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1:. Introduction 

A general ·form of a collective model was developed in a fundamental 

paper by J. A. Wheeler in 1917. 1 

In thil theory, any state ofa nucleus ie regarded as a superposition of 

all possible kinde of nucleon clusters, continually broken and re-formed in new 

waya, the interchange of neutrons and protons between the groupe beins largely 

responsible for the intergroup forces. Such a stat• is called by Wheeler a 

"resonating group structure." To make the calculation feasible, no more than - ' two clusters are considered, and the intergroup separation variable r (joining 

the centers of mass of the two clusters) le the main one of the problem, the scat--tering function being F(r ). After an exchange of nucleons between the cluster a, - -r becomes r'. It can then be shown that for any type of interaction we get an 

equation of the form 

ft 2 - -.- ....... 
( 

2 ) '} . Iii V r + Einc F(r) = U(r) F(r) + K(r, ~) F(r') dr'. (1) 

Because of the principle of conservation of energy, K('r, ~)is eymmetric - ... in r and r 1 • 

The three-nucleon problem (·n:-d scattering) waa tackled first by 

2 Buckingham and Massey ln 1941, using a central potential of exponential shape 

and the Maaaey and Mohr wave functlon 3 for the ground state of the deuteron. 
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Since then, and also in this paper, Gaussian have been preferred both 

for the potential shape and for the nuclear wave function because the analysis te 

easier and can be carried out further. But even when the Gaussian shape ie ueed, 

the solution of Eq. ( 1) still requires the help of a powerful computer to tabulate the 
. 4 

kernels and to solve Eq, ( 1) using finite-difference approximations. Both programs 

have been written for the Ferranti Mercury digital computer by Dr. PbUip G. Burke, 

and are t:low available at London University Computer Unit. 5 

The work presented here ts half way between the fundamental Wheeler paper 

on resonating group structure and Burke's programs for tabulating kernels and 

solving t~e equations. 

The reactions involved in the following scheme are considered here • 

D(A, Z) - D(A, Z) 

n(A+l, Z+l)- D(A, Z) 

p(A+l, Z ) - D(A, Z) 

O(A, Z) - n(A+ 1, Z+ 1) 

n(A+l, Z+l)- n(A+l, Z+l) 

p(A+l, Z) -n(A+l,Z+l) 

This is written in abbreviated form as 

AA 

BA 

CA 

AB 

BB 

CB 

AC) 
BC 

cc 

. D(A, Z) -p(A+l, Z) 

n(A+ 1, Z+ 1) - p(A+ 1, Z) 

p(A+l,Z) -p(A+l,Z) 

For A=Z we have the full three-channel d-d reactions: 6 for A=3 we have 

the two-channel d-t reaction a 1 or d-He 3 reaction•; for A=4 we have the single- t 

4 channel d-He elastic scattering. 

The minor of AA of the type N(A, Z) (N being a nucleon, either a neutron, 

n or proton, p ), and most of the poeeible cases have alr•ady been published. The 

n-d case of course, baa been extensively studied; the Gaueaian formulation with 

central forces of interest in connection with this paper baa been carried out eeparately 

8 3 9 4 10 3 11 for n-d, n-He and n-T, N-He , and finally the two-channel n-He caee. 
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In each of the above papers is a formulation corresponding to the reaction 

studied; all the formulations published (or to be published) can be found herein, so 

that Wheeler's model appears with full effect namely, covering a very large quantity 

of experimental data with only three parameters~ Y0 (potential depth), Po = 1/ ~ 

(range of the nuclear forces), and the type of exchange. However, one must keep 

in mind that the formulation is only the minor part of these problems, the far 

greater one being to get out numerical results! and in that respect the machine 

programs are much more valuable. 

The limitation A ~ 4 is due to the symmetry property of the ground-state 

nuclear wave functions, namely factorization of spin and space part with invariance 

of the space part under any permutation of the nucleons inside the nucleus. This 

important property allows for a relabeling of the nucleons, which considerably 

simplifies the analysis. 

Among the possible types of functions consistent with that property, 

Gaussian functions have been preferred. We take, for the potential shape, 
2 

) -ur Y(r = y
0 

e r ; 

for the deuteron wave function, 

. 1 2 2 
cji{A+l, A+2) = cjl(p 1) = 1iC [exp(-a:p 1 ) + c exp(-f3p 1 )]; 

D 
and for any other nuclei, 

cji(A, Z) = cjl(l,2,· ··A)= J:- exp( -(~/2L (ij)
2
]. 

A 

As we have A~ 4, we can den?te protons by even numbers and neutrons 
' ' 

by odd numbers. Also we assume 1 and IA+ 1 to be of the same nature, ,as well as 

2 and A+2. 

From the form of cji(A, Z) it is obvious that AC can be deduced from AB, 

and similarly BB and CC from BC, by appropriate changes of ~. 
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Finally, owing to the symmetry property of the scattering matrix, we 

have BA = (AB)t. CA = (AC)t, CB = (BC)t, and we need to consider only the 

three terms 

AA, AB, BC. 

In the minor of AA, the nucleus involved contains A+ 1 nucleons; when· 

dealing with it, to simplify the formulae, we write only A, so that we have at once 

the formulae ready for the two channels N(A, Z). The method is detailed in that 

case, and only tables are given for AA and AB and for BC. 

Chapter II of this paper defines the central two- body interaction used in 

the formulation, and deals with the space-part wave function of the nuclei (A, Z). 

Chapter III gives the wave functiop, written according to the resonating-group-

structure method, and the corresponding equations that the wave function must 

satisfy. Chapter IV deals mainly with the BC term, and in the appendix are 

given the corresponding Table II and Tables Ill for AA and AB terms built 

up by following the same method. Chapter V is a brief review of the method for 

tt . th . h. . . d 1 . h . d '1 . h 12 ' 13 
ge 1ng e cross sections; t 1s top1c 1s eat w1t m eta1 1n ot er papers. 

' ' 

In appendices are given some details of the algebra involved in the 

calculations, and the results are listed in Tables II and Ill. 
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II. The Two-Body Potential and the Nuclear Wave Functions 

1. The Exchange-Dependent Two-Body Potential 

The potential used is a central two-body potential with Gaussian 

shape and exchange dependence. It can be written equally well in two forms, 

and the connection between these two forms is reviewed here. 

The interaction between two nucleons can be written (using the same 

shape for all exchange potentials) as 

where e1J = 1 if i and J are protons, and zero otherwise, rij = r;i - ;'j 1. 

W ij is an identity operator, and 

Mij' Bij' Hij are the usual Majorana, Bartlett, and Heisenberg operators 

exchanging space,. spin, and spin-and- space co-ordinates of particles 

t and j such that H B M ljJ = W ljJ = ljJ. 

According to the Pauli principle, the total wave function must be totally 



-7- UCRL-9674 

. 1 - -antlaymmetric in apace, spin, and isotopic spin so th~t, 1~nce H'= r 1+ "i • ~J) 

la the operator exchanging the isotopic spin, we have H' B M 4" = - "'· ConsequentlY, 

we have H' = - H, and Hij a - } ( 1 + T"1 • Tj ). 
1 - - 1 ) Ae B1t'f(l+a 1·uJ)' wededuce M1j=- :;r(l+a1 •uj)(1+~1 -l"J. 

Either from their very definition or from the above eXJ?reaalons, we deduce the 

following multiplication table: 

wu Mlj Blj Hlj 

) 
w,J w,J Mij Bij Hlj 

Mlj M 
iJ w,J Hij Bij 

Blj slJ Hlj wlJ Mlj 

Hlj Hlj Blji Mij wlJ 

Here w, m, b, and h are conetante that determine the relative importance of 

each type of exchange: they are choeen accoJ;"ding to the dlffe.-ent tbeoriee of nuclear 

forcee, and it il hoped that the comparieon of the final reeulta with the experimental 

data lead to a reasonable choice. 

Let U8 write vcr,j) • v 0 f(p, rlj), 

~here V 0 and fA give the depth and the range of thia well, 

and +ij • L +.Cr .. ) Y,, m((J, +> a., (ij) 
J. ,/8 ·~ ..., 4'. s. 

la a wave function for the two nucleon a l and J. 
l 

Then V(r ij) acting on +lj . wUl give an effective potential ZS+ 1v z'.f!~ , aucb that 
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We take w + m + b + h = 1, 

3 
so that V 

0 
is the depth of the well of the deuteron in the S state. Also, 

w+m.:b-h=x 

ia the ratio of the 1s to 
3s interaction. 

The value of x is usually taken to be 0.6. 14 

We have 

w+m= 
l+x 

3v + 
1v 

= 1 - g; -r- = 
Z( 3V) 

b + h = 1-x 3v- 1v 
z- = Z(~V) = g. 

Using the previous definitions of W lj, Mij' Blj' and Hlj, we can write 

the nuclear interaction, 

Ae Mij had no effect on even states, we have, for the etatee of even parity only, 

The potential for etatee of odd parity is euggeeted by meson theory: 

(a) Ordinary forces or neutral meson theory: 

Vodd * Veven' i.e., m a h = o, w a 1/Z,(l+x), b = 1/Z(l-x) • 

(b) Exchange forces or charged-meson theory: 

l 
. Vodd =(-1) .V , i.e., w = b 1:1 o, m = 1/Z(l+x), h = 1/Z(l-x). even 

(c) Symmetric forces or M H W B: 

·•· 

3 3 1 l 
V odd 111 

- l/3 ( :;i · ~) ( u i · u j) even' i.e.' V odd=- 113 V even and Vodd=-l V even' 

or 

m = Zb 111 (1/J(1+3x), h = Zw =(1/~1-lx). 
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1
• a j = + 1 for triplet states and 

- -o 1 • u j = - 3 for singlet states). 

(d) Ser\er empirical forces: 

V odd= 0• w = m = ( 1/4)( l+x), b = h = ( 1/4)( 1-x). 

(e) Biel's force, a mixture of Serber and symmetrical exchange (which has given 

good results for "th.e···binding energy of the first 4n nuclei and the ~-~ scattering): 

VBt 1=1/3 V +l./3 v5 b , w=b= 5/18; e sym er er · i h = 5/18·-x/l.. m.. =. 1/g t Y.t 

That the deuteron has a quadrupole moment implies that the nuclear for~e 

is not merely a central one. 

However, so that preliminary results may be obtained in a reasonable 

time, this work does not include a tensor force or a spin-orbit coupling. Using 

the central force not only saves labor but also allowe us to consider the total spin 

s of the system and the angular momentum I. as good quantum numbers; thus it is 

poseible to solve, for each value of l, the system of equations obtained for each 

value of a. The phases and the cross sections are deduced according to the 

claesical method of partial waves. 

At low energy, the results are rather insensitive to the shape of the well, 

as we have seen from the Blatt and .Jackson formula. 

The potential shape used in ~his work is Oauastan, 

l. 
V0 £(~1 r)=V0 e·tlr, 

thie form being the one which allows us to perform most of the algebra. The value 

' 26 -2 . 15 
of tl(tl = O. 2669 10 em ) is that derived by Brett,, Hoisington, and Share from 

analysis of low-energy proton-proton scattering, and has been used in previous 

four- and five-nucleon calculations (see Bransden review paper 16). Assuming that 

the nuclear forces are charge-independent, this range can be used indifferently 

. ~~ 13 for p-p, n-n, or n-p interaction. The corresponding range p0 = 1t"''J.I. = 1.936 10- em 

la larger than normal and in that respect can account, to a certain extent, for the 

effect of the neglected noncentral forces. 
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The corresponding value of the depth V 0 (that is, V 0=- 46.8 Mev) was 

17 
interpolated from the results obtained by Burke for the determination of the well 

depth required to give the observed binding energy of the deuteron for a Gaussian 

well using tL = 0.2 (0.1) 0.6. 

2. Trial Functions and the Variational Principle 

With the interaction V(rlj) defined previously, and T being the appropriate 

kinetic energy operator, the Hamiltonian wUl be 

H = T t L V(rij) • 

all pairs 

The wave function "' to choose for the different nuclei ln their ground atatea 

( D, T, He 3, He 4 ) should be the exact solution of the Schrodinger equation, 

(H = E) "' = 0, 

E being the corre1ponding binding energy. 

Aa is well known, it la not possible, using Gaussian potential, to solve 

these equations ancl express the eigenfunctions in an analytical form. To allow 

for an analytical evaluation of most of the integrah, a trial function is chosen for 

the space part. 

As the total wave function must be totally antisymmetric, and as the 

product of the spin and isotopic spin parte can be antisymmetrized for any number 

of nucleons up to four, it is possible to take a space part completely symmetric 

with reepect to permutation of the nucleon•. Among this clas1 of function, the 

Gaussian form has been chosen. 

Deuteron: 

3 4 T, He , He z 

2 z + = ( l/N
0

)[exp -o.r + c exp -f3r ] ; 

cit= 1/N exp[ -( ~/2) L (iJ)
2

] 

where N ie the corresponding normalizing factor. · 

Writing ~ = + u, and with ~ being any of the parameter• o., f3, c, ~. we have 
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E ( >..) 1;: 

the integral sign involving the appropriate sums over the spin variables. 

Then, according to the variational method, the parameters of the trial 

functions given above are determined so that 

\ 8E 
6 E (>..) = T 811 6 >..i = o, 

whatever the 6>..i may be. This gives a ayetem of aimultaneoua equationa and 

therefore the values of >..i. 

The corresponding mean value Emln ao obtained ia an upper limit for 

the binding energy E and verifies the equation 

Thia integral equation satisfied by the nuclear wave function h uaed later on to 

simplify the equations of the acatterlng problem. 

The Oaueaian form ie 

+ • 1/N exp[- >../?..I (lJ)
2
], 

i <j 

where (ij) h any two-by-two combination of the ( 1, ?.., • • • A) nucleona. Using 

the elementary relation of the moment of inertia, 

L m 1 MA1
2 

a: (L m
1
) M0

2 
+ L z m

1 
OA

1 
, 

i l l 

we get 
A-1 

I (lj)?.. = I 1(A-)) R Z 
l<J p= 1 -p+ p • 

with - - -- - r ;e+ 1 + r :e+ 2 +rA 
R g r 

p p A-p 
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By use of the fo·rmula given in the appendix, the normalizing factor l8 easUy deduced: 

A-1 ) 3/2 
N2 = u · (11' (A-p+l~ 

p= l XA(A-p) 

where ~ meane the product of all terms obtained by ueing succeseively 

p = 1, 2,• ··A-1. 

The kinetic energy is given by 

A-1 

- ~~ ~ u1+\ vl 
M L ·P R • 

p=l p 

~ ~2 3 
For each Rp we get the contribution M i ).. A, -and aa we have (A-1) different vectors R , we get 

p 

~2 3 
(«t> I K. E. I cf») = JJ" 4 ).. A (A-1). 

2 
The nuclear potential shape being V(r) = v

0 
e-J.L(ij) • we get 

( I I ) - A(A-1) ( A>.. ) 3/2 
~ V ~ - l (m + w) Vo A>..+ lJ.L • 

The Coulomb potential gives 

And finally the binding energy is 

B E(A Z) = 3 ~ >..A(A-1) + A(A-1) (m+w) V A>.. + z(z-1 ~ A).. 2 2 ( ) 1/2 
' 4 11 2 o A5\+2J.L 2 ,.,[;" -r · · 

By making A = 2., 3, 4 · one can get all the formulae needed for deuterona, 
3 4 tritons, He , and He • 
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Table I 
-::~-==-~-·-== - -· -~---.;~;.::;;::;;..~...:::":":-- .. ==:c..:::= ~-.. ___:.._--:--..:.;;;c;.~-:~::0: - .=:L:Om! 

Summary of Chapter II. Parameters used in the trial wave functions and 
corresponding calculated and experimental binding energies. 

Nucleus 

d 

---------

Z6 -l 
Cl = 0.0299X10 em 

6 Z6 -Z 
~ = 0.18 XlO em 

c Ill 2. 73 

0.15715 

0.15400 

0.15780 

E . m1n 
(Mev) 

-2.133 

-6.744 

~5.975 

~27.315 

E exp 
(Mev) 

-2.226 

-8.3 

-7.55 

-Z8.Z 

1 6 - 13 66 2 6 - z) The potential range p0 • ;;ni 111 1.93 XlO em (from f.L = O.Z 9Xl0 c:m 

and depth V 0 = - 46.8 Mev 

c:hoeen can account for the binding energiee of all the light nuclei we intend to deal 

with in our ecattering problema. Thie il very important when dealing with coupled 

equation• of a complete (elastic and nonelaetlc) eyetem which baa to be deecrlbed 

wlth conaietent parameter •. 

The valuee of the phyeical c:onetante (h, •• etc. I uaed ln the calculation 

are thoee given by DuMond and Cohen. 18 
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lll. Total Wave Function and Coupled Equations 
-~- .. ------ .. -.....--

A resonating-group wave function of correct symmetry may be written as 

~J~s(A+l,A+2;1,2,• ··A)::: (1-PA.f-1, 1 -PA+l, 3- •• •)(1-PA+2,2-PA+2,4- ···) 

+(A+l,A+2) ~1,2, ···A) u (A+1,A+2;1,2, ···A) F (A+1,A+-2;· ··A) 
8 8 

+( 1- P A+ 1, 1 - P A+ l, 3- • · • ) ~(A+ Z , 1, 2 , 3 • • • A) u 
8 
(A+ 1 ; A+ 2 , 1, 2 , 3, • • • A )G J » 1; Atl, 1 , 2, • • .A) 

+(l-PA:+Z,l-PA+l, 4 -· • • )~(A+l, 1,2, 3, ···A) u
8
(A+1,1,2, 3, • • •A)H8(A+2;A+l,1,Z. • • • A). 

Here Pij are exchange operators of Heisenberg type; 

CJ' is the. spin function corresponding to the total spin 5 of the system of 
8 

A+2 nucleons. As is well known, even though all spin orientations are contained in 

the usual be~m, we may take only one definite spin orientation m
8 

for the spin 

function (T 
61 because different values of m lead to incoherent contributions. 

8 8 

In fact, we have taken m = 5 and dropped the superscript: 
8 

F, G, H are the scattering functions (to be replaced by plane wave in Born 

approximation), which we are going to determine by the partial-wave method, as 

described in Mott and Mas.sey. 12 

The general way of deriving the coupled equations through the variational 

principle is given in Wheeler's fundamental paper, and the application to the case of 

A=Z. is given in detail in Burke and Laakar. 6 

The variational method leads to an integration over internal variables, and 

the appropriate differential volume elements are: 

dT 1 = d(A+ 1, A+2) dR 1 dR2 • • · dR A- 1' 

d'Tz ::: d(RA+l)O _dR 1 dR2 • • • dRA_ 1, 
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where we define 

- - -
( - ) RA+Z 

or A+1 0 

= -rA+Z 
or A+l 

rl + rz+-·· + rA 
A 

The basic intergroup separation variables are 

- -.. r A+l + r A+Z 
v = . 2 

-; + ;- + ••• +ItA 
1 l A for AA, AB, AC; 

lor the other elements. 

- -The exchange operator a Pij replace this aet of v by a aet o£ r', and 

special care must be given to AA, AB, AC terms because of the occurrence o£ two 

types of exchanges. 

First type of exchange: - .... 
r 1 + r A+Z 

AA: r' • ---.zt----
- ---- -r A+ t ~z +:~+ · · · r A 

A ' 

- .. AB! r' = I" A+ l -
- . - - -r A+Z + rl + rz • • • + r A 

X+ I 

Second type of exchange: 

AA: -r' = - - - -r A+l +r A+Z + r3+ •• ·+r A 

~r • .... r 
1 -

- - -r A+Z. +r .A+ 1 +rz + ••• 
A+l 

As already mentioned, BC belongs to the type N(A, Z,, and on that . .basie 

we have a sfng1e type of exchange: 

- -r A+ 1 + rz. + 
A 

" 
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interactions (n-p). They fall into 

different classes which can be listed and indicated as follows (where appearance of 

the same symbol indicates that the expressions are the same; the dagger is the 

classical adjoint symbol): 

~-e __ 

(A-1, A) 

( 1, i) 

(A+ 1, i) 

(A+Z, i) 

(1, A+l) 

(1, A+l) 

(A+ 1, A+Z) 

( 1, J) 

(Z,j) 

(A+l,j) 

(A+l, j) 

AA 
----------------------------First type 
of exchange 

Second type 
of excha-nge 

Firat type 
of exchang~ 

AB 
Second type 
of exch~~S~ 

BC 

v 

X 

0 

The BC term will be dealt with in detail later on to illustrate the method. In thi.s 

table 1 = Z, 3,• • ·A except in (AA ju) and BC where i = Z only: 

j = 3, • • •A. 

Within a given column (AA, first type of exchange, for instance), all kernels 

corresponding to the same symbol are the same; for instance the (A- 1)(A-l) ... 
kernels interactions o£ the type (A-1, A) (in which neither neutron nor proton is 

A+l, A+Z, or 1), are all the same. 
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Within a given column, (AA 1 first type of exchange for instance) the dagger 

signs correspond to the adjoint o£ the one without dagger: for instance 

[AAitlA+l,A+l] = [ AAIIIl, A+l]t. 

The notation [AA II I np] speaks !or iteell: it means the kernel corresponding 

to the interaction np, in AA1 first type of exchange. 
i ., 

Tbea:otf"espg-ndeiic-e.:between kernels shown above is self-evident as soon at 

the interaction (np) is expressed in terms of the variables v,r', Rz• ···RA-l'.and 

allows for tremendous simplification in the formulation. 

The following notations will be used: 

~ = E i (D)+ E . (A, Z) +Ed a: E i (A+l, Z) + E = E i (A+ll Z+l) + E I m n mtn m n p m n n 
lf.L 

kz = d1 n1 or p E 
112 · d, n, or p 1 

where Ed is the kinetic energy of the corresponding particle in the , n 1 or p 

center-of-·mass frame, 

and 

1 1 A+Z 
M + (A+IJM = rA+ITIVl' 

So that 

Also, ~is the kernel arising from the product of the initial-state wave 

function on the one band and the final- state wave function after exchange on the 

other hand. 

,. 
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For a given value o.f the total spin S, the system of coupled equations can 

then be written: 

0 = -~A4"7~2 + E(d1 F(v)+F(v)j .p2
( pI )<ihA, Z).{ ZV cA+

2
' 
2t(w0 w+f1°mt~0 b+t'h)VA+ I, I }d r 1 

+ J A~ 1 { y Al ( T- :f.#] + ((At2, 2))c + ((A +I, l))c 

+ ((A -I, A))+(( I, A+ I) )+((A+ I, A+2 ~~~, A+2) )+((A+2, 2) )+((I, 2I+IA+1, 2)) } F(r' )dr' 

+ J A~J { yA~ [ T- 1f#'J + ((A+2, 2))c + ((A+2, 4))c . . 

+ ((A -I, A)}+(( I, Atl))+((A+ I, A+2 )}+((I, 3 I + I A+ I, 3 )) } F(r' )dr' 

t:JAlj { yA~ ( T- 't'vf/'J + ((A+2, 2))c + ((A+2, 4))c 

+ ((A-1, A))+ ((1, A+l)) + ((A+I, A+2)) + ((A+2, 2)} 1 G(r')dr' 

+ J A~ J { y A~ ( T- 'f .f'J + ((A+2, 2))c + ((A+2, 4))c 

+((A-I, A))+ ((I,A+l)) + ((A+I,A+2)) + (A+2,2))+((1,2))} G(r')dr' 

+ AC terms deduced from· AB by interchanging conveniently A+l and A+2 

and also replacing G(r') by H(r' ). 

- {(A+2 )1i
2 

\ 1 f 2 • At 1 1 0 .= BA- 2(A+l)M + E(n)f G(v)+ G(v)(ww+~mtj3b+th)Jcp (A+l, Z+lf> V ' dT2 

+ JBBJ { YBB ( T- '/.(/'] + ((A+2, 2))c + ((A+2, 4))c 

+ ((A-1, A))+ ((l,A+l)) + ((1,21 +I Atl, 2)) } G(r')dr' 

+ H(v}(w11 wt~11 mtj3 11 btt11 h)fcp(A+l, Z+l) VA+l, l Tl(A+l, Z) dT
2 

+ JBC J { YBc ( T -1.,f'] +((A +2 ))c +((A+2, 4) )c +((A -I ,A))+((I,AH))+(( 1,2i+!.~t-1 ,2) )} H( r')dr' 

{
(A+2 )1i

2 
} J 2 A+2 2 0 = CA+CB- l(A+l)M + E(p) H(v)+H(v)(ww+~mtj3btth) Tl (A+l, 4-) V ' d>r 3 

+ J CC j { Y c:; C [ T- if .At']+(( A+2 ,2)) c +(( Ml, 4)) c+(( A-I,A) )+( (2 ,Ml) }1-(( 2, I I+ iAfl, I)) }H( r')dr '· 
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The equation for D-He 4 scattering (which exists only for total spin I) 

is given as an example: DH 
4 

=(56) ( 1234). 
e 

31'1
2 

{d
2 

_ .t( .t-l)+ kz} f (f') = {zv 62 + (8w- 2m+4b- 4h) v 15 } f (r) 
8M dr2 r2 '··' .t c . 1. 

Q() 

- ~[ 2(T- t.Jf + (II62)c+<II5l)c+<IIl6+ll56)) + 6(w+m) ((Ill2+II52) + (II34)) 

00 

+ (2w-8m+4b- 4h)(IIl5) + (6w-4m+2b-6h)(II26)} f1(r') dr' 

+ 1a tT- ~ v¢ +2(III62)c+2 <nll2) + (III34) + (4w-6m+6b-2h) <nils) 

+ (4w+4m-2b-2h)(III13+nls3)} f1(r') ~r'. 

For each value of the total spin S of the system of (A+2) nucleons we get 

a system of the type shown above. In this system, the Jacobian has been kept in 

front of each integral to show from where it arises. To simplify the writing of the 

equations, we use a notation explained by the example 

((n, p)) = ( ww + tJ.m+f3b + th) [ AA II or III n p], 

where <q tJ., f3, and t are appropriate numerical coefficients depending on spin. 

Finally, for the whole system we use the abbreviated notation 

AA AB AC 

BA BB BC 

CA C B CC 

F 

G 

H 

= o. 

Some relations between the spin-dependent coefficients can easily be obtained 

by using the multiplication table given in the definition of the potential. For instance, 

we have, before any direct term, 

w;w + tJ. m t f3 b + t h, 

and before the corresponding kernel, 

Also 

--

tJ. w + w m +. tb + f3h . 

((AAt II At2, 2)) = ( w' w+ tJ.'m t f3 1 bt t 1h) [ AA III A+2,2] 

((AAinl Atl, 1)) = ( 1.1' w+ w1m + t'b + f3 1h) [ AA In I A+l, 1] 

These spin-dependent coefficients will be analyzed in a more detailed 

manner for the BB case considered as a N(A, Z) problem. 



-20-- UCRL-9674 

IV~ The Gauasian Formulation of the Different Terms --.. - ......... ~--- ·- - ---
The method ie fully explained for N(A, Z) and :results are also given for 

D(A, Z). 

1 . The -~~ect pot_!~tial te~~ 

As all the ( ij) couples involving ( 1, Z, · • ·A) disappear when we use the 

integral equation verified by the nuclei wave function 

we are left w~.th couples of the form (A+l,l). where i = 1, Z, • • ·A, and (A+l) is the 

incident nucleon. All these te:rme give the same contribution, as we can always 

relabel the nucleons, and it is enough to calculate the contribution of one of them, 

say (l,A+l). Now in a cross term it is the apace-part wave function of the newly 

formed nucleus Tl(A+l,l. 3, • • ·A) af'ter e~ha'I!Je (A+L..:= 1) which it involved. 
. - - rtt~'z"•+rA 

Therefore, calling. v a r A+l • --- A -, 

we have 

and the corresponding contribution is 

where (A+ 1, 2, 3, · · • A) is the space.part wave functions of (A, Z-l)t we get 

A 1 

voj•xp(- ;~ L (~(.A~ll) R
2

- f.l(A+l, 1)
2 l dR ldR2·' • dRA-1 a 

. p=l p p . 

// A+ 1, 1\( {[ 4>.. vA?. l (2~)A-3}3/Z [. \\ v if=vo -:r-z·--. ----- -x- exp w 

( ~+v) A +Z( A ··1 )(~+v)f.L +v 
2 l J.L( >..+ v) A Z 

()..+v)A2+ZJL(A-t) v • 
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In particula1·, for A ::: 2., 3, and 4: one gets the direct terms given for 

3 4 n-d, n-He , and n-He respectively. 

When N is a neutron obviously there is no Coulomb direct term. 

When N is a proton a straightforward calculation gives (e. g., for the CC term) 

z e - X 
2 ( ~ FT ! A A-1 v)• 

where 
X 2 

- 2 1 -t ! (x)-=- e dt, 
. ,.;;; 

0 

and "'(x) is the well-knowri error function. 

In the D(A, Z) case, one gets for the nuclear and Cotalomb.direct AA term 

respectively, 

4(a.+~)[ X+tJ. ~] + >.tJ. 
A 

. . 1 )3/2 
( ) Z c Z,.. A A- 1) dt 4 X ~ v • 0 

N
0
z ~ £ (4(u+~KA-l)ttz>.Az exp[. 4(a.+fH).A 

2
t
2

v
2 

] 

4(o.+I3)(A-l)+t2 ~ z • 

where the integral is computed numerically by any suitable method (six-point 

Gaussian integration formula, for instance). 19 

z. The Kinetic Energ.}!' Kernah in BC 

The original intergroup separation variable being called';' (defined in the -preceding section), the intergroup separation variable after exchange is r' 1 

, r A+ 1 + r 2 + r 3 + r A 
r = rl .. A 

as a relabeling of the nucleons can let us call 1 the exchanged nucleon. 

,. 
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- -Therefore R 1 = r 1 

r. ..... +r.3. • • + rA 
, A - - - -· = -z (Ar' + v) = U(r', v). 

A-1 .1\-l . . 

- -. The change of variable from R 1 to r brings the Jacobian 

I J I .= f. t 
2 

)

3 

• \A -1 

- -In conjunction with R 1 let us define R A+ 1 : 

... ... ... .. 

~ -+- rz+r3+--+ r A A 3 "+ ... - t ... 
RA+l = rA+l- · A-1 = Az_

1
(r +Av) a V(r',v)= U (r",~ = U(v,r'). 

Consider the product q, ( 1, Z • • • A)T) (A+ 1, Z • • • A). 

We have 

[ 

A-1 ] 
.LIJ ~ ) ( l A) 1 X+v \' A(A-?) R 2_ A-1 ( .. Uz+'\Vz) • 
'1'\ , w,• •• A fl A+ , 2, • • • = N':"Ni exp - -z- L A-p+! P -r- .. " 

~ Tl . p=Z 

The kinetic energy operator is 

z { A-1 1 _ 1't ~ A(-p+ \ v 2 + A v Z + A+ 1 v Z 
U L2 2 A-p R Z{A-1) v TA r' • 

p= p 

Using the method given ln the Appendix, we obtain a kinetic energy kernel, 

and the result is given in the general table. 

3. The Potential Kernels in B C 

We have to consider a central two-body interaction 

between all the two,..by-two combinations of the (A+l) nucleons (A from the target 

nucleus and one incident). These couples can be separated in three basic groups: 

First, the ones involving neither 1 nor (A+ 1); they are of the type (A-1, A); e. g., 

(i, J), l or j, for i = 2, • • • A. 

Second, the ones involving nucleon 1; they are (A-1) of this type, e. g., ( 1, i) 

for l = 2, 3, • • •A 
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(the ones Involving nucleon A+l: they are alao CA-l) of thla type, 

e. 8•, (A+ 1, i) for l = z, 3, ···A, 
. . -

. and they are the transposed o! the corresponding one wit~ the exchange 1- A+l, 

A_..l,l ,- 1,1-,- l,l-~ 
[ ] t )' KBC (; , v) 1111 KcB (r 1 v) 1111 KcB (v,.r ) 

Third and last, we have the single kernel (A+ l, 1) which haa to be calculated 

for its own sake. 

ln each group all the kernels give the same contribution as can be explained 

by the relabeling argument or by direct calculation. using the formula 

(A-p, A-p+k) c: itA +!itA +l+.J-r R". +2+ .. ·+~It +k l. r~)£. p+k . -p p -p p-1 .n•P P•KTG .n-p • \p:K+l .n- .•. 
I 

We have now to calculate 
l 

2 
J J +C 1, 2,• • • A)V 0 e -~lj) 'l (A+l, z,· ··A) d-;' dR2 dR"3 dRA-' 

with the Jacobian J "~1: 
1 

) 
3

1 Gl.a already aeenlhe product +tl~iven In the . 

preceding section and for (l, J), the three basic couples, l. e. 

(A-1, A) = RA-t• 
(1, z) = U- ~:~ it2, (A+l,Z)=V-~:~a2 a(lz)t, 

(A+ 1, 1) II f1' - ' • 

The results we get !or the kinetic energy and the potential kernels, uatng. 

the method given in the Appendix, are given in the Tables nand w (aleo in the 

Appendix),· which can be used aa follow a. 

A. The general form of the kernele given ln Appendix 111 adopted ao that 

I', D, a.1 • [f:lPCJ.], o.2 • ["'f.], A 1' A2, B, and E have the sam• definition th•oughout. 

.. 
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B. J..l. = 0 in an potential kernel gives the energy-dependent kernel rAfJ. 
c, In the following table it must b~ notc(l that 'A • = A+ 1. By making 

>.. = v one gets the kernels of an elastic scattering problem. 

Then if we make A = Z, 3, 4 one gets the corresponding kernels for n-D, 

H 3 4 1 n e , and n-He respective y. 

D. The kernels occurring ln AA and AB can be calculated in the same 

way as the previous ones, using Table 1 for the change of variables; rea·ulta given 

in Table Ill . 

. E. Tables 11 and U are given in Appendix lU. 

4. The Coefficients ,of w, m, b, h in BB, 

We consider now the elastic case only. From the foregoing sections and 

for a given value of the total spins of th A+ 1 nucleons, and aftel' integration over 

the internal variables, we get 

1 { y[ T • '/CkiJ/J + (A-I ~lA· 21Cw'w+f.''.;,+ (l'b+t'h) K" ·I, A+ lf.'w+ wm+tb+(lh) K1• A+ 1 

+ (w''w+ f.'' i m+(l"b+t"h) [KIZ+K"+ 1• z)} F(r") dr•, 

with k2 • E(N) 2
20 A M • 

f\ (A+l) 

~ (k) = E(A, Z) + E(N). 

It la possible to give a general formula for w, tJ., f), and t and, at least 

for the other•• to aay that they only need to be calculated for a alnsle couple: 

(A-l,A) for Ci.l1 , tJ.', j31
, and t1 , and (12) for w", tJ-11 , ~~~.and t". 

1 A+l Consider first the single kernel K , 
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Using the multiplication table (p. 7) we see that J.L and t are now the 

coefficlenta of w and b. 

Therefore u = .. u 8 (A+l; 1,2., • • •A) • u 8(1; A+l, l.Z,· • ·A), 
r S · S 

where u 
8 

8 'e are the spin function of the (A+l) nucleons before and after exchange. 

Also y = J.L• 

From the definition of the Bartlett operator, we have 

BA+l,lcr
8

8(l: A+l, l,Z,•••A)• a
8

8(A+1; l,Z,•••A), 

and t • - p il there is p . exchange involved ln the total wave function • 

. The number of such exchanges ln N-(~, Z) probleme corresponds to the 

number of nucleons of the same nature of N contained in (A, Z), 

l.e., p=l forn-0, n-He 3, p-T, 

4 
. p • 2 for n - T, nHe • etc. 

Because of the l-apin dependence of the Heisenberg operator, we aee 

that for a given problem Uiis coefficient f.s the same for different value a of the 

total .o-apln. 

Consider now the direct potential term. 

We have seen that the contribution of each V A+l, 1 ·was the eame f~r 

l • 1, 2.,• • • A. 

As W A+l,l lean identity operator, we obviously have w • A. 
1 .. .. 

Now we have B A+ l, 1 111 ~ 1 + u A+ 1 • a 1), 

- .... ' where ti'A+ 1 ill the spin of the incident nucleon and a 1 the spin of one nucleon of 

the nucleus. 

As we deal with the direct term we have 

t
1 
(":I A +I, 1, z, · .. AI IV A+;· ;;11 "8

8
(A+h 1, z, .. ·AI) 

A 

• (rr
8

8(A+1; 1,2,•••A)j;"A+l • L all a 8
5
(A+l; l,Z,· "A)) a E, 

~1 . 
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where E is the eigenvalue of the scalar operator (u A+ 1. L a i). 
i=l 
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A 

Now L 
i= 1 

a. is by definition the total spin 8 of the target nucleus. 
1 .. 

:::!"-- 1 1 h As ;::, = s + rr A+l' and u A+l = 2" for a nuc eon, we ave 

3 
E = Z [ S(S+l)- a(s+l)- 4 ], 

A. 3 
and finally, 13 = z + S(S+l) .. s(S+l) • 4. 

As o- and l-apin spaces are different, f' is the same for two states of same 

3 
o-epin state• but different l-spin states (l. e. differ•ent charge), e. g. • n-He and nT. 

Values of j3 for a few values of s and S with a A+ 1 = } 

8 = 0 

1 = 1/Z 

• = 1 

s • 1 
! 

s ={t 
r 

1/ZA+l/2. 

1/ZA-3/Z 

1/ZA+ l 

1/ZA- Z 

The formulation in this Chapter IV is valid for a central nuclear two- body 

potential of any shape (Gaussian, exponential, Yukawa, etc,) and nuclear 

space-part wave functions invariant with respect to permutation ofthe nucleons. 

The results of calculation given in Tables II and III are restricted to Gaussian 

forms for the potential shape and the nuclear space-part wave functions, 
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V. · Solutionn of the Eouationa and Calculation of Crose Sections 

When we are left with the variables r at}d ~ (after integrating over the 

other variables) the integration over the angular variables is carried out as usual: 

,_ 
F (r) = ~ ! f 1(r) P 1(cos8), 

- :r. L 21+ 1 c. • ) K(r, r ) = J.· ...---. K. r, r ) Pl.ht , o!J.''!rrr· 11. 

and consequently K(r,r') = Z'l1'rr•j
1 

K(;;r') ~(~) dj.t, 
1 . 

where K(r: r') is any of the kernels and F any scattering function, 

6 la the angle of scattering in the center-of-mass frame, 

and 

The systems then obtained for each value of S are easily deduced from the previous 

onee with !.f(r) instead of F{r), and K1.(r, r') instead o£ K(r. i"), and a.re 1 of course, 

valid for the corresponding I. value· only. They are of the form 

10 

CIO 2 Z J 0.1 ' + j I<1 
6 (r, r') £1 (r') dr' + K1 (r, r') 

0 0 

3 t1 (r')dr', 

where o. = 1, 2, I ls the channel index. 
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Using finite~dif!erence approximations, Eqa. (4.1) are represented as a 

a. set of linear simultaneous equations; the unknown being the values of £1 (r) over 
. 4 
the range. of r required. For th~ three-channel case, for instance, it is necesaary 

to find three. independent solutions such that 

for Cl • 1. Z, 3 (three channels), 

J = 1, Z, 3 (three independent solutions). 

0. ) a. ~0 where F 1 (r , a1 (r) are the regular and irregular wave function for the 

corresponding channel Cl. 

Then the reactance matrix ia 

R • BA -l I 

and the scattering matrix ia S = l+iR r:nf . 

The scattering amplitude .. fo.,
6

8 (9) corresponding to the total apin S can 

be written 

and the corresponding differential cross eeetlon is · 

Then the differential cross section ls the appropriate weighted sum 

0' .. , .. (6) • {n," f 1;(2!2 + If ~ (ZS+l) 0' "'" S(8) ' 

where I 1 and 12 are the spin of the colliding particles and s the spin of the whole 

system, (21 1+1)(212+1) being the total number of spin states and (2s+1) the number 

of states with spin s. 13a 
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Vl. Conclusions -----
To appreciate the true value of Wheeler's method, it is useful to quote 

21 
Blatt. and Weisakopf. 

lt ia useful to divide the target nuclei into three categories 

A .. Light nuclei 

B ... Intermediate 
nuclei 

C - Heavy nuclei 

1 ~A~ 25 

25 ~A~ 80 

The light nuclei (group .A) must be treated individually. lt ia 

almost impossible to apply any general rules describing nuclear 

reactions in that group •.•• The assumptions made in the pre

ceding chapter about the interior of the nucleus are not applicable 

to group A, since there are too few nucleons in these nuclei for a 

well-defined interior region. All nucleons are at the 11 surface11 

of the nucleus. 

Two eases that are beyond the scope of this paper have aleo been treated, 

namely the elastic scattering of alx nucleons (t-t reactlont by Bransden and 
. 22 23 

Hamilton, and of eight nucleons (o.-a. reactions) by Butcher and McNamee and 

Schmid and WUdermuth. 24 

In each case, numerical results have been obtained and compa.,~ed with 
25 ' 

experimental data; the relative merits of different types o! forces have been 

investigated and conclusions have been drawn. 
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The main point of this conclusion is that the resonating-group structure 
\ 

. can well explain all the experimental results obtained on the few-nucleon scattering·. 

16 experiments. As pointed out by Bransden, it is a means of correlating data with 

just a few parameters, namely the range and depth of the potential and the exchange 

type of £orce. Although in particular cases one type of force can flt better than 

anoth,r one, lt is remarkable that the Serber type fits aU cases reasonably well. 
I 

The central two-body potential with central forces can be criticized, but 

the inclusion of a noncentral force and particularly of a tensor force makes the 

problem enormously complicated, 

Also the Ciausstan shape adopted for the nuclear wave function can be 

criticized as being too rapidly cut off, but it is possible to apply the same general 
. Z6 

method to any other type of wave function, and particularly the Irving type, to 

build up general formulae for kernels and direct terms in terms of the number of 

nucleons A involved in the target nucleus. 

Finally, lt is also suggested that the work be extend to cases A> 4 by 

using wave functions of the appropriate symmetry, and to the cases (A' Z')(A, Z) by 

using the general form of the wave function, both for the incident and the target 

nuclei, to include, for instance t-t and &•Cl reactions. 
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Appendix A. The Nuclear-Part Calculations 

Consider first the kinetic energy opet·ator. 1h;, difficulty arises from the. 

2 2 
term ( A (r, r'), v 1 F(r') ), beca.uae F(r') is not yet known. But, as vr' is . r 

an Hermit ian operator, the rc sult ia tho same when its adjoint is. applied on the 

left-hand side (which in other words h Gree:n' s theorem). Now r 1 is involved in 

a change of variables of the type 

U = ar 1 + bv, 

V = br' + av, 

and we have 

z z z. 2 z - -v , • a v + b v· + Zab v • vv' 
J' u v u 

With l -- { . } z 2 -- z v p 2 exp (- ~p +f.L•p) = 4~ p - 4~11· p + 11 .. 6~ 
2- ~ 

(-~p +J.!.' PI 
exp ' 

Then we have to consider the lntergratlon over internal variables, 

For the direct term, it is only a matter of applying as many times as la 

necessary, the general formula 
I 

{: 

Uaing the spherical harmonic expansion given at the end of Chapter IV, one 

h led for the kernels to the form 

K 1( r, r') c 2'11'rr 1 

-r.-;. 
with fA. • rr' c cosO. 

+1 

f · K<-;. rr, p 1, < 11, d11, 
-1 
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In the prt:~sent formulation. the two forms met for K("t, i•) are 

- :t -Drr'u K ( r , r ) = i( r , r' ) e ..-• 

K fr, rT) = f(r, r') fJ. e -D rr•._.., 

both with D > 0; (A-1) 

(A-2) 

the second form occurs in the kinetic energy terms. 

Cons·ider the well-known expansion 

~ 1 [w ) 1/2. 
eikr cose = l:o (21+1) i P1(coee)~ J(l+ 1/2. (kr) 

If we write kr ~: lx, multiply both sides by P 
1

(tJ.), and i·:1tegrate over tt• then owing 

to the properties of the Legendre polynomial, 

we get 

Defining 

so that 

+1 

j Pl( .... \) Pi' (.,..) dtJ. = ...J:rr 611' • 
-1 

(A-3) 

. .l 1 2 112 2 . +1 i J exp( -Xj.L) ~ {t.L) d". Zl - I ( rx) J l+ 1/Z(Ix) • X Hl/Z (x). 

-1 . (A-4) 

J (1-1 /2) ( 'II'X) 1/2. . 
-~ 1.+1/l (x) C3 1 T Jl+l/2(ix), (A·5) 

1!/Z(x) = olnhx, 
r/. sinhx 
( 3; 2(x) = x - cosh x, (A-6) 

Deriving Eq. (4) with respect to x we get 

+1 1' ( -1) J V. exp( -xJ.L) pl (J.L) dJ.L = ; - l+ 1/2 (x) .. 4 
-1 X 

(A-7) 
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defining 

For the sake of the d-d elastic case, some more detaUs must be 

emphasized. 

First of all, some kernels occur with simply Do Os 

K(r, rt) • f (r, r'), 

and using (3), we have 
+1 

k1(r, r') • Ztrrr' J f(r, r') P1C..,)d!-1 
-1 

• 41rrr' f(r, r') &01 , (9) 

So that in the following tables, for D. • o, the quantities occur only for I. • 0 but 

not for other value a· of l. 

Secondly, some kernels occur with D < 0. 

The parity of the hyperboUc spherical Bessel function ',ta then involved, 

and we have 

1J+l/z(-x) = (•I)J+I 1J+I/z(x), . f,+l/zl·x) a (-l)J f,+I/Z(x) • 

Thirdly, although the following tables are given aa usual in terms of 

f J+I/Z(x) and ·1~+1/Z(x), in practice it is better to replace i~+ l/Z(x), using 

the recurrence relation 
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so that ( 7) becomes 

Therefore finally the two baste: formulae, used aa many times as needed, are 

4w d 
K1(r, r') = 1) f (r, r') tf.t+l/?.. (D rr'), in cae (A-1): 

!.' 

AA: 

ABt 

BCs 

' . 

For any kernel--in d-d, for instance--we have the forms 

K1(r',v) =& K1 (r',v). . " 
For convenience, K.t n • t 1K1 n • 

3 4 . 1 
The K1 and K.t kernels as well as C U K.t ) AB are deduced respectively 
1 . 0 1 

from K1 , K1 and ( 1 K1 ) AB by interchanging a and I'· 

For the klnettc energy kernels of the dlf!erent elements, we have the 

forma 
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AB or BC: 

The BB, CC, and AC kinetic energy kernels are deduced from the ones given by 

suitable changes for ~ a1,1d v. 

For the potential kernels A 1 = A2 = B = 0, we have E = V 0 ~ • 1'1 
Using these notations, we need only to give the following tables for the 

kinetic energy kernels. 

N. ;B. The energy-dependent kernel for a given element is obtained by putting f.L = 0 

in any of the potential kernels of the corresponding element. 

Appendix B. The Coulomb- Part Calculations 

The Coulomb potential, owing to the presence of the two protons, leads us 

to consider some other types of integrals. 1n the direct term, in particular, we have 

2 
-h~ e 

1 

lo dt 

(
'II' )3 1 -(.Jh ) =n rt -m~ • 

where "i (x) is the error function, defined as 

f (x) 
2 =-

.Jff 

X 

f 
0 

2 
exp(-t dt). 

c A very easy program for Mercury can be written for tabulating u
24 

at the 

pivotal pointe used for this whole problem (0.3 (0.3) 4.8, then 5.4 (0.6) 19.2], and 

adding the results to the corresponding nuclear part to get the complet'e tabulation 

of the direct term. 
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For the Coulomb kernels we meet expressions of the form 

and 

+1 

K 1(r, r') = Zv rr' j 
-1 

. (.\" z ,z 
e -...,kr -ykr 

z ,z- t . 
e-(\ r .. yk r + Dr r I& 

J rz+ r'Z + Zrr'i-L 

We have the well-known expa.nalon 

ao that in case (B-1). again ualng 

+1 11 Pl(f') Pl,(f'l dfl 

we have 

r> being greatest between r and r'. 

ln case (B-Z) we have the form 

1 c = 1 
+1 110 

f e -Orr'~ p (t-L) L 
I. n=O 

-1 

r' < wlth t •- , 
r> 

UCRL-9674 

(B-1) 

(B-Z) 

The practical way we have used to deal with thia integral has been to 

consider each particular phase separately, expreoo lc ln term• of the r/-.+1/Z , 
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and stop the infinite e"'-pansion when the contribution of the terms is too small to 

be taken into account by the machine; we have checked that this happens at n a 5, 

therefore we have taken the terms up to n a 5 inclusive. The cases of the l a O, 

1, and 2 are given explicit! y hereafter. 

For l=O, P
0

(...,)= 1, wehave 

For /.-Jill, P 1(...,) :a ...,, and using the recurrence formula 

we get 

3 2 4 4 dJ 4 3 s s) A 5 4 6 6 J ~ } •<-s- t + -s- t ) r1 12 - < 1 t + rr t 1 s ;z + < 9 t + n t , rr u /z • .. -- · 

3 ?. 1 
For l a: ?., P 2( ._..) = z ._.. - !' and using the recurrence formula 

we get 

- (~+i? + ~~ 17/Z + (~ lz + ~ 14 + & 16) 19/Z 

10 3 10 s 21 7 rl 
- (IT t + ff t + 05 t ) 0 11 /?. + • • • } . 
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Modifications to tho standard kernel prog1·am were made by P. G. Burke 

to build up special program for Coulomb kernels corresponding to 1=-0, 1.= 1, and 

.l =2.. 

For the Coulomb kernels of the second kind we have 

? ;'1, 
-kz • -f(s) e 
=+ - t I~ + m z I 

where i is an internal variable. 

The integration over 'i is dealt with as seen for the Coulomb potential, 

giving 

Now there la no denominator, and all subsequent integrations are of a t'ype previously 

met (particularly for the angular integration), giving again an r.l+l/2.(Drr'). 

The integration over the dummy variable t is left for the last step and 

done numerically, using, for instance, a six-point Gaussian integration formula 

(Ref. 19, p. 577). One gets an appropriatelyweighted sum of six terms, each of 

them with the same form aa for a nuclear potential kernel, and the tabulation o£ 

this second kind of Coulomb kernel can be carried out by using the etandard kernel 

5 program. 

Table 11 

Table Ill 

Appendix Ill 
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