaced with the frame, 

the inner produc·ts of the vector with the frame vectors of opposite 

variance remain invariant. But these .inner pt"oducts are precisely the 

parenthesized components of the parallelly displaced vector, whence 

from (8), we see that, on these particular frames, o ~~(rJ.'¥) (x) .. 0, 

it x is the initial point of the construction. 

We see this more formally as follows. Displace the frame 

vector· f (6) parallelly, where now (~) is an inactive label• 

10 

il 



11 

<S) Cb) (~) ft.) c (4') 
r,t(Dt\(x, ~):II f(~)(x) + c (fi"t)(x) f(~)(x) 0 ; 

(f>) ~ t ~ (b) r C~) · 
f\\(o()(x, o) = Oot,. + c {()('t)(x) o , 

(~ ~) ~ . 
since f(o<)(x) == f~)(x) f/-'- (x) = bO'.. If the result, tn, is to be our 

(lee.) · 

' s 
fre.me at x + ;~, to first order in ~, then it also must reduce to 'Sot, so 

<fi) that c (OC?") (x) == 0. On the other hand, if we keep the e. priori frames, 

so that c does not necessarily vanish at x, and !\\ is not regarded as 

the frame at X + ~, We may replace s~ in (18a) by f~~ (X ... b) t and write 

Oge) in the form 

f~~)(x + h) - r11 ~~(x, ~) • -c (b)(o<'t)(x) ~CI), 
in which form UtO represents the c as yielding the change of frame 

referred to its own notion of parallel dlsplaoement, where (~) on the 

left-hand side indice.tes the computation or components on the a priori 

Creme at x + ~. a situation which may be clarified by introducing some 

ordinary indices' 

r;f>cx + ~) - r 1\C~(x, S) = -c(b~(x) b11
• 

(18b) 

(18c) 



4. Lorentz Transfo~ations and Inertial Frames 
--~-----~-·--·----••--•··-··•·--~·~-•--·•~•-·•••-•·.....,.w•___.,• . ..,,_,., __ ,..__.,._ __ 

(«~) 
The Lorentz metric, fJ(OI.~) == Q of eq. (l) is 

now introduced to form inner products or vectors of the same 

variance, and to raise and lower parenthesiaed indices~ ~us, 

one can pass from ordinary covariant components ~ of a vector 

to contravariant components by first going to parenthesized in

dices, then raising with ?(«~),and finally passing back to 
)).. . (P.) 

ordinary indices: ).c.~ v(O() = fC()() ~; v(c<) ~vI"' • 

n~~)v · v(f>)~,v=rv vl~>·or 
., {0() p -r (~) . r , 

12 

v 11 (fix) ,M. 
v (x),.. r(~)(x) ?r~· r(o<.)(x) )t(x). (19a) 

Inversely, 

(19b) 

which follows from 

(20) 

and from (3). 



.. 

ln general, the vv deduced from v,.u. according to (1:9a), will 

depend on the t'~)(x), as well as on the ~(x), and will vary with an 

arbitrary change of skew frames. Those frame t~.ansformations L(tl.) (~)(x) 
which leave the complete raising operator 

invariant are known as Lorentz transformations. As usual, restrictions 

of continuity and differentiability will also be imposed.5 

Note the.t 

and that 

lot.) . C[b) 
~v (x) : fp. (x) Q(ti.~) tv (x) 

is the matrix reciprocal to ~V(x). Thus, the formalism of frames 

end parenthesized indices extends the usual formalism. 

By writing out the condition . 

-IJ, (btO) - V 
t coq (x) 9 I"' f (p) {x) = 

with 

-~ (~ ~ . 
. f (0() (x) = L(ot) (x) f(~} (x), 

the condition that L(ot}~)(x) be a Lorentz transformation is easily 

seen to be equivalent to 

13 

(ol) (~) 
.. L < ~> <x> Q,~~.~) L (f>)(x) = 9c1&r (22.a) 

This may be written 

L(t<) >() (h L(~) ()')(bE)) b~ 
\ , t~) X '/(Qt.(?>) ((>) X . "' ~· 

which may be expressed with the 'aid of (ot'?) as, ' 

((;) (~) . .(~Eo), 
L(ot) (x) = ~(IX~) L (~) (x) ~ , . (22.b) 

a form which possesse~ the following happy verbal interpretation: 

The use or ry•s to raise and lower parenthesized !~dices may be extended 

to Lorentz transformations, without conflicting with the notation (6) for 



the reciprocal matrix. It will be convenient to adopt the new symbols 

Ltt(f>)~x) = ?(rxp) Llf>)(o) (x). and L(~~)(x) = L(~)(b) (x) ry(S~), in 

conformity with such tree extension ot the us~ or q•s. 

Except for the extra variables x~, which have not yet entered 

essentially into the discussion, the Lorentz transformations here are 

precisely those of special relativity. 

A notion of orthogonality, in the sense ot the metric YJ• is 

specified by declaring an arbitrary system of fr81Des, ! ):) (x), to be 

14 

an inertial system of frames, tor clearly, once one has chosen a complete 

independent set of vectors at each point to be generalized unit vectors 

in the sense of a metric ?• and to be mutually orthogonal, one has 

defined the inner product of arbitrary vectors of similar variance. 

The expression of this notion of orthogonality in the language or 

unparenthesized indices involves the use of (21·) as a metric tensor. 

The inertial frames are all the frames equivalent to the 

original arbitrarily chosen inertial system of frames, in the sense 

that they yield the same notion of orthogonality} i. e., the same 

s"~'(x); they are thus the frames which may be obtained from a~ arb#: 

rary inertial system of frames by Lorentz transformations. 



We have already seen tha~ the inner product of a covariant 

and a contre.variant vector is invariant to parallel dhplacement, if 

we use the same connection for displacement of the two vectors. 

However, with the aid of 'J, we may write inner products of vectors of 

·the same variance, which inner products are invariant to Lorent; frame 

15 

transformations. By re.quiring _that such inner products remain invariant 

to parallel'.displacement_s .• or, equivalently •. that 9(11.~) or rytl.~). displac~ 
trivially, we obtain a restriction on the coefficients c, which involves 

~~ . l the ? , and which may be written as an antisymmetry property, · f 

advantnge is taken of the notation of raising indices. Thus, 
. (11~) . ~~) . 
. 9 vii (o<) wll(~) = 9 v(~) wlf3) ~ 

(t<~) ( (f) t" (£;) ('1) ~(~) ) ..L..-llo.. ." 

ry v(ot) c ( ~t:) w(~) o + c (O<.b) v("/). o w(p) = 0 ~ 

~{b<~)oCE\~t;) + ry(~E-) c<cx)(/3~·) = 0 4=+ 

c(~O<)(i;) + c(O<e\f#) = o. (2S) 

Connections satisfying (23) will henceforth be termed 

antisymmetric for the sake or brevity; no restriction or symmetry 

relating to the third index is to be inferred from this designation. 

In the case of an antisymmetric connection, the construction 

of skew frames ,which' ·in general led to the vanishing ot the c(~\ot 1 ) (x) 

at the point x 1 will lead to inertial frames. provided only that the 
I 

original frame at x be chosen inertial.. Consequently, the frame 

transformation leading from an initial system of inertial frames to the 

frames of the construction is a· Lorentz transformation. 

The eq. (23)-antisymmetric lfndi.~~ymmetric parts, cA and c8 , of an 

arbitrary connection, are respectively a connection and a tensor under Loren1z 

transformations •• the'~ terms from (10) cancel in ~S by virtu~ of (22). 
I 

Thus, in the form ~S =- O, (23) is seen to be a Lorentz-invariant property-. 



Since an antieymmetric connection preserves all inner 

products in parallel displacement, or, equivalently, is permutable with 

. the re.ising and lowering of parenthesized indices, and since such a 

connection .can be reduced to zero at an arbitrary point by a suitable 

Lorentz transformation from its original expression on an:·,~nertial 

system of frames, it may be suspected that the antisyuu:netry property 

(23) alone uniquely determines the analogue in frame language of the 

usual Christoffel symbols, which indeed are determined uniquely from 

the g1~v(x) in the language of unparenthesized indices by the permuta

bility of parallel displacement and all inner products, and by the 

rv . 
poasibili ty of rendering )UJ1{x) = 0 at an arbitrary point x by a. 

co8rdinate transformation, which possibility is equivalent to the 

symmetry property, 

16 

(24) 
\ 

'But this is not so: That c satisfy (23) does not determine c uniquely, 

and hence the associated r given by (14b) is not determined uniquely. 

This is obvious directly: add to cJ1P.fXS a nonzero arbitrary ordinary tensor 

A t' t ' i it fi i f i i h ' ~ h c~~m an ~symme r~c n s ret pa r.o nd ces; t en c = c + c as 

correctly coSrdinate-transformation invariant parenthesized components, 

it satieties the frame-transformation law {10), and the antisymmetry 

. " property (23); further, . such antisymmetric c~ exist: e. g., let 
A . . . 
c(O<~'¥)(x) = E0" 1 p(x), where € is the completely alternating symbol; 

' ' . .. . 6 
and pis an arbitrary nonzero'·acalarrfunct;o~., e.o:·g••·a nonzero constant. 

What part of the usual :ingredie~ts which allow the computation 

or r is missing 1 The equation 

.• 



g )A. v;m = 0 

is equivalent, by (15), to g(~~,'r) = 0; sinceg(Ol{3) .a·?t«~)• to 

'J(fX~/'f) = O, which is none other than the .condition of permutability 

of f) and c expressed by (23}. We therefore have (25), and it is (24) 

that is missing. Conversely, (25) implies Q(OJ~/'J) = 0, which implies 

the antisymmetrr property (23), so that the lack of uniqueness d 

antisymmetric c is in one•to-one correspondence with the lack of 

uniqueness of the r consistent with (25). but not necetoearily with 

(24}, in the language of unparenthesized indices. 

Of course, we could assume (2J!1), derive the Christoffel 

symbo~s r directly from (2.5) in the usual way t and then tind c from 

(14b); uniqueness is obvious;~ so that the usual computations are 

needed only for existence and explicit form, although uniqueness . 

appears again as a byproduct. 

Since the usual p is linear homogeneous in the first deriva• 

tives or the components of g, we have by (21') and (14b) that the 

corresponding c is linear homogeneous in the first derivatives of the 

frame components. 

From the standpoint of frames, however, assumptions about 

behavior under curvilinear co6rdinate transformations seem highly ar• 

bitrary; (24). which is effectively the assumption that it be possible 

17 

(26) 

to co6rdinate-transtorm r to zero at a point, seems an awkward hypothesis, 

especially since it is independent of the apparently similar but 

effectively empty additional condition that it be possible to render 

c = 0 at a point by a Lorentz frame transformationo 

We will instead start from another condjt ion, which also, of 

necessity, relates c, the frames, and the coardinatee, to derive the 



Christoffel symbols. Namely, we assume in addition to the proper 
. . 

traneforma.tion laws and (23) that c be linear homogeneous in the ~f/()x, 

and have an expression in terms of the f and ~f/~x which preserves its 

form under Lorentz frame transformations, and thereupon directly 

compute a unique Ce This may seem like the natural formalization of 

our original introduction of the c(~\cx~) (x) as compensators for the 

rotation of the reference freme, in the definition of parallel dis-

placement; it may seem natural that the rotation of the frame be 

proportional to the explicit first derivatives ~f/~x. Indeed, the 

definition of parallel displac~ent also accepts .the importe.nce of 

the co8rdinates in computing explicit derivatives in its na!ve term, 

and is therefore a kind of precedent tor such a condition. 

Theorem. A unique curvilinear-coardinate transformation .invariant 

c is determined by the Lorentz-transformation property (10), the 

antisymmetry property (23), end the requirement that it. be linear 

homogeneous in the orjOx. Its expression (38) is determined in the 

proof. 
~ (~) ~ . 

Proof. By differentiating (3), we obtain f ~ rlt = -rf':;i) 'br <M 
. oxnr (PJ · I' ~xli" 

~f(OC) v (Of\ ~f v ~ {W~' 
and 1-4 f {ot) = -r )4. ((j.. P which with the remark that ry( )' ? . t-il 

ox~ dx~ ¥ 
are constants allows us to freely transform der.i.vativee, and ther.eby 

to reduce the general linear homogeneous expression bearing precisely 

three free lower ·parenthesized indices to 

" . = Of (()())A. )'.- v .·.. ~t (()()M .)A v 
C(/)(~1) Cl ~XV f(~) f(')'} + c2 ~~~j- f ('1) f cp) 

.... c orrp),u ,p. v c ~ t (~J!A= p. lJ 
3 'OxY f (1J .!(0<) + 4 ~x)i~ r to<) f('l) 

1- c or (1 )JA: !J,t, r(~) 1- c or(/}),«. rf:.) r{~) • 
5 ~xv (CI<) p 6 'OxV 1 V\ 
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That the three parenthesized indices appear below is equivalent to (10) 

for constant L. The antisymmetry property (23) further specializes 

(2(,) to 

c(o<f»'1) = c ('()f(o'-lP. r)J. tv '()rt~·)JA. r.IA . r v ) 
1 oxv <p.) (')') - -~xy (~) (~) 

I 
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(~f<§)JJ: r~ y Clf~)tZ )). v 
(2?) + c r (()() - 'Ox"" r <1·l r (/l)) 3 ()x v <1) 

(df('t>~~; p v ~f(')')p. JJ. \1 
+ c teet) f (f!,) - axv t (pt) f(Ot)) $ 5 ()xY 

The coefficient of c5 is already invariant under curvilinear 

co6rdinat e transformations, for it is the contraction of the coveriant 

· or <1>,u. ~r t1l v , JtA-V .... v 
t·ensor s#V = ~ v - · oxP with the contravariant tensor t = f~) f({?>). 

X, 

Ir we put c
1 

= c3 + (c
1 

- c3) and leave aside the c
1 

- c
3 

part, the 

first two lines, now bearing the common coefficient c3 , form scal'ars in 

a similar way: ·c9mbine:.tne,_tir.fitipart of, the/first~ line with the second 

part or the second line, and the second part of the fir~t line with the 

first part of the second. 

Thut:., (2.7) is invariant to curvilinear co8rdinate transforma-

tiona if and only if the remainder, 

~r )) _ or t~>P. # 
f (1)) ~ (c - c ) ( (et).M- r"" r(~) f(bC.) (28) 

1 3 ox v (~) axv 
is. It is not, unless c

1 
= c3; see Appendix 1. 

Therefore, putting c1 = c3 , we have 

<or<ot)A- _ of(ot)v ) rJJ. v 
c(Q.p1) = cl ~XI) Oxl-4- (~) f (rJ 

+ c (or a.Pt!: .. ofc@ > v > JA. v (2.<)) 
1 oxV Ox,.c.c. f (~) r cc.x) 

+ c (or<'¥)..u otnw ~ J.A . IJ 

5 oxV - 'CsxJ4 . f (IX) r(~). 

We now impose Lorentz invariance. The original expression was 

taken to have precisely three lower parenthesized indices to assure 



Lorentz invariance under constant Lorentz transformations; hence, when 

(29) is transform,ed, the terms not involving th~ oLfox will already 

balance. It is therefore necessary only that the terms involving dL/~x 

. -
sum to the proper derivative term in the expression for c(~~~)' namely, 

that obtained from (10) by lowering (B) and interchanging()( and p: 
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(~) )A.. at0)<~> ()tup<&) · -,M. 

L(IX~) L('a') f(~) 'dxP.. == L{o<~) oxP t ('a'). (30) 

A typical term from (Z9) transforms as follows• 

o'ft~)J.A -rp. -r v t 'th t. oL f rA fv · '?>L<OI.l(~) L '(E-)L <~) 
(A) ('() == erm Wl. ou - + (b) (~) (S!;) IP,) (1\ • OX V I" ~X "JA- ~XV ,- J 

of which the ~ term reduces to . (b) . 
X OL(rl} b) (~) - v OL {()() . -P. 

9(~~) oxv L{f>) f(')') == ~xP. L~&) t(?f) • (3f) 

The equation of the sum of all six dL/~x terms from (29) to 

(32) 

similarly related to the second, the sixth to the third, so that (3t) 

(33) 
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without restricting the ~L/~x: By putting ) 

. L(01}~) (x + ~) = &e + OL(t)(~~ (x). ~ (3ia) 
ox . 

into (22a), it is easy to verify that the antisymmetry conditions 

~L(O(~) + dLCP>IX) = O (34b) 
. ox~ oxlk 

are necessary and sufficient for Lc~/~) (x + ~) to be a Lorentz 

transformation, to first order in b. Equation (33) thereupon 

simplif iee to 

( . ) {dL(~1) ~LQx-t)) · ( ) 'OLCBb<) c + c · ... = 1 + 2c .. 
1 5 'GxOt. 'Oxe, 1 ()x '(( 

Put oL(l2} = 1 = - ()L(21) , all other dL(ct~.) == 0. With lX == 1, fl = 2, 
3x3 ox3 · Ox'( 

'l = 3, (35) thereupon reduces to 

0 ""' 1 + 2c1 ; 

~ = 1, "t = 2, OC = 3 yields 

cl + c5 = 0' 

so that c1 = ... t, c5 = t, and 

2c = (or. (0<) \1 - Of (0(),1..1. \ rA v 
(~~~) ox""- dxV 

1 (~) f()') 

or(f!) v "atcf>)Jt p, v 
+ ( oxP. ... ()xV ) f("f) f(()() 

+ ?t(1)v - df<J')~) rA. v 
ox),(. dx 11 {/3) r{Ot.) , 

or 

= r(oO ?'r {JX),. _ df(oc)O' ) 
f ()xO" C,x '1' 

+ r<otl (of(O<)t. _ ot(Ot)'l' ~ 
Q" 'dx7 dxp 

.(ot) {oft()()/!_ otce<>o-) 
+ t 't ox If · ~xP ' 

which is the unique connection determined by our conditions. 

The part of c antisymmetric in the final indices is a curl; 

(35) 

(37) 

(38a) 

'ot) <tX) or<et) or~' ,..,. .. c = T "' (".lt~~) ... csvr '1'¢ oxG'" - oxT • ;:;1 I 
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From (l4b), the corresponding r is seen to be 

r pcr.,. == c + f . df ~(X) "' c + t (IX) ot (IX) cr. 
' perT (~)f dx 'r fCTT f ox 1' ' 

f. r (e<) of (O{)T + t (Ol) or (oc),P 
2 p<rr :::: f '®t<r T oxcr 

+ f (O<) ar (C'/..)e • r <~) of (oe)cr 
cr dx 1" f ()x T 

- r(rx) of(<1-)7- r(O()~f'(Ot)Cr. 
cr dxf T dxf 

Since r<~) of(IX)!+ r(r.x)·'dr(ot)f = ~(r(ot)? ~) r<fo)) = ogpT 
f 'Ox a- 1' dxcr dxO' f · (O<r 1 dX 0" t 

we have indeed the conventional Chrietotrel symbolS, 

. r = ~-:(ogpr + dgeu _ ~&r-r) • 
fJ'S'r ax<t Ox T oxf 

(38c) 

The requirement that the c be given in terms of the f by a 

Lorentz-invariant expression is the mathematical concretization of the 

not ion of a completely equivalent 6-paramet er family of inertial frames 

at a point, of special relativity. It renders the f;:) (x) "less power

ful" than a physical fieldo However, the f :-)(x) may be used more 

strongly; e.;g., a special system of frames may be used to define a 

connection r according to (7). In such a case,. the f t) (x) introduce 

a non-Lorentz-invariant feature in the space, and in this way resemble 

a physical field, which has a special expression on certain inertial 

frames at a point that is not assumed on a general inertial frame at 

the point. It is not, then, surprising that frames and connections 

other than that of the Christoffel symbols appear together in some 

papers on unified field theory~ 



7c Curvature and Torsion 

In this section we return to the arb! trary connections of 

Section 3; the entisymmetry property (23), in particular, is dropped; 

inasmuch as curvature and torsion are general attributes wh~h involve 

no reference to tm Lorentz metric. 

Equation (15) is easily geners.lized to en arbitrary tensor; 

Therefore, the tensors of 

curvatur'e, R, end torsion, T, defined by 

(b) 
v(~,~,'r) .. v(rx,'l,~} = v(~) R (~p"/) + 

and those defined by 

}.tll1t lO - vfo,tt;,y = vf ~p~ + Vp.,f TfJJ'l6' 

coincide, or correspond, in the sense that they are respectively the 

parenthesized and unparenthesized components of common tensors -- at 
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(40a) 

(40b) 

least, if the separations into a term proportional to v. and one propor• 

tional to its absolute derivative are not made differently in the two 

lenguages.-- for the right-hand sums correspond, and if the splittings 
r···· .. 

into v and derivative terms correspond, then the R and T must corres·· 
..,. ... ~-·· 

pond, since their coefficients, v and its derivative, respectively_ 

correspond. By carrying out dif'f erentiations and subtractions, the 

forms (40a, b) may be verified, with the following explicit forms for 

R and T: 
7 



From (14b), it is clear that the T do correspond directly, 

whence the splittings of (40a) and (40b) do correspond, so that the 

correspondence of the R follows as abov~. The R correspondence may 

also be verified directly by tedious calculation from the explicit 

forms {4la, c) via (14b). 
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(4la) 

(4lb) ' 

(4lc) 

(4ld) 

Sine e T is minus twice the antisymmetric part of r ,· property . 
'I 

(24) finds a geometrica.l'meaning as 
. (o> . 

T ~'() a 0 1 (42) 

in (40a). The objection made to the use of (24) as .a condition tor the 

determination of the Christoffel symbols in conjunction with (23) • in 

that either in its simple but formal statement. or in the form that r be 

~reducible to aero by a curvilinear co8rdinate transformation, its meanipg 



in the language of freme components was unclear, is partially removed .. 

In this connection, it may be interesting to also note that only the 

curvature tensor, R emerges from the discussion of the change in a vee• 

tor produced. by parallel displacement around an infinitesimal loop, 

even when T f 0 --which mar indeed seem reasonable directly from (40), 

inasmuch as loop· displacement of a !lingle vector will not easily be 

pressed into definition of vector field sufficient for the covariant 

derivative to be defined. That T vanish therefore corresponds to the 

condition that the process fl antisymmetric double difterentiation of 

a vector field be no richer than that of loop displacement of a single 

vector. 

The simplifications of (4la, b) attained at one point x by 
I ~ . 

choosing the frame r~) (x) ,. sp and the frames at neighboring points 

by parallel displacement, eo that cfp)(C(~) (x) = 0, are obvious. 

Similar simplification:. or I (4lc) by special codrdinate transformations 

will not be discussed; at least tor T ::a 0, they are thoroughly treated 

under the title of normal co8rdinates in textbooks; 8 the familiar 

unparenthesized-component formulae appear here only for the purpose 

of comparison to the frame-component formulae. 

25 



III. Spin t 

·' 

The clear isolation of a Lorentz group at each point x 

afforded by the language of inertial frames leads to a discussion of 

spin t which, except for the extra parameters xP, does not differ from 

the usual discussion in purely special relativity.9 

There are four representations L (JA.~v) """")- S of the group of 

Lorentz transformations at a point by complex (2 by 2) matrices .. · 

Given any one representation L ~ S, we obtain another, the contra-

gredient representation, as usual, by use of the adjoint matrices, 

L ~ (s~1 )"'; 1 that the representations are complex a.llov1s us to · 

generate two more representations by,taking complex conjugates of 

these: L -;> s'P-, and L """7 ( (s-1)"')¥ = (s-l)t. 

A conventional notation for the action Qf S on the spinors is 

-a a b 
~ (x) = S b{x) ~ (x). 

If the notation for the inverse matrix be written in analogy to the 

notation of (6), namely~, 

sa b (x) S b(x) = ba 
c c' 

sab (x) s 0 (x) = b~, a 

one obtains the usual simple notation for the contragredient 

· representation, 

- b X (x) = S (x) Xb{x), 
a a 

and 'Ya may be termed a co_ntravariant spinor, Xa a covariant spincr • 

The indices belonging to complex-conjugate representations are conven-

( 43) 

(44a) 

(44b) 

tionally denoted by dots, nnd one speaks of dotted contravariant and 
~ . 

of dotted covariant spinors. Thus, (Sab(x)) = Sab(x), and the complex 
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conjugate of (43) reads 
.. c " 

\t(x) = Sa-b(x) ((x) • 
• 

It the 'f(x) are q-·numbers, then lfa(x) designates the ~ermitean conjugate; 

for a fixed value of. the index~ .. 

Clearly, . one may pass from ordinary to dotted components ot 
! 

a spinor by complex conjugation. One may also raise and lower indices 

by the matrix ;Ea.b = Ea~ = ~ = E·~ = [ 0 ll if the Pauli matrices · ab ao -1 OJ• 

cr<gl~ [~ n. ~(~) * [~ ~]. .. <~l ~ [~ -~]. .. <~) ~ [f-~] (45) 

are used •8 The Pauli matrices are defined, more generally • ~s twice 

the .coefficient of i in the infinitesimal parts of the respective 

rotation operators in the representation 5 0 for p.= 1, 2, 3; cr<oL,. 1 

is a convention~whioh ties a given representation to one of the two . . 

inequivale_nt Lorentz vector representations via -~q. · (46), and the 

choice or plus sign in cr(l) a-< 2> = ~da-( 3) specifies S:ias::either of 

two of the four inequivalent spinor representations; gen:eral Pauli 

matrices subject only to these conventions are relate~ to the special 

Pauli matrices (45) by a similarity transformation. 
. . . . .. , .· . (, 1 . • 

~e famousdie;·between:!~pinor and\.v~ctor 1~f:~prf.iaentations1iein,3 
st(x) a<ft) S(x) = LCJA-~ (x) cr()l) ··· 

(IJ) • (46a) 

The constant mat~~ces 0'(!.1.) are written cr~)because then (46a) reads 

a c > c,...) a < > c,u,l < cv> 
S a X «toe S b X = L . (V) x) O'ab » (46b) 

or 

tos) a <p..) llll) L{f-) (x) S a (x) S\ (x) cra
0 

• crab , (46c) 

which is precisely the assertion that if. the alP.), defined. in terms of 

the constant infinitesimal parts of t})e s representation, are "erroneous .. 

ly" transformed ac~ording to all their indices, then nevertheless norreal 

error is comm~tted; with this assignment ot index positions. Thus 0 an 
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(p.) b 
otherwise complicated expression, e .. g., ~ab 1 (x) v~fx), has 

its Lorentz~transformation rendered obvious -- in this cas,e, we have 

a dotted covariant spinor. Further flexibility is attained by noting 

that 

f!' ('OS)= n E.ab Ed~ tf.(/Jl) = Gad 
ad -,~p) b~ (m) • . 

(47) 

where the left-hand equality is a directly computa~le identity with 
(~) , ( (,14) )Jf.. . . (m) 

abc /'/= • 0"'6c , by virtue or which the num"ers Gad may also be taken 
'tv' 

to transform on all indices according to the alternate notation on the 
(\ 

right .. 

The Lorentz-transformation character for spinors is thus 

given in precisely the same way as for vectors: by the action of a 

represeniation of the Lorentz group, varying with x, acting on a field~ 

expressed in curvilinear-co6rdinate-transformation invariant components. 

In consequence of (46b), 

'X'Cx) cre.<r) ~b(x) : v<p.)(x), 

inva.rian~ to curvilinear co8rdinate transformations because all 

. quantiti"es on the left-hand side are thus invariant, undergoes 

Lorentz transformation in the manner of the upper parenthesized or 
I I 

frame components of a vector field. 

The ordinary contravariant components of v are 
i 

vy(x) = x'<x) Cf~(x) 'fb(x). 

cr~ (x) = rt ) (x) crib'), 
f- . 

but whether one designates vectors by parenthesized~ frame indices or 

. (48) ' 

:b ' 
by ordinary indices, the s~inor components~ refer to inertial ~rames, 

and do not transform under change of curvilinear co6rdinates; the 

difference· between the two vector notations is absorbed by the Pauli 

matrices. This curvilinear-coerdinate invariance of the spinors cannot 
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be "remedied)" because there are no spin representations of the full 

linear group, as has been noted in the introduction. Thus, when 

spinors are included in a discussion, the language of inertial frames 

appears unified, in that all Lorentz-group quantities remain invarie.nt 

under curvilinear co6rdinate transformations, whereas the usual notation, 

which draws exclusive attention to the unparenthesized components of 

tensors, appears disjointed. The cr~A(x) can be used as a foundation 

for the geometry in place of the ftv) i in fact' as crl"(x) = tfv> (x) c:r(v)' 

and t Tr c:r(JAJcr tll) = tJ:_, or, ·more explicitly, 
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t a•(p.)o.(v} .. t CJab CJ.(v) = S"' (4-9) 
ab ba <_p,) ba p.' 

we have f~} =~ Tr crlv) uP-, or, more explicitly, 

f~) {x) = t <1~) ub: (x) '(50) 

-- so the way to do it is to prefix the discussion of frames by this 

definition of the frame vectors, which is, however, extremely formal, 

and may be misleading if the development covers up the presence o1> the 

equivalent ·frames (50) • 3 



2. The. Parallel Displacement and Covar~ant Derivative of a Spinor 

The spinor obtained from ~(x) by infinitesimal parallel 

displacement is defined .in terms of coefficients of connection, in 

precise analogy to the case of vectors: 

~:(x, S} = 'a(x) - tab(~)(x) ~b(x) s(~) o 

The requirement that ~:(x, ~) behave like a cpntravariant spinor at 
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(51) 

x + 8, tod'irst order in S, with respect to both curvilinear co8rdinate. 

tre:n.s,formations and Lorent& frame trans!ormations, gives us the trans .. 

formation properties ot k.. Thus, all quantities in (51), eave perhaps 

k, are invariant to curvilinear co6rdinate transformations~-whenoe, 

however; k must be invariant, too. For the behavior of k under Lorentz 

transformations, (51} is written for different frames, ·.the known forms 

of all the quantities except ~bCI)tl (x) are inserted, and then the 

result is solved for k: 

s8.c(x + .~) ('f0 (x) ... k\(l)()'(x) \flb(x) ~(ex)) 

,; sa 
0 

(x) \j)c (x) - k\(()() (x) sb 
0 

(x) 'J'0 (x) L (IX) (p) (x) 8 (~). 

The:coeftioiertt or 'f'0 in the first .. order part is 

- 'Osa o ~p,.., sa kd ~(<X) = ka sb L (0<) & (~') 
oxft d c(Ot') b(<X) c . ~) .. 

. The coefficient, now, or s<p>, with, of course, SP = f~) 8 <p>. 1s 

osa c p. a d -a b (e<) r 
- ~xJL f <p> + s d k c~) ~ k b(()() s 0 L <p>, 

and solving by applying sec L(1)(~) yields 

-a a c <p> d ·casac ,4. (A) 
k e('l) 1:11 s d se L('¥) k o(p) • s8 ~ f <p> L(1) r ~ 

as usual, the connection has a •na!ve• term, and a term depending on 

the nonuniformity of the transformatione 

(52) 

The covariant derivative is·, e.s usual, detfned as ~he coetticients 

in the absolute differential• obtained by subtracting tbe parallel 

.. 



·. 

displacement from the actual first-order extrapolated spinor field: 

c,:(D'-) • a t. \he. ( ~ 
'Va,(~)(x) o ='\' (x+ o) -Ti\ x, o); 

'Pa ,(o() (x) = d(()()'\'a(x) + kab(OC) (x) '\'b(x) • 

The three other kinds of spinors can he transform.ed to 

contravariant spinore by E and complex conjugation, then parallelly 

displaced, then transformed back, eo that the k above already defines 

parallel displacements for all spinors. In particular, 

'\'~(x, b) = \}'a(x) - k~b (o<.) (x) 'P~(x) ~ (()(), 

obtained by taking the complex conjugate of (51), where, of course, 

kab (~) (x) = (k'\ (O<) (x)) •. 
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(53). 

(54) 



The quantity v (JL) (x) of' ~q. (48) is a vector, with determinate · 

parallel displacement c when a k is given to parall~lly displace 

spinors. Thus, 

whereas, also, 

so that, on equating the two forms, one obtains 

c {]A) a-~M = cr~fl) k b + cr~M.) k b. o 

(J3fX) ac a b c (e<) be a {0<.) 

This may obviously be solved for the c, most directly, by traces. 

Thus, by applying t cr~!) __ ,. t a(~), on~ obtains 

(f) - .1-( ca ' (J-t) kb - + (,u.) ca kb . ) . 
c ('frx) - 2 0'(~) crab c{o<) CTbc CT(~) a(OC) • 

What are the properties of such a. c, d.eri ved from a k t 

Since the proposed parallelly displaced vector v
11

(x, b) already is 

known to transform to first order in b as a vector at x + ~. the c 

must necessarily have the correct transformation properties of frame-

(55) 

(56) 

oriented coefficients of connection. By writing ~q. (55) in the 

abbreviated notation (58) below, one sees immediately that c{f.') Cptx) · (T(fo) 

is ~ermit ean, whence from the hermi"ticity and linear independence of 

the cr<M, it follows that the c(JJ-)(~~) are real. 

The c derived from a k are therefore ordinary coefficients 

of connection, and we address ourselves to the determination of any 

special properties of such a connection c that may follow from its 

.. 
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compatibility with, or derivability from, a connection for spinors, k. 

We will do this in the process of determining what is the clasa of k' s 

consistent with a given c; for o • s incompatible with a k, the claa:s of 

k's will be found to be ·empty .. 

For the purpose of this computation, we will go to a fixed 

1'<1 ipertial system of frames, and we will drop the obviously Lorentz• 

covariant nota.tion of positional and dotted indices. In this system 

b . 
of frames, k 

0 
(0<.) (x) is, for each IX and x, a (2 by 2) matrix, and may 

therefore be expresaed as a linear combination of the Pauli matrices 

0'~1\) • Thus 
be ' 
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_kbc(IX)(x) = k(CX)(x) = k(ct{3)(x) tr~~), (57) 

where k(O() (x) is a '(2 -by 2), matrix, for fixed (X and x, and the k (rJf>) (x~ 

are complex numbers. Equation (55) then reads 

c (J.l) u(~) = tr(f) k + k t <r(fJ.), (58) 
(~(X) (tx) (0<) 

or 

c (J-1.) u<~) = u(fA-) a<~) k + k 
1 

)#. a<~) u(ft). (59) 
(~O<) (()Cf>) ,ex~) 

It remains to compute the dependence of the k(«p) ,:>on the 

c (f) (~OC.), e.nd to verify that the resulting k possess the necessary 

properties of a. spinor connection. A fast start is obtained by 

specializing (59) to f- = 0: 

c(o) a<p> = (k + k ¥) a~), 
(flfJ.) (~f3) (txp) 

or 

c(O) (forx) = 2 Re k(O<~) • (60) 

The relation ~(O) = l~ ~1· which has been applied, is invariant to a 

similarity transformation, so that the special representation (45) has 

not been invoked. 

We continue by specializing (59) to f= i, where 1 ~ i .. ~ 3:' 
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is a fixed index! 

c(i) (oo() 0'(0) + c(i\i(X) O'(i) + c(i)(i+l,t<) .,.(i+l) + c(i) (i+2,o<} O"(i+2) 

= O'(i) k + o-(O) k + iCT(i+ 2) k . (i+l) . 
(0<0) (D<i) (0<, i+l) 

+ o-(i) k
11 

~) + O"(O) kl )(,.) - iCT(i+ 2) k( . ,ex o ,{)( i · 0< , 

- l.O" .·· k(CX, 1+2) 
.Jf... (i+l) 

i+l)· + ,iO" . k(Ot, 
)/.. 

i+2) t 

(61) 
where indices distinct from 0 are given in an obvious modulo-3 notation.; 

The,· relations applied here were o-(0) = [5 ~1 and CT(i) CT(i+l) =, i(1(i+ 2) 

= -i~(i+l) ~(i), which are~nvariant to similarity transformations, and 

are therefore· also independent of the special form (45). Equating 

the coefficients of the various o-(f) to zero gives 

(i) .. 
c (OOC.) = k («i) + k(Ofi) ' 

c ( 1) (iO<) = k coco) + k.rp_o jtl' 

c(i)(i+l,OO = ·ik(Ot, 1+2) + ik(tx, i+2r' 

c ( i) . == ik - c ik ~ • 
(i+2,1X) (Ot, i+l) . (OC, i+l) 

From (60) and (62a), we find, by lowering t~e upper index 

in each case, 

(62a) · 

(62b) 

(62c) 

(62d) 

c = - c • (63) 
( 0 iO<) ( iOfX) 

Since this hae been proved in an arbitrary inertial systeml0of frames, 

it must be a Lorentz-invariant relation. In Appendix 2, this requirement. 

is shown to be equivalent to the form 
~ . 

c{OC~l) = c(rx{!>~) + Q(Oifi) v('t)' (64) 

where~ is a connection satisfying the antisymmetry property (23), and 

v('/) is an arbitrary vector. Tl1b. vect61"" .;is reBrl~.:·.as·wc·.have ah•eady·· 

noted that:~the coefficients c will all be real, or, directly, from (62b); 

c ( i) ( i<X) = v (CX) = 2 Re k ~Q) , no sum on -1. 

Equation (62c) may be written. 

0 (1, i+l,0()··=---.2 Im k(Oc, i+2)' 

which together with the1 antisymmetry property on the first two indices 
I 

(65) 

(66a) 



when these are distinct determines c( i .v), and hence 
i+l. '"' 

c(i. i+ 2 ,0<)' in a manner redundant 1dth (62d). 

Therefore, the class of c • s compatible with some k is, 

tentativelr, determined to be those c's of form (64); the necessity 

of that form has already been proven. For a c of that form, the k is 

partially fixed in that th~ real parts of all its coefficients are 

given by (60), 

2 Re k(rl..,f3) = c(o,j3,o<)' 
the imaginary parts of e.ll the coefficients save k( ) by ex, o 
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( 60) 

(66b) 

" k(tX, i) is thus completely determined by the entisymmetric part c ot c. 

If we restrict ourselves to vector conn~ctions that preserve arbitrary 

inner products, i. e., to antisymmetric connections, then v(D<.} = 0 

= 2 Re k(D<, O}. In any case, Im k(<X, O) is not determined by the c. 

In Appendix 3, it is verified that the k obte.ined from an 

antisymmetric connection ~ by setting k(o<,. O) = 0, namely, 

1("' A 
k (ex, i) = ·a c ( o ' i , oq + i c ( i -1 , i+l, 0<})' 

does, in fact, define a spinor connection through (57}, which may be· 

(67) 

termed the distinguished spjnor connection determined by an antisymmetric 

vector connection. In Appendix 4, it is shown that the coefficients 

k(!X, O) of any spinor connection transform like a (complex) vector, 

which may be written 

k(o<, o) = t v (ex) + i a(O<) 

in terms of real vectors v and ~' which finally establishes that the 

necessa.ry and sufficient condition for a connection c to be compatible 

(68) 

with some spinor connection is that it be of form (64), and in fact that 

the class of k's compatible with such a cis given by (67), (68}, and 
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{57), in terms of the parts ~ end v determined by c, and an arbitrary real 

vector, a ((X). 

That the condition that c be compatible with a k imposes a 
.. 

restriction which tends stron.gly in the direction of {23), namely, the 

restriction (64), should not be too surprising, inasmuch as (23) 

corresponds to preservation of the Lorentz inner product, whereas the 

completely genere.l spinor connection k is also linked with the Lorentz 

group, inasmuch as it refers implicit.ly to the meaningfulness of spinors, 

and involves the spin representation of Lorentz transformations in its 

frrune tra.nsformation law, and these are ·Lorentz<!'group~ and:not artine, 

concepts. 



The use of covariant differentiation and Pauli matrices to 

vn-ite a Dirac•Weyl-Pauli-Majorsna-Lee-Yang~-Gaee equation is obvious: 

cr~) \}'b ,: (~) (x) • 0, 

or 

cr<tx) \\Jb :'. + im'P = o 
ab .,. , (ot) a. ' 

for nonvanishing mass. 

By dissecting the 4-component .. epinor Dirac equation :into 

its 2-eomponent pieces in the usual way, it also can be directly 

written: 

(0<) mb "' 
Cfab I ,(CX.) + imka = 0, 

1~> ~, (OC.) + im~ = o. 

The term a(Dt) (x) = Im k(IX, O) (x) of last Section, will be 

seen to act in the usual manner of a vector potential if the covariant 

derivative is written out.n This term a(OC) (x) has appeared, without 

being specifically sought, because we he.ve asked for the most gen.eral 

k consistent with a c. Obviously, neither a(OC) nor v (Ot) = 2 Re k(O(, O) 

distin~t from zero appear if one imposes the •natural~ condition that 

k be linee.r homogeneous iri the ~f/~x: one then obtains the distinguished 
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k determined t~rough (67) from tm Christoffel-symbol c's. and k(()(, O) ~ 0. 



Appendix 1 

This is a direct verification that (28) i.s not invariant to 

curvilinear co8rdinate transformations unless c
1 

= 
~x'l)f 

== o(~ r(o<)'Q)) "dx,u. rP 

dXY oxf (~) 

= df (O<.),U. fM. 

'Oxv (fi) 

so that the second term on the right-hand side is the increment con

sequent on transforms.tiOn of ~~::1-' rt,l) r(.t) . That (28) be invariant . 

with c1 =/ c3 requires that this increment 1 antisymrnctrized on o<, fi• 

vanish; 

(r rP - r f f ) 
(f.X) 1J:i (p) (~ ){JJ ( o<) 

Cancel 
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without prejudice to the generality of the transformation x ~ x, thereby 

obte.ining 

'02x"llr ! 'd 2x'UY 
Q(OI.TJS) ox.BoxV = ?£~til) ox«oxV • 

By putting 0( = 0 and ~ == 1 we obtain 
. -...2 0 ' ..... 2 1 _......,._.ox.__ • o x 

-... 1 \.-Y = - ..,. 0'\-V' 
ox ox ox ox 

but by putting 0{ = 1 and fj = 2, we obtain 

0 2xl ! d2x2 

- ox2ox-v = - ox1ox v• 

In particular, for invariance of (28) with c1 =/ c3 , these must both be 

generally valid laws for a transformation of two variables, but as such 

they are incompatible -- a sample nonlinear transformation will show 

that neither is valid -- so that the condition of invariance is not fulfille~ 
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Appendix 2 

To show that 

c + c = o, 
(O,i,CX) (i,O,OC.) 

for all i f 0, is satisfied for an arbitrary inertial system of frames 

if and only if c(f,Y,~) is of form (64); 

0 (0,i,~) + 0 (i,O,~) = o, 
which for a constant Lorentz transformation becomes 

L (}1) L ( v) L (lir) c + L ( Y) L (J'-) L (111) c . . =· 0 ,· 
(0) (t) (<X) {f-Ylfl) (i) (0) · (e<) . (Vp1fJ) 

by cancelling L(O<.) (OS'), we obtain 

L(op) L(iv) (c + c ) = 0 
, ()!)Ia>) (V)lm) • 

By putting L(O<) (~) = o! ... · E·A(O<) (~) and computing to first order in E, 

one obtains 

<ry(Of) A(iv) + A(Op.) ry(iV)) (c(fvm) + c(V)l~)) = o, 

or 

,(iv) ( ) \ (op.) ( ) 
" 

0(0vw) + c(vOt») - 1\ c(pta) + 0([p."'t) = 0 ' 

which simplifies, by virtue of (63), to 

\(iO) ,(Oj) ( + ) 
2/\ c(oorn) .. " c(jilX$) c(ij~) = o, 
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{63) 

(69) 

where j is summed, but only from 1 to 3, and the ~f4V) need satisfy only 

the relations 

(70) 

for an infinitesimal Lorentz transformation; this is essentially the 

same condition as (34b), derived in the same way. 

Put A(iO) = 1 = - ,\ (Oi) for a fixed i ::f 0, and ,A (~fo) = 0 for 

all other cases, in conformity with (70), into (69), to obtain 

2c(OOW) + 2c(ii~) = 0, no sum on i. (71) 
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On the other hand, put ~(kO) = 1 = - ~(Ok), 0 f k f i, all other )pxp) 

= 0, to obtain 

c(ki~) + c(iklli) = O, k f i; (72) 

this has been j uet proved for k =/ 0, but the original condit.ion (63) 

validates (7?) for k = 0. 

In words, (72) 1 supported by ( 63) 1 affirms that the part of 

c (0<~1) oft-diagonal in the sense ri,f p is antisymmetric, whereas from 

(71), the correspond~ng diagonal elements may be obtained thus: 

c (}lp.m') = ? Cfrl c (oom) , no sum on f· 
Let v (m) = c (oom): be a vector which coincides with c(oom) on 

the original frames. B~ the remark at the end of Section 11~5, 

(73) 

9~~) v(M) Lorentz-transforms in the same way as c(~»m) 
A 

" • c {fVDf) • where 

c is the antisymmetric part of c, eo that the relation 

" . c (J1Yl(l) = c (Jtvrt) + Q<p»> v {aT) , {64) 

which by (73) holds on the original frames, actually obtains generally, 

Thus, c is reduced to the sum of an arbitrary antisymmetric 

connection and the outer product of~ and an arbitrary vector 1 which 

form does in fact satisfy ( 63) in all inertial systems of frames, eo 

that the form (64) is equivalent to the condition (63) in all inertial 

systems of frames. 
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Appendix 3 

The problem is to verify that (67), where. c is a connection 

satisfying the antisymmetry property (23), k(OC, O) = 0, and (57). 

defin,e a spinor connection k .. 

That the expression "k" given by the formulae is invariant 

under curvilinear co8rdinate transform,ations. is immediat~\ .as the c a~d 

~are so, by definition. 
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The explicit verification that the Lorentz frame~transformation 

property (52) is satisfied,. will be circumvented by logical ~trgument. 

It has already been argued that an arbitrary properly transforming. k 

generates a· properly transforming c: the brief remark that the v~f)(x~ b). 

defined by spinors and k transforms as a proper parallelly displaced 

vector constituted a. sufficient argument, inasmuch· as this condition on 

v\\(!X) (x, o) ·~erved to ~etermine the transformation law for a proper c -

formal completeness requires the additional and obvious remark that 

spinors exist to represent an arbitrary vector field a~· ~(CX) (x) = 

~a(x) ~f~) XP(x). 
ab . 

Now, define k in one frame by (67) and k(O<,O) = 0, in terms 

of the components in that frrune of a properly transforming c satisfying 

(23), and extend the definition of k by the proper k-transforro.ation law 

(52) to all Lorentz-related. frames. This extended k generates a properly 

transforming c, as has been noted in the last paragraph, which must agree 

with the original c, inasmuch as agreement obtains in the original frame, 

and the law for c tra.nsformation is unique; that antieymmetric c related 

to ~ by (67) and k(O<,O) = 0 propeFly·relate k and c in the origin~a.l frames 



is the import of the work in the text. 

Conversely, by t·he. work in the text, the expression of this 

extended kin terms ore follows the law (67), supplemented by 

Re k(OC,O) = 0, for antisymrnetrie e. All is therefore proved, except 

for the statement that lm k(~,o) = 0 in all inertial systems or frames, 

given that it is true in the original inertial system. 

If the argument is now repeated for c of form (64), then we 

gain the information that 2 Re k(~,O) = v(~)' with v(~) a vector, is 

Lorentz-invariant. This suggests that lm k(~,O) .=a(~)' with a{~) a 

vector, is also Lorentz-invariant , which. if true, would complete the 

proof. 

A direct verification that k(IX,O) transforms like the lower 

parenthesized components of a vector is given, instead, in Appendix 4. 
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Appendix 4 

That ~(~ O) Is a Vector 
--·-:1· .. ----~-~-~·-·-···-· 

It is verified here that. the k (O<,O.) Lorentz-transform like 

the lower parenthesized components of e vector. 

By substituting the ,definition (57) of the k (fX ,p) into the 

transformation law (52) or a. spinor connection k:e(')'), one' obtains 

- (0() _ a. c . (/1) (oc.) _ c ()s e ~ (~) 
k('(fe<) erne - S d S e L(1) k(p()l..) 6'dc Se ()xP. t (~) L(1) ' 

which yields 
e. 

- _ _l_ (~) ( ,..(0\) 8 c ,..ea 5a (jea 5 c 'OS c t JA. ) 
k('G'S) - ~ L(~) k(/3fX) vac e v(&) d - (b) e gr (/3) 

fls the Lorent z-:ransformation law for the k (fX/0) , on 1e.pplying the trace 

opere.tion, t <r{&). It is easier to read (74) in ordinary matrix 

• · (o() -t~ • (O<) c 
'notation for spin ~ndices: crdc = 0(~) _..,. crdc ; 58 ·~ sec' whence 

a d te. ( -1) a ( -1 S . d 4, = ob and s de. sbd = lba give S d = s ) de.. 

~·.-:. · .. · >In this notation, (74) becomes 

- - t {~}[ . ( (tx) rv (~) 
8
-lN) 

k <r 0) - L {'6) r k, (~rx) Tr a- s t5 

Since a-(O} = 1, we have, for & = 0, 

F('l ) = L <~>[k t Tr, (J'C~> - tl.k _L Tr s o (s ·In 
'0 (1} <P ,0<) ((0) ·:r , "dxP. j • 

Since t Tr a'(OC.) = &~, we have the desired result, . 

-k = L ({!) k 
(1,0) (1) (~,0)' 

provided that 
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(74) 

(76) 

Tr s o(s:) = o. (77) 
~X 

Since L -+ s is a representation of the Lorentz group, 5 

L -7 det s is e. one-dimensional representation, of which the ·only one 

is the identical representation; det s· = 1. Therefore, it 



then 

6 = - (det s) 
. ~xM 

= o,. 

so that (77), and hence the transformation law~ ("r6), is verified. 
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1,· 

Footnotes 

Neither the 4-dimensionality of the basic manifold nor the 

detailed distribution of l's and ·l's in the? metric is essential to 
2 . 

the arguments; as long as ? = 1, they will apply, although the 

appe:no.tions "inertial frame" and "Lorentz transformation" to be 

introduced later would in more general cases be unconventional termin-

ology. The section on spin-~ is t'o be excepted, but only because it· 

was not thought worthwhile to. work out the spinor algebra in the 

greatest generality. 

2. T. Levi-Civita, Sitzungsberichte preuas ~ Akad. Wiss., Phys.-

math. Klasse, 346 (1932); Hs Weyl, z. Phys. ~' 330 (1929); 

J. A. Schouten and D .. van Dantzig, Ann. Math. 34, 271 (1933); 

F. J. Belinfante, Physica 1, 305 (1940); more recent references are 

D.;'Brill and ,J·~ A. Wheeler, Revs. Modern Phys • .£2., 465 (1957), 

Bade and Jehle, Revs. Modern Phys. ~' 714 (1953); the latter contains 
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an o.xte~sive bibliography./:,A1so T. W. B. Kibble, J. Math. Phys. 2,, .21.2 (1961). 

The· term· "ar.holonomic reference system" derives from the fact 

that if sixteen functions f ~) (x) spec~fy four vecto:rs f 1°>, r~l)' r )f)' 
f~) at all points x at once, subject to only continuity and differen~ 
tiability conditions, then there will not in general be four functions 

<f(O!) (x) such that rJ;.l (x) = !:~) (x); i. e., the vectors considered as 

differential forms are not in general exact; neither will f~)(x) = 
~IX) (x) 64(«) (x) , in general, with integrating factor's ~ (0<) (x) and no 

ox }.A. 

sum on~, so that the frames are not even integrable, or "holonomic~. 

The matter is of interest, because the differentials of the four curvilin-
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ear co~rdinates are exact, and would be the first sort of framep to 

appear in a discussion emphasizing the co6rdinates. The restriction 

of exactness, or even that of integrability, is, however, an intolerable 

restriction, because the inertial frames, which are·the frames of 

interest in the common expression of local physics, are usually an· 

holonomic. One should not think of the anholonomic frames as peculiar 

-· rather, it is the co6rdinates that are distorted or "curvilinear" 

due to curvature, so that a condition of simplicity based too directly 

on them, like exactness, is likely to be worthless. 

For similar remarks, see ~ootnote 7 of H. Weyl's z. Phys. ~ 

article, page 320 of F. J. Belinfante 1 s article in Physica,1, and the 

end of Section III.5 h~re. That one can feel strongly about this matter, 

even without being faced with the spin representations, is illustrated 

by the remark on page 136 of H~ Weyl' s ''Classical Grou.Es'~, 2d, Ed .. , 

(Princeton University Press, 1946~ 

so that 

f (0<) (x) r ,M (x) == 
jJ. (~) 

(3a) may be written 

r~~~(x) according to the notation of (4), 
p (IX) . ot 

f(~) (x) ~ b~. For the sake of clarity, 

4. 

we will not exploit this identity to. eliminate either of the symbols 

''f" or "~". 

5. The group involved at one point x will, as a concomitant of 

the notion of continuity of the variation of frames, which will remain 

implicit, be the group without any of the reflection operations. In 
special arguments and special cases, invariance properties may extend 

to one or more reflections. 

Note .that by the use of. our normal terminology, ~xpression (21) 

would be written ?VJl(x); just as in the case discussed in footnote 4, 



two letters, here g and ~' could be replaced by one. As in that case, 

however, both letters will be retained, to accentuate the difference 

between the constant and universal components ot the parenthesized met-

ric components, and the co6rdinate-dependent ordinary tensor components. 

Further, n(~tX) f)J.( ) = f(~)JA-, and g'~f= fV t~~ = t.Jf, so .that, in 
~ ~ ~) ' 

principle, all the four letters in this and the previous footnote~-

g, r, ?• and o;~are redundant. 

If we are given a c which satisfies (23) and (24), it is 

unique, by a similar argument: The difference~ between two such c'e 

is antisymmetric in ita first pair of indices, and, because the r of/ox 

discrepancies between the c and their r of eq. (14b) drop out in the 
' ! 

subtraction~ ~ is symmetric,· like the,P, in its last pair of indices; 

. whereas any 3-index symbol with these simultaneous antisymmetry and· 

symmetry properties is easily shown to vanish. 

7~ The order of indices is chosen to have (40) read smoothly, 

and is not guaranteed .to conform with other notations. aPJJ.VTJ) J·.happens 

to agree with the notation in Einstein's ~eaning of Relativity", 

Princeton University Press -· if the difference in sign of the metric 

tensor is eliminated by comparing preci~ely this form, rather than the ' 

one with all indices below; the R here also differ~ only in s~gn from 

that of reference e. 

8. 

No. 24 of Cambridge Tracts in Mathematics and Mathematical Physics,, 

(Cambridge University Press, 195~ 
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9. See, e. g., E. M. Corson, ·rntroduction to Tensors, Spinors, 

and Relativistic Wave-Equations ·. (Blackie & Son, 195$. For the use 

of arbitrary Pauli matrices, seeK. M. Case, Phys. Rev. 10? 1 30? (195?). 

The use of special Pauli matrices in the sequel is tied only to use of 

the special matrix [_~ ~] tor the raising and lowering o~erator ~. 
which is discussed more generally in Case's paper as a (2 by 2) charge

conjugation matrix. I hav,not deemed it· importart to adopt e~ch 

general notation, because the important point about the Pauli matrices 

is that they are constants under both curvilinear•co8rdinate and 

Lorentz··tt:ansf.ormations; that other Pauli matrices, or eve~ an abstract 

algebr.a of Pauli objects, may function in place of particular Pauli 

matrices is here an incidental point. 

10. Since spinors are specifically Lorentz-group quantities, · 

the system of fr~es Which may come into consideration at once are 

necessarily related by Lorentz tranatormaticns. By terming any one 

of these systems of !rMes i!,!exjial, in the manner of Seetion Ii.4, 

our terminology designates all the systems as inertial. Thus, the 

Lorentz-traneformation law (52) for k does not define k for arbitrary 

linear transformations, inasmuch as S has been defined only for Lorentz 

transformations, and, as has been noted in the Introduction, the 

definition of S as a representation cannot be extended to the class of 

all noneingular linear transformations. 

The single 2•component eq~ation with mass does not remain 

invariant when o/ is transformed by a phase factor, and !. is augmented 

by the phase gradient, for the mass term transforms with the complex 
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conjugate phase factor, but the coupled pair of 2-component equations 

does remain invariant under a similar scheme of tr,ansformations, if 

~and X are taken to transform with opposite phases. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use 6f any information, appa-
ratus, method, or process disclosed in this repor~ 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 
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Commission'' includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
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to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 


