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ABSTRACT 

Cross sections for elastic and charge-exchange scattering of 

K mesons incident on hydrogen are reported at 25-Mev/c intervals 

from 100 Mev/c to 275 Mev/c (Table III). These cross sections are 

combined with the cros.s sections for charged- and neutral-hyeron 

production and the at-rest hype ron -production ratios to determine the 

s-wave zero - effective- range parameters that best fit the low-energy 

K -p interactions. Two sets of parameters were found that give ac-

ceptable fits to all the data (Table V), The x 2 test gives probability 

of 48% for Solution 1, and 8% for Solution 2. Analysis of the elastic-

scattering angular distribution, independent of the zerO-effective- 

range analysis, shows that the nuclear part of the amplitude has a large 

imaginary part and real part consistent with zero. Values of modulus 

and phase of this amplitude for the two intervals in P lab from 100 

Mev/c to 175 Mev/c and from 175 Mev/c to 250 Mev/c are given 

(Table VII). 
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I. INTRODUCTION 

The systematic study of K -proton interactions was be 	in 

1956 when partially separated beams of K particles became available 

at the Berkeley Beyatron, The K -to-background ratio at this time 

was roughly 10. Original publications dealt with relatively small 

numbers of K mesons and revealed mainly the types of interactions 

that take place. At low momenta the following interactions were ob-

served: 

K + p -* 	+ p Elastic 

+ n Charge exchange 

- + Tr 

0 	0 

+ i 	Hyperon production 

All these interactions conserve, charge, strangeness, isotopic spin, 

and baryon number. To date, no other interactions have been observed 

(at low momenta). 

The determination of cross sections as a function of momentum 

became feasible only after considerable improvements had been made 

in techniques used for separating K mesons from other particles. 

Early in 1958, a beam in which the K-to-background ratio was about 

10 was constructed. This report on the elastic and chargeexchange 

scattering of K mesons in hydrogen is based on exposure of the 

Berkeley 15-inch hy4rogen bubble chamber to this enriched beam. The 

total number of K mesons entering the chamber was approximately 

11,000. 
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This work forrn .ápárt of the large effort by bubble. chamber 

and emulsion researchers to accurriulate êxpèrimentãl data on the 

R-N interactions, Freden, Gilbert, and Hhite have récëntlr sum-

marized the previously published rSults on K -protdnlnteractIqns. 1 

Their paper contains references to work by emulsri nd bubble chamber 

groups. The data that we report here have been reored previously 

iii preliminary form' Data On hyperonproduction--cóntained in 

the same film as the elastic- 'and charge-exchange scattering dátTa - 

have been handled by techniques similar to thos.e discussed in this 

paper, but are the subject of a separate report. 

Section II of this paper is devoted to the explanation of those ex-

perimental procedures pertinent to the experiment as a whole. In 

Section III, methods and techniques of analysis peculiar to the individual 

event types are explained and experimental results for eaCh type are 

presented. Finally, Section IV is devoted to a discussion of these re-

sults and their relation to available theory,  

OF 

ri 
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II. EXPERIMENTAL PROCEDURE 

A. 3eam 

The main problem encountered in setting up a K beam at the 

Bevatron is the separation of the K mesons from the i background. 

This is difficult. in that the n-.to-K production ratio is about 1000 to 

1 at a secondary beam momentum of 450 Mev/c; Since the TT mesons 

live longer than the K .  mesons, this ratio becomes even larger at the 

detector. In this experiment, the problem was solved by using a co- 

axial velocity spectrometer developed at 3erkeley by Joseph J. Murray 5  

The resulting beam has been dâcribëdin detail elsewhere, 
6 
 so that 

only its characteristics at the bubble chamber are given here. 

A schematic diagram of the beam is shown as Fig. 1. The 

momentum before the absorber was 425 Mev/c and the thickness of the 

• copper absorber was adjusted to give a mean momentum of approximately 

180 Mev/c at the center of the chamber. Because of the nonlinear nature 

of the range -mbmentumrelationship, the momentum distribution at the 

chamber was very skew. 

The flux of K mesons was 1 in four pictures. It was limited 

mainly by the number of background tracks allowed per picture, which 

was nominally 25. The background consisted of 85% 	and e and 

15% ii. In a total of about 45,000 pictures, we observed approximately 

11,000 K mesons that either passed through or interacted within the 

chamber. 

B. Scanning 

The scanning procedure was based on the fact that the K 

mesons could be distinguished from the background tracks by means of 

their ionization and curvature. For all momenta in the beam, the K 

tracks were more than twice minimum ionizing. The background con-

sisted mostly of minimum-ionizing tracks; the exceptions, those 

background tracks having low enough velocity to be as heavily ionizing 

IM 

	

	
as K mesons, were much more curved in the magnetic field than a 

stopping K meson would be. These evidences allowed us to identify 
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a sample of K mesons independently of what happened to them in our 

fiducial volume, The first quarter of each frame (the UP region) was 

set aside for identifying the K, and the rest of the picture (the IN 

region) was used to study the interactions. 

The procedure was as follows: with the IN region masked 

from view, the scanner examined the UP region and recorded the 

number of densely ionizing tracks. The HINhI  region was then unmasked 

and the scanner noted vhether the dense tracks interacted, decayed, 

passed through the chamber, or were too curved. Those not too curved 

were assumed to be K mesons. The interactions and decays were 

recorded according to the final state of the system when this could be 

easily identified, There were special classes for events having ambiguous 

interpretations, such as 	when the Z particle decayed before 

going far enough to be observed and "K when the final state consisted 

of neutral particles with the unstable ones decaying via neutral modes. 

A K meson going all the wa,r through the chamber was recorded as 

'KGT" (K-Go-Through). 

C. Sketching and Measuring 

To aid the measurer in finding the identifying the particle tracks, 

a sketch was made of each event, The sketch also indicated in which 

two of the four possible views each track was to be measured, The 

identification of the event was checked and ech event was given a 

code number according to its type, and this code word was used to 

assign masses to the tracks in subsequent computer programs. Finally, 

each frame having a K event (see Sec. Il-B) was again scanned for 

decays of neutral particles. 

The measurements were made on a projection microscope 

(Franckenstein) with the information punched on IBM cards which 

served as input to the data-processing system. 



-6- 

D. Data Processing 

The data were processed by.a series of computer programs 

written for the IBM 704 and 709 digital cornputers The steps involved 

in the system are shown in the block diagram of Fig. Z and are briefly 

.described belowi. 
'7 

1. Reconstruction of an Event 

The first step is accomplished by the program PANG, written 

for the IBM 704 and 709 digital computers. An event is processed 

one track at a time, input consisting of the .points measured along the 

track, measurements of two fiducial marks for each view, and the 

event-type code. Geometrical optics is used to construct space points 

along the track 

The x, y plane of the space points has its normal approximately 

along the magnetic field lines in the chamber, and is therefore the plane 

used to determine the momentum of the track. The x, y projections 

of the space points are fitted with a parabola. We use the momentum 

estimated from the curvature of this parabola, plus the mass,. the range-

momentum relationship, and the magnetic field as a function of chamber 

position, to calculate the second derivative of the track at two points. 

The final x, y fit is a fourth-order polynomial satisfying the constraints 

on the second derivative at those points. The final fit in the z direction 

is a third-order polynomial taking into account the horizontal component 

bfthe magnetic field. The parameters of these polynomials are used 

to compute the mOmentum at the center of the track, the directions at 

both.ends, and the length. The momenta at both ends of the track are 

• 	calculated by using the momentum-at-center and the range-momentum 

relationship. For particles that stop in the chamber, the momentum is 

determined from the measured range of the track. Uncertainties in 

momenta and angles due to multiple Coulomb scattering, range straggling, 

and measurement uncertainties are also computed. Finally, the output 

of PANG for each event is written in the binary mode on an intermediate 

magnetic tape for input to the next step inthe data processing. 
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used for the analysis of K -p interactions in this 

• experiment. 
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2, Kinematical Fitting 

The computer program KICK is designed to apply constraints 

of momentum and energy conservation to an event. 
8  It uses the method 

of least squares with constraints. The parameters of the problem cor-

respond to adjusted values of the measured variables, The method 

picks, from all possible sets of parameters satisfying the equations of 

constraint, that set which minimizes the value of x 2 where x 2 is 

defined.as 

N 
2 	 m 	m 

X = 

	

Z (x. -x. )G.. (x. 

i=l 
j=1 

In this equation, the x. are the parameters, x.m  are the measured 

variables, and G is the inverse of the variance-covariance matrix 

of the measured variables 

The output of KICK consists of the adjusted values of the 

parameters and their variance-covariance matrix. In addition, the 

final value of x 2 and normalized.I?stretchTl  quantities, S.(x), on each 

measured variable are given. If proper uncertainties have been assigned, 

x provides a measure of the goodness of fit, and the normalized 

ttstretchll quantities are normally distributed with a mean value 0 and 

standard deviation 1. Departures from these conditions indicate 

erroneous uncertainty assignments. The distribution of x 2 gives 

information regarding the over-all fit, whereas the distribution of S. 

gives information on the individual variables x 1m,  Data.on the distri-

butions of x 2 and Ttstretch' quantities are given in Appendix A. 

3. Examination and Summary 

The KICK output serves as input for the .EXAMIN program 

•whose main function is to sort good information from the KICK output 

and put it on a udata  summaryT' tape. The identification and nature of 

failure for. events not processed successfully are.also recorded on this 

tape.in  brief form. 	... 	 . 	. 
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4. Library 

A master list of all events in this experiment was put on magnetic 

( 

	 tape The output of EXAMIN was used to update information on this 

master list, and also to update data summary tapes containing previously 

accepted events. The updated library tape then served as a source for 

lists of events that had not yet been handled, and a history of why they 

had failed previously. We set up an analogous system to determined, 

pathlength. In this case, the.master list and data summary were on the 

same tape. The data-summary tapes and master lists were the final 

source of information used for the analysis. 

E. Fiducial Volume 

For the analysis, we used only events and path length within a 

specified volume of the chamber .(the fiducial volume). The boundaries 

of this volume were chosen so that: the interactions were clearly 

visible in all four views; the escape correction for unstable neutral 

particles was small; the volume was entirely within the IN region; 

and the volume was as large as possible subject tD:the above conditions, 

On input to the KICK program, a test was made on each event to de-

termine whether or not it was in the volume. 
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III. ANALYSIS OF EVENTS 

A. Pathlength 	. 

The total K pathlength was 100 metérs-or nearly 1 mile-

of which 642% was contributed by KGT tracks, 292% by K mesons 

that stopped or interacted, and 66% by K mesons that decayed: The 

total length was obtained by measuring the length (w{thin the fiducial 

volume) of each track Figure 3 shows the distribution of this pathlength 

as a function of momentum, The method we used to deteriine this 

distribution is discussed in Appendix B.  

B Elastic Scatterin 

A total of 419 elastic scatterings were observed within the 

fiducialvolume, . Selection criteria on the minimum angle of scattering 

and minimum momentum were applied to these events to obvjate large 

And uncertain corrections to the data. The smali-angle.cutof.f. was made 

on the cosine of the center..of-mass (c. m) angle, in order to have all 

angular distributions over the..same range of cos 0 	... 	The cutoff 

was cos 
°
K c m = 0.966, wnicn corresponds to a laboratory-system 

.scattering angle for the K. of approximately 10..deg over the entire 

momentum range. For ,momnta less than 200 Mev/c, the amplitude 

for Coulomb scattering at this\angle is larger than the nuclear amplitude, 

and the effect of the Coulomb nuclear interference is clearly indicated by 

the data. At higher momenta, the Coulomb nuclear interference has 

less effect on the angular distribution because the maximum interference 

is at an angle smaller than the cutoff. 

Additional selection criteria were applied to the azimuthal angle 

of the plane of the scattering for events with cos 0 c m, between 0966 
.  

and 085. Events in this range whose plane of scattering made an 

angle greater than 30 deg with a vertical plane were accepted. Five 

events failed this criterion, whereas azimuthal symmetry predicts 

(from events satisfying the criterion) that 135 events should fail. A 

correction of. 3/2 (based on the assumption of azimuthal.symmetry) 

was applied to the events accepted. The events left after application 

of the small-angle and azimuthal-angle cutoffs are shown in Fig. 4. 
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Fig. 3. K pathlength as a function of K momentum (lab). 
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Elostic scotterings ( 359 events) 
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Fig. 4. Scatter plot of observed elastic scatterings that 
satisfy the selection criteria applied. No selection 
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C. M. 
> 0.85. 
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A K laboratory-system momentum cutoff at 100 Mev/c was 

imposed for the following two reasons: 

The detection efficiency for elastic sëatterings is a function 

of the length of the recoil particles, and therefore decreases rapidly 

at low momenta. K mesons of 100 Mév/c have a residual range in 

liquid hydrogen of a little over 1.5 cm. When they scatter at 180 deg 

from a proton they are left with a residual range of 0,2 mm, which is 

not enough to make 1 bubble (1 bubble 0.2.5 mm); however, the proton 

has a range of 07 cm and is easily detected. At 75 Mev/c the residual 

range of the K is down to 05 cm, and the corresponding 180-deg 

scattering produces. a proton with a range of about 3 mm, In scat-

terings at angles less than 180 deg at these momenta, both proton 

and K tracks are very short. Because of the short recoil tracks, 

we must take into account that a K meson coming to rest in liquid 

hydrogen makes charged hyperons more than half the time. . Pictures 

of this type of event have two densely ,  ionizing tracks and one light one, 

all meeting at a point. The .charged hyperon and ri meson are collinear, 

but have random orientation with respect to the K direction. There is, 

therefore, some probability that the elastic scatteringsat low momenta 

preceding this type of event will be obscured. 

The other effect that requires. a lOO-Mev/c cutoff is the 

distortion of track images caused by nonuniform density of liquid 

hydrogen in the light path from track to film. We observed displace-

ments of. the images of tracks by as much as a track width over lengths 

of track from 1 mm to 0.5 cm. The effect could. be  compensated for 

if it were in the middle of a long track, but those cases in which the 

distortion was in the last 0,5 cm of the incident K were very dif-

ficult to interpret. These factors, giving rise to large uncertainties 

in scanning biases at low momenta, coupled with the fact that only 

13 events are observed between 50 and 100 Mev/c, made it necessary 

to apply this cutoff at 100 Mev/c in order to determine cross sections. 
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Two sources of systematic error in the number of events 

observed at small angles were considered. The first concerns an 

enhancement of the number of larg:e-.angle.events observed owing to 

• uncertainty in the value of the measured angle of scatteing. Since . 

individual measurements of the angle of scattering are, to,first approxi-

mation, distributed symmetrically about the true angle of scattering, 

and since uncertainty of measurement does not vary rapidly with.angle, 

the probability of observing a 9-deg scattering at 11 deg is the same as 

the probability of observing an li-deg sc .attering at, 9, deg. However, 

the [1/sin4 (Q/2)] dependence of the Coulomb cross section giyes more 

• events truly. at 9 than at 11 deg, and so the number observed at 11 deg 

is systematically increased, Corrections for this effect were calculated 

on the assumption that the angular distribution is given by. the Coulomb 

cross section out to angles where the Coulomb cross section is equal 

to the nuclear cross section. No corrections were applie.d beyond this 

angle. 

The second source of systematic error considered was that 

due to Moliere or plural scattering.. For th angles considered, 

Molire scattering can be represented as an effective increase in-the 

Coulomb scattering cross section. , Bethe has derived a formula for 

the asymptotic ratio of Coulomb to actual scattering, and calculations 

of this ratio for pathlength of 0,5 cm of liquid hydrogen showed the. 

effect to be small. The largest correction was  

The final corrections applied to the elastic s.cattering events 

are shown in Table I. Recall tnat from cos 6 = 0,966 to cosO = 0.85, - 

a factor of 1.5 must be applied, because of the azimuthal-angle cutoff. 

This factor, 1,5, has been slightly modified to take into 'account the • 

two corrections just mentioned: (a) uncertainty in measured angle 

and (b) Molire scattering. No corrections were necessary in the 

region -1.0 to 0.85 in cos 9  
c.m.  

V 
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Table I 

Correction applied to maximum likelihood estimates of 

elastic scatterings shown in. Fig. 5 

Ivlomentum interval (Mev/c) 
cosO 

Interval 

095 to O966 1.25 1,37 L38 L38 1.50 1,50 1.50 

090 to 095 L35 142 L50 L50 L50 1.50 1.50 

'085 to 090 L50 L50 1.50 L50 1.50 L50 1.50 

-LU to 085 No corrections (LU) I 

Ij 



-16-. 

Elastic scatterings 
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Fig. 5. Histograms of the numbers of observed scatterings 
(solid lines) and the maximum-likelihood estimates 
of the distribution of these events (broken lines) as 
a function of K momentum (lab) for the four intervals 
ofcos6 Kc.m. 	 P t 

(a) -1.0 to 0.85, (b) 0.85 to 0.90, 
(c) 	0.90 to 0.95 and (d) 0.95 to 0.966. 

Table I contains corrections to apply to the maximum-
likelihood estimates of this figure to obtain the total 
number of scatterings. 
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To determine cross sections as a function of momentum and 

angle, the events of Fig: 4 were divided into four intervals in cos 6 c.m. 

and ten intervals in momentum. Because of the isotropic nature of the 

distribution in the region where Coulomb scattering is small (cos 6c m<O) 

the data in this region were all lumped into one cos 6 interval. The 

three intervals in cos 6 c M. 
0.85 to 0.90, 090 to 0,095, and 0.95 to 

0.966, were chosen to give a maximum amount of information about the 

Coulomb nuclear interference. In the choice of momentum-interval 

widths, we were guided by the desire to measure the cross section as 

a function of momentum as accurately as possible. An interval covering 

all events of the experiment would give an accurate measurement of 

the average cross section because of the large number of events, but 

would give no information about the momentum dependence of the cross 

section. On the other hand, if the intervals were too.narrow, the 

statistical fluctuations of the numbers of events in the individual bins 

would be large, and uncertainty in the momentum of individual events 

would cover several bins. The 25-Mev/c width.used was a compromise 

between the two extremes. The events in each angular region were 

analyzed separately as a function of momentum. To allow for the un-

certainty in K momentum of the individual events, we used the maxi-

mum-likelihood method to estimate the number of events in each of ten 

momentum intervals, starting at 50 Mev/c. Details on the formulation 

of the likelihood function are given in the thesis of William E. Humphrey. 4  

Figure 5 shows the observed numbers of events as a function of momentum 

(solid lines) and the maximum-likelihood estimates(broken lines). 

The estimates for events with cos 0 greater than 085 were adjusted 

by using the correction factors in Table I. These final estimates for 

momentum K lab > 100 Mev/c were converted to cross sections by 

using a density of liquid hydrogen of 0.0586 g/cm 3  and the pathlength 

shown in Fig: 3. The elastic cross sections as a function of momentum 

and angle werecombined with other data on the K -p interactions to 

determine the parameters for an s-wave zero-effective-range theory. 

The method used for this determination is discussed in Sec. IV-A. 
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It was considered desirable to determine the modulus and phase 

of the nuclear part, of the elastic scattering amplitude.independent of the 

s-wave zero- effective- range theory. To get a statistically significant 

estimate of the scattering amplitude, we deterrnined.two average dif-

ferential-scattering cross sections by averaging the cross sectjons for 

each angular region over groups of three momentum intervals. The 

average differential-scattering cross sections for the intervals 1.00 

Mev/c to 175 Mev/c and. 175 Mev/c to 250 Mev/c K momentum (lab) 

are shown in Fig.. 6, In Sec. IV-B, we show how the nuclear part of 

the scattering amplitude has been estimated from these cross. sections. 

The total elastic-scattering cross section for values cos 0 
- 	c.m. 

between -1,0 and 0,966 is shown in Fig. 7 as a function of K mo-

mentum (lab). These values are the sums of cross sections observed 

in the four angular intervals, and therefore contain Coulomb as well 

as nuclear scattering. The uncertainties are the square root of the 

diagonal terms of the variance-covariance matrix, obtained by sum-

ming the matrices for the cross sections in the four angular intervals. 

More detail on the variance-covariance matrix for the cross sections 

is given in Appendix C. The solid curve is the cross section calcu-

lated from Eq. (3.1) by using the parameters of solution 1 in.Table V. 

C. Charge-Exchange Scattering 

A K 
—0 	

i 	
' 	—0 

production event s detectable when the K decays 

via one of its charged modes t  or when it interacts in the hydrogen in 
— 0 

such a way as to produce charged particles. Of the 29 K events ob -

served, 25 were normal K decays 

K? 	
11+ + TT 

and formed the sample used for calculation of the cross section as a 

function of momentum. In addition, there were two inelastic :  scatterings 

giving rise to hyperons. The first scattering was identified as 
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Elastic differential scattering cross sections 
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0 	 100 	200 	300 	400 

nab ( Mev/c) 
MU —23989 

Fig. 7. Total K -p elastic-scattering cross section for 
cos e 	between -1.0 and 0.966 as a function of K c.m. 
K momentum (lab). The solid curve is the intergral 
of Eq. (3.1) from -1.0 to 0.966 in cos 0 	, for 

Kc.m. 
the scattering lengths of solution 1 (Table V). 
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followed by Z + - p + Tr 0; the second as 

followed by A.-'- p + ri 

o— Two other K events were examples of the K 02  decay into three-body 

final states. The observation of two K9 decays is consistent with the 

published lifetime of 6.1(+1.6/-1.l)X10 8  sec. 10 

Care was taken to distinguish the two types of "V's observed 

in this experiment; the decays and the A-hyperon decays viathe 

mode 

A-*P+1T. 

Ambiguities in the identification of these V events arise only if the 

proton of the A decay cannot be distinguished from the n of the 

K1 0 decay. In.a total of about 1000 V's, only five cases were ambiguous 

at the scanning stage, and a kinematical analysis of these events for 

both interpretations yielded unambiguous identification for all five. 

Three were A events and two were K °  
0 	 1 	 . 

We used only K 1  of length > 1 mm, to avo id ambiguity between 

events with short 	and short Z tracks. Since the K?  lifetime is 

approx 10 	second,. a substantial fraction,decays close to the pro- 

duction vertex. . These events give rise to a 	-meson pair origi- 

nating close to the end of the K track, It is difficult to distinguish 

this configuration from that of events in which a charged Z hyperon 

(produced in association with a TI meson of opposite charge) decays in-

to a charged ri me son. a..n d.:.n e ut r.o n.L after going less than 1 mm. 

About 300 such short 	s were in the film. The similarity in momenta 

of the Tr I  s in the interactions 	 . 

and 	. 	 . 

kC+p-'-K°+n 
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makes kinematical separation.impossible for many spatial coitfigurations 

if the Z or 	track is too short to be seen. It was often possible to 

fit both hypotheses. 

Application, of the 1-mm cutoff eliminated one of the 25 de-

tected events For each of the remaining K? s we calculated the 

probability of the K length being less than 1 mm, and the probability 

of escaping the volume. In this *ay the observed K? 
 s servedas an 

estimate of the spatial and momentum distribution of the complete 

sample. The calculations indicated that 17,8% (5,25 events) should be 

less than 1 mm long and that 09% (1/3 of an event) should escape the 

volume. In the second column of Table II we list the corrections 

applied to the data for the different momentum bins, The lifetiiie 

used for these corrections was 0,95X10
0  sec. 10 Corrections were 

also made for the fact that only 1/3 of the 	s produced decay via 

the charged 
K? 

 mode, The third column of Table II (Col, 2 multi-

plied by 30) gives the final, corrections. 
— 0 

In Fig. 8 we show a scatter diagram of the 25 K events. The 

x 2 for the hypothesis of an isotropic angular distribution is 3,8 for 

three degrees of freedom. Figure 9 is a histogram of the number of 

events as a function of momentum. The solid lines represent the ob-

served numbers obtained from the scatter plot (the circled event with 

length < 1 mm was remove4), and the broken lines represent the maxi-

mum-likelihood estimates obtained when the uncertainties in the mo-

menta are taken into account. Correlations between neighboring bins :. 

ranged from -9%to  -17%. 

Cross sections calculated from the maximum-likelihood esti-

mates are shown, in Fig. 10. The uncertainties in the cross sections 

are the square roots of the diagonal terms in the final variance-covari-

ance matrix for the set of cross sections. The calculation of this 

matrix is discussed in Appendix C. The measured cross sections were 

used in determining the parameters of the s-wave zero-effective-range 

theory as discussed in Sec. IV-A. The solid curve in. Fig 10 is.the 
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Fig. 8. Scatter plot of 	° -n production events with K 1 °  
decays. The circled event has a 17 0  length less 
than 1 mm. 
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Charge-exchange scatterings 

8 

6 

a) 

E 

z 
2 

CO 
	

tOO 200 300 
1db (Mev/c) 

MU —23991 

Fig. 9. Histograms of the numbers of observed K 1 °  de-
cays (solid lines) and the maximum-likelihood esti-
mates of the distribution of these events (broken 
lines) as a function of the incident K lab momentum. 
Table II, Col. 3, contains corrections to apply to 
the maximum bikelihood  estimates to obtain the total 
number of K -n produced. 
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Fig. 10. K-p charge-exchange scattering cross section 
as a function of K lab momentum. The solid curve 
is a graph of Eq. (3.2) for the scattering lengths of 
Solution 1 (Table V). 
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Table II 

Corrections applied to thaxirnum iikelihooa :estiixates of 

production events shown in Fig. 	9 

Momentum Correction for lengtn Final correction 

range (Mev/c) < 1 mm plus escape (col, 	2)X3(Non-iri 

from volume decay of K0 ) 

89-100 1.40 4.2. 

100-125 1,50 .::4,•5 

125-150 1.30 3; 

150- 175 1.27 3.8.. 

175-200 1.16 35 

zoozzs  3.5 

225-250 1.14 3.1 4 

.250-275 1.14 . 	3.4 
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cross section calculated from Eq. (3.2), using the.parameter.s which 

give the best over-all fit to K -p interactions (solution 1 of Table V). 

•D. Summary of Cross Sections 

For easy reference we have listed in Table III pathlength, 

observed numbers of events, corrected.numbers of events, and the 

calculated cross Sections for elastic and charge-exchange scattering, 

as a function of the incident K momentum (lab). The variance-co-

variance matrices, corresponding to the cross sections in this table, 

are given in Tables XI through XVI in Appendix C. 
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IV. DISCUSSION OF RESULTS 

A. Determination of s-Wave Zero-Effective-Range Parameters 

The data presented in Sec. III have been combined with the 

hyperon-production data 4  to determixie parameters for an s-wave zero-

effective-range theory of the K-p interaction. In 1958 Jackson, 

Ravenhall, and Wyld suggested the use of a zero-effetive-range theory 

for parameterizing the K-p interactions. 	Since that time, maiiy  

refinements have been made in the theory to adapt it to the K -p 

system. 12,13,14 For:instance, the K (reaction)-thatrix formalism, 

has been introduced in order to handle charge-dependent effects related 

to the K° -n—K-p mass difference without sacrificing the charge-in-

dependent nature of the nuclear matrix elements, and Coulomb effects 

(important at low momenta) have been included. The most recent and 

complete treatmeit has been given by Dalitz arid .Tuan. 
14 

 In their 

notation, the equations for the cross sections given in this theory are 

da 	2 
el 	csc 0/2 	21 

dc2 = 2Bk2 	
exPL_ln sin0 2 

+ C/2[A0(l-ik0A1)+A1(1-ik0A0 

(3,1) 

'rrk 0 C 2 	A0-A1 2 

achex = 	k 	D 	
(3,2) 

4Trb0 C 2  l.ik0A 1  
a0- 	k 	D 	

(3,3) 

2 

or 	
41ibC 2  1-ikA  

1 	k 	I 	D 	' 

where 
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D = I - I 	 Y 	.' 	- k 0  C((1-.iX) ) A0A1 

A=a+ib 0 	0 	0 	 . 

the complex scattering lengths for the isotopic- 
A =a'+ib 	I 	 . 1 	1 	1 	spin 0 and 1 channels respectively, 

— 0 
k 0  = the wave number (center-of-mass system), of the K N 

channel (taken as i k below R0 N threshold), 

k = the center-of-mass wavenumber of the Kp channel, 

C 2= the Coulomb penetration factor 	(l-exp [2n/kB] )••l 

B the Bohr radius of the K -p system 

14 
K = a function of k given by the authors' Eq. (4.12), 	and 

and a 1 the absorption cross sections in the 1-0, 1=1 

channels respectively. 

The following remarks will aid: in understanding the various 

terms of Eqs. (3.1) through (3.4). In the absence of Coulomb effects 

and'the R° - n—K-p mass difference, the elastic cross section for 

	

a pure isotopic spin state I is given by 	 . 

01 = 
	 . 

	 (3.5) 

where k is the wave number (c. in.) and A1  = a1+ib1  is the complex 

scattering length for the channel.. A 1  is related to the complex phase 

shift 6of scattering theory by the' relation 

k cot 61 	 -, 	 . 	 (3.6) 

The zero-effective-range approximation consists of neglecting higher 

powers in k in the expansion of k cot 8. The choice of sign in Eq. (3.6) 

defines A1  in such a way that attractive force in Channel I corresponds 

to a positive real part of A1(ai>o). The imaginary part of A1 (b 1) is 
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always positive, corresponding to absorption from the incident beam. 

In this simplified picture, the absorptioh cros sectionis given by 

4rrb1 	
1 	

2 

= k 	1-ikA1  
(3.7) 

That the K.-p channel consists of both 1=0 and 1=1 in equal amounts 

leads to an amplitude for scattering which is one-half the sum of two 

amplitudes: 

'1 	 1 	2 

2 el 
 

	

[K-P 	J.. ( 1= 0 > + 11 = 1 	
= 	

4-12ikI 

(3.8) 

The effect of the ° -x—K-p mass difference is to couple the two 

I-spin states by kinematical factors in an inseparable way. If k 

and k0  are the c. m. wave numbers of the K -p and ° -n channels 

respectively, then the mass difference effect can be:represented by 

the following transformations on the denominators of Eq. (38): 

1 	 1-ikpA 1 . 
•l-ikA > 

0 	 (AO+Al)
l-i(k0 +k) 

	
.k0k A0 A 1  

and  

1-ik0 A0  

1-ikA 	 > 
1 	 (A±A. 

1-i(k0 ±k) 	02 1 	- k 
0 
 k A0 A 1  

In the limit k0  = Ic the denominators in (39) reduce to (1-ikA 0 ) 

(1-ikA 1 ), and'the transformation is unity, as it should be. This same 

transformation, when applied to the charge-exchange amplitude (which 

is onehalf the difference of. the 1=0 and 1=1 amplitudes), and the ab-

sorption given by Eq. (3.7), yield the correct Eqs. (32) through (3.4), 

except for the factor C 2  and the definition of the denbminator .  D. 
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The remaining complication is due to the Coulomb :force in the 

initial state, wnose net effect can be described by two changes 

The Coulomb penetration factor C' must be used as a multi-

plicative factor on each scattering amplitude once for each time the 

Kp state enters, and 

The kinematical factor k occurring in the .denominators 

in Eq. (3.9) must be modified by the transformation 

k 	kC(l-i). 	. 	. 	 .. 	. 	(3.10) 

The derivation of these effects is given in Ref. 14, and this prescription 

is given here only as an aid in understanding the terms entering into 

Eqs (3.1) through (3.4). Beside the four real parameters contained in 

A0  and Al.  two more parameters are necessary to express the ob-

served hyperon cross sectiOns. We chose these parameters as the 
+-  

ratio y of Z n to Z Ti production at rest, and the ratio e Of 

the A.Tr production rate to the total hyperon production rate in the 

isotopic spin-i channel at rest. In our analysis we have assumed the 

following conditions to hold for the parameters of the theory: 

The scat.tering lengths A 0  and A 1  are independ.ent of 

momentum, 

The parameter E is independent of momentum, and 

The momentum dependence of the difference in phase angle, 

between the matrix elements for 	rr production in 1=1 

and 1=0, is given by 

l-ik0 A 1 	.. 	. 	 . 

l-ik0 A0 	 . . 	 . 	. 	. . 

•where 
th 

 the value of the phase angle at the R 0  N threshold. (89. 

• Mev/c. incident K lab momentum). 	 • 

Condition (c) is used to relate y .to.the value of th' 
 and therefore . 

is the parameter that determines the. phase . 	 . 



The assumption that the capture of K on protons at rest takes. 

place with the K-p system in a relative s state 15  allows the use of 

the at-rest ratios of the hyperon production rates that are .s.o important 

in determining the values of the parameters. In terms of 0,E,or 0 (A0 , A1), 

and cr 1 (A0 , A 1 ), the hyperon cross sections are given by 

a(kC+p— 	+) = 	a+ .(l-E)a 1  ± 1[o 1 (1-e) cos, 

a(K+p 	a 0 + 	(lE)a1 - 

(3.1Z) 

a(1(±p —) 	 --a0 	 (343) 

and 

a(K+p T 	
A + 0)1 	 (3.14) 

where a 1  and a 0  are given by Eqs. (3.3) and (3.4). In addition, the 

at-rest ratios are 

F(K+p 	A+0) 
	Eb1 Ii +A0 

A+Tr 	°+°) 

at-rest 
(3.15) 

+- 
F(K +p.— Z ±11 ) I - 
r (K +p — Z

+ 
 + 7T at - rest 

b0 	 2 	(1-E)b 1 	. 	2 	
1 r 	2 	2 	11/2 

1 +A1  . +4 . 	1+:KA0 +Ll.fAo 	l+kA 1  (1-e)j 	cos 

b0 
	12+ 

(1-E)b 	
2 2 2

-I-.L:A 	
1 	l+:A 	- —1. 1+cA 	. l+cA 	(l-E)! . cos 

1 	4 	 0 	 . 0 	1 	j 

and 
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b0 	2 (1-E)b 1 	2 

F(K+p -> 	+)+.f(K+p) 	= 	l+.A 1  + 01, 
r(K- +p 	Z 0+)+  F(K+p—>A + Ti

l
b0 2 

Hk:A1J 	
2 	

Ji:A01 

at-rest (3.17) 

where K is the absolute value of the wave number in the R° - Nchannel 

for zero K-p relative momentum (i. e, , K = Jko(PK_ 0)1) 
Many pieces of experimental data are available for the deter-

mination of the parameters and, for the purpose of describing them, 

they are represented by a m  where .m stands for "measured." 

Symbol a. varies from 1 to 12, depending on the physical process for 

which a measurement has been made, and j varies.with the lab mo- 

mentum of.the 	for which the measurement was made. A zero value 

for j means a measurement at rest; j=1 corresponds to the momentum 

interval0P klab . 25 Mev/c, and so on for 25-Mev/c intervals. In 

Table IV we indicate what measurements have contributed to the de-

termination of the parameters. 

.A value corresponding to each measurement was calculated 

from the theory by assuming values for the parameter.We then cal-

culated a x for the experiment from the equation 

b 	b 

X(A0)A1,,E) 	 (ua m) (Eal(QO m) , 
 aj 

a.1 j=a 	ka cLj  
a 	a. 	 (3,18) 

where E °  is the variance-covariance matrix for measurements in the 

class a. A minimum in the y, 
2 
 was sought by the following simple 

procedure. A central value for the six parameters was chosen and x 
calculated. The x 2 space was investigated in the neighborhood of this 

point by displacing each parameter in turn by a small amount on either,  

side of its central value and calculating the corresponding value of x 
Holding all but one variable fixed, and assuming x 2 to be a quadratic 

function of the variable under consideration, we calculated the expected 
2 

change in x  and the step necessary to make it. The calculation was 
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Table IV 

Physical measurements contributing to the determination of the s-wave 

zero-effective-range parameters 

a Physical quantity measured i 	a - 	j < b No. of Total range 
m a msrmts of IClab 

aaj a 
a 

b 
a 

. momentum 
(Mev/c) 

°85d 

f _dc2 	. 

-1.00 

5 11 7 100-275 

0.90 
da el 2 dQ f 5 11 7 100-275 

0.85 

095d 
dc2 5 11 7 100-275 

0 • 9 & 6 d 

4 J 	elfl 

0.95 
5 11 7 100-275 

5 a(K+p 	R0 +n) 5 11 7 100-275 

6 o(K+p- 	E_.1Tr+) 3 11 9 50-275 

7 ci(K+p-. 	Z+ir) . 4 ii 8 75-275 

8 o(K+p-.E° 4-1T 0 )+a(K+p -..A+n0 ) 6 10 5 125-250 

a(}C+p - 	A+1T°) 
9 

. 
. 	7 10 4 150-250 

y(1C+p-..A+v )+cr(K+p— 	E +ir 

10 F(KT+p-. A+T°) 0 0 1 At rest 
F(K+p-.A+ii )+F(K+p 	

00) 

F(K+p 	+v+) 
11 

r(K+p - 	 . 	. 
•o 

. 
0 

. 
1 At rest 

12 r(}C+p—sTh-)+r(IC+p-- 	_) o 0 1 At rest 
+ 	)+r(}C+p-. A+ii ) 

64 Total 
0 
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made for each variable and a step was taken by changing only that 

variable for which the largest change in x 2 was predicted. Although 

this is probably not the most efficient method, it always led to a lower 

value of x 2 The x space was again investigated in the neighborhood 

of the new central values and another step taken. The procedure was 

repeated until no step could be taken tnat would improve the value of 
2 

x ,  
The starting values of the parameters A 0  and A 1  were taken 

to be the values recently calculated.by Dalitz, 
16  He has calculated 

four sets of solutions based on preliminary reports of our data on 

elastic and charge-exchange scattering, and absorption yielding charged 

at 172 Mev/c, together with the at-rest ratios of hyperon production. 

A phase-shift analysis of the K-p data at a given momentum with 

neglect of the R0n—Kp mass diffèrence. and Coulomb effects in the 

initial channel leads to a four-fold-degenerate set of solutions. A 

brief analysis of this type has been given by Kruse and Nauenberg. 17 

That Dalitz calculates four solutions is intimately related to this basic 

degeneracy. Two of the solutions have a positive real part for the 

scattering lengths. The other two have negative real parts. Hence 

half the degeneracy should be resolved by investigating the Coulomb 

nuclear interference. However, since the scattering is dominated by 

absorption, the amplitude is mainly imaginary, and the difference be-

tween positive and negative interference is much less than it would be 

for a system with no absorption. The other half of the degeneracy is 

related to the fact that -there are two I-spin channels involved, and only 

the phase of the sum of the indivdua1 amplitudes is measured. The 

absorption in the individual I-spin channels allows a determination of 
2i81 	2iaT 

the magnitude of e 	 e 	'- through the relation 

or 	
k2 

 



The chargeexchange scattering then determines the magnitude of the 

phase difference A 	± 2 a0 o. , and by the simple geometrical
CL  

construction according to Kruse and Nauenberg 17  this leads to the 

magnitude of the sum of these phases. The choice of sign for the phase 

difference A constitutes the remaining degeneracy. 

Data used in Dalitz s calculations 
16 

 did not contain information 

on the variation of cross sections withmomentum or the Coulomb 

nuclear interference. It is reasonable to expect the above-mentioned 

degeneracy to be broken by sufficient information on the momentum 

dependence of the cross sections and the Coulomb nuclear interference. 

Indeed, we find only two distinct minitha in the x function, and one of 

these is a considerably better fit to the data than the other. The values 

of the parameters giving iiinima in the x 2 function and the values of 

x at these minima are given in Table V. Table VI gives a breakdown 

of the contributin to the total x 2 from the different physical processes 

(a) defined in Table IV, The uncertainties in the parameters were 

estimated by using second differences to calculate the second.. 

derivative matrix of the x function at the two mjnima. Two times 

the inverse of this matrix gives the variance-covariance matrix for 

the parameters. Tables VII and VIII contain these matrices for 

Solutions 1 and 2 respectively. The square root of the diagonal terms 

are the uncertainties quoted in Table V. 

We also include the second-derivative matrix in Tables VII and 

VIII for the purpose of describing the x 2 space. The x 2 1iinction is 

given by 

x2 	 (3.20) 

in the neighborhood of the solutions 13  of Table V. The components 

of 13  in terms of the parameters are given by: 
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Table VI 

Contributions of the different physical measurements 
to the final value of y 2  for solutions :1 and 2 of Table V 

a Number, of measurements Solution 1 Solution 2 

y 2  x2  
1 7 7.56 15.21 

2 7 2.66 3.73 

3 7 1.79 1.91 

4 7 393 3.49 

5 7 2.14 2.20 

6 9 9.31 L 	11,80 

7 8 10.76 7.21 

8 5 13.19 15.39 

9 4 6,28 9;28 

10 1 0.27 2.27 

11 1 .0.00 0,88 

12 1 0.02 p0'. 11 

64 57.91 .73.49 
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61= a0 

3 2 =b0 	 S .  

3 =a 1  

134=b1 	 . 

= E 

If independent information is available on some of the parameters 3, 

then the best way to change the other parameters to accept this new 

information is dictated by the shape of the 2  space given by Eq. (3.20), 

Curves of the elastic_scattering cross section and the change. 

exchange cross section corresponding to Solution 1 are givenin Figs. 

7 and 10 respectively. 

B. Coulomb Nuclear Interference 

The s-wave zero-effective...range analysis above does contain 

information on the Coulomb nuclear interference, but the inclusion 

of all other information partially obscures its part in the final solution. 

For this reason, it was considered desirable to analyze the Coulomb 

nuclear interference separately, independent of any assumptions on 

the momentum dependence or isotopic-spin dependence of the cross 

section. To this end, we write the differential scattering cross section 

for K -p elastic scattering in the form 

• dcj 
el 	csc 2, 

 I -( 0/2) 	2 	 Ui2 	.

ZBk2 
	exp 

	
kT ln sin - + C R exp LJ 

• 	 • 	 • 	 (3.21) 

The first term on the right is the Coulomb part of the scattering 

amplitude, k is the center-of.rnass wave number, and B is the 

Bohr radius of the K -p system. The second term represents the 

s-wave nuclear amplitude (modified by C 2 , the real swave Coulomb 

penetration factor);.hence, R cos a. and R sinu are the real and im-

aginary parts of the.nuclear amplitude. The Coulomb amplitude is 

dominant at small angles, but decreases rapidly with increasing angle. 
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At some angle 0 the Coulomb amplitude will be equal in magnitude 

to the nuclear amplitude., and at this point the differential-scattering 

cross section can vary from 0 to 4 0 4 R2 , depending on the value of a. 

At larger angles, the cross section will be dominated by the term 

42  0 R . Because of this interference between the two amplitudes, we 

have been able to estimate the values of R and a for the two measure-

ments of the K-p elastic. differential-scattering cross section.shown 

in Fig, 6, The method used was similar to the minimization of 

as discussed.in Sec IV-A, except that in this case we 

uld make a contour map of the x funtion, since x 2 i co 	 s .a function 

of only the two parameters (R, a). In Table IX we give the values of 

R. and a that minimize the x 2 function for the two momentum intervals. 

The uncertainties were obtained from the contour on which the value of 

x 2 differed by 1 from its minimum.value. 

The small real part of the nuclear amplitude indicated by these 

values of R and a is in agreement with the large.values observed .for 

the total absorption cross sections, and is another manifestation that 

the low-momentum K-p interactions are dominated by very strong 

absorption processes. The .average values of the phase of the nuclear 

amplitude for the two, s-wave zero -effective- fange solutions of Sec IV-A 

are given in Table X for comparison 
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Table IX 

Values of the modulus and phase of the nuclear part of the elastic-

scattering amplitude as determined from the elastic -differential- scat- 

tering cross sections in Fig. 6 	 - 

K lab momentum Interval 	R 	a. 	Ia 	 2 
(Mev/c) 	 (fermis) (deg) Correlation 	C 

	

100-175 	 O.81±0.06 78±31 	+0.84 	1.085 

	

175-250 	 0.62±0.04 97±38 	+0.78 	1.058 

.TableX 

Average phase of the nuclear amplitude calculated from the s-wave 

zero-effective-range parameters of Solutions 1 and 2, and the phase 

obtained from the differential-scattering cross sections of Fig. 6 

a(deg) 

Solution 	(100 Mev/c-175 Mev/c) 	(175 Mev/c-250 Mev/c) 

1 	 91 	 90 

2 	 75 	 •78 

Experimental 	 78±3.1 	 . 	97±38 

(Table IX) 
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V. CONCLUSIONS 

The absorption channels open to the low-energy K -p system 

are so strong that they dominate the elastic scattering The strong 

damping introduced by these absorptions changes what we would expect 

to be a constant elastic cross section to one resembling the 1/v law 

expected of an .absorption cross section. The elastic nuclear-scattering 

amplitude is nearly pure imaginary and, therefore, interferes very 

little with the Coulomb amplitude 9  which is nearly real. 

A simple s-wave zero- effective - range parameterization is 

adequate to describe the K p interaction within the limits of the 

present data. More data will undoubtedly call for modifications in 

the theory. The scattering lengths A 0  and A 1  may vary with mo-

mentum, the assumption of zero effective range may need to be. lifted, 

and the whole analysis will have to be joined at the higher momenta with 

.a p-wave theory. At least ten times as much .data.as presently avil-

able will be necessary to separate the effects of, say, variation of A 0  

and A 1  with momentum and the effects of the addition of a nonzero 

range for all the channels. We now have three times as much K-p 

data on film as, reported on here, and these.data are in the process of 

being analyzed. 
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APPENDICES 

A. The Use of Experimental Distributions of x 2 and the "Stretch! 
Quantities S. to Study the Uncertainties in the Observed Variables 

The quantit,r" x 2 is a well-known test function generally used 

to test the consistency of an hypothesis with a given .set of experimental 

data:' 8  In our case there is no question regarding the hypothesis for 

elastic scattering.because of the characteristic appearance of the events 

in the bubble chamber and the relatively low incjdent momentum; Hence 

we can use the x 2 test function to study the consistency, of the measure 

ments and their uncertainties. From the theory of statistics, the fre-

quency function of X 2 Pn(X  2) is given by 

n2 	
(X2)/2exp r/21 

	. 	. 	(A-i) 
2 	F(n/2) . 	 ',- 	- 

where n is the number of degrees of freedom of x 2 and is discussed 

'below, The properties of F() useful for evaluation of Eq. (A-i) are: 

L'.('x-i-i)  

F(1/2) = 	, 
and 

We compare the observed distribution of values of x 2 for many events 

with the theoretical distribution given by (A-i). Deviations from the 

theoretical distributions can arise from improper assignment of un-

certainties to the measured variables, systematic errors in measure-

ment,' or the breakdown ofcertain assumptions made in the kinematical 

analysis (such .as the as sumption of normally distributed variable s,o r 

the "local linearity" of the constraint equations). 

The number of degrees of freedom n of the x 2 distribution 

function in Eq.. (Ai) is given by 

n = M-P 
	

(A-Z) 

where M is the number of independent measurements and P is the 
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number of independent parameters in the hypothesis being tested. 

, For N particles interacting at a vertex (counting initial and 

final states), the number of independent parameters is given by 

P = 3N-4, 	 (A-3) 

a follows from the fact that once the values of 3N-4 variables are 

known, the four remaining variables can be calculated from the four 

equations of momentum and energy conservation. The number of 

measurements can vary from 0 to 3N, but the only cases for which:..a 

x 	can be calculated are 3N, 3N-1, 3N-2, and 31\71-3 corresponding 

respectively to 0, 1,2, and .3 variables not measured, Using Eqs. 

(AZ) and (A-3), we find the values of n for these cases are 4, 3, 2, 

and 1 (note that in each ease n is equal to the number of constraining 

equations left after the missing variables have been calculated). For 

the majority of the elastic scattering's (279) all variables were measured, 

and therefore the x 2 for.these events had four degrees of freedom. 

This group of highly over.determined elastic scatterings was used to 

study the measurements and their uncertainties. 

In Fig. 11 we have plotted a histogram of the number of events 

as a function of x 2 Curve A of the figure is a graph of the function 

P 4  (X 
2)  normalized to the 279 events, Clearly, the experimental distri-

bution is more "spread out" than the theory predicts. The mean of 

the observed distribution is 5.86, as compared with 4 for the theoretica.l 

curve, Cirve B is a graph of a function tQ4(x 2)] having the same 

mean as the experimental distribution and derived from the function 

P 4  (y, 
2)  by assuming a 21% underestimate of the uncertainties in all 

measured variables. Q(2)  is given by 

Q4(x2) = 	
279 	p4 ( X 2 	 . . 	

. 	(A-4) 

	

(1.21) 	(1.21) ) 

The agreement between Curve B and the observed distribution suggests 

that, the major cause of the discrepancy between the observed distribution 

and theory is due to underestimated uncertainties in the measured 

variables. 
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Fig. 11. Distribution of x 2 for 279 4c elastic scatterings. 
Curve A is the theoretical frequency function for 
four degrees of freedom (Eq. A.1)6 Curve B is 
the theoretical frequency function appropriate to a 
21% underestimate of uncertainties of the measured 
values (Eq. A.4). 
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To determine the contribution of individual variables to the 

observed discrepancy, we make use of the test quantities S.(x), which 

are called the Ttstretch!T  of the variable x and are defined by the 

equation 

* m 
- 	 x. -x. 

	

S.(x) 
= (X. X.  )1 	

(A-5) 

1 	1 rms 

where x. is the final adjusted value of the variable corresponding to 

the measured variable x.m,  The quantity (x. _x.m) 	is calculated 
1 	 1 	1 rms 

at the time of the fit and is an estimate of the width of the distribution 

of x. about x. m  for this oarticular event. The (x. _X m ) 	is 
i 1 	 1 	 1 	rrns 

not the same as the width of the distribution of x. m  about the true 

value of x. La complete discussion of the quantity (x i xjm ) rms , 

as well as of S 1 (x) and other equations relevant to the kinematical 

fitting done in KICK has been given by Berge, Solmitz, and Taft 19 

The distribution of the S. should have a mean value 0 if there are 
1 

no systematic effects, and a standard deviation 1 if the uncertainties 

used to calculate (x. 
. 1 _ 1 

X.m)  rms are correct. The variables x 1  
. used 

in KICK to specify a track, and so those for which the quantities 

S1  are calculated, are the following: 

= the azimuthal angle of the qth particle, 

tan X q= the tangent of the latitude of the qth particle,. 

and 

k: q  = the "projected curvature" of-the qth particle, defined by 

	

1• 
	
J-1 

k = IP cos X 	, 
q 	q  

where Pq  is the momentum in Mev/c of the qth particle. 
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The distribution of S.(x) for these variables (for the 279 4C 

elastic-scattering events) is shown in Figs. 12 to 14, , Figure 12 con-

tains the distributions, of S), S(tanX), and S(k) for the incident K 

meson; Fig. 13, those for the scattered K' and Fig. 14, those for 

the recoil proton. The solid curve on each figure is a normal distri-

bution with .a standard deviation equal to the standard deviation of the 

experimental distribution, 

None of the distributions deviates significantly from a normal 

distribution curve and, hence, within the accuracy of the data, the 

assumption of normally distributed variables is borne out. In most 

cases, the mean is consistent with zero, and in all cases it is a small 

fraction of the corresponding width of the distribution The value of 

x, for a.distribution of width w, due to a displacement of the mean 

from zero by an amount .M, is given by 

xi 2  = w 2 +M 2  , 	 . 	. 	" 	 (A-6) 

Therefore, the observed displacements M. represent only a small 

contribution to the observed widening of the X 2  distribution, 20 

We are led to the conclusion that the main effect on the width 

of the x 2 distribution is the width of the S i  distributions. Figure 

11(c) shows that the distribution of the pulls of the variable k for 

the incident K track has standard deviation 1. The measurement of 

this variable is equivalent to a measurement of the sagitta of the track, 

and 	at the momenta considered 	its uncertainty is primarily owing 

to multiple Coulomb scattering. This indicates that the uncertainties 

in momenta resulting from to multiple Coulomb scattering are correct 

The corresponding distributions S(k) for the recoil K and proton are 

wider. In these cases, . k is determined by a measurement of the 

range of the track (which usually comes to rest in the chamber) and.so 

the width of the distribution indicates an underestimate of the uncertainties 

in leigth measurement. The widest distributions are those of the 

variables corresponding to angle measurement, The major factor 

contributing' to these broad widths is the neglect of uncertainties in 

optical constants, and uncertainties associated with the measurements 

of fiducial marks, 
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Incident K 

MeanO.O7± 0.07 
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':: 40 2:400 
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Fig. 12. Distribution of S.(x) (the "stretch't of x necessary 
to satisfy the constraints) for the incident K tracks 
of 279 4c elastic scatterings: (a) x=4)_, 
(b) x=tanX , and (c) x = 	 . Curves K- 	 PK.cos.XK.. 

are frequency functions for a normal distribution 
with mean and width as indicated. 
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Scattered K 
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(c) 	 Std dev .24±0.05 
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Fig. 13. Distribution of S.(x) for the scattered K tracks 
of 279 4c elastic sc1atterings: (a) X=K...J 

	

(b) x=tanX,, and (c) x 
= 	

. Curves 
K- 

•are frequencyfunctions for a normal distribution 
with mean :aiid  width as indicated. 
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Recoil protons 

Mean =-0.28±0.07 St  
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Fig. 	14. 	Distribution of S.(x) for the recoil-proton tracks 
of 	279 4c elastic scatterings: 	(a) 	x_cr, 

(b) x=tanX , and (c) 	x = 
	

. 	Curves are 
PcosX p 

p 	p 
• 	frequency functions for a normal distribution with 

mean and width as indicated. 
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The effect of underestimating these uncertainties on the data 

of this experiment is found negligible compared with the inherent 

statistical uncertainties, The, information from these distributions 

will be used to empirically adjust the uncertainties assigned in the 

• 	 program PANG, with the hope that correction of the major effects 

will allow a study of more subtle difficulties with larger numbers of 

events. 
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APPENDIX B 

B. The Distribution of Pathlength as a Function of Momentum 

- Several factors peculiar to this experiment necessitated 

special care in determining the momentum distribution of the pathlength 

First, in order to get sufficient K flux, itwas necessary to design 

the beam with a momentum spread of 5% (at 450 Mev/c), which cor-

responds to a K stopping distribution in liquid hydrogen about twice 

as wide as the 15-inch bubble chamber. Hence, for this low-energy 

experiment, we were forced to accept a beam in which about half of 

the K stopped in the chamber and the other half went through it. 

Secondly, the distributiOn in momentum of the K at entrance to the 

chamber had a steep edge at high momenta (containing mostly those 

particle.s that go through the chamber) and a long sloping tail on the 

low-momentum side. This shape resulted from degrading the 

symmetric distribution at.450 Mev/c by material in the beam, and is 

directly attributable to the nonlinear nature of the range-momentum 

relationship. The problem was further complicated by the fact that 

there were four different absorber settings during the course of the 

experiment. In order to avoid introducing any additional sharp dis-

continuities in the momentum distribution of the K tracks at the en-

trance to the fiducial volume, we analyzed the four groups separately. 

Finally, the momentum measurement from curvature of the KGT tracks 

had typical uncertainties of ±10 Mev/c, which meant that there was 
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considerable smearing of the momentum distribution on the high'-mo- 

• mentum side (that is, more tracks were observed with high mo 

mentum because of the much larger number of tracks at slightly lower 

momentum). Because of this smearing, measurements of pathlength 

as a function of momentum on the individual KGT tracks would intro- 

duce serious bias in the pathlength at high momentum, •  These considera' 

tions led us to first estimate the true momentum distribution of the K 

mesons that entered the fiducial volume, and then to predict the amount 

of pathlength in momentum intervals on the basis of this distribution. 

The sum of the pathlength in these momentum intervals was cost rained 

to equal the total observed pathlength. The remainder of Appendix B 

is devoted to a detailed description of the procedure used, 

1. uTrue  Momentum Distribution of K' Mesons Entering the 

Fiducial Volume 

The particles entering the fiducial volume were divided into 

three classes: KGT, K interactions, and K decays. The momentum 

distribution for each.class was determined separately. 

In the KGT class, the number of tracks was large enough to 

give statistically significant numbers in a histogram of the number of 

tracks per 25'Mev/c interval, Also, the momentum uncertainties of 

tracks in this class were nearly equal because of the nearly equal 

lengths of tracks going through the chamber. This combination of 

good statistics and similar momentum uncertainties for all tracks 

allowed us to accurately estimate the true distribution by "unfolding" 

the observed distribution, 
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The relationship between the observed and the UtrueH distri-

butionis: 

N 

D= 	Td, 	 (B - i) 

where 
D. = the observed number of events in the ith interval, 

d. the true number of events in the jth momentum interval, 

• 	 T. = the probability that a track with true momentum in the 

• 

	

	 jth interval would have an observed momentum in the 

ith interval. 

The elements of the matrix T. were calculated to a good 
13 

approximation by the formula 

P. +/z 	 • 2 
T = 	

[ 	
dP 	dP 	 exp E PP) j 

'Y L/2 	'P L/2 	3 	
(B-2) 

The value of i in the above expression was 25 Mev/c, and a. was set 

equal to the average uncertainty in momentum of tracks in momentum 

bin j. The estimate of the true distribution of KGT tracks was then 

taken as 

d 	•= 	(T 	).D. 	 - 	 (B-.3) 

Figure 15 shows the results obtained for the absorber setting contributing 

the most pathlength0 The solid lines correspond to observed numbers 

and.the d 	are represented by dotted lines. 

The shape of the momentum distribution of the K interactions 

was established from the data of events having well-determined mo-

menta. Most of these events had momentum uncertainties less than 

2,5 Mev/c although uncertainties as large as 5 Mev/c were accepted. 

The shape of the distribution' of the well-determined events was nor-

malized to the total number of interactions observed,. 
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Fig. 15. Number of KGT (K-Go-Through) tracks as a 
function of the K momentum at the entrance to 
the fiducial volume.. Solid lines are the observed 
numbers, and broken lines represent the estimate 
of the 'true 11  distribution obtained by unfolding the 
observed distribution. 



The number of K decays is about 10% of the total number 

of iC. The decays are not kinematically fitted and have shorter 

K tracks than those of the KGT sample. The measurement of 

these short tracks led to uncertainties in momentum varying from 10 

to 30 Mev/c, Because of the poor information available on these 

tracks, we used our knowledge of the KGT and interactions distributions 

and established the K-decay distribution by an .i.terative method. As 

a first approximation, we took the observed K-decay distribution, 

Summing of the KGT, K interactions, and first-approximation K-

decay. distributions .gave an estimate of the total K momentum 

distribution at entry to the fiduciaL volume. For each 25-Mev/c 

momentum interval we then calculated the probabilities of a K T ' s 

decaying and interacting in cells in the chamber at succeedingly larger 

distances from the entrance to the fiducial volume. For tracks in a 

given momentum interval, the decay probability summed over all cells, 

when multiplied by the number of events in the approximate total distri-

bution, gave a new estimate for the number of KT in that interval which 

subsequently decay. The corrected K-decay distribution was then: added 

to the distribution of the KGT I s and the interacting KI s to form the 

final estimate of the momentum distribution of KT tracks entering the 

fiducial volume. Figure 16 shows the distributions observed (solid lines) 

together with the final estimates of the true distributions (dotted lines) 

for the four absorber settings. These estimates of the true distribution 

were used in the prediction of the pathlength as a function of momentum. 

This is discussed next. 

2. Pathlength as a Function of Momentum 

The following idealizations and conventions were adopted in 

estimating the distribution of pathlength in 25-Mev/c momentum intervals: 

(a) The length ofall tracks that pass through the fiducial volume 

is the same; this length (L) is taken as the average length of the tracks 

in the KGT sample. 
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Fig. 16. Momentum distribution of K mesons at the entrance 
to the fiducial volume for the four bsorber settings: 
(a) 38.0 g/cm 2  Cu, (b) 36.3 g/cm Cu, (c) 30.3 g/cm2  
Cu, and (d) 32.3 g/cm 2  Cu. Solid lines represent 
observed numbers of events; broken lines represent 
the final estimate of the "true" momentum distribution. 
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The particles travel in straight lines from the entrance 

plane toward the exit plane. 

The chamber is divided into 50 cells numbered from the 

entrance plane to theexit plane. 

Greek subscripts refer to the cells of the chamber, Latin 

subscripts to momentum lntervai.s 25 Mev/c wide for both the incident 

momentum distribution discussed in Sec.. I and the pathlength distribution. 

The probabilities that particles from momentum bin i decay in 

cell a (PD.), and that they. interact:. in cell a (FL) ;  were calculated 
 CL 

from the following equations: 	 . 

a-i 

PD = mK_ 
(T 	fi - 	(PD+P1)J , 	(B4) 

where 

(

F—) = average value of f5  in cell a. for particles from bin . 
ia 

of the momentum distribution; 

and 	 . 	 a-i 

AN I - > 	(PD+PIB)I , 
	 (B-5) 

where 	 . 

A .= constant to normalize the interaction cross section, and 

N = number of protons/ccin the chamber.. 

Tracks whose residual range R at entrance was less than L 

hal. a probability of stopping givenby 	. 
a 

PS. = - 	2 	(PD. + PI. & 	. 	 . (B-6) 

131 

where a is the nearest integer çg50eR)/L + 1, . When the particles 

had sufficient residual range to go through the chamber, the probability 

of being KGT was computed as 	 . 
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50 

PGT. = l 
1 

(PD. +PI.) (7) 

Now that we have calculated the probabilities for K mesons termi 

nating in the various cells a as a function of the momentum at entrance, 

we must calculate the pathlength contributed for each combination of 

incident momentum and termination cell; ' Consider a K entering 

the fiducial volume' with momentuna P. This K loses momentum 

as it penetrates the volume; we designate its momentum at various 

distances into the chamber by q(q ' F). At any point in the chamber, 

the residual range in 'hydrogen of the K 7  is' R(q), and the amount of 

pathleiigth contributed between two momenta q 1  and q 2  is just 

R(q 1 )-R(q 2 ). Using this function R(q), we construct a function C(P), 

which gives the amount of pathlength contributed to the nth pathlength 

bin (momentum between q 	/z and q + /Z) by a K that enters
11  

the fiducial volume with momentuth P and terminates in cell a. Since 

we do not have the momentum of an individual particle at entrance, but 

a histogram of events, we must calculate the aver3ge pathlength C. 

contributed by K mesons in bin i of the incident momentum distri 

• bution, This function is given in first approximation by 

J 	C(P)
na niall 

We improve on this function by taking account of the slope of the mo 

mentum distribution of the incident K mesons, We then represent 

the momentum distribution of K over bin i by the simple function 

d 	d. 
D1 (P) 	d1+ 	+i i 	

(PP) 	, 	' 	 (B9) 

When we weight the function C() with D.(P)/d., Eq. (B.8) becomes 
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* 	* 	 1 

C . a = j 
	

C (P) J+idi+l -d.1 ) (PP.)dP 
m 	 na 	 \ 	Zd. 

	

1 	
(B - b) 

wlxel'e 	 - 	- 	 - 

na 	= pathlength contributed to nth pathlength bin by 

a K of mornentum P terminating in cell --a, 

= the number in bin i, 
1 

P. = momentum at the, center of bin. i, and 
1 

25Mev/c. 

Special account, hadto be taken of those bins for which the quantity 

in brackets went negative. The integral was cut off and the normal-

ization I/A was changed accordingly.. 

The probabilities, the momentum distributiOn.. at entrance, 

and the quantities C. 	were used to calculate the pathlen-g-th distribu- 

tion (C ). 	 - 	 -. n 	 - 
15 50 - 	 -•- 

C = i d 	 PGT + > C (PD +PI +PS ), n 	.'---- i - 	ni5l 	 m 	a 	a 	a i 	•-_- 	a 	i 	i 	i 
(B1l) 

where 	 - - 	 - 
d. = number of K mesons in the ith momentum bin of the 

1 	
momentum distribution estimated in Subsection (1) above, 

Cia• = pathlength contributed to nth pathlength bin by a 

meson from momentum bin i, when it terminates in cell 

a (cell 51" means all the waythrough the chamber). 

The combined Cn  from the four absorber settings is shown in Fig 3. 

The error in the pathlength was obtained by assuming a multi- - 

nomial distribution for the events d.' in the momentum distribution, 

and propagating this through the equations given for pathle'ngth. - The 

variance-covariance matrix for the momentum distribution (i. e. , for 

a multinomial distribution) is 	- 	 - 
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d 
= d. 	(6..- -_) , 	 (3-12) 

where 
15 

N= . 	d. 	11,000 i=l 	1 

Differentiating Eq. 3-9 with re.spect to d. 	we get 

50 cn 
 =J i  PGT+ 	C (PD.+PI.+PS)F.. d. 	n5li 	 nai 	ia 	ia 	i a r 	ni ci=1 

(3-13) 

Using the method of linear propagation of errors, we find for the error 

in the pathlength 

15 

ÔC fl  C m 	ni 
Ô 	= 	F . Ôci 1  . od. F . . 	 (3-14) • 	

i=1 	 3 

jl 

This matrix was used to calculate the errors in cross sections 
• iscussed.in Appendix C. 

The numerical computations were done on an IBM 704 computer. 

The time for calculating the pathlength distribution for all four absorber 

settings was 45 minutes, 
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C, Variance-Covariance Matrices for the Cross Sections 

The cross section in mb for aprocess averaged over mo-

mentum from P1 _(/Z) to P1 +(/2) Is given by 

K a1  

an= 	
nt 

 

where 	 . 

K = 2.86 10 
4 
 mb-cm = (number of protons/cc 10 -27-1) 

a 1 =ba 
n 	nil. 

a := maximurn-likelihoodestimate of the number of events with 
n 

momentum between P.<L/2)  and P4(/Z), 

b 	correctIthn factor applied to the maximum-likelihood 

numbers for selection criteria, etc., and 

= pathiength (cm) between P.-(/2)and P 1 412). 

By propagating the uncertainties in a 1  and C linearly in Eq. C-i, 

we arrive at the following formula for the elements of the variance-

covariance matrix for the cross sections: 

(1• 	. 	1 • 	i 
6cy 	6cr = cr i 	ôa 	öa 	 - - ÔC 6C— icr m 	n 	. mt a...........m 	n 	a l 	C 	m 	nC i n 

n 	m 	 n/ 

(C-Z) 

The variance-covariance matrix for the pathlength 6C ÔC is dis- 
• 	 m n 

cussed in Appendix B. The matrix öa 	ôa ' is related to the variance- • 	 m 	n 
covariance matrix for the number of events as a function of momentum, 

ôa rn n 
ôa ,by 

m 
6a n ' = b 

n 	n n 

	

ôa 6á b 	- 	 (C-3) 
m  

The matrix 6a 5a is derived.frorn the likelihood functiOn for the 
m n 	 4 

number of events as a funátion of momentum. This likelihod function 

is 	 . • 	 'I 
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-a N 
L(fP;a e a 

_oJ p•.. N 

N 15 a 
TE 	—A(P.), 

a 	ni 01 
i=1 n=1 

C- 4) 

where 

• 	PØ  = set of observed momenta, P 1 ,P 
 

a 	= true number of events in the nth momentum bin, 

= 	a Li n 

N 	= total nuniber of observed events, and 

A(P0 ) = prObabhity.of the ith events havingan.observ.ed. 

mometiturn P in the nth momentum bin. 
0 	 - 

Associated with the maximum-likelihood solution there is an estimate 

of the uncertainties given by the negative of the inverse of the second 

derivative of the logarithm of the likelihood finction Our finalestimate 

of the uncertainty in the number of events ôa ôa is then 
n rn 

(a in L((P.; a )V 	/ N A . A 	- 
ôa 	a - 	 t oj 	p 1 -1 ci 	ni. mi 

n 	m - 	 ia pa. 	J 	( /- / 1:5 
fl 	rn 	11=1 l 	aA. 

ppi 
• 	• • 	• 	

• 	\ 	
\P=l 	

(C-s) 

Tables XI through XVI contain the variance.cpvariance matrices for 

the cross sections given in Table III (Sec. III-D). The  uncertainties 

for the cross section.s of Figs. 7 (elastic scattering) and. 10 (charge-

exchange scattering) are the square root of the diagonal terms of the 

matrices of Tables XV and XVI respectively. 
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Table XI 

Variance covariance matrix for the elastic scattering cross section 

in the interval of cos 9 	from -LO to 0.85 (see Table III for 
c.m 

the cross sections.) 

Klab 
momentum 
intervals 
(Mev/c) I 100-125 125-150 150-175175-200 200-225225-250 250-275 

100125 4692 10.0 0 e 4 06 0.5 05 0.6 

125-150 l00 168.2 -5.6 O.l. -02 -.4. -0.5 

150-175 - 	 0.4 - 	 5.6 1.7. -2.6 -0.3 -0.4 -0.5 

175-200 7 	:0.6, -0.1 2.6 61.2 -1,2 -0.0 -0.3 

200-225 - 	 5 0.2 0.3. -12 36.3 	: -1.7 4 01 

225-250 	I  - 0 5 - 0 4 -0 4 -0 0 -1 7 42.5 .2 7 

250-275 - 	 0.6 - 0 5 -0 5 -0 3 -0 1 2 7 171 0 

'S 



Table XII 

Variance..covariance matrix for the elastic scattering cros S section 

in the interval of cos 0 from 0.85 to 0.90 (See Table III for 
C. M. 

the cross sections) 

kClab 
momentum 
intervals 	I 
(Mev/c) 100-125 125-150150-175 17 	200 2OO.2ZS2Z5-25O 250-.275 

100125 304 OZ 00 00 00 00 00 

125150 -0.2 9.9 0.0 0.0 0.0 0.0 0.0 

150-175 00 00 33 00 00 00 00 

175-200 00 00 0.0 34 00 00 00 

200-225 0.0 	1 0.0 0.0 0 0 1 2 0.0 0.0 

225-250 00 00 00 00 00 23 00 

250-275 0.0 0.0 0.0 0.0 0.0 0 0 28 2 
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Table XIII 

Variarice-covariance matrix for the elastic_scattering:crcss section 

in the interval of cos 0 	from 0 90 to 0.95 (see Table III for 
C. M. 

the cross sections) 

lClab 
momentum 
intervals 
(Mev/c) 100-125125-i50 150175 l75200 200225 225250 2502' 

100-125 243 	00 0,0 0,0 0,0 00 0,0 

125150 	0,0 	Z7,5 .0,4 0;0. 0,0 OO 0.0 

150-175 	0,0 	0,4 7,6 0,0 0,0 0,0 00 

175-200 	0,0 	0.0 000 4.2 -0,2 0,0 0,0 

200-225 	0,0 	0.0 0,0 0.2 2,5 0,0 0,0 

225-250 	0,0 	00 000 0,0 0,0 2,3 0,0 

250-275 	0,0 	0.0 . 0,0 0.0 0,0 0.0 28,2 



ME 

Table XIV 

Variance-covariance matrix for the elastic- scatteiing cross section 

in the interval of cos 0
c. M. 

from 095 to 0.966 

the cross sections) 

(see Table III 	for 

Kiab 
momentum 
intervals 
(Mev/c) 100.=125 125-150 150175 175-2OO 200.225 225250 250-275 

100-125 40:3 1 	OO 00 0.0 0.0 0.0 0.0 

125-150 0.0 17.4 0.2 0.0 0.0 0.0 0.0 

150175 0.0 -0.2 9,2 0.8 0.0 0.0 0.0 

175200 0,0 0.0 1 	-0.8 4.4 0.0. 0.0 0.0 

200-225 00 0.0 11 	0.0 1 	0.6 1.2 0.0 0.0 

225-250. 0.0 	1 0.0 0,0 0.0 0.0 2,3 0.0 

250-275 0.0 0.0 00 00 00 00 28.2 



Table XV 

Variance-covariance matrix for the elastic- scattering cro S s section 

in the intervalof cos Oc 	from -100 to 0. ,966 (see Table III for 
C. M. 

cross sections) 

Klab 
momentum 
intervals 
(Mev/c) 100-125 

H 

125-150 150-175 

1 
175-200 200-225 225-250 250.275 

100-125 564.2 -10.2 -0.4 -0,6 -0,5 -0,5 -0.6 

125-150 1 	- 10,2 223.0 -6.2 -0.1 	i -0,2 -0.4 -0,5 

150-175 - 	 0.4 - 	 6,2 150.3 -3,4 -0,3 -0.4 -0.5 

175-200 - 	 0,6 0,1 -3.4 73,2 -1.4 -0.0 -0,3 

200-225 - 	 0,5 - 	 0,2 0,3 -1.4 41.2 -1.7 7 0.1 

225.250 - 	 0,5 0,4 L0,4 L0,0 4,7 .49,4 2,7 

250-275 - 	 0 0 6 - 	 0.5 -0.5 -0,3 -0,1 2,7 255,6 
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Table XVI 

Variance-covariance matrix for the charge-exchange scattering cross 

sections of Table III 

kClab 
1 

= 
1 

momentum 
intervals 
(Mev/c) 89=125 125-150150-175175=200 200=225 225-250250-275 

89-125 470.0 536. 	1 	4.0 =04 0.0 0.0 I 	0.0 

125=150 -53.6 202.5 	16. 2 1.4 0.1 0.0 0.0 

150175 4,0 -162 l252 11.2 0.6 0.3 0.0 

175==200. - 	0.4 1.4 	:11.2 1 	54.1 -4.6 0.0 0.0 

200-225 0.0 =0.1 4.6 47.1 	:. 108 0.0 

225250 0.0 0.0 1 	0.0 -10.8 81.4 0.0 

250-275 00 0.0 	0.0 0.0 0.0 0.0 144.5 

0 
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