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\Ronald Rickard Ross

Lawrence Radiation Laboratory
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Berkeley, California
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_ ABSTRACT ,

Cross sections for elastic and charge-exchange scattering of
K mesons incident on h‘ydrégen are reported at 25-Mev/c intervals
from 100 Mev/c to 275 Mev/c (Table III). These cross sections are
combined with the‘ cross sections for charged- and neutral-hyperon
productioh and the at-rest hyperon-production ratios to deterrnine the
s-wave zero—effective_rahge parameteré that best fit the low-energy
K -p interactions. Two sets of parameters were found that g‘ive ac-
ceptable fits to all the data (T'able V). The XZ test gi'vves probability
of 48% for Solution 1, and 8% for Solution 2. -Arialysis of the elastic-
scattering angular distﬁbution, independent of the zero-effective-
range analysis, shows that the nuclear part of the amplitude has a large
imaginary part and real part consistent with zero. Values of modulus
and phase of this amplitude fof the two intervals in PK lab from 100
Mev/c to 175 Mev/c and from 175 Mev/c to 250 Mev/c are given

(Table VII).
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I.. INTRODUCTION
The systematic study of K™ -proton interactions was begun in
1956 when partially separated beams of K~ particles became available
‘at the Berkeley Bevatron. The K -to-background ratio at this time
-was roughly 1073, Original pﬁblications dealt with relatively small
numbers of K mesons and revealed mainly the types of interactions
that take place. At low momenta the .fo_llowing interactions were ob-

served:
K +p—-K +p Elastic
R 4 n Charge exchange

sty ) Hyperon production

A+ 2m

All thesé interactions conserve charge, strangeness, isotopic spin,
‘and béryon number. To date, no other interactions have been observed
(at low momenta), |

The determination of cross sections as a function of momentum
became feasible only after considerable impfoﬁements had been made
in te'chniques used for separating K mesons from other particles.
Early in 1958, a beam in which the K~ -to-background ratio was about
10-'2 was constructed. This reporf on the elastic and charge-exchange
scattering of K mesons in hydrogeﬁ is based on.exposure'.of the
Berkeley 15-inch hydrogen bubble chamber to this enriched beam. The
total number of K~ mesons entering the chamber was approximately

11,000.



This work forms a. part of the large effort by bubble. chamber
and émulsion ¥esearchers to accumulate exper1menta1 data on the
- VK— interactions. Freden, ‘Gilbért, and Nhlte have recently sum-
matrized the prev1ously pubhshed résults on K~ —proton 1nteract10ns
‘Thexr paper contains references ‘to work by emulslon and bubble chamber
groupso ‘The data that we report here have been reported prevmusly
in preliminary form.’ 2,3 Data on hyperon productlonm-contalned in
the same film as the elastic- -and charge-exchange scatterlng data —
~ have been handled by techniques similar to those discussed in this
paper, but are the subject _,o,_f'aseparate reIlJort...‘v1 |
Section II of this p_aiaer is de\}oted te theexplanation of those ex-
perimental procedures pertinent to the experiment as a whole. In
Section III, methods and techniques of analysis peculiar to the individual
event types are explained and experimental;results‘for each type are
| presented; Finally, .Section IV ‘is devoted to a discussion of these re-

sults and their relation to available theory.

<



II. EXPERIMENTAL PROCEDURE

A, ZBeam
"The main problem encountered in setting up a K beam at the

Bevatron is the separation of the K~ mesons from the 7 background;

" This is difficult: in that the 7 -to-K  production ratio is about 1000 to

1 at a secondary beam momentum of 450 Mev/c.” Since the 7~ mesons
live longer than the K' mesons, this ratio becomes even larger at the
detector. In this expefiment, the problem was solved by using a co-

axial velocity spectrometer developed at Serkeley by Joseph J. Murray.

. The resulting beam has been described in detail elsewhere, = so that

only its ‘characteristics at the bubble chamber are given nere.

A schematic diagram of the beam is shown as Fig. 1. The

'momentu'm_beforebthe absorber was 425 Mev/c and the thickness of the

‘copper absorber was adjusted to give 2 mean momentum of approximately

180 Mév‘/c at the ’centeir of the chamber. Because Qf the nonlinear nature
of the fange—m'omentum'relationship, the mo.mentum distribution at the
chamber was very skew. - |

The flux of K mesons was 1 in four pictures. It was limited
mainly by the number of background tracks allowed per picture, which
was nominally 25. The background consisted of 85% p~ and e and
15% = . I_n a total of about 45,000 pictures, we observed approximately
11,000 K™ mesons that either passed through or interacted within the
chamber,

- B. Scanning

The scanning procedure was based on the fact that the K
mesons could be diétinguished from the background tracks by means of
their_idnizétion and_cﬁrvature.v qu all momenta in the beém, the K~
tracks \%/‘e_re -morer than‘twic,e minimum ionizing. The background con-
sisted mostly of minimum-ionizing tracks; the exceptions, those
background tracks having low enough velocity to be as heavily ionizing
as K mesons, were much moi‘e curved in the magnetic field than a

stopping K~ meson would be. These evidences allowed us to identify
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Fig. 1. Schematic diagram of the 450-Mev/c K~ beam at
. the northwest target area of the Berkeley Bevatron.:
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a sample of K mesons independently of what ‘happened to them in our
fiducial volume. The first quarter of each frame (the UP region) was
set aside for identifying the K, and the rest of the picture (the IN
reglon) was used to study the interactions. '

The procedure was as follows: with the IN region masked
from view, the scanner examined tne UP region and recorded the
number of densely ionizing tracks. The "IN" region was then unmasked
and the scanner noted whether the dense tracks inteiacted, decayed,
pas sed through the chamber, or were too curved. Those not too curved
were assumed to be K~ ‘mesonsl. The interactions and decays were
recorded according to the final state of the system when this could be

easily identified. There were special classes for events having ambiguous

. L . +- , ., .
interpretations, such as ""Z"'" when the Z particle decayed before

going far enough to be observed and "K" when the final state consisted
of neutral particles with the unstable ones decay1ng via neutral modes.

A K  meson going all the way through the chamber was recorded as

UKGT ' (K-Go-Through).

C,. Sketching and Meaeuring

To aid the measurer in finding the identifying the particle tracks,

a sketch was made of each event. The sketch also 1nd1cated in which

two of the four possible views each track was to be measured. The

identification of the event was checked and each event was given a
code number according to its type, and this code word was used to

assign masses_ to the tracks in subsequent computer programs. Finally,

‘each frame having a Kp event (see Sec. II-B) was again scanned for

decays of neutral particles.
The measurements were made on a progectlon m1croscope
(Franckensteln) with the 1nformat10n punched on IBM cards which

served as input to the dat_a.-p_roeessmg system.



D. Data Processmg

The data were processed by a series of computer programs
wrltten for the IBM 704 and 709 digital computers. ' The steps involved
in the system are shown in the block diagram of Fig. 2 and are briefly

.described below. N ’ | |

1. Reconstructlon of an Event

_ The first step is accomphshed by the program PANG wrltten

for the IBM 704 and 709 digital computers. 7 An event is processed

A one track at atime, input consisting of the points measured -alionAg the

track, measurements of two fiducial marks for each view, anti the
event-type code. Geometrical thics is used to construct space points
along the track. ‘ |

) The x,y plane of the space points has its normal approx1mate1y
__along the magnetic field lines in the chamber, and is therefore the plane

~ used to determine the momentum of the track. The x,y projections

of the space points are fitted with a parabola. We usevthe morﬁentum

- estimated from the curvature ef this parabola, plus the mass, the range-
‘momentum relationship, and the magnetic field as a function of chamber
position, to calculate the second derivative of the track at two points.
The final x,y fit is a fourth-order polynomial satisfying the constraints
on the second derivative at those points. The final fit in the z direction
'is a third-order polynomial taking into account the horizontal cdmp"one.nt
of the mag‘netic field. The parameters of these pdlynorﬁial‘s are used

'to compute the momentum at the center of the track, the directions at
both ends, and the length. The momenta at both ends of the track are
calculated by using the momentum-at-center and the ran’ge-;momentum
relationship. For particles that stop in the chamber, the momentum is
determined from the measured range of the track. ' Uncertainties in

' momenta ana.éhgle's due to multiple Coulomb scattering, range ’s‘traggling,
and measurement uncertainties are also computed. Finally, the output

of PANG for each event is written in the binary mode on an intermediate

magnetic tape for input to the next step in'the data processing. v
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Fig. 2. Block diagram of the system of computer programs
used for the analysis of K -p interactions .in this

experiment.



2. Kinematical Fitting

The computer program KICK is designed to apply constramts '
of momentum and energy conservation to an event. =~ It uses the method
of least squares with constraints. The parameters of the problem cor-
respond to adjusted values of the measured var'iables., The method w
-picks, from all possible'.sets of p'ararheters satisfying the equations of
constraint, that.set which minimivzes the value of x 2, where X 2 is
defined as A

)G (x xJ ) .

HMZ

J:
In this efluat'ion, the x, are the parameters, | xim a‘re the measured
-variables, and G is the inverse of the variance-covariance matrix

of the measured variables. . _ ) ) ‘

The output of KICK consists of the adjusted values of the

parameters and their Var_iance-covar-iance matrix. In addition, the

final value of X 2 and normalized ''stretch'' quantitiés, Si(x), on each
measured variable are given. If proper uncertainties have been assi‘gned,
X 2 provides a measure of the goodness of fit, and the normalized
"stretch" quantltles are normally distributed with a mean value 0 and
~standard dev1at10n l Departures from these conditions indicate
erroneous uncertainty assignments. The distribution of x 2 gives
information regarding the over-all fit, whereas r1;1;1e distribution of Si
gives information on the individual variables X . Data .on the distri-
butions of ¥ 2. and’ "'stretch'' quantities are given in Appendix A.

. 3. Examination and Summary

The KICK output serves as input for the EXAMIN program
whose main function is to sort good information from the KICK output
and put it on a '"'data-summary' tape. The identification and nature of
failure for events not processed successfully are also recorded on thi_é

tape.in briverf_folrm.



4. Library

A master list of all events in this experiment was put on magnetic
tape. The output of EXAMIN was used to update information on this
master list, and also to update data summary tapes ‘containing previously
accepted events. The updated 11brary tape then served as a source for
lists of events that had. not yet been handled, and a hlstory of why they
had failed previously. We set up an analogous system to determined,
pathlength. In this case, the master iis‘_c and'data summary were on the
same tape‘,‘ The data-summary tapes and master lists were the final

. source of information used for the analysis.

E. Fiducial Volume

For the analysis, we used only events and path 'length within a
Speéified volume of the chamber (the fiducial volume). The boundaries
of this volume were chosen so that: the interactions were clearly
visible in all four views; the escape correction for unstable neutral
~ particles was small; the volume was ehtirely within the IN region;
and the volume was as large as possible subject to:the above conditions.
On input to the KICK program, a test was made on each event to de-

termine whether or not it was in the volume.
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III. ANALYSIS OF EVENTS
A. ‘Pat-"nlength -

' The total K pathlength was 1600 meters-——or nearly 1 rn11e——--
of which 64 2% was contributed by KGT tracks 29. 2% by K mesons
v ”that stopped or 1nteracted and 6. 6% by K mesons tnat decayed The

total length was obtained by measurlng the length (w1t hin the fiducial

‘ volume) of eacn tr ack Flgure 3 shows the d15tr1but1on of this patnlength

as a functlon of mornentum The method we used to decermlne this .

‘distribution is discus sed in Appendlx B

B.  Elastic Scattermg

A total of 419 elastic scatterings were observed within the

. fiducialvolume . __Selection cvr»ite'rvié on the minimum angle of scattering
~and minimum momentum were applied to these events to obviate large
and uncertain corrections to the data. The small-angle cutoff was made
. on the cosine of the center~of-mass (c. m.) angle, in order to have all -
angular distributions over the same range of cos chvm; :. The cutoff

was cos Ok < p. = 0-966, which corresponds to a laboratory-system
.scattering angle for the K .of approximately 10.deg over the entire
momentum range. For momenta less than 200 Mev/c, the amplitude

for Coulomb scattering at thi}s\angle is larger than the nuclear amplitude,
and the effect of the Coul‘om’t’) nuclear interference is clearly indicated by
the data. At higher momenta, the Coulomb nuclear interference has
less effect on the angular distribution because the maximum interference
is at an angle smaller than the cutoff.,

Additional selection criteria were applied to the azimuthal angle
of the plane of the scattering for events with cos ec:vmn between 0.966 -
and 0.85. Events in this range whose plane of scattering made an
angle greater than 30 deg with a vertical plane were accepted. Five
events failed this criterion, whereas azimuthal symmetry predicts
(from events satisfying the criterion) that 13.5 events should fail. A
correction of 3/2 (based on the assumption of azimuthal symmetry)

was applied to the events accepted. The events left after application

of the small-angle and azimuthal-angle cutoffs are shown in Fig. 4.
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Fig. 3. K- pathlength as a function of K momentum (lab).
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A K laboratory-system momentum cutoff at 100 Me{r/c was
imposed for the following two reasons: ‘

(a) The detection efficiency for elastic scafterings is a function
of the length of the recoil particles, and therefore decreases rapidly
at low momenta. K mesons of 100 Mev/c have a residual range in
liquid hydrogen of a little over 1.5 cm. When they scatter at 180 deg
from a proton they are left with a residual range of 0.2 mm, which is
not enough to make 1 bubble (1 bubble ~ 0.25 mm); however, the proton .

has a range of 0.7 cm and is easily detected. At 75 Mev/c.the residual

range of the K~ is down to 0.5 cm, and the corresponding 180-deg

scattering produces a prdton with a range of about 3 mm. In scat-

terings at angles less than 180 deg at these momenta, both proton

and K~ tracks are very short. Because of the short recoil tracks,

we must take into account that a K  meson coming to rest in liquid

: hydro'gen makes charged hyperons more than »hélf the time. Pictures

of this type of event have two densely ionizing tracks and one light one,
all meeting at a point. The charged hyperon and " meson are collinear,
but have random orientation with respect to the K direction. There is,

therefore, some probability that the elastic scatterings-at low momenta

v,prec‘eding this type of event will be obscured.

(b) The other effect that requires a 100- Mev/c cutoff is the
distortion of track images caused by nonuniform density of liquid
hydrogen in the light path from track to film. We observed displace-
ments of the images of tra’cksAby as much as a track width over lengths
of track from 1 mm to 0.5 cm. The effect could be compensated for
if it were in the middle of a long track, but those cases in which the

distortion was in the last 0.5 cm of thé incident K~ were very dif-

" ficult to interpret. Thése factors, giving rise to large uncertainties

in.scanning biase_s at low momenta, coupled with the fact that only
13 events are observed between 50 and. 100 Mev/c, made it necessary

to appiy this cutoff at 100 Mev/c in order to determine cross sections.
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Two sources of systematic error in the number of events
observed at small angles were considerjédg The first concerns an
enhancement of the number of 1arge_--angle,even_1_;s observed owing to
uncertainty in the value of the measured angle of scattering.. Since
individual measurements of the angle of scattering a,r_g;,‘ to, first approxi-
mation, distributed symmetrically about the true angle of scattering,
and since uncertainty of measurement does not vary rapvidly witbh.angle,
the probability of observing a 9-deg scattering at 11 deg is the same as
the probability of observing an 11-deg scattering at 9 deg. _However,
the [1/51n (6/2) ] dependence of the Coulomb cross section gives more
~events truly-at G than at 11 deg, and so the number observed at 11 deg
is systematically increased. Corrections for this effect were calculated
on the assumption that the angular distribution is given by the Coulomb
- cross section out to angles where the Coulomb cross section ié equal
t\o the nuclear cross section. No cbrrecfion_s, \lvere applied ‘beyond this
angle. ' _ o
7 The second source of systematic error considered was that
due to Moliére or plural scattering. For the angles consulered
VVMohere scattering can be represented as an effective increase 1n~the‘
Coulomb scattering cross section. Bvethe has derived a formula for
the asymptotic ratio of Coulomb to actual scattering, 9 and calculations
~of this ratio for pathlength of 0.5 cm of Hquid hydrogen showed.the .
effect to be small. The largest correction was 2%. o

The final corrections applied to the elastlc scattermg events .-
are shown in Table I. Recall that from cos 6 = O:,966 to cos__G = 0.85, :

a factor of 1.5 must be applied because of the azimuthal,-_ang_ie cutoff.
This factor, 1.5, has been slightly modified to take intov'ac‘count the
two corrections. just mentioned: (a) uncertainty in measured angle,
and (b) ‘Moliére séattering_, No corrections were necessary in the

region -1.0 to 0.85 in cos GC

-
N
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Table I

elastic scatterings shown in. Fig. 5

Correction apglied to maximum likelihood estimates of

Momentum interval (Mev/c)

cos 6

c.m. _
Interval 100-125(125-150 15_0—175 175-200]200-225]225-250i250-275
0.95 to 0.966| 1.25 1.37 1.38 1.381 1.50 | 1.50 1.50
0.90 to 0.95 | 1.35 1.42 1.50 | 1.50| 1.50 | 1.50 1.50
'0.85 to 0.90 | 1.50 1.50 1.50 1.50] 1.50 | 1.50 1.50

-1.0 to 0.85

| No corrections (1.0)

|
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- Elastic. _s__catteri_ngrs
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Fig. 5. Histograms of the numbers of observed scatterings

(solid lines) and the maximum-likelihood estimates

of the distribution of these events (broken lines) as

a function of K~ momentum (lab) for the four intervals
of cos 6 : : '
K- c¢c.m. ' :

(a) -1.0 to 0.85, (b) 0.85to 0.90,

(¢) -0.90 to 0.95 and (d) 0.95 to 0.966.

Table I contains corrections to épply to the maximum-
likelihood estimates of this figure to obtain the total
number of scatterings.

e
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To determine cross sections as a function of momentum and
angle, the events |of Fig. 4 were divided into four intervals in cos GC‘ .
and ten intervals in momentum. Because of the isotropic nature of the .
d?stribution in the region where Coulomb scattering(is small (cos B.CA.m-<O,85),
the data in this region were all lumped into one cos 6 interval. The
three intervals in cos GC= . 0.85 to 0.90, 0.90 to 0.095, and 0.95 to
0.966, were chosen to give a maximum amount of information about the
Coulomb nuclear interference. In the choice of momentum-interval
widths, we were guided by ther desire to measure the cross section as
a function of momentum as accurately as possible. An interval covering
all evernts of the experiment would give an accurate measurement of
the avei‘age,crosé section because of the large number of events, but
would give no information about the momentum dependence of the cross
section. - On the other hand, if the intervals were too.narrow, the
statistical fluctuations of the numbers of events in the individual bins
would be large, and uncertainty in the momentum of individual events
would cover several bins. The 25-Mev/c width used was a compromise
between the two extremes. The events in each angular region were
analyzed sepérately as a function of momentum. To allow for the un-
‘certainty in K momentum of the individual events, we used the maxi-
mum-likelihood method to estimate the number of évents in each o% ten
momentum intervals, starfing at 50 Mev/c. Details on the formulation
of the likelihood function are given in the thesis of William E. Humphrey.
Figure 5 Ashows the observed numbers of events as a function of momentum
(solid lines) and the maximum-likelihood estimates(broken lines).

The estimates for events with cos 6 gi‘eater than 0.85 were adjusted
by using the correction factors in Table I. These final estimates for
momentum K lab > 100 Mev/c were converted to cross sections by
" using a density of liquid hydrogen of 0.0586 g/c:m3 and the pathlength
shown in Fig. 3. The elastic cross sections as a function of momentum
and angle were combined with other data on the K -p interactions to
determine the parameters for an .s-wave z‘ei'o-e'ffective-,range theory.

The method used for this determination is discussed in Sec. IV-A.



-18-

It was considered desirable to determine the modulus and phas_é
of the nuclear part of the elastic scattering amplitude independent of the
s-wave zero-effective-range theory. To get a statistically significant .
estimate of the scattering amplitude, we determined.two average dif- )

ferential-scattering cross sections by averaging the cross sections for

<

each angular region over groups of three momentum intervals. The
average differehtial—scattering cross sections for the intervals 100
Mev/c to 175 Mev/c, and 175 Mev/c to 250 Mev/c, K momentum (lab)
are shown in Fig. 6. In Sec. IV—B, we show how the nuclear part of
the scattering amplitude has been estimated from these cross sections.
The total elastic—scéttering cross section for values cos GC. .
between -1.0 and 0.966 is shown in Fig. 7 as a function of K mo-
mentum (lab). These values are the sums of cross sections obser\}ed
in the four angular intervals, and therefore contain Coulomb as well
as nuclear scattering. ,']‘f‘h'e uncertainties are the square root of the
diagonal terms of the variance-covariance matrix, obtained by sum-
ming the matrices for the cross sections in the four angular intervals.
More detail on the variangé—»covariance matrix for the cross sections .
is giv.en in Appendix C. The solid curve is the cross section calcu-

lated from Eq. (3.1) by using the parameters of solution.1 in Table V.

C. Charge-Exchange Scattering

A 'I_{O, production event is detectable when the I_{O decays
via one of its charged modes, or when it interacts in the hydrogen in
such a way as to produce charged particles. Of the 29 RO events ob-
served, 25 were normal K;) decays, - '

K(l)‘ L
and formed the sample used for calculation of the cross section as a
function of momentum. In addition, there were two inelastic scatterings
giving rise to hyperons. The first scattering was identified as

_— b4
K0+p—>2++-‘n'o,. . : o
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‘Elastic differential scattering cross sections.
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Total K -p elastic-scattering cross section for

cos O_,_ between -1.0 and 0.966 as a function of

K™ momentum (lab)..i The solid curve is the intergral

of Eq. (3.1) from -1.0 to 0.966 in cos GK—c m. for
the scatteringlengths of solution 1 (Table V).
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followed by =t p+ 110; the second as

Rtp-n+nt

followéd by A-— p + T

- Two other K0 events were examples of the KO decay 1nto three-body
final states. The observation of two K% decays is conS1stent with the
published lifetime of 6.1(+1.6/-1.1)x10™8 sec. 10

Care was taken to distinguish the two fypes of "V'"s observed
in this experiment; the T{O decays and the A—h;rpe;on decays via the
‘mode

A—p+m .

Ambiguities in the identification of these V events arise only if the
proton of the A decay cannot be distinguished from the ot of the
Kcl) decay.. In.a total of about 1000 V's, only five cases were ambiguous
at the ‘scapning stage, and a kiﬁe‘rnati’cal analysis of these events for
both interpretations yielded unambiguous identification for all five.
Three were A events and two were Kcl) o | '
We used ohly K(l) of length > 1 mm, to avoid arﬁbiguity between
events with short T{O and short Z tracks. Since the K(l) lifetime is
approx 1'0-‘10 second, a substantial fraction decays close to the pro-
duction vertex. . These events give rise to a Tr+-1f——meson pair origi-
‘nating close to the end of the 'K track. It is difficult to distinguish
this configuration from that of events in which a charged ‘Z hyperon
.(produced in association with.a 7 meson of opposife charge) decays in-
to a'charged mn meson ‘and:neutron. after g01ng less than 1 mm.

About 300 such short Z's were in the film. The s1m11ar1ty in momenta

of the m's in the interactions

+ ¥ . _+ + :
" K+p—> Z gt zFen +n,
and o

K +p~ & 4 n ROwn® 4 ,
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makes kinematical separation impossible for many spatial configurations

if the Z or —KO track is too short to be seen. It was often possible to

.f1t both hypotheses. o ,

Apphcatmn of the 1-mm cutoff eliminated one of the 25 de-v
tected events. For each of the remammg K(l) s we calculated tl:xe '
probab111ty of the KO length be1ng less than 1 mm, and the probablhty
of escaplng the volume. In this way the observed KO’s served as an
' estlmate of the spatial and momentum distribution of the complete
sampleo The calculatlons indicated that 17, 8% (5.25 events) should be
less than 1 mm long and that 0.9% (1/3 of an event) should escape the
volume. In the second column of Table II we list the "corrections
_ ‘apphed to the data for the d1fferent momentum bins. -The hfetn'ne
used for these correctlons was 0. 95><10 -10 s.ec 10 Correctlons were
also made for the fact that on]y 1/3 of the KO‘ s produced decay via
the Charged Ko mode The third column of Table II (Col. 2 multl-
plied by 3. 0) gives the f1na1 corrections. _

In Fig. 8 we show a scatter dlagram of the 25 K0 events. The
X 2 for the hypothesis of an isotropic angular distribution is 3.8 for
three dvegrees of freedom. | Fig‘ure 9is a hisltogram of the number of
events as a function of momentum. ‘The solid lines represent the ob-
served numbers Obta1ned from the scatter plot (the circled event with
length <1 mm was rernoved) and the broken 11nes represent the maxi-
mum- 11ke11hood estlmates obtalned when the uncerta1nt1es in the mo -
menta are taken into account. Correlations between ne1ghbor1ng bins -
ranged from 9% .to -17% ) .

: Cross _sections calculated from the maximum- 11ke11hood esti-
mates are shown in Flg 10. The uncertainties in the cross sectlons
are the square roots of the diagonal terms in the .ﬁna,l variance-covari-
ance matrix for the set of cross sections. The calculation of this
matrix is discussed in Appendiﬁc C. The measured cfross‘ sections were
used in determining the parameters’of the s-wave zeromeffecti've-range

theory as discussed in Sec. IV-A. The solid curve in Fig. 10 is the
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Fig. 8. Scatter plot of 0., production events with K 0

decays. The circled event has a KO length less
than 1 mm. '
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Charge-exchange scatterings

R
| o

o

ob—11 1 L.l
- 70 - 100 200 300

P¢- lab (Mev/c)

Number

MU-=23991

Fig. 9. Histograms of the numbers of observed K 0 de-
cays (solid lines) and the maximum-likelihood esti-
mates of the distribution of these events (broken _
lines) as a function of the incident K~ lab momentum.
Table II, Col. 3, contains corrections to apply to -
the maximum likelihood estimates to obtain the total
number of K ~-n produced. ‘



_ Cross “section (mb)

-25-

Pcm. (Mev/c)

1001

80 B

a0

20~

'GQ-~

*

A ]

50 - 100 150 200

»Choge'-—exchonge scoﬂering*/cro'ss‘secﬁon -

L

Solution (I}, fit

00 . 200 300 400
Pk-1ab (Mev/c)
| MU=-23992

Fig. 10. K -p charge-exchange scattering cross section
as a function of K~ lab momentum. The solid curve
is a graph of Eq. (3.2) for the scattering lengths of
Solution 1 (Table V). . ‘
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- Table II

Correction.applied to’ maxii'n_um likelihood estimates of

f{o-n production events shown in Fig. 9

Momentum Correction for lengtin Final correction

range (Mev/c) < 1 mm plus escape (col. ‘2)X3(Non-w 7~

: . from volume - | - decay of RO
89-100 1.40 ) 4.2

100-125 1.50 45

125-150 " 1.30 3.9

150-175 1.27 3.8

175-200 1.16 3.5

200-225 1.16 - . 3.5

225-250 1.14 3.4

.250-275 o1 3.4

14
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cross section calculated from Eq. (3.2), using the parameters which

give the best over-all fit to K™ -p interactions (solution 1 of Table V),

‘D. Summary of Cross Sections

For easy reference we have listed in Table_ III pathlength,
observed numbers of events, corrected numbers of ¢vents, and the -
calculated cross sections for elastic and charge—ekcha_nge scattering,
as a function of the incident K_'-mbmentum'(lab). The variance-co-
variance matrices, _coi'responding to the cross sections in this table,

are given in Tables XI through XVI in Appendix C,
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IV. DISCUSSION OF RESULTS

A. Determination of s-Wave Zero-Effective-Range Parameters

v The data presented in Sec. III have béen combined with the
hyperon-production data4 to determine parameters for an s-wave zero-
effective- rénge theory of the K -p interaction, In. 1958 Jackson,
Ravenhall, and Wyld suggested the use of a zero- effectlve -range theory
for parameterizing the K -p interactions. 11 Slnce that time, many
refinements have been made in the theory tb- adapt it to the K -p:
system. 12,13, 14 For instance, the K (reaction)-matrix formalism,
has béén introduced in order to handle charge—dependent effects related
to the f{o—n—K--p mass difference without sacriﬁcing the charge-in-
dependent ﬁature of the nuclear matrix elements, and Coulomb effects
(important at low momenta) have been included. .The most recent and

complete treatment has been given by Dalitz and Tuan. 14. In their

notation, the equations for the cross sections given in this theory are

do
d.Q =| £88 9/2 exp[ In sin 9/2.]
_ ZBk |
. 2
C./Z[AO(1-1kOA1)+A1(1—1kOA0H l
: ‘ D
: (3.1)
2
'nkOC AO--Al
, l ; (3.2)
ch.ex k b -
41'rb0C l~ik0A1 2
On = l : l ; (3.3)
0 13 D
4mb, C 1-iky A, ]2
g, = ; (3.4)
1 K D | |

.where
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D e e A0+A1 i v
=1 - -3 ¥
| kow+C k (1 1>\) } ——2———- - kO;C <(1-i}) ) A(),Al
’ = the complex scattering lengths for the isotopic-
A = a tiby spin 0 and 1 channels fespecti\iely,

k, = the wave number (center-of-mass system) of the T{O N

0
. channel (taken as il ko l below T{ON threshold),

k = the center-of-mass wave number of the K™ - -p channel,

C2= the CoulomB penetratlon factor =—-——— (1 -exp [Zn/kBJ )~

= the Bohr rad1us of the K~ -p System ‘

\ = a function of k g_ivén by the authors' Eq. (4.12), 1 ana

and ¢, = the absorption cross sections in the I=0, I=1

1
channels respectively.

%0
" The following remarks will aid: in understanding the various
terms of Eqs. (3.1) through (3 4) In the absence of Coulomb effects
and ‘the KO n—K -p mass d1fference the elastic cross section for
a pure isotopic spin state I is given by
Ap

TkA - (3.3)

_oe1»= 4T

where k is the wave number (c.m. ) and A"I = aI+ibI is the complex
scattering length for'the channel. AI is related to the complex phase

shift &.

I of scattering theory by the’ relatmn

I A

k cot &, = —1—— ' - - - (3.6)

The zero-effective-range approkimation consists of néglecting higher
powers in k in the expansion of k cot 6. The choice of sign in Eq. (3.6)
defines Ag in such a way that attractive force in Channel I corresponds

to a positive real part of A (a;>0). The imaginary part of AI(b-I) is
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always positive, corresponding to absorption from the incident beam:.

In this simplified picture, the absorptioh cross section is given by

4rrbI l i ‘2 : '
91F K kA, | | | B

That the K™ -p channel consists of both I=0 and I=1 in equalamounts

leads to an amplitude for scattering which is one-half the sum of two

amplitudes:

' . i1 1, |2
o |Kp= — (a1=o>+’|-1=1>)'=w7A0 . Zh
“el e | I5ikA, * IIKA,

(3.8)

The effect of the Ro—n-—K——p mass difference is to couple the two
I-spin states by kinematical factors in an inseparable way. If k

and kO are the c.m. wave numbers of the K -p and T(O-n channels
respectively, then the mass difference effect can be.:represented by

the following transformations on the denominators of Eq. (3.8):

: . . 7

-lmikAO' > v
. AO+A1;
' | l-l(koﬂ.{,)’ —— —vkok AOAI.
and | - { (3.9)
1 o ’ 1=ikOA0
T-1KA, > .
AgtA, | _
1=~1(ko+k) —— - kok AOAI J

In the limit k0 = k the denominators in (3.9) reduce to (l-ikAO)‘.-

(lmikAl), and the transformation is unity, as it should be. This same .
transformation, when applied to the charge-exchange amplitude (which
is one-half the difference of the I=0 and I=1 amplitudes), and the ab-~
.sorption given by Eq. (3.7), yield the correct Eqs. (3:2) thr.ough (3.4),

except for the factor 'C'2 and the definition of the denominator D.
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The remaining complication is due to the Coulomb fozjce in the

initial state, whose net effect_»can,b'e,,descvri_bed by‘_twvo c}:;a"ng.es_:"
(a) The Coulomb penetration factor CZ fnust be used as a rhulti— |
p11cat1ve factor on each scattering amphtude once for each time the
K p state enters, and ‘
(b) The kinematical factor k occurring in the denominators

in Eq. (3.9) must be modified by the transformation

k

\k‘,CZ(l-iX). : ‘ I (3.10)

the derivation of these effects is giveri in Ref. 14, and this pre_s'cription
is given here only as an aid in understanding the terrhs entering into
Eqgs. (3.1) through (3.4). ",eside the four real parameters contained in.
AO and Al’ two more parameters are necessary to express the ob-
served hyperon cross sections. We chose these parameters as the
ratio y of =" 11+' to Z}+1T_ production 'at_rest, and the‘ratlo ¢ of.
the ATTVO productien rate to the total hyperon'production rate in the
isotopic spin-1 channel at rest. ‘In our analysis we have assumed the -
following conditions to hold for the parameters of the theory: -

(a) The scattering lengths AO‘ -and Al are .indepe'n,den‘e of
momentum, _ . :

(b) The parameter ¢ is independent of momentum, and

(c) The momentum dependence of the difference in phase angle,
b = ¢O.-¢l, between the matrix elements for Zn’ productlon‘ln 1=1 |
and I=0, is given by

¢ q) targ 1- 1k0A1 ,

th 1- 1k0AO

-where b = the value of the phase angle at the KON threshold (89.
‘Mev/c.incident K~ lab momentum). o '
Condition (c) is used to relate Yy to the value of ¢th’ and therefore vy

is the parameter that determines the phase ¢.
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The assumption that the capture of K™ on protons at rest takes
place with the K -p system in a relative s state]‘5 allows the use ofz"'
the at-rest ratios of the hyperon production rates that are so 1mportant
V1n determining the values of the parameters In terms of P, €, oO(AO, A )

and ol(A A ),,tne nyperon cross sections are given by

[y

- S s, ot 1 ‘1 —
(K +p—) Z+7) = -0+ g(l-€)o, +—6—\/ 040 ,(1-¢) cosid,
= v (3.11)

o(K 4p — Z:++n—_)= Elfoo+ %’—(1’—'6)0l - %«/0‘001(1%)003 P,

Vo (3.12)
‘ o(K 4p — 204 110) = _61700 . : (3-.135

and : L : .
G(K 4+p —> A+ 119) = ITO B (3.14)

where 0, and 0, are given by Eqs. (3.3) and (3.4). In addition, the
-at-rest ratios are '

T(K +p ——>A+no) . _ eb) |1v+f.<..;A0|Z
- 0 - 0,0 - N L k2
T(K +p —> A+m 4T (K +p —> B 4m) | eb1|1+?..<.AJ + §b0| ““‘_Al‘
' at-rest
. (3.15)

(K +p—o Z7
(K™ +p——> =t 4

at-rest

b, 2 (l-e)b, , 2 T 2 -2 11/2
T 1+L<‘;Al o+ I l+.f;<AO ﬁ/"‘?l_ 1+.%,<;A0 . l-I—.xAl (1-¢) cos ¢
b, 2 (1-e)b, I 2 | mye
T 1+ .KiAl + —T— ].'H(..AO - —z' ‘- 1+~K,AO g 1+K~A1 ‘ (1-5 ); . cOSs ¢

(3.1 6)

and
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L b, (1-6)b, 2
T(K 4p —> B +m )+ T(K 4p—> Bt | 51 Al! t—=2 ‘“"A |
L(K +p —> Z04+1°)4 (K 4p —> A + 10) | ¢b 2
| | _6—]1-:‘;(:A1‘ +— ll-i,-k:A.OI‘
at-rest ‘ R (3.17) ‘

where & is the absolute value of the wave number in the K°-Nchannel
for zero K -p relative momentum (i.e., k = lk (PK— = O)I) .

Many pleces of experimental data are available for the deter-
mination of the parameters and, for the purposé of descnmno them,’
they are represented by ¢. Jm where m stands for ''measured'

Symbol a varies from 1 to 12, depending on the physlcal process for
which a2 measurement has been made, and j varies with the lab mo-
mentum of the K~ for which the measurement was made. A zero value
for j means a measurement at rest; j=1 corresponds to the momentum

_interval 0 < 25 Mev/c, and so on for 25-Mev/c intervals. In

Table IV we 1ié.1}§ate what measurements have contributed to the de-

termination of the parameters. » | |
A value corresponding to each measurement was calculated:

from the theory by assuming values for the para,.,m_eter$. We then cal-

culated a Y for the experiment from the equation

12 b b
Z(A A y=- — (9'-' c_a— (o m) (Ea -l( _ m)
X o’ Y= oL L aj % aj )jk Oak %ak
, a=l j=a, k=a, ' (3.18)

where E® is the variance-covariance matrix for measurements in the
class a. A minimum in the ¥ 2 was sought by the following simple
procedure. A central value for the six parameters was chosen and x
calculated. The X 2 épace was investigated in the neighborhood of this
point by displacing each parametef in turn by a small amount on either
side of its central value and calculating the corresponding value of ¥ ‘2‘.-’ -
Holding all but one variable fixed, and assuming ¥ 2 to be a quadratic
function of the variable under consideration, we calculated the expected

change in ¥ ~ and the step necessary to make it. The calculation was
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Physical measurements contributing to the determination of the s-wave

zero-effective-range parameters

T(K +p— Z0410)+T(K +p— A+0)

64 Total

a Physical quantity measured a <£j<b 'No. ‘of Total range
o 2 e msrmts of K'lab
aj a, b(1 : momentum
{Mev/c)
o.zasd(yel |
1 49 5 11 7 100-275
Z1.00 -
o.9odoel
2 f —o 4@ 5 11 7 100-275
0.85
0795‘10;1 |
3 1[90_59_ de 5 11 (7 100-275
4 } %6doel an 5 11 7 100-275
0.95 d . : ,
5 o (K +p—~ K'+n) 5 11 7 100-275
6 0(K +p—~ Z7+1) 3 11 9 50-275
7 o(K +p~ =t+m7) 4 11 8 75-275
8  o(K +p~22410)+0 (K 4p - A+10) 6 10 5 125-250
- 0
9 - olE e M) 7 10 4 150-250
(K +p~A+1 )+0(K +p = Z7+7)
- 0
10 —UlKsp> M) 0 0 1 At rest
D(K +p=A+1 )+ (K +p = Z +m)
- - 4+ ‘ !
11 AL L 0 0 1 At rest
T(K +p > Z +7 ) i
- -+ - et - :
12 D(K +p~% +7 }+T(K +p=+ Z 41 ) 0 0 1 , At rest
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made for each variable and a step was taken by changing only that
variable for which the largest change in ¥ 2 was predicted. Although
bthis is probably not the most eff‘.iwéziénf method, it always led to a lower
value of ¥ 2. The ¥ ¢ space was again investigated in the neighborhood
of the new central values and another step taken. The procedure was
repeated until no step could be taken taat would improve fhe,'value of

x . '

‘ The starting values of the parameters A0 and A1A were taken
to be the values recently calculated by Dalitz. 1 He has calculated
four sets of solutions based on preliminary reports of our data on _
elastic and charge-exchange scattering, and absorption yielding charged
Z at 172 Me}v/c, together with the at-rest ratios of hyperon production.
A phase-shift analysis of the K -p data at a given momentum with |
neglect of the Ron—K"p. mass difference and Coulomb effects in the
initial channel leads to a four-fold-degenerate set of solutions. A
brief analysis of t'his type has been given by Kruse and Nauenberg.

That Dalitz calculates four solutions is intimately related to this basic
degeneracy. Two of the solutions have a positive real part for the
scattéring lengths. The other two have negative real parts. Hence

half the degeneré.cy should be resolved by investigating the Coulomb v
nuclear interference. However,' since the scattering is,domiﬁated by N
absorption, the amplitude is mainly imaginary, and the difference be -
tween positive and hegativeir_lterference is much less than it would be
for a éystem' with no absorption. The other half of the degeneracy is
related to the fact that there are two I-spin channels involved, and only
the phase of the sum of the iridivid_ual amplitudes is measured. The"

absorption in the individual I-spin channels allows a determination of

the magnitude of 2101 . np 2101 through the relation
™ 2 V '
P I | (.19

I "k



-36-

The charge-exchange scattering then determines the magnitude of the

l' , and by the simple geometrical

construction according to Kruse and Nauenberg™ ' this leads to the

phase difference Aa =% 2 ! ay-a

.magnitude of the sum of these phases. The choice of sign for the phase
difference Aa constitutes the remaining ldegeneracy, _

Data used in Dalitz's calculations™ ~ did not contain information
on the variation of cross sections with momentum or the Coulomb
nuclear interference. It is reasonable to expect the above-mentioned
degeneracy to be broken by sufficient information on the momentum
dependence of the cross sections and the Coulomb nuclear interference.
Indeed, we find only two distinct minima in the x 2 function, and one of
these is a considerably better fit to the data than the other. The values
of the parameters giving minima in the ¥ 2 function and the values of
X 2 at these minima are givén in Table V. Table VI.; gives a breakdown
of the contribution to the total x 2 from the different physical processes
(a) defined in Table IV. The uncertainties in the parameters weré
estimated by using second differences to calculate the second-
derivative matrix of the ¥ G function at the two minima. Two times
the inverse of this matrix gives the variance-covariance matrix for
the parameters. Tables VII and VIII contain these matrices for
Solutions 1 .and 2 respectively. The square root of the diagonal terms
are the uncertainties quoted in Table V. | | |

We also include the second-cierivafive matrix in Tables VII and
VIII for thé purpose of‘d'escribing the ¥ 2 space. The ¥ Zlfﬁi'nctidn is
given by '

2 % % ) '
x = (B-B) D (B-8) | - (3.20)
in the neighborhood of the solutions B* of Table V. The components

of B in terms of the parameters are given by:
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Table VI

Contributions of the different i)hysical measurements
“to the final value of y 2 for solutions 1 and 2 of Table V

—_

a - Number. of measurements | Solution 1 ‘ Soluécion 2
| | N B . L x

1 7 L 7.56 ‘ 15.21
2 7 2066 373

3 7 1.79 191

4 7 3,93 349

5 7 2.14 220

6 9 9.31 | 11.80

7 8 10.76 7.21

8 5 13.19 15.39:

9 4 6.28 | 9.28
10 1 0.27 to2.27
11 1 " 0.00 © 0.88
12 1 . 0.02 ' £0.11

. T6tak . | 64 | 57.91 | 7349
|
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(31=a0
Bp =Dy
By ="
Bs = v
Béz €

If independent in.formation is available on some of the parameters (3,

then the best way to change the :c‘)ther-parameters to accept this new

information is dictated by the shape of the XZ space _'given by Eq. (3.20),
Curves of the elastic—éca’ttering cross section and the change -

exchange cross section corresponding to Solution 1 are given'in Figs.

7 and 10 respectively.

B, Coulomb Nuclear Interference

The s-wave zéro—efrfectivemran'gé analysis above does contain
information on the Co_ulomb'nucleér interference, but the inclusion
of all other information partially obscures its part in the final soiution.
For this reason, it was considered desirable to analyze the Coulomb
nuclear intérference separately, indepéndent of any assumptions on
the momentum dependence or isotopic-spin dependence of the crosé
section. To this énd, we write the differential scattering cross section

for K -p elastic scattering in the form

el cs 6/2 . 2 . el .2 .
To— = 2(;31:2/. ) exp [1 B 1In sin ‘Zjl+ CR expv[laJ ‘

: : (3.21)
The first term on the right is the Coulomb part of the scattering
-amplitude, k is the center-of-mass wave number, and B is the
Bohr radius of the K -p system. The second term represents the
s-wave nuclear amplitude (modified by CZ, the real s-wave Coulomb
penetration fac'tor);.hence., R cos a and R sina are the real and im-
aginarly parts of the nuclear amplitude. The Coulomb amplitude 19

dominant at small angles, but decreases rapidly with increasing angle.
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At some angle 90 the Coulomb amplitude will be equal in magnitude

- to the nuclear amplitude, and at this point the differential-scattering

cross section can vary from 0 to 4 C4R2, depending on the value of a.
At larger angles, the cross secfion will be dominated by the term

C4R . Because of this interference betWeen the two amplit_ﬁdeé,_ 'we‘
have béen.able to estimate the values of R and a for the two measure-
ments of the K -p elastic differential-scattering crosé »s”e‘ctic_)n shown
in Fig. 6. The method used was similar to the minimization of

X Z.(AO,.AI,-y, §) as .discussed .invS_ec.,2 IV-A, except thatzin this case we
could make a contour map of the x = function, since x ~ is a function

of only the two parameters (R,a). In Table IX we give the values of

. 2 . .
R and a that minimize the ¥ function for the two momentum intervals.

The uncertainties were obtainhed from the contour on which the value of

X 2 differed by 1 from its minimum value,

The small real part of the nuclear amplitude indicated by these
values of R and a is in agreement with the large values observed for
the total absorption cross sections, and is another manifestation that
the low-momentum K -p interactions are dominated by very strong

absorptiori processes. The average values of the phase of the nuclear

amplitude for the two. s-wave zero-effective-range solutions of Sec. IV-A

are given in Table X for comparison.
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Table IX

Values of the modulus and phase of the nuclear part of the elastic- _
scattering amphtude as determmed from the elastic- d1fferent1a1 scat-

tering cross sections in Fig., &

K~ lab momentum Interval R ~  a R Ra ' 2
(Mev/c) (fermis) (deg) Correlation C
100-175 0.8120.06 78+31  +0.84 1.085
175-250 0.620.04 9738  +0.78 1.058
Table X

Average phase of the nuclear am_pl.itude calculated from the s-wave
zero-effective-range parameters of Solutions 1 and 2, and the phase

_obtained from the 'differentiahséatterina cross sections of Fig. 6

_ a (deg) .
Solution (100 Mev/c-175 Mev/c) (175 Mev/c-250 Mev/c)
1 . 91 | 90
2 75 | - 78
Experimental - 7831 : ' 97+38

(Table IX)
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V. c’oNcLUSI'ONs

The absorptlon channels open to the low energy K~ p system
‘are so strong that they dominate the elastlc scattermg The strong
dampmg 1ntroduced by these abSOrptlons changes ‘what we would expect
to be a constant elast1c Cross sectlon to .one resembhng the l/v law
expected of an absorptlon cross section. . The elastic nuclear scatterlng
vamplltude is nearly pure imaginary and, therefore, 1nterferes very
little with the Coulomb amphtude, which is nearly real
_ A 81mp1e s-wave zero- effectwe range parameter1zat1on is
adequate to describe the K’ =p interaction within the limits of the
present data. More data will undoubtedly call for modifications in
the th.eo.ry. The scattering lengths Ao and .Al’ may vary with mo-
mentum, the assumption of zero effective range may need to be lifted,
and the whole analyS1s will have to be Jomed at the h1gher momenta with
a p-wave theory At least ten times as much. data as presently avail-
able will be necessary to separate the effects of ‘say, variation of A0
and A1 with momentum and the effects of the addition of a nonzero
range for all the channels We now have three tlmes as much K -p
data on f11m as, reported on here, and these data are in the process of

belng analyzed
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APPENDICES

A. The Use of Experimental Distributions of x and the '"'Stretch!
Quantities Si to Study the Uncertainties in the Observed Variables

The quantity- y 2 is a well-known test function generally used
to test the consistency of an hypothesis with a given set of experimental
d’ata.,‘18 In our case there is no question regarding the hypothesis for
elastic scattering because of the characteristic appearance of the events .
in the bubble chamber and the relatively low incident momentum. Hence
we can use the yx 2 test function to study the consistency of the measure-
ments and their uncertainties. From the theory of statistics, the fre-

quency function of ¥ 2, Pn(X 2_)y is given by

2 1 2.(n/2)-1 M .v2/5 |
P (X ) = . ‘7""“ (X ) exXp | -X /22 » . (A-1)
where n is the number of degrees of freedom of ¥ 2 and is discussed

‘below. The properties of I'(x) useful for evaluation of Eq. (A-1) are:

Lix+1) =xT'(x) ,

e T(1/2) = /7,

a S I(E) = L

- We compare the observed distribution of values of X 2 for many events
with the theoretical distribution given by (A-1). Deviations from the
theoretical distributions can arise from improper assignment of un-
certaint-iés to the measured variables, systematic errors in measure-
ment; or the breakdown of certain assumptions made in the kinematical
analysis (such.as the assumption of normally distributed.variables,or
.the '"local linearity' of the constraint equations). |

The number of degrees of freedom n of the x 2 distribution

~ function in Eq. (A-1) is given ..by

n=M-P, . | o (A-2)

_where M is the number of ind'é;’)éndént"measurem’eﬁts and P is the



number of mdependent parameters in the hypothesis bemg tested.

V , For N part1c1es 1nceract1no at a vertex (countlng initial and
final states), the number of 1ndependen‘c parameters is glven_ by

P = 3N-4, » o (A-3)

as follows from the fact that once the vé.lues of 3N-4 variables are
khown the four ren’iainins:‘ variables can be calculated from the four
equations of momenturn_and energy conservatlon The number of
measurements can vary from 0 to 3N, but the only cases for whlch a
XZ can be calculated are 3N, 3N-1, 3N-2, and 3N-3, corresponding
AréSpec’cively to 0,1, 2, and 3 wvariables not‘ measured, Using Eqs;
(A-2) and (A-3), we find the values of n for these cases are 4, 3,2,
and 1 (note that in each case n is equal to the number of éolnst'railning
equations left after the missing variables have been calculat.ed). For
the majority of the elastic scatterin'sn's ('279) all variables were measured,
~and therefore the ¥ 2 for these events had four degrees of fxeedom

This group of highly overdetermined elastic scattermgs was used to
study the measurements and their uncertainties. '

In Fig. 11 we have plotted a histogram of the number of events
as a function of X_Z. Curve A of the figure is a graph of the function
P4(x 2) normalized to the 279 events. ’ Clearly, the experimental distri-
bution is Iﬁofe spread out' than the theory predicts. The mean of
the observed distribution is 5.85, as compared with 4 for the theoretical
curve. Curve B is a graph of a function fLQ4(X 2)] having the same
mean as the experimental distribution and derived from the function
P (X ) by assuming a 21% unde1 estimate of the uncertainties in all

measured variables. Q4(x is given by

P 2 - "
2 27 ‘
9= 2 P, (—-X—z-> : y (A-4)
(1.21) (1.21) L
The agreement. between Curve B and the observed distribution suggestls
that the major cause of the discrepancy between the observed distribution
and theory is due to underestimated uncertainties in the measured

variables.
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Fig. 11. Distribution of XZ for 279 4c elastic scatterings.
‘ Curve A is the theoretical frequency function for
four degrees of freedom (Eq. A.l). Curve B is
the theoretical frequency function appropriate to a
21% underestimate of uncertainties of the measured
values (Eq. A.4).
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To determine the contribution of individual variables to the
observed discrepancy, we make use of the test quantities Si(x), which
are called the ''stretch' of the variable x-and are defined by the

equation

S5 (x7) = — ot y (A-5)
(Xi "'Xi ) : v

where xi"‘ is the final adjusted value of the variable corresponding to
g m

the measured variable x."™. The quantity (x,.q‘-x. ) is calculated
: i i i 'rms

at the time of the fit and is an estimate of the width of the distribution

2, Sl

of X, about X, for this particular event. The (x. -, )rms is

not the same as the width of the distribution of Xlrn about the true

value of X {_a complete discussion of the quantity (x; ‘axim)rms’
as well as of S, (x) and other equations relevant to the kinematical
fitting done in KICK " has been given by Berge, Solmitz, and Taft 9]
The distribution of_ the S. should have a mean value 0 if there are
no systematic effects, and a standard dev1anon 1 if the uncertainties
used to calculate (x. "‘—x.m) _ are correct. The variables x, used
By 1 rms 1
in KICK to specify a track, and so those for which the quantities

S. are calculated, are the following: '

<1>q the azimuthal angle of the gth particle,
tan)\q: the tangent of the latitude of the gth particle,.
and :
k:q = the ''projected curvature'' of the qth particle, defined by
. _1 ) ’
k = |P cos \ ,
a q q

where Pq is the momentum in Mev/c of the gth particle.
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The distribution of S.i(x) for these variables (for the 279 4C
elastic-scattering events) is shown in Figs. 12 to 14. Figure 12 con-
tains the distributions. of S{¢), S(tan)), and S(k) for the incident K"
meson; Fig. 13, those for the scattered K; and Fig. 14, those for
the recoil proton. The solid curve on each figure is a normal distri-
bution with a standard deviation equal to the standérd deviation of the
experimental distribution. ,

None of the distributions deviates significantly from a normal
distribution curve and; hence, within the accuracy of the data, the
as sumption of normally distributed variables is borne out. In most
cases, the mean i_s‘ consistent with zero, and in all cases it is a small
fraction of the corresponding width of the distribution. The value of
xi2 for a diAsAtribution of width w, due to a displacement of the mean
from zero by an amount M, is given by

xiz = wiiMm? ' - ’ (A-6)

Therefore, the observed displacements Mi rezpresent only a small
-contribution to the observed widening of the x~ distribution.
We are led to the conclusion that the main effect on the width

of the ¥ 2 distribution is the width of the Si distributions. Figure
11(c) shows that the distribution of the pulls of the variable k for

the incident 'K~ track has standard deviation 1. The measurement of
.this variable is equivalent to a measurement of the sagitta of the track,
.and = at the momenta considered - its uncertainty is primarily owing
to multiple Coulomb scattering. This indicates that the uncertainties
in momenta resulting from to multiple Coulomb scattering are correct.
The corresponding distributions S(k) for the recoil K and proton are
wider. In these cases, k is determinéd by a measurement of the
range of the track (which usually comes to rest in the chamber) and so
the width of the distribution indicates an underestimate of the uncertainties
in length measurement. The widest distributions are those of the
variables corresponding to angle meé.sufementq The major factor
contributing to these broad widths is the neglect of uncertainties in
optical constants, and uncertainties associated with the rheasurements

of fiducial marks.
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‘Incident K~
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Fig. 12. Distribution of S.(x) (the "stretch'" of x necessary
‘ to satisfy the ‘constrlai_nts) for the incident K~ tracks
of 279 4c elastic scatterings: (a) x=¢K_, o
"~ (b) x=tan)\'K_, and (c) x = ?—lmx-— . Curves
T K- K™ .
are frequency functions for a normal distribution
with mean and width as indicated. '
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" Scattered K-
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F1g13 Distribution of Sl(x) for the scattered K~ tracks

" of 279 4c elastic scatterings: (a) x-¢K_,

(b)- x=t'an_)\ ~,'and: (¢) x = P <oz — ° Curves
‘K PK cos A, .

'are frequency" functions for a normal distribution

with mean‘and:width as indicated.:
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Recoil protons
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Fig. 14. Distribution of Si(x)‘f'or the recoil-proton t”ré.cké _
- _of 279 4c elastic scatterings: (a) x—_¢p,

- - 1 ’
: (b) x—tan)\p, and (c) x = pospx - Curves are

. frequency functions for a normal d1str1but1on with
mean and width as indicated.
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The effect of underestirh,a;cing these uncertainties on the data
of this experiment is found negligible compared with the inherent
statistical uncertainties. The information from these di'stributions
will be used to erhpirically adjust the uncertainiies as signed in the
program PANG, with the hope that correction of the majoi"eff’e:cvts
will allow a study of more subtle difficulties with larger numbers of

events.
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APPENDIX B

B. The Distribution of Pathlength as a Function of Momentum

- Severa'l"vfact‘ors peculiar to this experiment ‘necessitated
Spécialzca.re in déterminiﬁé thé _r’nomé'r%tﬁm diéfrlibllfi:o;;..of_tl;e pathlength.
First, in order to get sufficient K flux, it.was-neceésary 'vcov design
the beam with a momentum spread of 5% (at 450 Mev/c), which é‘or_
responds to a K stopping distribution iﬁ liquid hydrogen about twicé
as wide as the 15-inch bubble_chambér, Hence, for this low-energy
experimerit; .we were forced to accept a beam in w_hichvabout half of .
the K~ stopped in the cham‘ber and the other half went through it.
Secondly, the distfibutiOn in momentum of the K  at entrance to the
chamber had a steep edge at high momenta (.c'ontaining mostly those
particles that go through the chamBer) and a long slopingtail on the
low-momentum side. This shape resulted from degrading the
symmetric distribution at 450 ‘vMev/c_ by material in the bearﬁ, and is
directly attributable to the nonlinear nature of the range-momentum
relatio‘nship. The problem was further complicated by the fact that
there were fouf différent absorber settings during the course of the
experiment. In order to avbid_ introducing any additional sharp dis- '
continuities in ;che momentum. d‘is_tribu‘tion of the K tracks _é.t the en-
trance to the fiducial vo_lufne, we analyzed the four groups sepérately,
Fir.1a11yv, the mémeﬁturh mevavsurvernent from curvature ofvvthe KGT’ tracks

had typical uncertainties of £10 Mev/c, which meant that there was
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conside;abie smearing of the momentum distribution.on“ the high-mo-
mentum side (that is, more tracks were observed with hig_h mo-
mentum because of the much larger number of fr’acks at slightly 10wét
momentum). Because of this smearing, measurements of pathlength

as a f.u.nction of momentum on the individual KGT tracks would intro-
duce serious bias in the pathlength at high momentum. These considera-
tions led us to first estimate the true momentum distribution of thé K"
mesons that entered the fiducial volume, and then to predicf the 'amou.nvt
of pathlength in momentum intervals on the basis of this disfribution.
The sum of t_hé pathlength in these momentum intervals was constrained
to equal thé tbtal obse‘rved. pathlengfcha The remainder of Appendix B

is devoted to a detailed description of the .procedure used, -

1. "True'" Momentum Distribution of K  Mesons Entering the

Fiducial Volume

The particles éhtering the fiducial volume were divided into
three classes: KGT, K~ interéctions, and K~ decays. The momentum
distribution for each class was determined separately.

In the KGT class, the number of tracks was large enough to
'giv.e sfafistic;ally significant number-s in a histogram éf the number of
tracks per 25-=Mev/c intervaL Aléo, the momentum uncertainties of
‘tracks in this class were nearly equal because of the nearly equal
lengths »(i)vf't‘racksv gobing tl;lrough the chambern. This combination of
good statistics and similar momentum uﬁc,értainties for all tracks
allowed us to accurately estimate the true distribution by ."uﬁfplding"

the observed distribution.
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The relationship between the observed and the 'true'' distri-

* bution is:

D.= "y .T.d | : ' ‘
= L Tt I . . ‘ ‘ . ‘ (B_l)

where o : ~
' D, = the observed number of events in the- ith interval,

dj = the true number of events in the jth momentum interval,
le‘ = the probablhty that a track with true momentum in the
Jth 1nterva1 would have an observed momentum in the
ith interval, o 7 '
The, elemerits of the matrix ,Tij were calcula’ced»to a good
approximation by the formula
‘ Pi+A~/r»‘?f- - '.PJ.}A/Z

vk [ [ e )
i S , i . o | B.2)

- The value of ‘A in the above expression was 25 Mev/c, and ¢, was set
equal to the average uncertainty in momentum of tracks in momentum
bin j. The estimate of the true distribution of KGT tracks was then

taken as
¥ 010 ' : I
a. =), D, . : : . (B-3)

. Figure 15 shows the results obtained for the absorber setting contributing
the most pathlezigthn The solid lines correspond to observed numbers
and the ‘dj* ‘are represented by dotted lines, ‘ _ |

" The shape of the momentum distribution of the K interactions
was established from the data of events having well-determined mo-
menta, Most of these events had momentum uncertainties less than
2,5 Mev/c, although uncelltain_tie's as large as 5 Mev/c were accepted.
The ‘shape of the distribution of the well-determined events was nor-

malized to the total number of interactions observed..
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Fig. 15. Number of KGT (K-Go-Through) tracks as a
function of the K~ momentum at the entrance to
Solid lines are the observed
numbers, and broken lines represent the estimate
of the "true'' distribution obtained by unfolding the
observed distribution.
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the fiducial volume..
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The number of K decays is about 10% of the total number
of K. The decays are not kinematically fitted and have shorter
K~ tracks than those of the KGT sample. The measurement of
these short tracks led to uncertainties in momentum varying from 10
to 30 Mev/c. Because of the poor information available on these
tracks, we used our knowledge of the KGT and interactions distributions
and established the K-decay distribution by an ' iterative method. As |
a first approximation, we took the obsérv’ed K-decay distfibﬁtidn.
Summing of the KGT, K  interactions, and first-approximation K-
decay distributions gave an estimate of the total Khémomentﬁm
distribution at entry to the fiducial volume. Fo‘r each 25-Mev/c
momentum interval we then calculated the probabilities ofa K's ‘
decaying and interacting in cells in the chamber at succeedingly larger
distances from the entrance to thé fiducial volume. For tracks in a
given momentum interval, the decay probability summed over all cells,
- when multiplied by the number of events in the approximate total distri-
bution, gave a new estimate for the number of K™ in that interval which -
subsequently decéy. The corrected 'K-decay distribution was then:added
to the distribution of the KGT's and the interacting K's to form the |
final estimate of the momentum distribution of K~ tracks entering the
fiducial volume. Figure 16 shows the distributions observed (solid lines)
together with the final estimates of the true distributions (dotted lines)
for the four absorber settings. These estimates of the true distribution
were used in the prediction of the pathlength as a functionvof momentum.

This is discussed next.

2. Pathlength as a Function of Momentum

The following idealizations and conventions were adopted.in _
estimating the distribution of pathlength in 25-Mev/c momentum intervals:

“(a) The length of all tracks that pass through the fiducial volume

is the same; this length (L) is taken as the average length of the tracks

c

in'the KGT sample.
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(b) The part1c1es travel in stra1ght lines from the entrance -
plane taward the exit plane.
(c) The chamber is d1v1ded into 50 cells numbered from the
- entrance plane to the: exit plane. . »
(d) Greek subscrlpts refer to the cells of the chamber, Latin
subscripts to momenturn intervals 25 Mev/c wide for both the incident.
| momentum distribution discussed in Sec. I and the patnlength d1str1butmn.
 The prohabilities-that particles from momentum bin i decay in
cell o (PDia)' and that they interact’ in cell a (PIm),_ were calculated
from the following equations:

a.-l' -

SN T\ 'L/so{ L
PDia =My |5 g .1 - é__l (PD, ﬁ+PI p) - (B-4)
v ia / c¥ .1 B=1 L
. 'K ‘ _
where
(T - 1o, s .
p— )= average value of p in cell a for particles from bin i
ia /) _ . . . , .
‘of the momentum distribution; -
and . o ' d~1 o ,] o
PL = A (P. ) N {1 - ) (PD APL) - (B-5)
_ : ia _ 8-—1 e : :
where
A = constant to normalize the interaction cross :se.ctidn, and
. N = number of protons/cc in the chamber..

Tracks whose residual range R at entrance was less than L
had a probablhty of stopping given by
e, ‘ : o »
Psio. =1- /‘w (PDiB + pIiB) » o o (B-6)
. . p=1
where a is the'nearest integer QSO: /L] '+ 1. When the particles
had sufficient res1dua1 range to go through the chamber, the probability

,of being .KGT. was computed as
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N
PGT, = 1- /, (PD.
i i

4 PL) . A (B-T)
E’;:l 11'8_:1 - . ’ :

B
Now that we have calculated the probabilities for '.'Km mesons termi-
nating in the various cells a as a function of the momentum at entrance,
we must calculate the pathlength contributed for each combination of
incident momentum and termination cell: " Consider a K~ entering

the fiducial volume with momentum P. This K loses momentum

as it penetrat_és the volume; we designate its rmomentum at various
distances into the chamber bby' q(q X P). - At any point in'the chamber,
the residual range 1n hydrogen of the Kf i'SV R(q), and the amount of
pathlength contributed between two momenta q; and qz* is just -
R(qvl)—R(qz). Using this function R(q), we construct a function .Crio.(P)’ -
which gives the armount of pathlength contributed to the nth . pathlength
bin (momentum between qnu‘A/Z and q_ + A/2) by a K~ that enters
the fiducial volume with momenturn P and terminates in cell a. Since"
we do not have the momentum of an individual particle at entrance, but

a histogram of events, we must calculate the average pathlength Cnio. .
contributed by K mesons in bin 1 of the inci‘dent momentum distri-

- bution. This function is giv'envin first approximation by
_Pi+A/2
o= c @ & . ' (B-8)

nia® na

We improve on this function by taking account of the slope of the mo=
mentum distribution of the incident K~ mesons. We then represent
the momentum distribution of K~ over‘bin".i by the sifn'pl,e function
i md4 o
xR o (B9

Di(P_’)«z d; .

When we wei‘gh‘t‘t:}-‘le f.u‘n:cti‘orf - Cﬁa(P) vi/ith Di(P)/di;p, Eq. (B-8) becomes
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P . -
IRL VTR W DR
- ; k! s o1- ) -
= j Co(P) 1 +z\ E (P-P;) J>T ;
P - ‘ . : \ e 1 Y AT (B_vlo)

, Awhe‘r‘,ei Co L TR , LT :
Cna(P)__ = pathlength contributed to “nth pathlength bin by

-a K of momentum P termlnatmg in cell .a,
= the number in bin i, '

di"
Pi = momentum at the center of bin. ‘i, and

= 25 Mev/c. A _ L
Special account hadto be taken of those bins for which the quantity
_ in br,ac_:ketsvwe‘nt negative. The integral was cut off and the normal-
_‘ization' 1/A was changed accordingly. |

 The probabilities, the momentum distribution at entrance,

and the quantities. C_. =~ were used to calculate the pathlength distribu-
_tion (Cn). _ . :
15 - o : 50

cC = » a-° (gc PGT, + '} C_. (PD. +PI. +PS. ),
n & i l n15 4 i nia ia ia ia
! ‘ o (B-11)
where v _
4. = number of K~ mesons in the ith momentum bin of the
t momentum distribution estimated in Subsection (1) above, -
C,iq = Pathlength contributed to nth pathlength bin by a K~

mes’on from momentum bin i, when it terminates in cell
‘ a ("cell 51' means all the way through the chamber).
Theloombine‘d C frorn the four absorber settings is shown in Fig. 3.
o lTh‘e ehrror in the pathlength was obtained .by assuming a multi-
nomial distribution for tho events di% in the mOmentum distribution,
and propagating this through the equations given for pathlength. ‘The
varlance covarlance matr1x for the momentum d1str1but1on (i.e., for

" a multinomial dlstrlbutlon) is =
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e >R K w38 : < _ J . . - 2
édi -6dj di (6ij. N ), ) | » (B-12)
where
15 )
N= % d. " 2 11,000 .
i=1 i

Differentiating Eq. B-9 with respect to dfi*’ we get. -

8C_ f 20 | |

ad %Cn51_i PGTi * ai-_i cnqi(PDia+PIia+?Si.a)_' = Fai _

| S | (B-13)
Usmg the method of 11near propagatmn of errors, we find for the error

in the pathlength
15 f o o o | |
5c Z_‘ F Ted, F | | (B-14)
6C . L . -
1: L™ ;] om ' R _

=

This matrix was used to calculate the error‘s'vin, _crosé sections
discussed in Appendix C._ _ o |
--The numerical computationé Wevre'done on an IBM 704 computer.
The time for calculating the pathlength distribution for all four absorber

- settings was 45 minutes,



-63-

- C. . Variance-Covariance Matrices for the Cross Sections

The cross section in mb for a process averaged over mo-

mentum from Pi-(A/Z) to Pi+(A/Z) is given by -

K a"nj_
O'n - C i ) (C‘l)
n
where _ ‘ : o

: 4 , -27,-1

K =2.86 10" mb-cm = (number of protons/cc « 107" ") ",
a'=ba ., ' ‘ ' 7

. n n n ) ) . i I : . o

a = maximum-likelihood-estimate of the number of events with

. )
| mo?ne?tum between P’i-(A/Z). and Pi+(A/2) ,
b = correction factor applied to the maxin}um-likeliho"od
numbers for selection criteria, etc., and
: C, = pathlength (crh).. bétw_een P}.:(A/Z)and Pl-I(A/Z)
By propagating the uncertainties in a ! and 'Cl;l 'l_inea'rlgr in Eq. C-1,
we arrive at the following formula for the elements of the variance-

covariance matrix for the cross sections:

: )
6 Cm 6 Cn—_fn>on' .

OI»--

56 86 = ] e 1
%%m 89, = °m(a—-r AT
m S n m

(C-2)

The variance-covariance matrix for the pathlength 5Cnd 6Cn is dis-

cussed in Appendix B. The matrix. sam' Gan', is related to the variance-
covariance matrix for the number of events as a function of momentum,

: 6am .San , by
Sa_Vv oa '=b a_o6a_b - - (C-3)
m n n m n n . . »
The matrix 6am 6an is derived from thé likeliﬁood function for the

number of events as a function of momentum. 4 "This likelihod function

is
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. e—aéN N 15 a .
L {Po} AN 10 o + APoid G
i=1l n=1 .
where . _ B
{Po} = set of observed momenta‘, Pol’ PoZ’ e, 'PoN"

true number of events in the nth momentum bin,

a =
n

a = 3'a

’ Tl s%n .

N = = total number of observed events, and.

Ani(Po) = proba_bility,-o,f the ith event isvh'aving an.observed
momentum Po in the nth momentum bin.
Associated with the maximunu-’likeliho_dd solutio‘n there is a_r,i estimate
~ of the uncertainties given by the negative of the inverse of the second

derivative of the logar_ithm of the likelihood functi'o':n,; Our final estimate -

‘of the uncertainty in_the‘_hur‘nber of events 6’an Sa__. is then
8%1n L({Pﬂ}v;a' W\ N AL A 31
—_— LT e TP NEn ‘ni " mi
Sa. da = - - - = LJ - - .
n m . da_ da - Ko < \
n  m i=1 [ a A .Y
, Tl % pl) -
P=1 (C-5)

Table.s XI through XVI contain the variahce-;cov;a.r_iarice matricés for .
the cross sections given in Table III (Sec. III-D). ‘The uncertainties
for the cross sections of Figs. 7 (elastic scattering) and 10 (charge-

exchange scattering) are the square root of the diagonai terms of the

matrices of Tables XV and XVI respectively.
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. Table XI

Variance-covariance matrix for the elastic-scattering cross section

in the interval of cos 6
. c.m

~the ¢

ross sections)

from -1.0 to 0.85 (see Table III for.

K™ lab

momentum
intervals

(Mev/c)

.100-125

125-150

: I :
|
150-175175-200

i

200-225 225-250

250-275

100-125

125-150:
150-175.
175-200 |

1 200-225

225-250

.250-275

'469,2

- 05

- 0.6

. -10.0.
. =10.0-
[ - 0.4
0.6

- 0.5 |

168.2
- 5.6
RS
;~_ 0.2

0.6
<0.1
.26
61.2 |
_-1.'2;

o <0.4.0
N
129.7

26,

0.3 |

- .-0-..'.4 )
0.5
5 I

0.0

"09.4 . ;
-0.3

-0.5.1.

Lo_0,

i

-0,

| .
[

1 -0.5
' -0.4
[y
 -0.0

-1.7

42.5 .
L-2.7

-0.6
-0.5
- -0.5
-0.3

1 20.1

=2.7"
171.0
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Table XII

Variance-covariance matrix for the elastic-scattering cross. section

in the interval of cos 6 from 0.85 to 0.90 (see Table III for

the cross sections) -

K™ lab !
momentum !
intervals |
{
§

| SN
(Mev/c) 100-125 125-150.150-175 175-200-200-225:225-250{ 250-275

0.0 0.0 0.0
0.0 0.0 , 0.0
0.0 0.0 0.0
0.0 0.0 © 0.0
1.2 0.0 0.0
| 1 00 23 0.0

250-275 | - 0.0 | 0.0 | 0.0 0.0 . 28.2

100-125 . 30.4 | -0.2
125-150 | -0.2 | 9.9
150-175 ' 0.0 | 0.0
175-200 - ! 0.0 0.0
200-225 ' - 0.0 |- 0.0

225-250 | 0.0 ~ 0.0

)
|

o 0 0O O W o o
O O O W O O O-
O O O B O O O

o o O O 0
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_ _Table XIII

¢ Variance-covariance matrix for the elastic-scattering cross section

in the interval ofgc‘o'sft'-e'cv‘:'

°

~_ the cross sections)

" firom 0,90 to 0.95 (see:Table III for .

K™ lab
momentum

intervals

. :(Mev/c_). :

1100-125,125-150

150-175

175-200

200-225

225-250

250-275

 100-125
125-150
150-175
175-200
" 200-225
225-250
©250-275

i
!

243

0.0 |

" 0.0

0.0

0.0

0.0
0.0

0.0
'27.5
~0.4
0.0
0.0
0.0

0.0

| 000 S

-0.4
7.6
0.0
0.0
0.0

.'v o;o

0.0
0.0
0.0
4.2
0.2
0.0
0.0

.
0.0
0.0
0.2
2,5
0.0
0.0

0.0
0.0
0.0
0.0
0.0
2.3
0.0

0.0’
0.0
0.0
0.0
0.0
0.0

| 28.2

»
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 Table XIV

Variance-covariance matrix for the elastic-scattering cross section -

in the interval of cos GC

~ the cross sections)

m. from . 0.95 to 0.966 (see Table IIL: for

K~ lab _

momentum

intervals _ i 1 :
(Mev/c) = [100-125/125-150150-175175-200:200-225,225-250{250-275
100-125 40.3 | 0.0 0.0 | 0.0 0.0 | 0.0 0.0
125-150 0.0 | 17.4 0.2 0.0 0.0 | 0.0 0.0
150-175 0.0 -0.2 . 9.2 | -0.8 0.0 | 0.0 0.0
175-200 0,0 | 0.0 | -0.8 4.4 0.0. | 0.0 0.0
200-225 - 0.0 | 0.0 .0 1 0.0 1.2 | 0.0 0.0
225-250. 0.0 0.0 .0 | 0.0 0.0 | 2.3 0.0
250-275 - 0.0 0.0 .0 0.0 0.0 0.0 28.2
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-Table XV

Variance-covariance matrix'for the elastic-scattering cross:section

in the interval of cos 9. " from -1.0 to Q.‘r966 (see Table 1II for

°

‘cross sections)

K™ lab | : !

momentum| : : :
intervals | : : k
-(Mev/c) i100-125'125-150 150-175{175-200:200-225/225-250250-275

{
!
|
{

100-125 | 564.2' -10.2] -0.4| -0.6 | -05 | -0.5 | -0.6
125-150 -10.2 2230 -6.2| -0.1 | -0.2 | -0.4 | -0.5
150-175 | - 0.4] - 6.2} 1503 -3.4 | -0.3 | -0.4 | -0.5
175-200 | - 0.6 - 0.1 -3.4| 732 | -14 | -0.0 | -0.3
'200-225 | - 0.5 - 0.2; <0.3| -1.4 | 41.2 | -17 | 40.1
225-250 | - 0.5| - 0.4] :0.4| =00 | -1.7 | 49.4 | -27
250-275 | - 0,61 - 0.5, -0.5| -0.3 . -0.1 | 2.7 | 255.6
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Table XVI

Variance-covariance matrix for the charge-exchange scattering cross

section.s of Table III

i

0.0

0.0 . 0.

i
Vo

1 T ‘
K™ lab 1
momentum l : '
intervals 1 ‘ ‘ ! ! :
(Mev/c) |89-1250125-150!150-175/175-200 200-225 225-250 1250-275
89-125 470.0 | -53.6.1 4.0 i -0.4 0.0 0.0 | 0.0
125-150 -53.6| 202.516.2 | 1.4 -0.1 .0 0.0
150-175 4.0 -16.2:125.2 i-11.2 0.6 -0.3 0.0
175-200. | - 0.4 1.4 -11.2 | 54.1 4.6 i 0.0 0.0
200-225 0.0/ -0.1: 0.6 | -4.6 47.1 ¢ -10.8 0.0
225-250 0.0/ 0.0 -03 | 00 -108 ' 8L.4 0.0
250-275 0 4 0.0 0.0 0.0 144.5
| ‘
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