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THE EFFECT OF PATR INTERACTION ON NUCLEAR MATTER
Yih Pwu

(Thesis)

Lawrence Radiation Iaborastory
University of California
Berkeley, California

June 5, 1961
ABSTRAGT

Sawada's Hamiltonian is used once again to study the eigenstates
of nuclear matter by adding a momentum dependence to the effective
potential. Tt is shown that the condition for zero sound propagation
in nuclear matter is very sensitive to the asymmetry as well as to the
average strength of the effective potential between the colliding
nucleons at the Fermi surface., And a calculation of the energy of this
model Hamiltonian proves that the correction from pair interactions to
the first-order Brueckner's expression of nuclear ground-state energy

is small.
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I. INTRODUCTION

The methods developed by Gell-Mann, Brueckner,l Sawada,2 and

Wentzel3

for a high-density electron gas system can be applied to a
variety of problems involving Fermi systems. It is characteristic of
these methods that a model Hamiltonian is used which accounts for

the interactions between pairs (by & pair one means a particle with
momenta 5 + E and a hole with momentum 5). Because of its simple
quadratic form, this model Hamiltonian can be solved exactly, and the
procedure for solving it is quite straightforward.

The first problem to which the method has been applied is that
of nuclear matier. Glassgold, Heckrotte, and Watson, in their discussion
of the hydrodynamic motions of nuclear matter, have used such a model
Hamiltonian.u The Coulomb potential between electrons is replaced by the
nondiagonal elements of Brueckner's reaction matrix X for nucleons
in nuclear matter. The internal degrees of freedom associated with
spin and i-spin are also included in their considerations. As a
consequence of the internal degrees of freedom, four modes of collective
motions are found possible. They are simple compressional waves, spin
waves, i-spin waves and coupled spin-i-spin waves. While the i-spin
waves can be associated with the Goldhaber-Teller oscillations, the
simple compressional waves are found to be unstable, which is of course
a drawback of the methcd.

.Brenig has suggested5 that this instability is due to the
impropriety of using the Brueckner's ground-staete K-matrix as the
effective particle-hole interaction matrix. Indeed, the general
effective interaction matrix, written as a perturbation series, contains

terms with not only particle-particle potential vertices but also hole-



hole and other complicated potential vertices. In favor of the
argument, Sawada has shown the importance of including the "other
complicated potential vertices" such as J:_gz_;i and *__T&___T
in ecalculating the effective interaction matrix to obtain stable
collective states. However, these treatments have all assumed a
momentum-independent, effective interaction potential. Whether the
situation will be modified by considering a momentum-dependent,
effective interaction matrix we will attempt to determine here.

The effect of the exchange terms, which give considerable
contribution for nuclear forces and so should not be neglected, is
taken into account by simply adding the minus exchange matrix element
to each direct matrix element of the effective interaction operator in
the Sawada's Hamiltonian. This procedure is Jjustified at the beginning
of Section IIT.

In Section IT, the ground-state energy is expressed as a power
series in the effective interaction matrix. With this as a reference
state, a model Hamiltonian which consists of a Sawada Hamiltonian and
some constant terms, and which reproduces, at the high-density limit,
the most important terms of this series, can be easily obtained. An
example is given using Brueckner's matrix RB ‘as the effective
reaction matrix. A similar procedure has been used for the pair excited

states using Galitskii's matrix, R,, as the effective reaction matrix.

o
In Section ITT] the Sawada Hamiltonian is solved by assuming a simple
but plausible form (with a few parameters) for the momentum-dependent
effective interaction matrix. In the results, one finds that the

stability conditions put definite limitations on the values of the

parameters introduced in the simple form of the effective interaction



mairix. -In'Secfioﬁ Iv, the Brueckner's 'RB-matrix’elementSfaS'well as
the Galitskii’s'=RG-ma£rix élementS"are:calculated for a factorable

potential with a . hard core at Small-diStanCes. By reducing these matrix -

elements- to thelsimplé'phenbmenological,form,,and'by_éomparing~the;Values'
~of those parameters with the stability;éonditionsf--since;the :RB,'RG-

.matrix:elements=arevfunctions-Qf'density,.the»process7of reducing and

comparing‘can.be-carried_OUt‘atiany7partictlar density---one. can

determine the density_intervals~in which one or both of the Ry “and

R, -matrices yleld stable colleétive states. In thesesdensity;intervals,

!

. one can also calculate the groundFstate7energy5 66,.of the: model

Hamiltonian (as .obtained in Section II). Atsdensities,outside_these

intervals, . one may try other, more appropriate, effective interaction

matrices. - It -is shown that because :the:equilibrium:density. of

nuclear matter is relatively small, the contribution to the gronnd-‘

state energy from pair interactions is less-than.l Mev,
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ITI. ESTABLISHMENT OF SAWADA'S HAMILTONTIAN FOR THE EIGENENERGIES

OF THE NUCLEAR GROUND STATE AND PAIR EXCITED STATES

A. - Expansion of the Ground-State Energy

In Terms of - the NuclearvReaction Matrix,‘ R. ' ?

Consider the Hamiltonian of A~ nuclebns,
A k12 1 %i v
H = E: — 4+ = V.. R (1)

o M 2 ify ,
and expand the ground-state energy in terms of Goldstone's perturbation
series.7 It is widely accepted>that the nucleon-nucleon potential has
a high repulsive core at small distances; and the matrix elements of
v, . .are-véry large. -Therefore it is desirable to expand further in .

1J
terms of R the nuclear-reaction operator which is defined by .

and whose maﬁrix elements are used to describe the "scattering" between
" the nucledns in the nucleus. The pfojection operator, Q, and the
denominator, e, in the definition of R should be so chosen as to.
make the expansion .converge as quickly as.possible. To illustrate

the procedure, we write:
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H(g) = Ho‘ P E(E),
A k.
By = ). (;e—ﬁ—-'+ V),
=1
' . 1A A e R
V(g).,= gR -¢ V(g)-g VR,:'_
WgY=-g$4-fWFI%g5inf'f, ' - (3

where V = V(g = 1) is the average single4nuclebn potential which will

- also be chosen.to make the energy expansion Converge as quickly as

possible. Here g is intfoduced'éS'an expansion'parameter. At
g =1, Hg = 1) is exactly the original Hamiltonian. We shall expand

the ground-state energy in'terms‘ofv'vij(g),gaCCOrding to Goldstone's

-perturbatioﬁ expression. Then substituting Eq. (3) into the expansion

and writing it in increasing powers of g, we obtain an. expansion in

-terms of R.. At the end of the calculation, g will be set equal to

unity.
To translate the Hamiltoﬁian into seCOnd-quantiZation language,
we use the complete set of.eigenfunctions'”¢z " of the single-nucleon

Hamiltonian as bases vectors, which-satisfies
2 : - o - o
(5 +M8, - 28, . W

where - £ represents momentum, spin, and i-spin indices. Defining
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_ S
matrix elements of v and V Dby

Glv)ln = 8, @) v 8, &) | | ’

(rslve)|20) - f & [;zsr.*" @) Gy -8 Gy 8, Gl)] v

e s
y vﬁ—[%@l) 8,60 - 8,6,) 8,C >}ar O
" we have
HO' = %_: Ezfd; dz
and

: L N\ : %, ¥
B =k ) (eslv@ley a e e, a
robs r S 2t

Glve)le ot (6)
;; | Vgi Ly |

with the usual anticommutation relation for the creation and destruction

o * _
operators dz_, dZ’ The vacuum state is defined for all - £ by

aloy=0 e oA

o

.In carrying out a perturbation expansion for & system of
fermions it is convenient to shift the unperturbed grbund state so
.thatﬁ~10)) is the new vacuum and to introduce explicitly excited

particles (a, a) and holes (b, Db):
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a, = _ :
. 0, fgr L < ﬂo.,
\
a R
0, for £ > zo,
b = ‘ ) ) .
y) * o , _
a,, for £ <, . . o (8')_

az! o)) =b£| 0)) =0, forall £.

Here zo denotes the last single-partidle state used to fill up the
unperturbed ground state VL‘O )). In these notations, the Hamiltonian

takes the form

' z: o E:' ¥ E: *
Hy = Bt B 8 8 - . Eh,bn b,
"n<ZO .

k>4 R

and
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N
{n
—
i
Y[

Y. (amlv@lnny) - ), ()]s
nln2<;6O L v n<wo

. % % * %
4 Z Z (tn]|v(g)|en) - (t|v(g)|£)| (a, a,b; b _-a_ b, -ab,)
, LI /A G A Y N A

£t n<’.{_8O : : ‘

1 5: PR A
+ 3 (rs|v(g)]|ts) a.a b, by +Dbbaa
tlrs

* % %
ta, bt bsaz toag bz brat
T T Co% %
e by by - as.bt.braﬂ
* ¥ % % Y .
+a a_aa + bz bt.br s
* K% *
+a, as‘bz ay * 2, bsaﬁat
* ¥ ¥ . *
-a, ag bt a, - ag braﬂat
* ¥ % %
+ ar bz bt bs +Ab5 brbsat
B *
- aS‘Bﬁ b, b, - b, b ba,l| (9)

According to Goldstone's theory, the ground-state energy is

n<ﬂO

€ ) h . - @] '
O(g) = El’l + szo ((OIH (g) [WH (g)] IOO))J Py

(10)

where the sum is over all connected diagrams, (€.(0) = E:' E). We
n<.',8O

have worked out this series in terms of v(g) to the fourth-order terms

in ‘Appendix A.

o
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'B. . Expansion in Terms of Brueckner's K-Matrix Elements

[

We shall expand the series.in Appendix A further in terms of

Brueckner's K-matrix elements. . In other words, we define the projection
-&‘ operator, Q, the denominator, e, and the average single-particle potential,
V, in Eq. (3) such that the R matrix approximately equals Brueckner’s

K matrix:

(rs|v(g)|te) =

y <rs|v<g>Iklk2><kik2|RB(si)ltz>

y

alrs|Ry(s,)|60) - ¢

o , _ lk2>PF E + E Ek Ek
(11)
<£|Vl|k) = 5(4 - k) Z (kn IRB |kn ), for k>P'F,
n'<e, '
‘ F
Z = (12)
(2|VI|n) = 5(£ - n) (nn’IRB(O |nn'), for n<Pp,
. |<P . N .
VII =VIII = s e 6. — O
where:
_ * X
(sl v(e)[68) = £ 8,7 (r)) 8. (r) v(e) Bylry) Bylep) @y axg
Consequently, we have
. (rs|v(e)|s2) = (rs|v(g)[ts) - (rs|v(g)]4e).
0 ' » Single-nuclepn wave functions are assumea to be plane waves.

This assumption is appropriate for an infinite nucleus (i.e., nuclear
matter) and is often used in praétical evaluations. In this case, the
unperturbed ground state is the degenerate Fermi sea, and PF -1s the

Fermi momentum.
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Let us expand, for example, a few terms in Appendix A asa

power series of g according to Eq. (11):

m 8 <Fp S Byt <FR

@ e L (amlvelnny =& L (anlR(e)lnn,)

2 Z (n,n, IRB(zs)Iklk )i, |y (8)) I,

-
2 nn <pP_
12 F E +E -E -E - 5.
n n 1
k. ke, >Pp, 1 2 1 2
+ %2 | §:<P (nlnleB(§3)‘kikﬁ)(35ku|33(62)‘kike)
n.n .
12 F ’ (Ek + B, - E, - Ek - 62)
ky ok >P 1 2 3, 4
(ki |Ry(8)) Inymy)
R
4

g (Y e,

-~
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5 (255 | v(6) [ ) e | (@) )
nn,<Pp B+ B -B < B
k5P T2 ;'_’2

'%i E:v (nlnélRB(Sh)lklk2)<klk2|BB$§5)|nln2)

n.n vE + E - o ’
12 F n ,nz Ekl Ek2

k) kP :

] 52 ,‘(r_.llnelRB(%) |5k, (e, Ry (8)) [, %) |
2 nnl<P | +E -E -E -58)
T TR TR TR T

R nn)
S R85 Iy, _
(Ehl * Eﬁe" Ekl y Eké)' |

&2 | Z (nlnélRB(su)I'klkg)(klkglRBga.'7>lk_Bk.i})J

2 ‘n.n <P (E. +E_ - - E )
vki_.%kuiPF' 1 2 Ekl -2

’x.-§kgkh|RB(§5)|nln2> |
(B, + Enz-- Eki f'Eke --85)

1




po=l2-

| Ivg>lkk ><k |V(@;)|nk )
l 52
(3) 1/8 Z 2
Dk .k SP ny T omy R KT 2
1 ¥37%p L B |
NG | B 7
)(.
' (E +E -E -E )
ny o ny vkl k2
) %i Y {nyn, [R5 (8g) |15k, ><k IRB ln
S 1"p5<PF "'<Enl_+ En5 -'Ekl - Ek5)
kRSP ' ' o T '
1 3 F
) (x5, [RGB o) |nyn, )
(E +E -E =-E )
oo KK
e ()
etc., where Bi" records' the effect of previous interactions on a
particular interaction vertex. For a matrix‘element (rs|RB(Si)|tﬁ)
which appears in a given term, weiset Si = Ek + Ekb + e = .En - En - ey,
‘where‘ :ka, k_b is greater than PF ‘;,. nc,' ngte . 1s less than PF;
and the sum is over all k 2 k.b, ‘c, Oq"°” . which appear only once
in the matrlx elements to the rlght of’ (risB |t£) Therefore,
}n the example_ above,_we have 61 = 65. = 610 =0, & 7 P
B, = 9, = + E -E -E , & =8 =%,=E +E -E -E,
2 Tk Ekl ky ng Comy’ 306 T T ke Tk ny o ny .
88=Ek+Ek-En-En’_and6='E + E -E . -E . In

S A 9.k R
~this way the second tefm_ of expangiom (l)vland the first term of

expansion (2) cancel each other, as do the third term of expansion (1)
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~and the second term of expansion (2), ete. As a resulk, the expansion

of the ground-state energy‘in terms of pOWefs of g no longer contains
terms which correspond to diagrams consisting of the so-called ladder

parts. The parameter & in Eq. (12) can be chosen . differently for

’ diffefént pﬁrposes.» Here we want to equate the first-order term

in the g -expansion of energy Eb(g) and the potential energy term in

L Bfﬁecknér‘s-model expression for the nuclear gfound-stafé energy.
,According'to Brueckner and. Gammel, the of f-the-energy-shell propagation

is given by

S 2 ' .
CE (2) = %ﬁ-*‘ E: (n'k|K(Z) |n'x)
' n'<PF

Z : (r}'k.lv-ll_alkg)(klkélx(z)|nvk)_

: e -
kk,>P, I -8 -E (=) . E, (z)

(kK (2)|n'k) = (n'k|v]n'x) +
' ' 1"2""°F 7 -

where . &' 1s some average excitétion.energy_ranging from O . to‘_EP .~ B
' o F
and £ is taken-tobe E + E when. Ek(Z) is used in calculating
_ ny- n, ‘ . :
the matrix element '(nlnEJKlnlnE) by using the equation,

| Nl (g |vlig i) Ok [K]nymy)
(nlneiK'nlne)f=’(n1?2|V|n1n2) o E: p B TE -E =) - & (&)

Kko?Pp my o omy TRy ks

In order to make -

e

§ (nyn [R(0) |n m)) E  (an|®|on.)
12 12 - 12 12 ?
nln2<PF - nln2<PF

a reasonablé,choice-for d  should be

8=F +E, - '+ 8"

with

o
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' ¢ !L ). Jl . o (12)
_ n1n2<fPF 1 2 nln2<PF v ) _

This definition of (k|V|k), of course, does not lead to complete'

Ry (3;)
icancellation of diagrams With vertices of the form k______{} It also

causes difficulties in our attemptrto represent the ring diagrams;with'
"R (6.? as vertices by a'Sawada's Hamiltonian which can have enly one
R-operetorvof some kind, To see thisé we notice that for ripg diagramsf
the main contribution comes ﬂhen the momentum transfer g is sméli,
i.e.vwhen ail the particles come - from near the Fermi surface:'-If we

-write 1im (Ek - En ) = dpF , we have, for a typical ring diagram
P o 71 i S ' -

n—>PF N

[t

Dl
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where & can belany evenrnﬁmber of ‘dpF, From definition (12'). with
= 70 Mev, X' = -100 Mbv_(Brueckner and GammelS), we expect that
dpF will be > 25 Mev. It<seéms_difficulﬂ,to establish an average d

ameng all 6i = QZQdPE, With'such'a'large value for dpF*.

~ This difficulty will be removed, if weAhave-a:theory.that.makes.

dpF = 0. We can do this by putting d' =0 and I = 2En=P in

. - | | 3 N F
definition (12'), or by simply replacing (12') by

R T e
8;9‘

Both definitions. cause small vafiation‘in-the first-order energy,

niZ;;PF,(nln2+RB(O)|nin2)v% nlzg;?%- <nln2|K|n1n2>" A€, (13)

although the matrix element (k|RB(O)|k, P) = 0 has a singular point at

k = because of the'appeerance;of‘a zero value in the denominator of

Pp

Eq. (11). This singularity has a very narrow region, and its effect

-1s negligible. “Tn practice, we may define the matrix element

= pF|RB(O)|k =P P = 0) by the value extrapolated from those

~computed at, for instance, k = 0.9 py and k = 1.1 p, Just as

" Brueckner and his collaborators often'did. In.thiseway,'the matrix

elements of RB(O) “become smooth functions of nmomenta - and can be used
as the effective 1nteract10n matrlx element: 1n studylng the effects -of
pair interaction.

‘With Egs. (11), (12), and (12") and the rule to choose By,

we obtain then:
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RB(62 )A

R,(5)

RB(SS) '

[

Al
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C. Effect-ofvPair'Interaction on the Ground-State_Energy
Brueckner's model, i.e.

F o

oM
n1n2<PF

has been considered successful in describing the nuclear ground state

¢

:at low densities. Therefore it is expected that the convergence-is

~ good in the lowedensity_region,. The situation is not so hopeful_at'high

densities. In fact, in: the expansiOn;thereexre terms that contain higher

and. higher powers”of PF* the parameter that symbolizes the density of

the system and that becomes infinity;at the high-density:1limit. Therefore,
the convergence.of these expansions;gets;worse;with,increasing-density,

Following thenholtz's;analysis,lo for any R ~vertex that is nonsingular

F

in.the den51ty ‘region under: con51derat10n, the dependence on. P of a

dlagram can be estimated analytlcally at the h1gh-dens1ty llmlt. It can

“be shown that when P, > .00 , for'each.order_which.is high, . the terms

T

'that contaln the. hlghest power -of P and so give the main centribution
to that order at high density. are those ‘which correspond to the ring
-diagrams with pairs (a particle and a hole) as propagators. If we

pick up all the most. . important terms for each.order and then sum them

up, we get an expression"Hm Which gives approximately the ground- -
state .energy of nuclear matter_ at the high-density limit. 2In:the

following, we shall show. that the summation H-(RB can be written as

-a constant term 7€ e-zl€ and a Savada's. Hamiltonian. term H: (RB ‘When

the dens1ty becomes small, the contribution from H RM) - becomes small,

and the summatlon H approaches Eé'- As€, the Brueckner's expression
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(approximately)._ Therefore, Hm can be considered to be a good model at

both high- and low-deﬁéity_limifs. _Wé can also éalcuiatel HS(K) at
equilibriuﬁ density Jjust to see how large the'cdrrection'from pair .
interacfions to Brueckner's model_will'be.

In Eq. (9), among siXteen vertices, only the first six are

responsible for ring diagrams. They are;

a a _, A b, , ,
p+q P -qg Y 1Y pta p -4 b p
. [ [ AT 1
A A A o XO- A A A 0 ko
* *: * * .
a- b, a_, 5 a _, , b 3
. Pra b b -qa P b =q b pra b
) 1 1 1. 1]
N xo A N 0 A N 0 A KO
* * *“ *
-8, b b_, a_ -8, b a_, s
p+tq p P -q b , b =-q P pta-- - P
A A A A A A A A
o . "0, 0 . 0 (16)

where A's are the spin and i-spin indices,. and conservation of
momentum has been represented explicitly. To exclude diagrams of the
type ij kl ' ’ (which is also from a-Hamiltonian‘with the
six terms above; but in which, on the other hand, the pair (kl, nl)
is broken by the third interaction line), wé introduce the following

approximate commutation relations, which guarantee that a particle

and a hole will belalways“associated with one another:

- * * - % *

b a s b, a . = 1a ‘b a ., o _,| =60
P ptqd” P - pP+q pra b b'+q b

; y . A A A A -

xo A A 0 A . o 0

. . b 5 ()
p “pra; ¥ pa’ P’ = PpprPqqt Oan 6xox'o‘ T
A A A N - '

0 0

Lal
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‘Let

C = & C = b_a. (18
D, q ptq ~ p. '’ D a P Drq . (18)
Mg A ANy Ay N
Then it follows that
C = C* = 0 _ for |—>| > or |§+ -d:| <P
"By @ Y pq TP F | < p
R S
' and
o l0)) =0 for all P, q .
b,a ’ ,
NNy
Therefore, we obtain
| C c ¢ ¢ 0
_[Pﬂl’ pSQ"] E [ pa’ ~pya ] -
1 § - ' 1 -
Mg A MG Mg MM

(19)

* .
Coa? Cpr,a = ®ppt Bgq O 6>»o7\'o .
>\'>\‘O 7\" )\‘|O - ‘ .

Form .the following interaction from the six terms above:ll



0 pp'q 0 0
K')\lo (.J
4
* ' *
C . +. C C_,
X by q p,=-q - pt4, =g P -a4,4
1 1 1] 1
A AO AN 0 xo A A 0 A
* ¥
+ C , , C
p,qa. P -9 A - p',-q4- Ptq,-q
: ] 1 1 )
n XO A 0 A X. IS 0 XO A
¥ *
o, p'-p-a Cprg,p'-p-q ~ € p',p-p'+ Cpr-q,p-p'+a
&t AN i’i'p : A A
» O. . 0] 0 ¢}
* ¥ .
- , - C .
p'yp-p'+a p,p'-p-q p'=-q,p-p'+q p+tq,p'-p-q
] 1 1] 1 .
X_ A 0 A .XO ko A . DN 0 A
~> - - - : n .
let q' =p' - p - q be the momentum transfer of the exchange process.

Then we can write
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first except. for ;3-4 q'

D N WG C ¥ AP (N
H. ,(R) = CHIR YT,
“int e oprg M N l Ixo-_ Mo
1 1
AN
X »a  p,-a. | D,*a’ - pt,-q
ERES N [} 1
Mhg NN NN NN
* *
+C_, ¢ - R
pi-q pt+a, -q . p'y-a' . Ptq ':1
1 ] ) : ! :
ANONG Ay M NN Ny A
% x
+ C C_, - C ' Attt
»a .. P -0 4. P,:q P"q_'Jq
: 1 \ i
x?»o._xox My Mg o N

In H
i

. . L
. If q'  is replaced by q and -q by

— e - . )
p' =‘'p---q -in the second column, then we have

- > > > - >
T . . 1
RO DI CE EI Y
o
AN

+ C - C, #C Co,
P,q- P'-9q PtQ, =g . - P'-g,Q
NNy NGNT N M NG N[

.nti}all‘terms‘in the secopd column are. identical with those ‘in the
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 This interaction and the kinetic energj,  -

It
| R H ° S

Mo o ™ %o

make the sum H, . + gl

i int @ Sawada Hamlltoplan; we call it HS(R).

If we apply Goldstone's perturbation theory on 'HS(R)' with commutation

: ‘ _ %
relation Eq. (l9)'between»the operator. C, C , and on

ZZ au -ZZ EP?J’bv_

p — P D
N PP )\ > A P Y
1 5@5"3 p '
A Z , Z <>\ A 'R {x A
N A app'’ . 0
0
i 1
Mo
% * % *
a . + 8
prq p'-q P P p’rq p-q o1 %p
1 1 1
A A Mo Mo AN My M

1 1 1 1
A Ny N Ao A Ay N Mo
* - ¥ * *
- a b _, a ] b b a_,
ptq P pi-q D b -q b ptqa D
! f | 1 1
A Ao A 'KO, A A N Mo

with the ordinary anticommutation reiatioh between ‘a's and b's,_we get7v

&
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— —> - 2 o i
- 2_/ Z I<pp'|R|p p'”>| 2 pe oo R
€ =3 — ;) P+ P =D"+ D
s pp' <P ANMs E +E, -E, -E -
F \ R}
it 5P P p p P
T
"R R R R
. ‘ + fifth-order terms + +»«
—_ - > -3
e .1 Y Z et {Bfp e 1)
! = TI- - 3
s pp'<PF N's Ep + Ep' - Ep_,,_-. Ep,,,
Mot 11
p"'p >PF
- -

Ty B

- B, B (=) e

+ fifth-order term + +--

(23)
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Notice that as far as the ring'diaérams are concerned, we have

(€

H'S)secondaorder term.’

Therefore, we can directly use -HS instead of H“S, with the.correction'.
about the éecond-order_term, Which is,more originallbut«more complicated
%ouevaluate..

Now we are ready to write the model Hamiltonian Hm(RB);
From Egs. (13), (14), (15), and (23), we have

B (Ry) =€, - A€ + H (Ry(0)) - E (7)), (25)
where v
e o6y Y FBLapr Y RENOILEY
- A = o == -+ -1 2 A (" 1 (O) . N 2
B ~ P<PF 2M X pp'<P x K RB_ AN
|||\
. ' : (O) H Hl i
EQI(HS) = .1/2 z lRB I >" A ey
PP <PF . _ Ep, + Ep' Ep” _ Ep,,,
P"P"",>PF,' >\‘ ?\.' 7\11 }\‘I!l
prp'=p+p' "’ ’

and HS(R) is given by Egg. (20) -and (21).
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D. Energy of Pair Excitation in Terms of Galitskii's Reaction Matrix
We can follow a similar procedure for the collective excited
states. It is known that a study on the pair excitations can give

information about the collective states. Let us assume that

.| ¢p'g )) -and E;I are the eigenfunction and eigenvalue of an
) . s -

- unperturbed pair state, respectively, and (g ‘is the eigenfunction_

of H(g) = H, + H'(g) with eigen value €(g) (spin and i-spin

dependences are neglected in the following'discussion). Thus we have

» * *
: ‘ = b 0
B, 0 = &gty 10D
and 5 (?6)
),
——— E - B
et = M T Fpra T p?
F

where the other notations have the meanings defined earlier. If P
is the projection operator off the state |¢p q>>’ the Rayleigh-Schrddinger
2

perturbation expansionlcan be obtained by iterating the equation

W) = 18, ) + ———— [®'(e) - Ble) + B, o) lve).
ba 0 » : (27)

?hu% for the energy-we have
€@ -€, + (@, m@len. (28)

The solution for E(g) can be finally.written as a power ‘series in g,

(i.e., a power series in the nuclear-reaction matrix R) by using
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Eq. (3) again with particular choices for :Q, e, and V.
: Supposelthat the projection operator used by Galitskii in. his

calculation of effective single=-particle energy is adopted for. Q:

(rs]vig) |k k,) (1 &, | B, me)

(rs|v(g)lm£)7=.g(ris me) - g 4o -
: G [ 1 - 1 - 1
. klk2>PF E . +va ) E X E X

E: (rs{v(g)|klk2)<klk2|RGlmZ)
+ g , ' ’
R ! R - L -
nyny<Py B+ B - B - B
(29)

where ' denotes the omission of the terms when the denominator
becomes zero, and E’m is the single=-particle energy defined by proper

choice»of V. Then the second-order term becomes

2 y (p p.+ a|Ry|kn)(kn|Rylp 2+ q)

[ KIS - K IR, X
<Py, B gt By o By m By
k>PF

)

which is exactly the result one would get if we apply the expansion

. process on H'S(RG), the Sawada's Hamiltonian with R, as its vertex

operator. This is because terms such as | F:&J and £:}J

are cancelled_exactly. by‘usrng Galitskii's prOJectlon operator.

higher terms, the situation becomes more complicated. However, it
seems safe to claim that the Galitskii's reacfion matrix is the first-
order choace for studyrng palr er01tatloﬁs Jostlas the Brueckner' e

reaction matrix is for studylng ground state energy.

-
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We shall leave E}m undefined until Section IV, .where we

give an approximate solution for both 'RB(O) and R,. Then RB(O)

Will be used in calculating ((wole(RB)lwo)), and R, will be used in
.estimating the excitation energy of nuclear collective excited states

by solving the Sawada's Hamiltonian _HS(RG)  for the excited states.



28 -

IIT. 'SOLUTION'OijHéi‘AND STABILITY CONDITIONS

A. Eigenvalué Equation for H '

The commutation relations of Eq. (19) for the pair variables

* .
c, C lead to the follqwing,commutator_for HS(R):

H,C = |E - E C
8 b, q p+ta : b, 4
A A ~ A
S 0 N
0 0

- > > - - > =
Z l /D p'+q pra D'y ¥
v Lo LR ERTR | X % e p',q " Cpreq,-q)
A'D 0 o 3 3
A - Mo
0 Mo N
H s C = E - E C
s’ Tpta,-q prq P PHQ, =q
™o A oY B
A
2y B g BBy |
Af { <>"O A lR Ix }‘"O> p‘}q Cp'+q} -q
P X X
M At 0
0 A

(27)

*
These commutators are linear in pair variables C, C , and. therefore we

can find a set of new variables:
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U : v v E: | _
* Yo ok L (-
fan T G(+)pqn “pa T g3 et )pqn “pra, -q 7
L plepr 3 B b I ¢ -
55 BN A > a0
[praf>ppn, "o oo lpral<epny o
| (28)
such that
s N - (29)
‘:HS’ A q-n} = qn gn P ) . . 9 |
In Eq. (28) the numerical'coeffiCientsv'G(+> and :G(-) are so defined
that G(+) is zero for |p|>0,.0r |p+ql < 0, and G(—), is zero for
b,q . ' ba 4

|pl< 0. or |prq|>0. From Egs. (27), (28),:and (29) we: may easily show

. that
L = E - E
b a prq o
A A ko :
N
0 v
g - — =, = —
. (+) . ) P ptq R p'+q p (+) . G(')
an b, a pan o= *—)I}\.' \7\" A ;}“' A 1 '
A \ PA 0 plap pan
KO ho A 0 A A
! \ 1 1
- 0 ' K,O
(30)

Equation (29), when applied on the true ground state le))-of Hs’k
can be interpreted as the eigenvalue'eqﬁation for all the excited states

lqu), of ,HS if we designate

. ' " ‘ . ' : ‘ 
e = A Ty )} | - | . (31)
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and A@ﬁ as the energy of excitation from ]Wo)) to qun)).; This
designation imposesthe requirement that the set Eg. (28) is a complete
Orthoﬁanmallset@fi 

Before we pfoceed_to solve Eq._(BO), let us calculate the -

commutators

* * * *
H' , a b = |E - B a b
5 ‘rrd P p+a 1Y pqa P
L A KO A XO
N - = = - = =
1 : ! * - ¥
+ ZLJ z; <//? pta g e p 8 Lipg b'p|, + bP'+q e
A p! NN AN . \ \ \
7"0 N0 0 7\‘ '7“0 A Ny

* ¥ ¥ :
+ terms containing a b. b b, etc.

and

g +b!a 1
Y p+a P

NS N N

% .
_+ terms containing & a b a, etc. - (32)
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If we neglect all but-the pair terms, these commutators are exactly

- equal to those in Eq. (27), From this, we. can-conclude that it is guite

safe to sim?ly add the exchange matrix element

— = = > - - f>_.—+'
p'+q-p prQ P _ \ [P-p'+af |Pta:p
A Lo R In K,O to each d;rect‘matrlx”element .XO A R- 2\ k'o

in applying Sawada's Hamiltonianvto a system for which the effect of

" exchange terms is not negligible.

B. A Simple Form of R Matrix
,.iet usiéSSume that the R .mafrix elementS'are:simpie confihuous
functions of thé momenta . involved. Theﬁ-if we usevsymmetrj,conditions
(rotatiOnlaﬁd reflection symmetry); ﬁe'can-write'the lowest-order ‘term
of.?éylorfs_expression_of an R matrix eiement'in'the following form:

B+ap-dIRBB) =V |1+a; P+ 153"+ cy BB

d-——>2'- '—>—>+f_)'_>]
+ Oq + eop°q.' op °q. .

Furthef conditions  suchas

> - - - - - = - = -+ -
(p+ap -alRl PP) =( -ap+alRl 2 p)
and | v. |
(e = (pp' IR 2+ ap' -aq)

e
+qp' -4 |R|l DR

require that
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and "
dO = aO +‘bo - éO + @O - eO + foz so that . do = dof'
'vThen we have

3+ a3 -alrl 2P

- - - -
_ -—>v q ) . o - q 2 —> q . -, . a
v, [l.f\ao (p+ 3 )"+ ay (p' - 5 )"+ g (P +,2“) (p 5 )
ey - o0 32
% @ J-
Acéordingly;vthe exchange element is-
: : . 24 +. ¢ -
~ - - — - . 0. 0 2
@ -aB+a R BB) =V, |1+ —5— B+ 2
S RN 2 -
2d . + ¢ - - - 2a,. - ¢
0 0 ¢ 942 > AN, (D qa 0 Q- QJ
+ (' -3 )" 2dg-2a; (@+3Z )G -3)r—p—a

.Which_depends'on p, p', and q exactly the same way as the original

matrix element does providediwe-assume. do = ao‘-_cO/E . The assumption

— - ) s . 1 ' :
dy =2 co/2 restricts the dependence of . <p'2.p_l IR| pg.pl)'
on momenta to a form (p'. p'. |R| v, D) = R[f(g'v- p.), £ (., P )].
- - : : . 2 -1 2 Y17 - " 2’ 177 Teer f1
To simplify the resulting analysis, we shall make this assumption,
which is not a severe restriction.on the form of R, since it is
satisfied by all R ‘matriX'elements_SO’far used in practical
13 |

calculations.

Under this assumption, we have

£
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(3+37 -alrRlB3)=(G -ap+a Rl pp)

— : q R IRY
=V, [l-+ ag(p+ 2 )7 + 84 (p +12.) |
285 - Lo
+ —5 q
c,. - 28 ' :
0 0 2
v, (- 22 P

- g-)j.

‘ ' vv—»'.E-Q > -g: 2 "'E Nad
. g B+ 3 ) +ay (@ -2) +c5p+z)(
- 2ao

o 2
- —E——— q

This expression, of course, is usefulwfor‘small q -only. 'For_largé a,

we have to aaa to the above'expressiqp terms in higher orders of g,

: with more parameters. However; the above expression is in such form

that a factor that gives the general features of the large q
effect of nucleon scatterings‘can be easily introduced. It is done

by replacing thevfacfor

0 2

c. ~ 2a | : | : W o
%" 28 2] . Yo |
Vo[l -—5— ¢ |ty Vyla) = e,
- l+—T— q .

- 28

VO(Q) =.V exp (- ____E___Q_ q ), or by other similar functions of

. -~ 284
q. Correspondlngly, the factor (1 - ———E———gm q ) 1n the denomlnator

is also to be modified Ele) as.to make_the Qver-all_matrix element a

smooth fﬁhction_of q. For example, we replace
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e e e e ay o Y— i oL iy &

cC. = an > ? c, =28 5 bY.'aO(Q), Co(q), respectively,
l-—7—4¢ -T2 {
' 8«0

where ao(q) = ay co(q) =c, or ao(q) = T By
1+ —f——E-—#— q

cy | ,

co(q) = T - 2oy o , etec. A partlcular-ch01ce of. go(q){ co(q)
l+>—-E_—. q s

and V,(a) means & particular way of fixing the parameters of high-order

'b‘q terms. By means  of those arguments, we therefore take

’ f —>"v-—}—>
b’ ptqg p+a p
R = [e + €. 00+ €, T'*T+ € G' 0 T'-T]
' 1 2 3 L= : ,
A ! Ayt
Mo MM M - , TN My
- = —>, - -
x (o' p+q|R|l P+ gq0p)
ptq p' p'+a p | ‘
1R = [e +.€, 0'e0 + € T'eT+ € 0" 0 T'rT] -
I B D -1 2. 3 TR P
MMl M MM 6N
x (p" p+ a Rl p' + ap), - (33)
where

@' B3 IRl 3a 3) = Vo(a) [1+ ag(@) G+ £)%4 ala) G+ §)°

el e @ e ] )
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This is equally well vwritten as

Goo3dlRlB e -vlreed 3], W
with

v(a) = Va) (1 + 2ag(a) BY)

and E o B
) eola)

° T 1 +-2ao(q) P?E

because the matrix element (p' p-+ q |R| ' +.¢ p ) has its maximum
at g = 0. and drops to zero as q_.becomes’large>just~like,the Coulomb
interaction does;; Therefore we expect that the main contribution

comes-from small q's, and the dependence on p and p' of R

. for largé q's . does not alter,our final result very much. Consequently

we have arrived at Eq. (34) by choosing a simple form which reduces

- to'Eg. (34') for small q. .

C. Stability Conditions

In the following, we substitute the above R matrix elements
into Eqs (30) and see what:values are implied for the parameter

Aqn . We first introduce new notations. Let

Oy = 130,050 5 T ,T 5T 3 0.Ty O T 540 T
Px Ty e Xy 2 T Txy "7 7

and

Iy = &3 S8 &3 S8 &5 Gy 7T 0

corresponding to
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X=1,2, 3 b4 5 .6 T, 8 9 10, 11,712, 13, b, 15, 16,

and»let

| | 16
+ 1 e o 3+ g
SCONNN L Gy 3edlelE e L
s . - T . LR )
:)I:, @ Pan "o grin P ‘
X A
(0] >"o

\ - - (35)

. The second term inside the braces is from the -exchange R matrix

| element. This term will not:cause.much;complication in decomposing
Eq. (35) into:thatvcorrésponding te.different'modes,.bécauserwe:have
éssumed’the same moﬁéntum:dependence for the direct and  the exchange

.4

:R-matrix elements :and because we have
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XN M’.Gp'qn (pX)h' A (pK)
Moo A 00

0 o
Mo e

ngf Z(ij
A
o|

1
X X {,
RS

0

X p 0
7\'! )\' . .
o 3
0

] D ' an
B 0
-

-0 A 0

MM

qul. (QXDKQX)‘A"OA"»
- for

. for

for. .

_ for

i

qx,ay,az,

Tx.’Ty’Tz’

0T **°0. 7T .
X X Z 2



(+) Z (+)
T = G s} ‘
pan ~ )1\3' aqn M‘O .
>\ )
0 7\0
(+) z (+) G
T ' = G ’ o]
panI NE D an )\.07\. \
: A
N
0 7\.0
(+) z (+) o)
= G T
N £ an 7\.O>\. )
A
0 7\0 
and
G gn (07 )xox
7»
0 >\,O
e have, from Eq (35), oa = Upg
A
>\'O
e
pahg A - in
qu pq

where K = I, II, III, and IV, and
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[Ae;l - (e_l + 3€, + 5e3 + 9€l+):
b m (G - G 3 34

1“5'(5”*5%:‘63‘5§ﬁ~

k‘ueu - (el - 8- & --eu)

as

- as

as

as

I

II;

I,

(37)

I1T,

Iv..

Equation (36) is the same as Eq. (6-7) of GHW except for the

'contributionvto 'e'K

from the exchange term.  And, as one would expect,

this correction is the same as that obtained by Hateno, who used

' o oL *. %
H's with the original anticommutation relations for -a‘fs and b 's

To proceed, we write".
T o= Z o Z i)
P [ple, Pk pl>p, . Pk

|pra[>P el <@
q|>Pp pra|<Pn

2

A ’ - - -~
Ve, - L 3el) L L 3el
k '+pI<PF, Pan_ lpl>PF C pan

3ral>e, Bl

‘and

14
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0] - ’ . .
Pk || < lpl<pp |4, =Ty *tia
lpral>p,  [pral>Py)
A ) - ) D
_',qu (A ) =3 ~ h
‘ a2 [pl<p Il o -1+
Ipl<®y |21 <Pp an, " Tpa I
[pral>p,  Ipral>py
and ‘ . -
mw, 0 -5 (L - L |—22
P || <P, Ipl>P. |Ao -1+
iP+-‘3l|>PF 'P+QI<PF : '
where SZ is the volume of the system.
Therefore, Eg. (36) becomes '
T =¢e', V(g @ (W, T +cN, S _ )
ane ~ K 0 Tamy T ° 1 Pany
and
s =e . v(q) QM T +cN.S_ ).
= V@R O T weny sy )

Finally, we obtain for A
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ian) 32 - S ) 8 olegn) + ¢ ¢TI @

X

R &J:_;v‘; e ],:lo, '(39)'

‘This equation has roots from & ~ =0 to A = Lp
T | I A
for-any set of values of €'y y ‘V(q) and c. ‘This is seen from the

fact'thatv,FkKAdhk) ‘changes. sign (frbm + o to - 00, or from

©~ 00 to ¥ -00), when lAq .passes through the interval

L _+.0,L - 0 |. Therefore a zero point of F.(A ) must exist
[Piq TP ] | RS O 'K(jq~‘) 1

between I and L_
pi’q ’ pi_-'_,‘l’ q

.. When we take the limit .Q - oo, Eq. (39)

hasfa~continu0ﬁs:sﬁectrUm from O. to LP q (the maximum value of
15 q)u ‘These :are “the scattering-solutipns; :We label them by A K
o : Y

Corresponding to each;of‘thése‘solutions,'thére‘exists.a‘scattering

"eXCitéd“sféﬁe
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Z : o) v;*

qpK N2 i - p'" apK " p'q "
! ' 1] L
xo »|p +q|>PFx 0 A 0 xo N 0
- - G C_y Hf ))
- - + - 0
Bl>p, p' am 3, ¥
l"’ —’|<P At A 0 .
p+-q. F )\" : )\' }\l
o .0
-* _ r z .‘ + | *

A A S o)
b a |p'|<P A b qQ b bP,q

N | St A r A
A i ol sp y A A Ao
"o | [p'+al>pp 21 0 o "o

(principal value)
) (-)

- (S G C ] |‘If )) o
- + - 0
IP'I>P ’7\! , pt q pK - P' 'q! q 4
! F . A
- A A AT

1. . 1 1
,Ip +Q|<PF’}‘O, Mo o 7"(_)‘ 0

(principal value)

We can also céll them pseudo-pair states. If the parameters €',
V(q), and c¢ have values such that the eqguation

YA (a réél value > L )] =:0 . has & solution, then .
gk PF’ q : v

this solution corresponds to a "zero sound"” wave:

Ty [_Aqu =

(+) - +)

Cpax = pK)MO Togx +
A | - T ‘ ‘
: B
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A
o B\
|pra| <P,
)) -§:~ () g, c*
l"’qK=II |p|<® PQK=IL . 5= "M T pg
. I
|pra|>P - 0
F
N Ny
- r a c. I ¥ >>; :
SRR 5 1o T v« SN N o P -q 0
' KO’ KO
- |pral<p;
etc.  If e/, V(q); and ¢ are such that the equation
Fy [A = iI'(an imaginary value)] = 0 has a solution (I' -is.feal),

s

the methods we bave used fail. There are cases, of course, in which

there are no roots either for FKCA = A@K) = 0 .or for

g
EK(A@nK'z iI") = 0. .In these cases, the system is stabie_although'there

is no "zero sound" wave.

Let us calculate Ny N, and N, for-différent types of

A s

Ty



-44-

(p+a)° & ~ B3
Case (i). For A = L L me— ¥ = ¥
—_— Q ba oM o 2M M .
we calculate
: ¥
%
m [ B2 |- - — E
\ M -2
— -
7] .29
- - P q - —
1+ = 229 5 E. -1i% 24
2 P_q > = 2 P ’
F.q D & Fq
r
- —> - -
N E-;%—& = P S o N p)
1\ F Py 0
and
ool M1 2 2,3.3 -

Case _Sii ). For values of A ‘that are real and larger than L_
\ | ang Fd
A .
oK’ we haven

* .
o M P
- F 1 D=1
NO(D) Y- [1 *5 D 4n D +-l] ?
v 27 : 7
where ¥*
A K'M_'
D = —&—_ ’-
Pn a
m (D) = Py D Wy (D) ,
and
M P
. F 1,2 2.2 '
NE(D) = -.‘QHE : 5‘PF + Py D7 N, (D)f. (41)
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Case (iii). For Aqu = iI', where . I' 'is real, we have

M P -
N (1T7) = - —F [1 - T tan™t 2],
0 2 I
: 21 _
where )
I M
I = ) 3
- e
. ST S = l 1T Y.
N, (1I') = Pp I Ny (i1');.
~and
B - | |
_ 7)o - E L p2 5224 (47
WD) - -~ 3 B+ B F N, (iI'). (x2)

For Case (iii), Fy (i;K) = 0. .can be reduced to

A 1+ =cp N : 11 . _ »
l% S F 7\K — . =T tan 1 -Z:I[; -1 = Q(T), (43)

Tl o4+ % c pﬁ? xK-+HC'pﬁ2‘i?'

M ?F v _ '
where A\ = F—E—H ’e'K V(q)Q. The right-hand side is exhibited as a
' 2 o .

fuﬁc£i§£ of ‘I in Fig. 1. We see that Q(T) takeslvalhes;from
O.tb.-i,‘only. . If the left-hand side does not fall into.this interval,
we_skall have no roots for Eq. (43), which means no unstable\sﬁates,
Consequently;there;are many -chances for attractive ﬁorces;to escapé_from

getting unstable states. For example, there are unstable states: for the

system in which e = 0 'ahd. XK- are all small and negative so that

'l/AK ‘is less than ' -1.
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” .Fig. 1. Q(I) as a function of I .
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For Case (ii), the eigenvalue'euntiQn looks like

, 1 - ’ :
1T L 1 =qr(D). ()

¢ PFZ N
' 2 2

2 —r
c,pF 'KK'+ c‘pF,_D,

\o} {w}
i~
+
| nd

£n

(S NN

If we plot Q'(D). as a function of D - in Fig, 2, we can see that
Q' (D) . takes all positive values for D > 1. Therefore, the system

can have a "zero sound" wave, if the parameters give a positive value
‘ . ‘ P

/

for the left-hand side of Eq. (Ll).

/’ Because the left~-hand side of Eq. (43) and that of Eq. (4k4) =~
have éxactly_the Same,fqrm, we neéd only discuss one function,

1 2 ‘

1 ;L'+”.5_,c pF %'K _

.‘f(x) :_"' j ,
Ay 1 + % cva? N tTC 'pF2 v

3

The function f(x} is limited in the:differentsregions in f(x)e—sx
plane for different seﬁs Qf values of &, 1 %ﬂc pF? KK? and 

c pFQ' (Fig. j)._ For Case 1, ,f(#), is entirely in the upper half

flane. When f(x) intersects with Q'(x) . we shall have a D > i )
solution. ;For the second and third cases, f(x) ‘enters into.the

(o, -1) zéne. We- expect . to have imaginéry'SOldtion if f£(x) intersects

- with Q(x).‘-For:Case 4, . there exists ah imaginary solution

for %;';> -1.  On the other hand, if' NK is~weak_enough so .that
%E< -1,.wermay;even gét.a -D>1 solutioh'provided the branch in
the first quadrant intersects with ‘Q'(x); otherwise we get no collective

solution, but the system is still stable.
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L o)

MU-23882

~ Fig. 2. QYD) as a function of D.
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Case | o Cose 2
x>0 - [x>0 A >0
1+ %cpﬁ >0, l+depZay<0 | +_§ cpZr, >0
cf >0 {epf<0 ¢p2 <0
flx) - | )

xv/

Case 3 Case 4
Ak <0 - - Ak<O "~ [Ag<O _
L+§cpE Ac>0 | +3PE A@Oor {1 +30PEAK<O
cp >0 cpg>0 o cp§>0
f(X) - . “f(x)
. | |
| |
P ARN
H "
X ' I 1
= _:
0 — TollL X
\/ | |
! K1
/ I |
| | \
_ | i
MU-23883

Fig. 3. f(x) as a function of x Ifor_ different .values of
RN 12 L2
.?\K,1+3- chxK;and CPp



50

The types-of solutions»for'different values -of .KK and ¢ ng

are listed in detail in Table I. The inequality equations associaéed
with the aﬁsence of imaginary solutions can betcbnSidered_aé fhe
. stability conditions.

In oﬁr-example we have assumed the same‘momentum;dependeﬁce_
(i.e. the same parameter ¢) for all four modes. Therefore the

‘stability conditions (Table I) require that g;pF? > D

Il

.2 >c pF? R or = 2 <cp e , ~where A is the A .value

or .

F oI

for -the simple compressional mode, Ki is the largest ‘and kj .1s the
smallest -of the other three positive kas;_ If we assume different
tmomentum,dépendepcesvfor-the,four-modes,_thé stability“arguments will

in general. follow the rules listed in Table I.

»



Table I. Types of solutions. for'different values of %'K and c pF
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2

. 2

}\‘K c pF2 | Types ,of solptibns
L c pﬁg < - ;L_ 'imaginafy, D>1
' 1- 3 |)\K| g solutions
. .
- 11 < ?Fe < = 2 imaginary sd_lution
| 1-3 Il 2|nl
'“5<%K<-l\~ e ‘
' ‘ 2 <e PF2 <D l no solution
L Il
B i ,
' ILI <ec Py 5 imaginary. solution
Il | |
e ng - ?L- - D' > 1 ;olutic_m
| L-5 Iyl
L <ecp G g - | no solution
1= Iyl T2l -
-1< M <0 . ) }\K
: |5_1'<c pF2‘<T—-§T imaginary
eyl Tyl
! 3 < c pF"E ' no solution
LN ,
c _plf < - ;7{- no solution
-5-%% < e ng < --23-—);{- imaginary solution
0 &N <3 S : :
: o2 <cp© < L. : '
N P - no solution
o C 2y F 1+ % M
.\ < c.pF2 D > 1 solution
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D. Ground-State Energy of H_

| The éround-sféte eneréyL €6 ;:((¢oJHé|v0)) ‘can ‘be calculated
following the procedure of Sawada et al.? lor; if we use the fact that
HS 'describes_a system of lingarly“coupled oscillators;‘we can write
its expression;directly;5 |

Let us introduce .

' ~1/2 * ‘
= (2L : + c.
¢mq;»( 0,0 ) (e, q* © pro,-a)
A N N N
Ny KO o N oo
and
*

n o o=yn P ,
D Q Py P,q- . Pty =q)
A by _ N N
N Mo Mo A

where “¢,.ﬂ ‘are canonically conjugated to each other as a .consequence

= *
.of'the'commutation_relations,of ‘¢ and c¢'s. In terms of these

variables, H, ‘becomes: .

’ * *
B, == E: E: 7 x o+ IF ) g - L
kin 2 T D P,a. Da- »a - »a "Pa TPa
Y y A A N A A
- N Mo N N 'xo _ N N

and

A
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| - . ey YW-' } ! . o ) ’/ .
Hge=3 L L </P+qlelp L
e a pp' }\_ ')\.'ﬂ }\O klo
.
Mo
1/2 * 1/2
IJ Y . . - €
r,q ¢“‘P'Jq D a ¢P')q ~c’
N N A 7\"
4 T - w 1
A 0 kO kO, 0
where
p+aqa. P P Dp+q.
€c=+%ﬁ Z A 'xJR,x‘x
a |Pl< PF’}\' 0.
2+ al>Bp

The diagonalizationgprocedure.Wé have.described is to transform these -
linearly coupled oscillators into their normal modes. . The ground-state

energy is hothing"but'the zero-point energy of the normal vibrations,

namely -
€ (H) = L E:-E: A. . L E: L - €
.0 2 ) e
° T ¥x 5 <lpl<p PEC
| [pral>®,
The function FK(AEqu)_ defined in Eq. (39) can be written, in terms o
its zeros and its poles (E‘ﬁ A?),
L6y : 2 . 2 -1
F,(e) = 77 (¢ -2 )r(e-17_ ) .
A Kaq on Qe P ba
S o _ A
N
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. Hence we have

> om 7 (g)

o . | i F, (& -
PRSI
Cm) =gr e ae L L —5—-&%>
: qg K v
where the closed contour in the. complex § plane is taken to enciréle _

g4
}\. .

™

all zeros (A ) and a1l poles:. . (L2 ). Integrating by parts, and
any ST g .
cis 2 .
writing ¢ = A" -again, we have

c

€O<Hs)‘i='- m]?: fd A Z In FKq (AQ) -€ .
. gk

Where we go to. the limit & - 0, 4n. Fy (A ) ‘has a cut from 0 to

LPFq along the real axis and pos_slbly a pole.at . oK > LPFq

- on the real axis. Carrying the contour along both sides of this cut,

and changing. va'ria’bles to a new. integration variable —ﬁ defined

- -

by & =B, ve get F Lt 4 )
v [ - aK'pq
. ’ ' ) a b A v >\.
€@yl Y Y R S o
olly) = 177 K N |pl<® R *"gn-F (L_ -~ in)
0 |pral>p, -8 >
Mo

- h__ ResfdA Z BnF .,'.Ae) -€

ni S e

We can substitute Egqs. (39), and (ho) into the scatterlng part of the

above expression. Then % n g(i L iﬂ . becor_nes an a’rc tangent. o

Replacing Z by lhrf qe- dg, and f Tpi by 2n PFQ_q‘fl xdx,
q ’ < P 0 '
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\

RS - .
where  x = p- q/ Fq s. Ve have ei(H ) = scatt 6%ero sound 6; -

Then we have

‘ P Q@ 2 . 1 o
. 2 a4 -1
€ = Y 4 o e
scatt. - e oM X 0 PF3 _PF 0 .
2.2
3 27‘1{ +_CPF 7‘K+°p x")

1+ % c pF AK hK 1L+ = c pF xK + c pF X )(1 4+ Bn | lA+ X |)

and

zero sound

(ex)? M

where

1 +%—ch )\‘K R S

N T L E,E B T

1.+ 3 ¢ Pp :XK + ¢ Pp DqK o L-gK

and
_ _l1,_98 \2 2. 2 4 2y
, E;.— 3 ( ( )T b [ qTdq € Iv(q) ont Py qf =xdx (1 ffc'gF-)'

(2x)? T o
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IV. NUMERICAL CALCULATIONS .

A. Evaluation of .RB,,RG for-a Factorable Potential

In Section IIIL-we.have‘assumedvthe.simple phenomenological -
form of Egs. (33) and (34), for the matrix_elémentsuof any nucleon
reaction operator R. Here, we. try to deﬁermiﬁe-the-valueé‘of'the
| parameters ék’ Vy 2y and c, such that.Eqs.,(SB).ana (34) represent :
approximately. the matrix elements of a particular reaction operator |
‘such as Brueckner's RB.’operator and- Galitskii's »RG _opérator.

To calculate the 'RB'and RG_'matrix elemenﬁs,-we assume a:
nucleon-nucleon:potential which is charge-independent, evenlunder
inversion .in both spin and configuration spaces, and.factoréble in

momentum spaces..

1l -0’0 3 +7'°T . 3+ glteg - 1 =1'"1T

n -ty T n

v
-even ’ . even-

such that



57-

(R TOM L B v BT, E) = 8T-'Tfas'sﬁsM"TMT BM'SMS

2? '] éVEn] ) for T=1, 8.=20
E(E'Ijvevenlg) for T=0, S=1.
x |
2(k'|l oddli) ~ for T =0, S=0
\_2(§}13Voddlz) for»v T=1 S-=1

for';I =1 and 3, and

. . Lmax. b o T
(& | Vgyen®) = ror Y (&) ¥, (k| 4 %)
£
;>,‘ I o> £ max v“e | m orey - 1 I | :
(k'] vodd|k),=.v2;0dd £‘=;z ‘Yz. (%) ¥, -(E)(k,l'vzlk)v - (k6).
g= ¥
@ |, %) - 22l [ e o) g )
TL. T4, o\ Th, A o - -
+ f2>. 8, (&) ¢2_(k)] - ) (47)

where T, -NH? S, and MS are the eigenvalues of the total and the =z

component .of two-nucleon . i-spin and spin operators, respectively.  The -

' ' e s e -
flbs rand f2 s are gonstants and (kg T, NH? Sﬁ MS) means -an

antisymmetrized two-nucleon state,. Such & potential'allows an exact

solution forthe RB and RG ‘matrix elements. Furthermofe, we may

treat -the "scatterihg” of ‘each Evz independently:
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! 1 - g'vg 3% gt SR P T S
even n N even L L
1 1 -0+ 1-71'°T 3 34 3.3 5 4 0T
* Roddn i 4 n * Roaa L I
(48)
E'1'R, ., 6P = ) 5 rME)YE) & IR E)
=even mz=-£
and v
&' 'R, %", B) B MR DR SR e WIS F
v b=0dd m£=-ﬂ
(L49)
and ' B v
- ) |
(| TRl P) = (x| vy l0) + —5 [ & § L e
‘ o (exn)” 0 y==d 24+ 1
oy ey UERE v e TRyl 7)
or .
Rl p) = (Tl + =25 T aR ety )
- - (en) ’
x —-——J—ElQik‘ L (x| 'R, |%,P)- (50)
e

_Equation (49) is possible provided We-femovevthe*Coupling between the
‘directions of R(K'). and P(Pi=.pl‘+‘p2; is.the total mementum of the
two COlliding'nucleons).by replacing thé'real;pfojection'operator

Q(x", B°) _and‘ﬁhé»denbmihatbr'-e(f"}?“)gﬁyftﬁeirvangularfaVerages .
QEY%P)= 1/bx [ a5.a(F",B) and  e(¥',P) =1/bi [ dB. Q&' B) e(¥', ), .

respectively.  This approximation
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, ) s
is based on the argument that the effect of the direction of P is

small and can be neglected. From Equation (50) and (M?), we can easily

obtain.

3 , L
e liylon - G [, ¥, ) P o

T T8y o,y Th | .
+ r, P (k) Y(k;P)]:-, (51)

‘Where

a9)

X (kP) -

[l-'széMIlzv.(k, P)] I%l(_k) * I_zfe M.Iiz (5 2)*g, ()

T, T e, P e [ P

1 1. .
and
IzY(k)P) '
T4 T4 ) T4 1. T4, ,
e, M1 6s0)] T, )+ P Mo ) ()
T I 18 4. T4 T2 I4_ (14 > ’
[l" Ty Ill(k’P)J [l" o Iez(k’P)]-' ty f2[ | IZIE(k’P)]
with
CTh, 24 -
m ;_)ll 1] : -l ¢l (k )
Ill-(k, P) = [-ax" Q(x'\P) 57 SEmE
14 . = " 1 AN P ,
I,(kP) = [ ak"Q(k",P) = == F) ; (52)
-and.
T4 "
12 '-¢2(k )

_>||‘ - l
Tp(P) = [ ax" a(k"P) iz —rmgy
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If ‘the constants lzfi‘iaﬂd ;zfz'vand the . functions

.I£¢l vand I£¢2 ‘are chosen properly,. thé‘é,ssmned potentia;L‘ Vv can
repréducevmostgof the two-nucleon data such as the binding energy -of the
-deuteron and .the total and the differential‘cross‘séctions‘of ‘Nep

and p-p scatterings.at energies frém zeroitoABOO MeV'(see Appendix B).: -
It is impossible,- of éourse, té explain the polarization experiments

by means of a potential of this. form. However, the expressiohs of.

Egs. (46) and (47) can be easily modified to include enough paerameters
tovreproduce‘all_thefphése shifts that give the best fit found in a

phase~shift analysis of'completevnucleonfnucleon data, We first expand

 the plane waves into sphefical'harmonics:

3o m

(E’S’MS>'= L e iker Xé s
, Ve
(0 0] : m
N N RGN OB N SO
Va 420 ‘ °
T . a ,e | . ‘m
L1 i 4/2 . : *
Q. £=0 m£=~2 ‘
00 2 - bts J
1 . in £/2 ..
F Y L Y Y. / 3, (k)
2 4=0 my=-4 J= Je<s| M=-J
/s *, .
x Yzm(r)- C(3M; 4m, Smg) #’zs Mgy,

. where -the. C's -are ClebséhQGordah-coefficients,-and the funetions

%%szM are -eigenfunctions -of ‘J?, qi ,-L?, and 52. Now. we take

.
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_)' 1 | 1 1 5 1 '
i (k',T',M 'I"S »M Slvlk:T:M,IvS':Ms) =

>, T e ) . o _
SMsM's (k ] Vevenlk ) for T=1, S =0
@, om PPy |E M) for T=0, 8 =1
5 8 5 s' “even s ,
11 1 RY R . . .
TT' ss. MTMT ﬁ - R |
B 6MS-M' (B Tvqql® ) for T =10, $=0
\ -‘-)l ! 3 = . = -
\ (k', M S] voddlk, M) for T=1, S=1
e vv' 3 =
(k'M sI veven|k*'Ms)
(e 2 £ max 2! L'+h J'’ } max
- _,_Qz ‘Z - L Z L
fi=even m' ,=-4'. J'=(8'~4) M'=-J f=even
. % &l ! -1 /2 (4'-4)
My=-4 J=(4-1) M=-J

: ks ’ . f. M.e
.C(J'M',lz'M'ﬂ, 1M) c(Jy, M, 1 M)

L M M
x %M (ﬁ.ﬂgfﬂ (®) [ &' fdr;q?,(kr.) Jz_u;r.) ¥, (1) Y, (1)

- | X TIMI QI ot 5 - . >
(F'M 41,7 | "VeVenl T ;L, T .
. This expression becomes Eqs. (46) and (47) if we assume

@M, FPv ']JNM;,r) - JJ,aMM,szﬂj_‘5vfl_3 g, (r") > g, (r)

+ 5’ng BZgg(?“)'3zg2(?) )



where g's'are arbitrary functions of ;?-Iindependentvof "J. Here, in

_vorder»to.reproduce;different»phase’shifts'for‘different .J states (such

as "552, J =4+ 1, 38g,'J3=;2v- 1), ahd those phase shifts with mixed
4's, we assume - |
MBSt ‘—>|_3 . [Jﬁwﬂ.' . J34 Jﬁﬂ' :

J384' . J3% ,y 38 —»]
+ - fg gg(r ) gg(f) 2

where the g functions are different for different J's. Suppose that
the gi(F)» function does not depend on the azimuthal angle @. Then

we can write

~ n s hx I3 | T34
[fat v P e ) =5 = n'_(r) = 5"\/—— b, (v)
2 i mqu;; i my Y 2

and

f a3, 0w) T () = T (x),

where 1i.=1.or 2. Substituting;these functions into the long

-expression of (ﬁ', ' |5 evenlk M )swe obtain finally
N L max - fomax Ml ' .
(&', M"|5 X, M) =% Y (2g+1)e 1“/2 (4'-2)
‘even s : ' L
fi=even JA=even J=(28-1).
x C(IM" 5 401N’ ) C(J‘M ,(ZOJ_M) (ﬁ) (R). (k'l z‘z|k

(461)
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where

(k! |J.5,Vz'g|k) = %‘L [JBM Ty Jw?sl(k')'le ¢1.(k)

L T T3l ) JBZ?¢2KK)J»' ‘ T

.We can do the same thlng for Vodd.

odd £ and £'. Now each.»Javz'z is connected with a phase shift

by introducing J5v2'z with

through.the corresponding part of the free scattering reaction matfix,

that is

I3, T3 Qo J ey 1
(' |72, ,|6) = (x| 5y, e — akr (k' P, , 6" s
- (2xn) S kK- - k"

v -4 max ‘vaax
1" J . 1 A
x (k"] 5Gz,£|k).(2J+ 1) % )R \
. T ' Mé b"=even £'!'=even
T or - -odd . or odd .
'_/
) .
. e~1 31:/2 (ﬂ )/ ) 'C(JMS; 2" 0 lMS)
- | M ™M
xxg"c(ms,.;gt-mso, ]_MS)% i (ﬁn) S (ﬁ")'
. ‘ellz_ .2||| -
~and A -
5 -
J3 By J3
(]2, 4lx) = - QN P TPy
3

Therefore, . by choosing Javﬂjz__carefully, we can fit all the phase

shifﬁs;over,a,large energy rdngé.
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This modified potential gives an analytical solution for the

Ry and RG_.matrix.élements;_ However, the solution,

>, '.3 ‘ - -
(&', M sI »even.ors'k’ Mg P)
odd
£ max 4 max b1 ' . | .
= E: B z: }: o (hﬁ)z-(QJ-+ 1)'e'l'“/2‘(zf'£)'

Ii=even £ even J=(4-1) -
_or odd - . .or odd

1. . 1 .l' 7 L. M ’
x C(g M G4 o1m .s‘_) C(J‘MS‘, Lo lMS) ‘

~: *IM - *JM

Lj/ (&) % *® &R, ,lkP), (491)
- (]-4'L £1 - ‘

where i(k'|J5R |, P) can be calculated from . (k'[Javz,ﬂlk,P)

£'2
.according to an eépation similar to Eq. (50), has a.spin. dependence much
more.complicated than that in,the,simple form of'Eq._(BB). Since.our
main concern 1s to see'thevmomehtumvdependence of the R-matrix elements,
we shall avoid this complication,and use. only the simpler nucleon=-

nucleon potential,of‘Eqs.,(h5); (46), and (L47).

In Appendix B, we have reached.a plausible choice for the

éonstants-»lzfl -and sz2~ and the functions.
' 1 Iz .2 T
IZ¢'( l-"—"aKkK I
P, (k) = : ) (53a)
1 (k2,+ }1&62)5/2 ,
and .
Iz¢ ( 1 ) o :
(k) =T ¢ (53b)
2 (x° +VI£BQ>}/? . o .

The potential parameters are given in Table II.
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Table II. Parameters of the nucleon-nuClqon potential

~ State

Parameters

3(5-1), |13, 7= [ALL
0o .

I=1, 2=2 |J
b/ others

ol

'-o,is - -L.e3 -0.18 0
0 + 00 0 0
1.0 '2,15‘ - 1.k B
.00 00
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]

The odd--and'even-parity,staﬁes for £ >2 _are”neglected,in order
‘to simplify -the calculatiens. The positive infinite wvalue for

le2 and the negative leue“for, lel imakébthe »S-WaVe phase shift

‘change sign at: a. certaln energy, a result known as the direct consequence

cof” a,hardacore‘potentlal. Indeed if”we;éalcu1ate;the.expectation.Value
. of the partial potential . Yé (k) Yoo(k')“;yo,'for;wave packets_separatéd

by a distance r, we shall get an.energy having a spatial dependence ‘with

a:largé positive :core..at small r. ForuDéwave partial,potentials, we
putA'12f2r=_O. - This is because the.Dewave.states‘are,usually;not S
-affected.considerably_by;a.hard;core;at.a,fewAhundrea:Meﬁfi

The ‘angular averages of‘the-projectionioperators '93,'@nd
QG:»are'also differént:from&each other in form, -For Brueckner's

definitioen, the integrationuoﬁer the intermediate mementum X" is to
- ol E

beféarriedwqut:so that ~[§"Ui_'£'|>§7pff‘ Therefore, . the' corresponding

2
cutoff. function .QB(ﬁ“,np)_ should;take.the form
.12 | PE‘ 1/2
f ® (X", P) » lmJ' k" ax" 0
2
"0 112 ' .
R vt
12.+;£- : _ X-Ccos T
Pp T2 - '
+,f / k" dk" 2w, o “.sin.@"de"
211/2 W, D 2
ey | D
COS k"p
oo
+ b f Wk . (5h)
: . D .

- For Galitskii's definition, the integration over the intermediate
‘ _ >

momentpm_'zﬁ “is to be carried out so ﬂBi_for_:]E" tr§|v§°pF', a
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~plus s1gn is inserted in front -of the integrand, and for

Ik" + —l =Pps a minus sign is inserted in front of the integrand.

Thus we have

_’" A"’n ’ 112 "o
jd3K lQ,G(k D) > = lm{) .k ak

a x° +%'pF
R

s 2/ cos
» PF'. - } . . | ‘
2 . o
_. [ i - k” d.k" 211 . ) sln e" d.e"
-2 :
CPF 3 | o k"+£—pF
' r cos : &"p
. E
2. 2
k" 4+ -p
'  -cos™t — v ?ﬁ F
Pp + & | or
[ k" gy o [ ~sin " de".
o ‘ o
211/2 2 2
2 . kK" o+ - D
(pF K ﬁ—) cos-1 %: F
+ hn_]ﬂ k" qx" . - : (55)
P ; v o
Pp* 3

Before we'proceed to discuss and make approximations about the
denominator e(k", p) of Egs. (50)'and‘(52), let us decide first which

matrix elements of - Rp and R, are to be calculated. In theiinteractiOn
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) ‘ ‘ *
term of Sawada's Hamiltonian, because the. operators ~Cp”qf.and C_p a
. . s s

vanish unless we.have »{P| = Pp and .]p +-q¢ :*ﬁF_,,the summation

is actually a sum;of'four-differentisummations:

P1Ps4 , _ : ,
}: *, * ' , * ‘
Cc, ¢ Z C ¢
oy <2y Ipyl<my
lp+al> g |p+al> o
|2yl < oy - pgeal< pp
Z c_._,C ) ' Z C o! -
Dyrd Pytdifd o P+ -q Dp=®
pral<p, - Ippral<p;
| lpl\‘|> Py - | ]Pll > Py
' |p2'_|< Py o pymaleny
Ipp-al>en | irpg |> o

In fhe‘limit Q -0 , theée summations becOme»intégrationsuover
limited;regions:in.momentum space. For a.particular g (<< pF), the
’.four~integrationfareasyare_shown'in Fig. 4, From :the shape -of the runc
shaded areas, we see that for most .of the contributing matrix.elements, .
Ei' and ,Eé have either_thg,same or. opposite:directions, Fuﬁthermore,
ﬁ@hé-main.coﬁﬁributionato a.Sawada}s,Hamiltonian:comes:when_-IEI, is

: e e = e P
smalli. -Theiefore, . (pp, Py + ;quipl +'q, py) -and \

(5' .-57 +-EIR|§' +’§,;-5 ) with la|ﬁ¥ 0 }[B [ ¢ p_, are two of the
e : S F '
charactériétic»matrix—elements‘and will be calculated in:detail. - In

‘addition-to these two, we shall also calculate. (O,. o|Rr}o, 0), ‘which

tells the-strength when. Ei, 5é_= 0,  and corresponds.to Vb,.qf”Eq, (3h4).
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MU -23884

The areas of integration for a particular value |

of q .

-

Fig. 4.
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- By comparing the calculated results of these three matrix elements with
' .the corresponding forms. deduced from Eq. (3L), we can:.determine the

~values of. the parameters. V. a. and c

ol 0°
For RB(O), we simplify the calculation further by neglecting

O’

the selffcbnSistency,requirements‘and assuming the.effective mass

2
-approximation,: Ep:='£—$*.+:constant.‘.For ‘M we adopt :the phenomenological
. oM . ’

form .of ‘Ep :of‘Karplus;and-Watson,l5
Co2 ' 2 .. 2
B =g - A %&‘-’- [1 - 0.1 (=254 E 21] ,
| n” A 577 (270)

where -1 :iS'the.conventional.radius.parameter-defined’by,
=g =1 x( %*- (1.1 %107 em)?y. - (56)

The density . -of- the system is measured (reciprocally) by n, which.is

-related to the Fermi momentum by .

B |
P = /\Z%/B : = 1.4 1015 Cm-l = 210 Mev
P ax1ax10 P em 00 e

Therefore, we have

E_ = constant .
LU 2o B, 1,+,—__-9§”, . | (57)
M p-/2M & '
" - . "o 2 w2y A .
.The denominator - e(k",p) becomes (k° - k"7)/M . Now. weare ready
SR VI 7 E I
to calculate Ill’- 112,_ 122 in Eq. (52) .and then .the matrix
T4, , T | T4 .
elements (O RB(o)le,o) - (o] R(‘_B(O).,IO,.'EPF)V ‘and . (;sFl R (0)|pp 0).
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The matrix element (k = pFllzRB(O)lk = P 0) 1is actually obtained by
extrapolating the computed values at k = 0.9 and k,¥ 1.1 PF'. For
consistency, the matrix element .(O|I£RB(O)|O,‘P =-2pF)"isvalso
obtained by extrapolating the computed;§aluesfat_;P,;r2(0,9 pF)“kaﬁd
P =2(1.1 py). The results are listed in Table IIT.

For R,-matrix elements, we first borrow EP defined for.

G
calculating :RB(O). as .the single-particle energy E'b. In.other
‘words, we stillkusev-eG(k",P) =»£¥ ,(k? - k”g)- with M given by
. - M .

" Eq. (57).. The calculating procedure is.the same as before. The results
for n =1. are-given-in the first column of Table: IV.  The matrix
element -(O}RG‘O, EPF)_ is exactly equal to (OIRB(O)IO,.EPF),

~and the difference Dbetween (PFlRGLPF* 0) . and (PFlRB(O)IPFf”O)' is .
"+ negligibly small. . If, -on the other hand, we use a more consistent

definition for B, dee.

E'_ =

B
D1

(np|R, |np), 8
T

E!b differs from 'Ep“mainly;when o) is.sméll, and the effect is to
raise EP' toAless.negative values. 'Inuthe‘effgétive-mass
approximation this means a greater effective mass, . We.take
,QG(kﬂ,p):= l/M*i(}i-2 - k"g) “and M/M%?-=-1 +.o,2/n?'. The result
\vonthe'calculation-aﬁ.empirical,equilibrium,density (n;=,l),ié,given

-in the second column of Table IV
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Table ITI. RB(O).'maﬁrix elements as functions. of 1

N

L o *- »
in units of . 21" /QM py

n
Matrix elements . “States 0.8. | 0.9 1.0 1.1 132"
(k=oJRB(o)jk=o,P), 1y 3, | O 0. 0 0 0
o 1q =0.66 |=-0.87 [-1.0k |-1.12 |-L.16
(k20|85 (0) | k=0, P=0) | | | -
" 3 |-1.10 }-1.34 {-2.k0. |-1.32. {-1.10
_ o é 1 0.88. | 0.71 | 0.48 | 0.32 | 0.22
(olrg(0)|o,2pp)™ * | 7 |
S : 5q - 0.60 .1 0.40. | . 0.22. 0.1k 0.10{ .
a | 14 0.4k 0.28 | 0.05 -0:11 .| =0.21
o 4 1p 1-0.12 . §-0.15 [-0.16 |-0.16 }-0.16
(k=pp| Ry (0) | k=pp, )" e
, 3gq 0.20 §=0.00 [=0.17 |=0.26 |-0.31
3 1-0.12 }=0.13 [-0.15 |=0.17 |=0.18
‘a.:Extrapolated.from:computed’valuesgat, 0;9'PF' and -~ 1l.1 PF-,
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. . o *
‘. Table IV. R, Matrix elements in units of 'Qﬂg/ﬂ M Pp at.on =1

G
o * - ' * .
Matrix elements | -states M/M -=-1.4 | MM = 1.2
(k=0|Ry |5=0, P) 1, 3 0 0
S 1 | -0.76 - 20.88
(k:OlRle;o,P=o). , : o ,
BS v "'0078_ / ‘0.88
| & 1q 0.8 -0.bo
3 0.22 0.09
& 1y 0.05 -0.02
o 1y -0.16 . 0,18
(k=pp | R (0) [ k=pp, 0) |
| 3 =0,17 . -0.23
35 -0.15 | -0.21

%Extrapolated.from computed  values at . 0.9 Py and. l;l‘pF .
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B. Results
From Egs. (33), (37), and.(48) we can obtain.a simgle relation

between é‘K (P 1+ EIRE)) + a: p) and the corresponding matrix elements

1 3

of "R 5. "R .~ We have,for mode TI,.
even even : .

. - — - ~.£ [ = -> 2 —>'_3- -—> —>] .
¢ RGB, By @) =5 3@ 'R 1% B) + 3 PR |E B
for mode IT,
. - —> '—> _}'[_ —>'l -—>—> —>'3, "-—> —>]'
€pp Ry By ) =5 LB3E R[5 ) LRG3 b WS A ) §

for mode IIT,

' -> -->. - d»l_.['_,' : — ~—>_- ) — _,]‘
€I_II'R(pl, Py ) =5 (& IlRevenlvk, B) - 3(k' "R, | % B

T/

and for mode IV,.

-

- - v 1 — 1
€ v R(Py, Py @) =5 [-(k*l R

In addition we have, for k =P =0, (k' = k),
€'y R(0,0,0) = e V,(0);.

for 'k = 0, P =2pg (k' = k),

€y Rlpp pPp O) = é'K‘Vb(o)’[l + (eag + cq) v |5

and for k.= Ppo’ P "=vO,'v_ (k' = k).

: o . | ~ . ’ 2
e Ry B 0) = € (0 [T+ (ag - e)n?].

With these relations, we can calculate €.V (0),. ay g for

T
K 'O
each mode. The values are given in Table V. Accordirigly_ v %.K and c“pF2

‘can be easily obtained. They are given in Table VI,
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. . : . .
Table V. . Values for the_pazameters'e,K?:Vb,_go, and ey

- where Y

2- * .
is in units of 2x°/2M P

‘0 P
RB(O)” - 'RG_
Mode | Parameters |1=0.8{0.9 | 1,0 | L1 | 1.2 | 1.0 | 1.0
T | € (0)  |2:6h 332 <366 3.6 -3.39. 232 -2.6h
"éaopf?= © |-1.26 -1.0 -0.80 -0.68: -0.57. =0.66-0.52 . °
COPF2 ' -0,59v'-o,50..~o,u9 };~o,52_v-Qu6o_ =082 -0.77 .
h"_é'iiVo(O) 0.44 -00.64 0.86. '1L.02. 1.19 . 0.75, 0.88.
I fEQOPf?_' £.07 -1.M1 -0.85 -0.79 -0.67. =0.87 . -0.87.
COPF;2 1 =1.25 =0.95 'Q-?B . fO,62- -0.55. 30396_!_Qt7l .
o) | 1.32 158 1.56. L2 .07 0.79. 0.88
111 ﬂgaopf? ©{-1.00 .-0.83%..-0.7L ~-0.59 .-0.k6 - !0,49;;-0-1h
‘¢on?~ ' -1-0535V--O~52~ -Oo56 -0,k . -0.46 . -0.67 -0.80. .
¢ Vo(0) | 0.8 1.1 122 1.2 T1a3 0.7 0.88
IV 2aOpF? -1.26 0 -1,0 . ~0.80 .. =0.68 -0.57_  =0.66 --0.52
| COPF2 -0759 '0-50 -O,)'"9 "'0052 ‘"0'50 . -0082 -Oo77
{ B '
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Table VI. Véluesifor e and 'lch?‘,'_Whe‘re '

9 M*P'F N L
A = 5= E'KVO(O}(IL. + 2a.pp )
L2n = : : '
and
: 2,1
ch2 = -cOpF_Q(lA.-!-;‘ 2a.,Pp )
G e
Mode |Parameters |n1=0.8 10.9. | 1.0 ] 1.1 ] 1.2 | 1.0 ] 1.0
I . 10.70 0. -0.73  -1.17. -1.k6 -0.79 -1.26
ch2 : 2.27 ‘om0 -2.45 . =1.65 =1.40 2.k -i.6o,
- -0.47- -0.,26 0,15 Q.21 0,39 0.10 -0,11 .~
II T _
ch2 ' 1.17. 2.26 =4.35  -2.95 -1.67 -T.38 -5.35
- 10 0.27 .0.46  0.58. 0.58 0.40 0.76.
IIT | ‘
ch2 1 Jt,-00-1.88 1.2k -1.07 -0.85 -1.31 -0.9
A - 0.25 0. .. 0.2% 0,39 _0.49 0.23 . 0.k
TV )
Iv A
c;’pF2 2,27 +og-m:-2.45 -1.65. -1.hb0o -2.hk2 -1.57
-M—*=1.u, Ym0
M M




o . ' 5 o
On the other hand, if (L + X CPp /3)" is larger than. , 'lch

77

We'see.ffom Tables V and VI that when the density increases until

n reaches a value between 1.1 and 1.0, 1/Ap > -1, the simple

compressional mode (K=1) has an imaginary solution. At n=1 and with -

large'densities, the simple compressional oscillation appears. In the

}Qensity.region 1 = 1.0 to 0.9, the A\ and chg' values of the other

three modes fall into Case 2. in Fig. 3. Since (1L + x'ch2/3)(épr)

'is smaller than one, the upper branch of function £(x) does not intersect

with function Q'(x).. There are no zero sound waves for these three modes.

2
|y

the lower branch of f(x) does not intersect_with Q(x), and the system
is stable. We find an unusual situation that instead of the Simple'

compressional mode, the spin, i-spin,and coupled spin-i-spin modes are

. miésing. The stability of the system is, however, established at the

nucleaf-equilibrium dénsity. The velocity of the simple compressional
modevis approximately pF/M* = O.HOi c.’ |

The Galitskii's projection operator makes little difference for
the matrix elémént at the Fefmi.surface, and so does not significantl&
alter the géneral situation. It yields a slightly largef energy of
excitatién fof the simple compressional mode. Thé effeétive mass
@ﬁ/M = 1]5/1]5 + 0.2) 'still does not prévide spin, i-spin,or’coupled
spin-i-spin oscillations. Furthermore,‘itiéauses instability for the
simple compressionai mode.

The Bruedknerfs‘éﬁergy’and the contribﬁtion of:ring diagrams

are calculated for n = 0.8, 0.9, and 1.0 (see Table VII) . The

- ring~-diagram contribution is of the order of the effect of the rearrangement

correction to Brueckner's energy at equilibrium density, which tends to .

shift toward a higher density.



Table VII. Ground-state energy in Mev.:

.78 -

. .T]' :
Ground state_énérgya 0.0 0.9 — 1.0 1.1
(€, +0€)/a o 12.52 - 0.28  -12.96  -11.3
€ /a -1.35 - 1.08 - 0.84 | '
€O(Hs) _€Scatt’/A 0,66 0.026. - 0.05 -
A F —
€ ero sound/a _0.02 : 0.009 small
€O(Hs‘)/A S 0.67 - 1.0k - 0.89
[ €B + o€ EO(HS)]/A b 11.85 - 1.32 -13%.85
oy 2,2
Here we have Vo(q) = VO(O)/(l + q°/u)
Hefe we have
. o ’
P
- < 1
€+ a5 2 o L) (an IR, (0)lnyn,)
| - 1M |
| P 2 p > o
_ 3 PR 1 gl F ooy 4 .- 2




V. CONCLUDING REMARKS |

. We haye attempted to estimaté~the effeét_éf pairAintefaction on tﬁe,
ground=-state energy of nuclear matter by usingla.Sawadafs Hamiltonian
HS., The effective interaction has been taken as the Bfueckner]s reaction.
matrix, so that a calculation of the lowest energy;of HS gives the net
contributidn,from pair,intéraction,to Brueckner's first-order ground-
state energy. The methbd is ghown to be useful, there are no unstable
stéteg- of HS ~found in the neighborhood of equilibr.ililmv density, and
the.calculation is straightforward. -

On.the other hand,.both of the two reaction matrices RB- and RG
.calculated in Section:IV yield only éimple,chpresSional oscillations
for a large nucleus, because a stréng dependence of_the,(Ferm15 surface
matrix elements of Ry and R

G

colliding nucleons. appears.. The dependences: on P,vand'on the relative

on the total momentum P of the two

moméntum. k of -~the RB and RG

IV have an order  of magnitude Vé[lvé O.l.(2k)2'«_0.5 E?]._ Were the

matrix elements obtained in Section
P? and. the (2k)2>»coefficients'exchanged,_the parameter . q . would become

positive while a, would remain. the same, - and the other three_collectiﬁe_

0
modes (K-= 2, 3 and L4) would appear instead of the simple compressional
‘mode. | |

It is;poésible;.of.course,,that we have ovefemphasized'the total
momentum dependence by using the.factorable nuclecn-nucleon potential.,
Our including the D-wave potential in Eqs. (46) and (L7) without making
corresponding modifications on the spin'dependencevpf thé two-nucleon
potential may also be responsible for this‘situation favoring one éihgle

mode. However, since the average strength of the effective interaction

at the Fermi_surface,is insensitive to-the,tyﬁe of angularNand spin
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dependences, we may still conclude from this calculation that the

,nucleén.interactions-at-the Fermi surfécé afe-Weakgenough to allow

collective oscillations.
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VI. APPENDIXES

A. Expansion of the Ground-State Energy in Terms of v(g)
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B. THE FACTORABLE POTENTIAL

 'We consider all‘even-parity states for: £ < 2, and neglect

all odd-perity states. Let us take:

1
*

1 1-gl0 3TlT 3 31?0!0’ l-7lT '
V= .Vev_en N n t Voaa n ) P

Then we have

(X', T'm' Sty [ v]K Tm, 8,m) = 8,0, 8.e 8, B,
‘ i S T ms T .SS‘ m‘I'meSmS

.(Q(E'Ilvevenli':) for .

T=1, 8 =0

| 2(%|? cvenlE)  for T=0, 5=1
x | | |

-0 : for T=0, S=0

O | fOI‘ T=l, S=.1,
CU RN i (80 1@ | T )
"y ) 2 SUAFAEE

and :
5 0., ‘ A X |

-

where, for I =1 (8 = 0), £ = O:

2.
10 10 10 1 - ok
f. <0 f. = oo g (k) = .
1 ’ 2 ? 1 2 10.2.3/2
) (2 + 10g7)%/
10, _ 1 ;

K-+ TB7)
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for I =1 (8 =0), £ =2
'lef <0, l?f. =.0, 12¢'(k) = —— k?_ . .
1 2 1 o2 4 1062)5/2
for ‘I =3 (S =1)4=0:
30 30 30 1. oo |
f. <0, £, = o0, ¢l(k) = ’

(2 + 302)3/2

I

30 1
(k) 5
A 2 - 5032)1/2

and for ‘I =3 (8 =1) £ = 2:

2

32 32, 324 ( __k _
£, <0, 2r,=0, (k) = — , . (a-1)
1 2 1 (k?;+ 5262)3/2

1. Existence of a Deuteron State

The Schrddinger equation for a bound staﬁe.with’binding energy

.B(= -E) of a neutron-proton .system can be written as

s
S EL B y(E) =
(- & )W ( ) o)

-/ & I’y

e | E') W(E') A K (a-2)

for 'S ;.l, For a factorable potential given above, the deuteron wave

functioﬁ‘mustbtake the form
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=1 M=1

. J=1 M=1
¥(®) = u(k) | (ﬁ>+w<k>g/
=2 S =1

£=0 S=1

u(k)_YoO:(ﬁ) xll-+- w(k)[,/6 1, 2(R) % /_Y (R) xl
Wi 1,%8) xllJ, @)

where u and . w .are the § and D .wave.functions, respectively.

Substituting (A-3) into (A-2), we get

62+ 62) u(x) = - M —2— [ (x]Pv |xr) u(k') ¥'% 4 x
(2n)” 0

and

(2 + 8%) W) = - w0~ fPr ) whe) 1?2

(2x)
for BM.= 62. Theée.equations-can haveAthe.solutiDns,
- 1+ M7 II
w(k) = m [+ 817 ‘[3°¢ (x) - - L AL 3% (k)]
o * w11 2
1 712
and
wk) = N, [+ 82170 g (x) (a-b)
- ‘provided
I . 2 .
' : I1.
e o, - )
-1 = £f. M \{II -
1 11 1122
vand

=1

32 N '
fle.(IIIll), | . (A-5)
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where v
e % 20
I, = [ kdk ———ps— ,
11 k2 + 62
0 0,
o % %
IL,. = J ¥ dx 5 s
kKW + 8 - ‘
2 -
30,4 “(k)
2 ' 2
IT = f‘kdlf - =
22 k? +78-2
and )
2 2,
L % )
IIIll = [ ¥ dk N I .

FEquation (A-5) can be simplified as

50 f
R N ¢ RO~ - o0
1= - e | (4-6)
5055 S
o 16(1 +u35+ )
B
~and . ’ : s
52 -
Lo htMse By o _
¢ (%% - )7 2 PR - )
\
_ 32 2 :
+ 2B S . o -~ (A-7)

8(7%° - &%)  2%°

:2' Scattering Properties

Following potential (A-1); the scattering matrix T 'can be written

in a similar form:
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CELTm s TR Ty, Smy) = B Bl & B,
e 8 2 g 25 g TT'U8S Cmgm' g mgn'

— = . !
o (% IJTevenlk) for T=1, 8§ =0,
—>*5 . | > . B _ )
( ‘I”:evenl') for . T =0, 8 =1,
. otherwise

=
1
™

x @) v,0 @) e, lk), 1-1, 3

2ﬂ+i _ o ,
_ ﬂ;),z Sl p, (RR) (x| T lK).

By definition, -we have

I |4 = Sz -1
(el mylo)= - iy o '

Therefore the differential cross sections of ‘p-p and nép .séatterings

are givehﬂby/Eqs.,(A-B) and (Ae9).; We are .dealing with even=-parity
~states.of two. identical particles. Thus we have to put a factor 2

in front of each matrix element .(EIITz]E) as a result.of antisymmetrization.
"The p-p state is a JE"T=1"MTV= l,'S,,mS), state.. The n-p _state;is

a: combination of two kinds of states, i.e.
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[lk T= O,mT—O 8, mg D+ |k T=1,m;=0, s,m )](@ K' E—scatterlng angle)

\/;

‘ : . 2 .2 2
T S | o2 o K'C K kT k' @
M3 o |
1 (.21 U Ty 1.1
= £§ [51n ( 80) + 10 sin 78, sin "8, éos_( 80" 52).P2(005~®)

2 (1 2 :
(o) (y(eos 0], (4-8)

1 -
245 [(k T=0, m=0, 5, m lTIk,T:O,mT:o,S,mS)_

np —
- S ;ﬁs—o’l
2 2 2 .2,
' K- | k'7dk'Q
x (kr, T—l,mT_O s, |T|k T= l,mT—O S,m S)] s(ﬁ——- - M—-)-——(7

2,1 L .1 1 1. v .
(78.) + 10 sin 3, 81n‘ 8, cos ( 8y" SE)Pé(cos 9)

=i [;in )
Ltk"2 ' °

+ 25 sin21(162)(Pé(cos @))2]
35 s, cos (56.-562)P2(cos 0)

2 {sin2(36 ) + 10 sin sin
w2 0 0 p ¢os 78

+ 25 Sj_n2 (582)' [ngéé)s @)]23 (a-9)

Consequently, the. total cross sections are given by
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1

g = m [sine (*80) + 5 sipg (152)'] R © (a-10)

and

Opp = 5-2- .[sin2 (150) + 5 sin> '(162)]+ ig- [siri2 ',(360)_ + 5. sin” (562)] .

b

(A-11)

“To express these phase shifts in terms-of our potential parameters, we
calculate the matrix elements of the free scattering reaction matrix-

(k'|IRz|k).,from

s e (TR )

s S awM 2 . ‘
(e TR, %) = (' |TR,[x) + =55 [ 1 ax ~—
£ 4 (25)° ,, . Ko - k" 7

using the potential from Eq. (A-l)._ In phase-shift representation, we

have-

(kIIR k) = "'WE‘E tan 5, .

Therefore we can write

2 o ' 5
St tan lsoE (x|t Ry lx) = en)?

QM/2 k Q'ng lOB
: 10.2.2 2. | b 2
10, M (l+a " BO)S Kk k(-3
14+ —°F , - — (32 == - )(l +. )
T RS
» 11 ES5 16 __ 1062 10,H § 1062
’ 10.2.2 2 ' 2
10, =M (1+a ~BY) K k kKT -3
S B 5% 16 (- #1027 To % /! ACh " Ioz )
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8x° 1. = 1 .
- aw/s T ten T8, = (kl_Relk) ===
9] §'M B
12, mM 1 B (14 x° )3
112, 16 12 L SR
. B B B
% A
. 2 L 2
12, oM 1 kK k' kK =3
1+ 7f 55 g G+ 10 355 + B+ 5 )
B -7 B B B
(A-13)
o tan J5_= (k%R [K) = —2E_ >
QM2 k A" %0— o'* = "% 30
gvé-,M B
‘ ' 30,22 2 L 2 -
30, oM - 1.+ o B7) K k k- -3
1+ 7°f : (3 + 2. - A+ ==)
1 50B 16 3052 5oBh 3062
X . . . .
30 2.2 2 b Co2l
30, oM - (1 + a” B7) k5 k s -3
1L+ °°F (12 == - 3. @+ )
2 50B 16. 3062 lOBH '1062«“*
' (A-1k)
8" 3 =13 (en)’
- tan. 75, =(x|’R,|k) =
QM/2 k T2 2 9{%1\4526
52, oM L 8ku'(l,+ K2 ')-5
1132, 1632 Lk 32 2
7B B B ,
‘ 2 L 2
32, M 1 K , k' ~k~ =3
1+ 758 T (3 + 10 27t 15 5273 2t)(,l.+ 555 2_.)
B B B B.
-  (a-15)
At low energy, we have
| a2r
- % tan 8 = — ll'i 5 Y a+ 20 k2_+ vy (a-16)
| "atEToF
is the effective range.

is the scattering length, and To

where a
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3. Numerical Values for -the f and £ Parameters

Now we -can qeterminega set of values for f's and PB's Tfrom
the nucleon-nucleon datavthrough.thé relationé}we.obtainedvin A and

2. - We adopt:

singlet.scatterihg length:" lé' = = 2517;fermisi
singlet-éffectivevrange : lro-= - 2,6 fermis;
triplet»scattefing length: . 43a = 5.4 fermis;
- triplet effective range :3r0,= 1.7 fermis;

from Egs. (A-12), .(A-13), and (A-16) we can determine lofl, B and

5Ofl 3 BOB . Then by using
. . Smb at E .. = 75 Mev.
pp (6 =D @eg) = ( b '
5 ‘ 3.5 mb.at. Elab .=,31O Mev
- N - 12y, 12
and Egs. (A-12), (A-8), and (A-13), we can détermine ° £, and B.
- By using
‘ hbmb .at E. = 90 Mev
Onp (8 = 90deg) =¢ - e
. 2 mb . at 'Elab = 3510 Mev

and Eqs. (A-12), (Aylf),f(A-lh), (A-9);'and;(Aal5),‘We.can»detgrmine_

1

(A-7), and the totdl cross ‘section.of p~pA'and_,pfn -scatterings can be

32f and 326« The values are listed in Table .II. The conditions (A-@),

checked within reasonable limits by using these results.



10,

11.
12,
13.

14,

15.

-102- .

REFERENCES

M. Gell-Mann and K. Br‘ueclmef, ‘Phys. Rev. 106, 364 (1957).
K. Sawada, Phys. Rev. 106, 372 (1957); K. Sawada, K. Brueckner,

N. Fukuda, and R. Bront, Phys. Rev. 108, 507 (1957); R. Bront,

~Phys. Rev. 108, 515 (1957).

G. Wentzelt_Phys,,Revf 108, 1593 (1957).

A. E. Glassg;)ld, ‘W. Heckrotte, and K. M. Watson, Ann. Phys. 6, 1
(1959).  This will be.referredrto as GHW.

W. Brenig, Nucl. Phys. 22, 1Lk (1961).

K..Sawada and.T..Soda;_(UniQersity of Tokyo, Tokyb, Japan),

preprint, "On thevSelf-Consistent.fair'Interaction‘for Many-Fermion

.System"..

J. Goldstone, .Proc. Roy. Soc.. (Londdn) A, 239, 267 (1957);5

N. M. Hugenholtz, Physica 23, W81 (1957). -

‘K. Brueckner and J. Gammel, Phys. Rev. 109, 1023 (1958).

K. Brueckner and W.. Wada, Phys. Rev. 103, 1008 (1956)ﬂ

N. M. Hugenholtz, Physica 23, 533 (1957).

T. T, Wu. (Harvard University, Cambridge, Massachusetts), preprint,
"On the Exchange Term in Sawada's Approximation”,L L |
V. Galitskii, Sov. Phys.-JETP 34, 10k (1958). "

K. Brueckner, Phys. Rev. 103, 172 (1956).

S. Hatano. (Kyoto University,  Kyoto, Japan),_preprint, "Collective

Excitations of Nuclear Matter'.

‘R. Karplus and K. Watson, Am. J. Phys.,gz,_6hl (1957).

-



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

As

Makes any warranty or representation, expressed or
implied, with respect to the aceuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.



