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ABSTRACT 

The heat capacity of sodium was measured from 0.15 to 1.5 °K and 

that of potassium, rubidium, and cesium from 0.15 to LO°K. Their heat 

capacities couldbe represented by IT + AT 3  + BT5  for T < 0/30, where 

IT represents the contribution of. the conduction electrons; and, AT 3  

+ BT5  represents the contribution of the 1attice vibrations. For each 

metal, r was compared with values given by various thories of the 

electronic structure of metals. Also for each metal, A and B were coin-

pared with the results of a lattice dynamic calculation. 

The heat capacity of two samples of two samples of magnesium oxide 

powder was measured from 1.5 through 4.00K. One sample had a specific 

surface area of 166 m2/g.ana the other, 13.1 m2/g. The heat capacity 

of both samples could be represented by the sum of a T 2  and a T3  term, 

The T3  term is the usual volume-dependent term representing the total 

heat capacity in a macrocrystalline sample. The T 2  terni is surface-

dependent term and appears only in samples with high surface-to-volume 

ratios. This term was compared with various theories of surface heat 

capacities for both samples. 

0 
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I. EXPERIMENTAL ASPECTS 

A. Introduction 

The heat capacity of a specimen is defined by 

.0 (T) = Lim (Q/T), 	 (i) 

and so can be obtained directly be measuring the teierature increase 

that results frOm the addition of a known quantity of heat. The method 

for determining heat capacityintroduced by Nernst 1 	 2  and Eucken has been 

• used in nearly all low-temperature calorimetric work. In this method, 

a calorimeter ëontaining the sample under investigation is isolated from 

its surroürdings by means of a high vacuum, and the tempratire-rise 

• 

	

	T resulting from the introduction of a known quantity of heat Q is 

measured. The calorimeter thus consists of the sample and ertain adden- 

• . da;nathely, everything tht is in good thermal pontact with the : ample 

thiring the cloriitric measuremnts. The primary neasurements yield 

the heat capacity of the calOrimeter only, so that it is necessary to 

determine that of the addenda separately to obtain the heat capacity of 

the sample. 	• 	 •• 

In Sec. •I-Ban appartusor determin :ing heat capacity by this 

method at liquid helium temperatures and below is describe.dj and in 

Sec,:I-C, procedures involved in making the measurements are set forth. 
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B. The Apparatus 

Figure 1 shows the apparatus as set up for measurements at tempera-

tures below those obtainable with liquid helium. Temperatures between 

1.1 °K and 0.1 °K were obtained by the adiabatic demagnetization of 

copper potassium sulfate. Thermal contact with the salt pill was made 

by molding the powdered salt under pressure onto a system of thin copper 

vane.s attached to a copper wire. The copper..wire was..,soldere. to a 

ôopper tube; this provided a thermal shield at the same temperature as 

the paramagretic salt.. The salt pill was supporte.d by a. Lucite tube 

mounted on the bottom of the copper tube. The calorimeter was rigidly 

supported by cotton threads inside the .copper. 'shield. The .copper 

shield was likewise rigidly supported by cotton threads i±iside.a brass 

cage attached to the bottom of the vapor-pressure thermometer. The 

brass cage was surrounded by a vacuum-tight brass can connected to the 

vapor-pressure thermometer by a soft-solder joint. The space contain-

ing the salt pill and calorimeter was evacuated by an oil.diffusion 

pump to a pres.ue .of the order of lO 6mm of Hg, .as .measurd with an 

üiitrapped.. ionization gauge at room temperature. After, reaching liquid 

helium temperatures, however, this space was conipletelyclosed off, 

to eliminate heat input from radiation or from hot gas molecules en-

tering through the pumping tube. The electrical leads were introduced 

• through glass-Kovar seals, the 'wire. for operating the mechanical heat 

switch was sealed to the vacuum jacket with a flexible metal bellows, 

and the pumping tube was closed at its lower end by the action of a 

metal plunger. 
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Fig. 1. The apparatus. 
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Thermal contact between the calorimeter and the salt pill was con-

trolled by a superconducting thermal switch. The switch consisted of a 

20-cm length of  0.031-in. -diani lead wire connecting two copper wires, one 

soldered to the copper shield and the other soldered to the calorimeter. 

The lead wire has a very hight thermal resistance when in the superconduc-

ting state, but a very low one when brought into the normal state by a 

magnetic field. The lead wire was positioned as far from the calorimeter 

as possible, to reduc,e the eddy current heating induced in the calorimeter 

by the change in the magnetic field of the solenoid operating the switch. 

Thermal contact between the salt pill and the bulb of the vapor 

pressure thermometer was made or broken by closing or opening a mechanical 

heat switch. The switch comprised two copper jaws, connected to the 

vapor pressure bulb by flexible copper wires, that could be closed on a 

central copper wire soldered to the copper shield. The jaws were normally 

held open by a spring and were closed by a system of levers actuated by 

applying tension to a steel wire that passed through the pumping tube to 

an adjusting screw.at  the top of the cryostat. 

The mechanical heat switch has a number of advantages over the helium-c 

exchange gas, which it replaces. It removes a major source of heat leak, 

namely gas conduction, and it eliminates errors associated with the de'-

sorption of adsorbed helium during a heating period. In addition, the 

switch makes it possible to extend the measurements to 1.3 °K, through 

the temperature range in which outgassing of the adsorbed helium from the 

salt pill would otherwise spoil the insulating vacuum. 

All electrical leads were placed in thermal contact with the copper 

shield before being led to the calorimeter. Between the glass-Kovar seals 
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at the botton of the pumping tube and the copper shield, and also between 

the shield and the calorimeter, the leads consisted of 20-cm. lengths of 

3 	
0 . 0015-in.-diam Manganin wire tinned with sOft solder to provide high 

thermal resistance without electrical resistance. These seents of the 

electrical leads remained superconducting while carrying currents up to 

Q.14. ma. 

Heat was applied to the calorimeter by using the joule heat developed 

in Formvar-covered, 9.00175-in.-diam  Manganin wire, wound noninductively 

on the surface and held in place with General Electric 7031  varnish. (Use 

ofth±s varnish as a bonding agent at low temperatures has been investiga-

ted. 3 ) Manganin was used because of the small temperature coefficient 

of its resistivity. Power was provided by a Kintel model 301 variable d.c 

power supply with an output of 1 to 500 volts and 0 to 20 ma. The power 

supply was switched into arid out of the heater circuit by mercury-wetted 

contact relays in such a way, as to keep the total resistance and the 

grounding of the heater, circuit the same at all times. This was done to 

ensure that currents induced in the heater by stray laboratory fields were 

the same during the heating period as they were before and after, and 

therefore contributed a constant amount to the heat leak. The powe' 

being dissipated in the heater was determined by measuring the potential 

drop across the heater and across a 1000-ohm standard resistor in series 

with it; the measurements were made with a Leeds and Northrup type K-3 

universal potentiometer. A Leeds and Northrup No. 9835-B stabilized 

141 	 dc microvolt amplifier was used as the null detector. , The duration of a 

heating period was read frOm a Hewlett-Packard model 522B electronic 

counter that was triggered on and off by the appearance and disappearance 

of voltage in the heater circuit, counting the output signals from a 



crystal-controlled oscillator. Thinstrument, as used here, gave the 

time interval of the heating pexiod to + 1 nisec. 

The temperature of the calorimeter was measured with a carbon re-

sistance thermometer that consisted of a thin layer of Aquadag painted 

onto a Formex insulated copper wire located between two bare copper wires 

spaced about a half-inch apart. The bare wires were attached with Aral-

dite to the Formex-insulated wire, and the latter was soldered to a strip 

of copper foil that was in turn attache.d to the calorimeter with General 

Electric 7013 varnish. The resistance was determined by measuring the 

potential drop across both the thermometer and a 10,000-ohm standard re-

sistor in series with it. This voltage was compared with a voltage taken 

from a Ru'oicon No.2773  double six-dial thermofree potentiometer. When 

measuring the voltage across the thermometer, only four dials of the po-

tentiometer were used and the unbalanced voltage was amplified with a 

Beckman Model 14 d.c breaker amplifier and recorded on the chart of a 

Leeds and Northrup speedomax type G recorder. In order to reduce the 

joule heating in the thermometer to a negligible amount, a thermometer 

current between 0.1 and 1 pa was used, depending on the heat capacity of 

the particular calorimeter being measured. A typical carbon thermometer 

of this type, with a room temperature resistance of about 300 ohms, would 

measure 1000, ohms at 4 °K, 2000 ohms at 1 °K, and 20,000 ohms at 0.1 °K. 

In order to reduce the change in thermometer current with change in ther-

mometer resistance, a 90-megobm resistor was placed in series with the 

thermometer. From one to four 22-1/2-v batteries were used to provide the 

necessary voltage. 

Temperatures in the liquid hS1iUnI region, 1.1 to 4.2 
0K, were based 



on the measurment of helium vapor.pressures..: The.temper.ature scale 

used in the original calculations was the 'tTL.SS  Helium Vapor-Pressure 

44 Scale. 	Recently, tables  have become available . for the:  " 958 He 

Vapor-Pressure Scale. of Temperatures, ". which has..heen approved by The 

International Committee on Weightsand Measures as a standard for ther-

mometry from 1 to 5.2 K. 5  Hence, correctionswere applied to the re-

suits of those heat-capacity runs whose accuracy was such as to justify 

the change. Above 2 0  Kj, the. pressure over a small amotnt . of helium con-

.densed in a vapor-pressure bulb was measured. The bulb has a vacuum-

jacketed, thin-walled, stainless-steel tube connecting it with the mano-

meter line at the top of the cryostat. A radiation trap consisting of 

four metal discs with offset holes was.inse.rted at the lower end of the 

tube. Below 2 °K the pressure over the liquid helium . ath was mea-

sured at a point just below the top of the vacuum jacket of the helium 

Dewar. Use of the two methods wasdictated by the uncertainty of 

corrections for hydrostatic head at temperat.ires above the ,X-point, and 

thermomolecular pressure gradients existing at.low temperatures. 

Pressures were measured with a mercury manometer down to about 30 mm of - 

mercury. Below that theywere measured with an oil manometer containing 

"Octoil" vacuuni-pwup. fluid, which was about fifteen times as sensitive 

as the mercury manometer. The heights of the liquid columns were mea-

sured with a Wild cathetometer that could be read, to .±P.Ol  mm. During 

the vapor-pressure measurements, the helium bath was brought to the 

desired temperature' by manipulating the . valves in the, line leading to 

a Kinney 350-cfm vacuum pump, and then the: enerature of the bath was 

regulated to better than a millidegree by an electronic regulator of 

6 
the type describedby Sommers.. Unforunateiy, the electronic regulator 
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did. not always operate properly at temperatures above the X-point, and 

so at these temperatures the bath had to be regulated by manual manipu-

lation of a needle valve in the pumping line. 

Temperatures in the adiabatic demagnetization region were based on 

an extrapolation of the susceptibility of copper potassium sulfate 

according to. a Curie-Weiss law. In practice, the mutual inductance M 

of a set of coils surrounding the salt pill was measured with a 23-cps 

mutual-inductance bridge built after the design of Erickson, Roberts, 

and Dabbs. 7  The inductance M was related directly to the temperature 

by the expressionM = A + B (T - 	Constants A, B, and L were 

determined by plotting Mvs (T - 	for the calibration points between 

0 1.1 and 4.2 K. The value ofiS used in the extrapolation was that for 

which the best straight-line fit was obtained, 0.033 °K. The primary 

of the mutual-inductance coils was designed to give a uniform field 

• over the salt pill, but a small field outside the coils. The secondary 

consisted of two parts, a coil at the center of the salt pill and a 

bucking coil below, each about one-sixth the length of the salt pill. 

The coil geometry, together with the small susceptibility of copper 

potassium sulfate, reduced to a negligible amount the effect of the 

nonellipsoidal shape of the salt pill on susceptibility measurements, 

and also minimized the nonlinearity associated with the presence of 

metal near the coils. 

For measurements at liquid helium temperatures, it has been men-

tioned that the calorimeter was rigidly supported by cotton threads 

inside the brass cage attached to the bottom of the vapor-pressure 

thermometer. Thermal contact between the calorimeter and vapor-pressure 

thermometer was provided by a mechanical heat switch. 



C. Procedures .1. 

At the beginning of a heat-capacity ±uii, the system was cooled 

froniroom temperature to 	°K withouttthimg helium exchange gas at 

any time. However, for samples with large lattice-heat. capacity, such 

as the alkali metals, hydrogen-exchange gas was used down to about 14 °K, 

at whichpoint the hydrogen gas was evacuated and a vacuum of about 10
-6  

thm ofHg, as measured with an untrapped ionization gauge at room tempera-

ture, was maintained in the space surrounding the calorimeter and salt 

pill, for the rest of the experiment. Any remaining hydrogen would 

freeze on the walls of the vacuum can after the system reached 4.2 0J, 

and hence could not spoil the vacuum. A helium-seisitive leak detector 

as used to check the high-vacuum system at room temperature, at liquid 

nitrogen temperature, at liquid helium temperature, and in the region 

of superfluid helium. 

The mutual inductance of the coils surrounding the paramagnetic 

1. 	
salt pill was calibrated against the vapbr pressure of liquid helium at 

I 	0 	 0 
five points between 4..2 K and 1.2 K, with the mechanical heat switch 

closed. The paramagnetic salt was magnetized at 1.2 °K in a field of 

7500 oersteds provided by an iron-core electromagnet.. After allowing 

about forty-five minutes for the heat of magnetization of the 200-g 

salt pill to be conducted away, the mechanical heat switch was opened 

and the salt demagnetized. Demagnetization was accomplished slowly over 

a period, of approximately thirty minutes, in order to reduce eddy-current 

heating in the calorimeter and the copper vanes embedded in the salt 

pill, induced by the change of the magnetic field. With the supercon-

ducting switch closed, the carbon-resistance thermOmeter was calibrated 
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against the mutual inductance of the coils surrounding the paramagnetic 

salt at about fifty points between 0.1 and 1.3 °K. Since heat was 

leaking into the system at about 100 ergs/min, the calibration was 

made by taking simultaneous readings of mutual inductance and ther-

monieter voltage, at temperature intervals ranging between 0.05 and 0.09 

T. After reaching 0.2 °K, the temperature of the salt pill was raised 

between successive calibration points by supplying power to a heater 

attached to the copper shield. About two minutes were required to ob-

tain thermal equilibrium between the salt pill and the carbon thermome-

ter following each heat input at that temperature, but slightly less 

time was needed as the temperature increased. Below 0.2 °K it took 

longer to obtain. thermal equilibriUm, and so the system was allowed to 

warm up at its natural rate. 

The temperature T was represented as a function of the resistance 

R to within 1%byT 1  = C6  + C 
1 
 R + C2 R2 ± C3 R3  + Constants 

CO3 C111  C2, C3, and C were computed by a least-squares program on a 

digital computer. The computer program was set up to calculate temp-

eratures from this equation for the resistances measured during the 

heat capacity. Also, for each calibration point, it calculated the 

fractional deviation between the observed temperature and the tempera-

ture calculated from the equation. A smooth curve drawn through these 

fractional deviations plotted against calculated temperature was. used 

to ascertain the true temperatures from those calculated from the 

equation. 

Following a second demagnetization, the superconducting switch 

was opened to leave the calorimeter thermally isolated from the salt 

pill, and heat-capacity measurements were made. Before the salt pill 
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warmed up appreciably, it was possible to make several series of 

measurements covering a range Of a few tenths of a degree, and this 

was done. The calorimeter was returned to its original temperature 

at the end of each series by closing the superconducting switch. When 

measurements in that temperature range were complete, the temperature 

of the salt pill was increased by supplying power to the heater attach-

ed to the copper shield. The process was repeated covering each range 

up to 1.3 °K at least twice. 	 - 

The quantity of heat introduced is known from measurements of the 

length of the heating period and the heater power. Typical heating 

curves are shown .in Fig. 2.. Temperature increments of from 1/15 to 

1/10 of the absolute temperature were calculated by extrapolating the 

initial and final temperature drifts to the middle of the heating 

period. Heater power was selected so that the heating peri9ds were 

usually between 10 and 40 secs. The gain of the amplifier was set 

so that the change in theriuometé.r voltage due to the heat lilput was 

equivalent to two or more chart widths on the recording potentiometer. 

Measurements at liquid helium temperatures were made with the 

mechanical heat switch providing thermal contact between the calori-

meter and the vapor pressure bulb. The carbon-esistance thermometer 

was calibrated against the vapor pressure of liquid helium at tweity 

points between 1.1 and 4.2 K. In this region, the temperature T.was 

represented as a function of the resistance R to within 1/2 of 1% by 

Theheat - 
 

capacity measurements and their calculation was carried out in the 

same way as described for the adiabatic demaietization region. 
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(a) 
	

(b) 

MU -2 50 22 

Fig. 2. Typical heating curves:, (a) Heat capacity 
point in the liquid helium region. The abrupt 
outer changes in slope occur at the beginning 
and end of the heating period; the others are 
produced by changing the amplifier gain or 
potentiometer voltage. (b) Heat capacity point 
in the adiabatic demagnetization region. 
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II. BEAT CAPACITY OF SODIUM, POTASSIUM, RUBIDIUM, AND CESIUM 

A. Introduction 

The alkali metals are ideal examples for theoretical treatment of 

electronic structure hecause.they have a, single valence electron and 

their nearest neighbor distance is large comparedwith their ionic radius. 

The only other monovalent rneta],s, copper, silver,, and gold, are complica- 

ted by the fact that their outer-most filled electronic shell is a d-shell 

that is more spread out than the p-shell of the, alkali metals. and thus 

has a greater effect on the outer s-electron.. There 'have been a, large 

number bf.theoretical investigatio-ns of the electronic band structure of 

the alkali metals, and consequently, experimental determination of their,  

properties, specifically the electronic heat capacity, is of considerable 

interest. This quantity would provide a comparison with the predicted 

effects of electrOn-electron and electron-phonon interactions. In addi-

tion, the lattice heat capacity would provide a test of the lattide 

dynamic calculations that have been made for the cubic metals, but which 

have not yet been subjected to experimental verification. 

So far, very little experimental work has ben done. Owing to their 

chemical properties, the alkali metals are somewhat more difficult to 

handle than most other metals, and it is only recently that sufficiently 

large quantities of rubidium and cesium have become available in astate 

pure enough to make measurements on them worthwhile. As will be shown 

below, measurements on potassium, rubidium, and cesium must be made below 

1 °Kto obtain'their electronic heat capacity; In this temperature range,, 

calorimetric techniques have only recently been developed. 



In lithium and sodium the experimental situation is complicated by 

the existence of a martensitic phase transformation found by Barrett. 

The transformation sets in at about 80 °K for lithiui, and at about 

36 °K for, sodium.. In.both metals, the high-temperature body-centered 

cubic phase is partially transformed to the hexagonal close-packed phase 

to an extent determined by the thermal and mechanical history of the 

particular specimen. Roberts has measured the heat capacities of lithium 

and sodium from 1.5 to 20 
0K9  However, Rayne, making measurements on 

sodium below .1 °K, observed an anomaly in its heat capacity at about 

0.9 °K which.he associated with the martensiti.c transfornation, although 

the connection seems rather doubtful in view of what is known about this 

type of transformation. 19 
The present work include.s measurements on sodium from 0.15 to 

1.4 °K, and on potassium, rubidium, and cesium from 0.15 to 4.2 °K The 

'sodium measurements were made to investigate the .reported anomaly, and 

the other measurements for a comparison with theories of the lattice and 

electronic heat capacities. 

At low teieratures, the heat capacity C of a normal metal is 

generally considered to be the sum of an electronic and a lattice heat 

capacity, C L : 

C = IT + CL 

CL=AT3 +BT5  . 
	 (2) 

In this expression, A and B are constants characteristic of the lattice, 

T is the temperature, and yT is the electronic heat capacity with y 

given by 	

1 2 2  
1 3  it k N (E), (3) 



-15 - 
1. 

1. 

wherek is Boltzmann t s constant, and N(EF) is the number of énery states 

per unit energy range per mole at the Fermi energy EF.  This result was 

first obtained by Somaeri eld . 0  Bioch1iashown  that Eq.(3) is valid, 

and independent of the cOndition of binding of the elèátbnic sytem) 2  

For a free electronic system, such asiight be assumed 'to be approxi - 

mately represented by the s-electrons in the monovalent metals, N(EF) 

is given by 
1/3 '2ianV ,. _3n - 	 NE 	= 	2 " it h 

where rn is the free electron mass, •n the number of electrons per cm 3 , 

V the molar volume of the metal, and h is Planck's constant. For free 

11 electrons, then: 

= 	
3l/3 = 1 360 x io v2/3 1/3 joules 2 
	(5) 

3 h 	 niole-deg 

where n is the number of valence electrons per atom. 

Although the free-electron model gives closer agreement to experi-

mentally determined values of y than one would guess from the simple 

assumptions made by the theory, it is not exact, and so more refined 

calculations of N(EF)  must be made. It is customary to keep the form 

of Eq. (5), and of other expressions based on the free electron model, 
* 

by replacing the electron mass mwith an effective electron mass m 

Kittel gives a natural definition of the effective mass as being the mass 

a free electron would need, in àrder for the velocity increment under an 

applied impulse to be equal to the actual velocity increment of .the 

conduction electron imder the same impulse. 13  Effective masses defined 

in terms of different properties of a metal may differ from each other 

depending on details of the band structure. The ratio m/m, where m 
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is the "thermal effective mass," is defined by y (ex .perimental)/y (free 

electron). 

Band-theory calculations on the alkali metals, giving the effect of 

• 	the periodic potential of the ion cores situated at the lattice sites on 

the effective mass ratio, have been carried out by Brooks) Cohen and 

Heine have developed a.simple, semiquantitative scheme for the band struc- 

ture which embraces all the monovalent metals and serves as a basis for 

comparison with experiment. 15  Pines has investigated the effect of electron-

electron interactionsl6  and Buckingham and Schafroth have investigated 

electron-phonon interactions 7  

Within the low-temperature limit, the lattice heat capacity is given 

by the elastic continuum model of Debye, from which, the T 3  term in Eq. (2) 

is derived,18 The Debye characteristic temperature at the absolute zero, 

and the coefficient A of the T3 terni, are related by A = 1-0/1-5 it R 

and are determined completely by the elastic constants. In the original 

Debye theory, only the T 3  term was important upto.e0/12. However, Black-

man points out that for real crystals one must have T < e0/0 or even 

T < eIlOO before the T 3  region is sure) 9 ' 20  If a plot of c/T vs T2 ' 

approaches a straight line in this range of temperatures, the intercept 

determines y directly, and G can be calculated from its slope. The T 5  

term in CL  has been calculated by de Launay for the cubic metals, on the 

basis of a model employing central force interactions between first and 

second neighbors and treating the conduction electrons as a free-electron 

gas. 21  The force constants are evaluated from the elastic constants, and 

the theory gives B in terms of the elastic constants. 
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I 

B. Results 

Under an argon atmosphere, each sample was cast into a calorimeter 

which was then cealed. The des,ii of the calorimeter used for potassium, 

rubidium, and cesium is shown in Fig. 3. Each part was machined from a 

single piece of copper. Before the alkali metal solidified, the cap was 

inserted and sealed to 'the body of the calorimeter with Woods metal. This 

design was chosen to ensure good thermal contact between the alkali 

metaland the calorimeter, and to prevent contact of the alkali metal with 

any solder. 

The heat capacity of one empty calorimeter was measued from 1.1 to 

ii. °K and was found to be in reasonable agreement with that estimated from 

the, heat capacities of its constituents: copper, 2225 	 , Woods metal 2  

27 25 
General Electric 7031 varnish, and Manganin. 	Corrections for the 

slightly different amoun6s of the various materials in the other calori-

meters were estimated from their known heat capacities, and amounted to 

no more than 2% of the heat capacity of the filled calorimeter. Most of 

this correction was for the different amounts of copper, for which the 

heat capacity is known to within 1%. The calorimeter used for sodium 

was appreciably different in design )  but it also was almost entirely 

copper, so that the uncertainty in its heat capacity was not serious. 

Below 2
0K, the heat capacity of the empty could be represented by the 

sum of two terms, one linear and one cubic in temperature. Above 2 °K, 

graphic means were used to subtract off the contribution of the empty. 

It should be mentioned here that the first two attempts to measure 

the heat capacity of an empty calorimeter between 1.1 and -l- °K 'led to 

unexpectedly high results. Below 3 
0K, the heat capacity was 40% to 80% 
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MU -25008 

Fig. 3. Schematic drawing of the calorimeter 
used for potassium, rubidium, and cesium. 
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higher than estimated. Inetigation•shoedthátthis was due to the 

presence of approximately 0.1 g Of air sealed into the calorimeter. 

After the second of these runs, the cáiorimetér seal was cracked to per -

mitescape of the air when thespace surrounding the calorimeter was 

evacuated, and the measurement was repeated without othexwise changing 

the apparatus, The heat capacity was then found to be close to that es-

timated for the calorimeter. Thus, the difference between the last two 

/ 	 . runs gives the heat capacity of solid àix which is reported and briefly 

discussed in the Appendix. 	. 	 . 

The 62.\459 sample of sodium was obtained from Baker and Ad.amson 

and was labelled reagent grade. The  76.367-9 sample of potassium, ob-

tamed from United Mineral and Chemical Corporation was also labelled 

• reagent grade. The 125.84-g rubidium sample and the 113.080- cesium 

sample were also obtained from United Mineral and Chemical Corporation 

and both were stated to be 99.8% pure. These samples were Of the high-

• est commercially available purity. All sample weights were corrected 

for buoyancy. 

The first cesium obtained frOm United Mineral and Chmical Corpora-

tion, which came sealed inglass ampules, was observed to be completely 

liquid at room temperature even though the melting point of pure cesium 

is 28.5 °C. It did not completely sOlidify until cooled to about 12 °C. 

More cesium obtained from the same company proved to be about 90% in the 

solid:phase.at 25 0C.. It. was from thissecondlotthat the cesium sample 

was taken. (Another sample obtained from A.D. MacKay of 99.9% stated 

urityacted similarly.) The depression in the freezing poiit of the 

cesium indicated that it was less than 99.8% pure, and so a spectroscopic 

analysis was made. A spectroscopic analysis was also made on the 
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potassium and rubidium used. The only impurities of ally ,  consequence in 

each case turned out to be other alkalimetals. This was fortunate, 

as the electronic prbperties.of an alkali metal would be much less 

affected by small amounts of ;other aB all metals than by similar amounts 

of polyvalent metals. 

The results of the spectroscopic analysis were:, the cesium sample 

contained 0.2% Na, 0.2% K,. and O.4%  Rb.; the potassium sample contained 

0.5% Na; and the rubidium sample contained 6% K and 0.1% Cs. This 

analysis gives the amount of iurity to within a factor of two. Since 

the rubidium sample, contained so much, potassium, a chemical analysis 

was run on it.. A sample of rubidium was converted to.the chloride, 

weighed, and analyzed for total amount of chloride ion present. This 

lnbration,. along with the assumption that potassium was the only im-

purity present, made, it possible to calculate the amount of potassium 

presentin the, rubidium sample ( it was 3%).. 

The heat-capacity measurements below 1. °K were .at first calculated 

on the basis of a temperature scale obtained by extrapolation of the 

susceptibility of copper .potassium sulfate. from above 1 0K according to 

a Curie-Weiss law, in the manner-described previously in Sec. I. This 

temperature scale was originally chosen because thermodynamic measure-

ments suggested that it was a good approximation to the absolute temper -

ature,28 However, measurements based on -this temperature scale on 

25 	25 	27 	29 copper, 	gallium, 	aluminum,. . and zinc, ' for which the heat capacity 

can be assumed known., have led to results that are too high atterpera-

tures below 0.3 °K. Phillips has calculated a correction to the temper-

ature scale from his heat capacity measurements 39 and the result suggests 
31 that the susceptibility-emperature relation of Cooke, Meyer, and Wolf 
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• is more nearly correct that a Curie-Weiss law. This correction has 

been applied to the potassium, rubidium, and cesium measurements, but 

not to the sodium measurements, as the data aboe 0.3 °K were sufficient 

to determine the results of interest for sodium. 

The experimental data for potassium, rubidium, and cesium between 

0.15 and 4.2 °K are collected in Tables .I-V, and the points obtained 

below 1.2 °K are shown as plots of C/T vs. T2  in Figs. 4, 5, and 6. 

Sodium.is plotted in Fig. 7. Even after the application of the tener-

ature scale correction, the lowest points for potassium, rubidium, and 

cesium show positive, deviations from astraight line of 3% to  6%.T  In 

view of the experience with the temperature scale referred to above,it 

seems u±ilikely that such large errors at 0.15 °K would be produced by 

errors in the temperature scale: It appears reasonable to suppose that 

the additional heat-capacity contribution is produced by the interaction 

of the nuclear quadrupole mOment with electric field gradients in the 

neighborhood of impurity atoms or physical defects. The relatively 

high impurity content, strains produced on cooling, and the high values 

of the Sternheimer anishielding factor, could account for the 

difference in behavior between these samples and the other metals on 

which measurements have been made. 

The points obtained in the adiabatic demagnetization region do'not 

join smoothly the pointà obtained at liquid helium temperatures. For 

potassium and cesium there is a difference of '1.5%  and 3% respectively. 

In each case, the points obtained in the adiabatic demagnetization 

region are higher. This effect has. not been observed in other experi-

ments in the same apparatus. it is believed that this is a result 

of a superheating of the copper calorimeter during the heating period, 



T C 

0.4798 1.295 

0.5254 1.475 

0.5656 1.658 

0,6118 1.884 

0.6611 2.145 

0.7153 2.454 

0.7695 2.803 

0.8296 3.231 

0.8921 3.766 

0.7234 2.507 

0.7783 2,883 

0.8332 3.298 

0.8901 3 , 759 
0.8710 

• 3 , 59 
0.9334 

1.0128 4.894 

1,1005 5.884 

1.1802 6.881 

1.2180 7.397 
1.2378 7.707 

T C T C 

0.1635 0.3641 0.3985 1.009 

0.1818 0.4058 0.4266 1.108 
0.2018 0.41489 045.71 1.212 

0 .2206. 0.4949 0.2022. 0.4495 
0.2387 0.5403 0.2234 0.4993 
0.2577 0.5900 . 	 0.2422 05455 

0..2757 .0.6352 0.2624 . 	 0.6018 

0 , 2933 0.6828 . 	 . 0.2864 0.6623 
0.1579 0.3538 0.3101 0.7264 

0.1737 0.3888 0.3365 0.8004 

.0a1928 0.4315 0.3633 0.8872 

.02121 . . 04761 0.3926 0.9775 

0.2293 0.5191 0.4223 1.078 

0.2471 05645 0.457 1.181 

0.2673 0.6179 0,14828 1.305 

0.2873 0.6697 ... 0,4963 1.356 

0.3049 0.7150 0.5429 1.554 

0.3254 0.7744 0.594o 1.787 

0.3465 0.8387 0.6411 2.029 

0.3723 . 0.9192 . 0.6898 2.301 

Table I. Heat capacities of potassium in the adiabatic 

demagnetization region. Values are in millijoules 

-1 	-1 
mole deg 
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'.able II.... . Heat capacities.of potassium in the liquid helium region. 

Values are in millijoules mole deg 1 . 

C . 	 ... 

1.1606 6.519. 1.1421 . 6.278 

1.2392 .7,585 ... 	.1.2033 7.115 

1.323 .8.898 1.2831 . 	 8.269 

1.1162 .10.119 . 	 1.3918 . 	 10.07 

1.52711 .12.75 . 	 1.11897 11.97 

1.6458 15.50 ., 	..1.5881 .14.12 

• 1.7582 	• . 	 18.110 . 	 1.6968 • 	 16.80 

1,8741 21.90 • 	 . 1.8162 20.15 

1.9978 2611 . 	 .1.9358 . 	 24.00 

.2.1300 31.36 . 	 .. 	2.0585 28. 14.7 

2.2725 37.81 . 	 2.1932 3.11 

2.14.205 . •. 	2.314.15 141.30 

2.5738 5.67 • 	 2.5007 50.26 

2.7357 65.88 . • 2.6600 60.118 

2.910 79.98 2.8279 • 	 73.27 

3.1103 	• • 	 98.09 •. 	 . 	 3.0084 88.62 

• 	3.3114.0 	• • 	 119.9 • 	 • 	 •. 3.2078 108.6 

3.5308 1464. • 	
. 	 3.113  

3.7669 179.5 • 	 3.6325 .16o.6 

•4.0309 	• 223.1 . 3.8819 • 	 •. 	198.1 
• 	

. 	 4.•01 236.2 
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Table III. Heat capacities of rubidium ±n..the:adiabatic demagnetiza-

tion region. Values are in millijoules mole 1  deg* 

T C. T C T C 

0.1569 0,4546 0.1795 0.;5277 . 	 0.4992 2.686 

0.1753 05093 0.2038 0.6137 0.5384 3.154 

0.19)48 0.5787 0.2288 0.7091 0.5859 3.807 

0.2148 0.6513 0.2517 0.8077 o.6411 4.681 

0.2356 0.7350 0.2773 0.9295 0.7047 4,872 

0.2587 0.8392 0.3028 1.067 0.7731 7.394 

0.2914 0.9999 :0.3267 1.206 0.8493 9.397 
0,1506 0;.4351 0.3495 1.356 0.9285 11.88 

0.1695 0.49118 0.3817 1.587 . 	 i. onO . 	 14.95 

0.1897 0.5626 0.4166 1.870 . 	 1.0984 18.84 

0.2097 0.6300 0.4516 2.189 .0.6374 4,614 

0.2283 0.7040 0.11872 2.5115 0,7078 5.945 
0 , 2517 0.8064 0.5242 2.981 . 	 07857 7.727 

0.2794 0.9398 0.5677 :3.552 0.8630 9.829 

0.3121 . 	 :1,118 o.6144 4.226 .0.9451 12.50 

0.3440 1.314. ...... 0.6566 4.930. . 	 1.0409 16.27 

0.3802 . 1.573 0.7239 6.263 1.1354 20.69 

0.4173 ,i.874 	. 0.7964 7,943 . .1.2367 26, 11.0 

0.4604 . 2.266 .. 0.8704 10.01 .. 	 . 	 1.2144 	. 25.10 

0.5005 2.696 0.4156 1.866 1.1670 22.43 

0.5539 	. 3352 0.4585 2,264 1,211.57 26.83 
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Table, IV. Heat capacities of rubidium in the liquid helium region. 
-1 	.-1 

Values are in millijoules mole 	deg 

T  T  

1.1991 2.07 1.9314 	. l04.3 
1.3211.9 32.22 2.1287 111.2.6 

1.1130 	•. 43,46 2.3342 191.4 
1.6163. 59.22 2514.71 251.8 

1.7867 81.31 2.7886 336.9 
• 	1.9718 . 111.4 3.0530 	. 445.1 

2.1610 114.9.7 3.3361 581.4 
• 	2.3660 	.. 200.3 3.6579 	• 757.7 

• 	 2.5961; 269.1 4.0081 969.1 

• 	2.8521 • 	 361.7 • 	 1.5881 	• 55.89 
• 	

. 	3,114.28 	.• • 	 • 	
. 1.7361 	. 73.97 

3.14.535 6 144..5 1.9055 99.58 

3.7762 827.6 •. 	2.0910 	. 1314..4 

11..0713 1009. 2.2887 179.3 

23.83 2.5015 238.5 

1.3076 . 	 30.99 2.7254 	. 313.0 
1.14.365 

. 	 14.1.12 2.9798 14.12.5 

1.5882 	. . 	 56.00 3.2611.2 511.3.7 

1.7523 76.35 . 	 3.578 14. 	•. 711.6 

3.9231 91.7 
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Table V. Heat capacities of cesium in the adiabatic demagnetization 

region. Values are in millijoules mole 1  deg. 

T C T C T. C 

0.1634 0.7338 0.5590 7.502 0.7447 16.17 
0.1807 0.8326 0.6036 9.172 0.8051 20.24 
0.2018 0.9667 0.6527 11.28 0,8786 26.06 
0 , 2308 1.175 	. 0.7109 14.22 0.9505 32.95 

0.2532 1.372 0.2026 0.9720 1.0318 11.1.97 
0.2801 1,611.3 0.2177 .1.079 1.1158 53.33 
0.3116 2.001 0.2319 1.193 1.2150 69.78 
0.1517 0.6690 0.21182 1.329 1.1431 57.95 
0.1677 0.7574 0.2706 1.542 1.2360 73.57 
0.1858 0.8665 0.2955 .1.802 0.5271 6.1182 

0.2089 1.023 0.3127 2.010 0.5778 8.172 
0.2375 1.239 0.3313 2.258 0.6298 10.27 
0,259 11. 1.11.11.0 	.• . 	 0.3575 2,640 0.6862 12.91 
0,2853 1.709 0.3895 3.172 0.71182 .16.41 
0.31110 2,043 0.11.168 

. 	 3.713 0.8116 20.63 
0,311.10 2.401 0.11.519 4.458 o.8438 23.09 
0.3696 2.845 o.4942 5.520 0.9162 29.11.5 
0,11.035 3.11.11.7 0,511.58 7.064 1.0005 	. 38.11.1 

o.4349 4.074 0.5930 8,711.7 1.0967 50.96 
o.4734 4.992 0,6439 10.87 1.1986 66.93 
0.5192 6.242 0.6929 13.29 
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Table VI. Heat capacities of cesium in the liquid helium region. 

Values are in imillijoules mole deg. 

T C T C 

1.2031 65.61 1.1779 61.56 

1,2932 .82.03 1.2459 73.14 

1.3883 102.8 . 	 1.3371 91.29 

1.4897 128.8 1.437)4 114.7 

1.6006 161.6 1.5444 144.1 

1.7185 202.8 .. 	1.6575 180,2 

1.8435 253.2 1.7799 226.0 

1.9803 317.3 1.9111 282,1 

2.1302 3975 	. 2.0522  351.8 

2.2875 492.0 . 	 2.2053 439.2 

2.4529 6o.4.. 2.3645 541.2 

• 	 2.6285 • 735,7 • 	 2.5355 	• 662.7 

2.8182 • 	 892.4 • • 	 2.7183 • 	 805.4 
• • 

	 3.0238 1077. 	• • 	 2.9183 • 	 978.2 

• 	3,2512 1299. • 	 3.1364 1185. 

• 	 • 35012 •l566 3.3691 1421, 

• 	 3.7667: 1861. 	• 3.6290 1702 
• 	

• 	 4.0437 2180. 	• 3.8761 1978. 

4.0880 2217. 
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Fig. 4. 	C/T vs 	T 2  for potassium. Circles 
represent points in the adiabatic demagneti- 
zation region. 	Squares represent points in 
the liquid helium region. 
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Fig. 7. 	C/T vs 	T 2  for sodium. 	C is the heat 
capacity of sample plus calorimeter per mole 
of sample. 	The equation for the straight line 
is 	C/T = 1.94 + 0.544 T 2 . 	The correction to 
C/T for the calorimeter was estimated from 
the known heat capacities of the material used 
(largely copper), and is 0.50 + 0.037 T 2  
millijoules mole 	deg 2 . 	Thus, for sodium, 
C/T = 1.44 + 0.507 T 2  millijoules mole' deg2 
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which produces a larger flow of heat to the surroundings than during the 

drift periods, with a consequent overestimate of the energy increment 

of the sample. This effect would be largest at the higher temperatures 

in the adiabatic demagnetization region, where the thermal resistance of 

the superconducting switch is low and the heating power is higher than 

at lower temperatures. It would not be important in the liquid helium 

region where t1m calorimeter is always well isolated from its surround-

ings and their heat exchange is negligible. The fact that the effect 

was larger in the potassium and cesium measurements than in the rubidium 

measurements correlates with the observation that the superconducting 

switch had a higher thermal resistance in the latter experiment.. In 

other experiments with this apparatus the heater was attached directly 

to the sample, eliminating the possibility of a direct flow of heat 

from the heater and through the superconducting switch to the surround-

ings. 

For the above reasons, we believe that the most reliable heat-

capacity points are those in the liquid helium region and those between 

0.3 and approx 0.7 °K. This view is supported by the observation that 

the points in those two regions fit a single smooth curve, though plot-

ted in several different ways. 

The values of and A in Eq. (2) are usually obtained either from 

the limiting slope of a graph of c/T vs T 2, or by a least- squares fit 

of C to a power series in T containing the first, third, and possibly 

fifth powers. Neither of these, methods is appropriate in the present 

case. The lowest points obviously include a heat-capacity contribution 

not included in Eq. (2). Some of the intermediate points should be 

given less weight, and the points at the highest temperatures are outside 
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the range of validity of any simple ezpression for the lattice heat 

capacity. The method actually used in obtaining these parameters was 

as follows. Preliminary values of y  were obtained from the plots of 

C/T vs T2 . Forsodium and potassium, y was determined, unambiguously by 

this method; for rubidium, and particularly for cesium, the temperature 

range over which a straight-line fit was assumed was somewhat arbitrary. 

The resulting y values, together with values differing by 40  and 2% in 

each direction, were then used to construct a series of plots of (C - yT) 

/T3  vs T 
2
.The resulting curves should be linear to higher temperatures 

than the plots of C/T vs T2 . According to Blackman's calculations, the 

straight-line region might be eected to extend to T = 0/30) 9  The 

y values finally adopted were those for which this latter plot approxi-

mated a straight line over the widest range of temperatures. 

The resulting plots are shown for potassium, rubidium, and cesium 

in Figs. 8,9, and 10, and are in fact linear up to T• /30.  Changes in 

of ± 1% from the values used in these plots produced conspicuous curva 

ture in the neighborhood of 8/100. A and B, the coefficients of the 

T3  and T5  terms of the lattice heat capacity, were respectively deter-

mined from the intercept and slope of these plots. ialues of A, B, and 

r are given in Table VII. 

On the basis of past experience with the apparatus, the precision 

ezpected is a few tenths of a percent at liquid helium temperature., and 

• about 1% in the adiabatic demagnetization region. These figures also 

apply to the present measurements with the one exception noted above. 

The accuracy, difficult to estimate, is almost certainly determined by 

errors in temperature measurement, including possible errors in the 
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helium vapor-pressure scale, the vapor-pressure measurement, and the 

extrapolation to below 1 °K. The resulting errorseems likely to be no 

more than 0,5% at liquid helium temperatures, 1% down to 0.25 °K, and 

2 or 3% at 0.15 °K. The limits of error indicated in Table VII repre-

sent qualitative estimates based on .these figures and take into account 

the method of analysis of the data. 

For sodium, the data were not recalculated on the corrected temper-

ature scale; the y value quoted is therefore likely to be approximately 

i% high. The measurements on sodium are in good agreement with those 

of Martin, 
32

who found no significant change an either y or A for 

samples with different amounts of the hexagonal close-packed phase. 

For potassium, rubidium, and cesium, there is no reason to expect 

the heat capacity to depend on sample treatment, 8  and the results are 

compared with other experimental data in the liquid helium region in 

Table VIII. Since most of the other work does not go to low enough 

temperatures to permit an analysis of electronic and lattice heat 

capacities, comparison is made on the basis of total heat capacity. 

The potassium measurements agree well with those of Roberts, except at 

1.5 °K, where Roberts' values include a correction for effects of 

helium-exchange gas which could very well account for the discrepancy. 

In some cases the disagreement with the other measurements on rubidium 

and cesium may exceed the combined experiment1 errors, suggesting that 

the result is affected by sample purity. Neither McCollum 33  nor Man-

chester give analyses of their samples, but these were obtained 

conmiercially and are unlikely to be appreciably purer than those used 

in the present measurements. 
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Table VIII. 	Comparison of eerimental data with other work in 

the liquid helium region. 

Metal C (millijoules mole -1 deg 
-1 

) 
Reference 

1.5 °K 2.0 9K 	3.0 °K •.0 	°K •  

12.2 26.3 87.8 218 This work 

K 12.7 26.4 86.6 215 L.M. Roberts 

Rb 47 117 423 963 This wGrk 

Rb 148 120 1440 972 D.C. McColluni 

Rb 46 107 391 898 F.D. Manchester 

Cs 131 326 1054 21211. This work 

Cs 129 310 990 1980 D.C. McCollum 

a 	SeeRef.9 

b 	See Ref. 33 
c 	See Ref. 13 



C. Discussion 

1. Sodium 

Sodium is distinguished from the other alkali metals studied in 

that it undergoes a martensit.ic phase transformation on cooling. At 

36 °K a hexagonal close-packed phase with atomic volume equal to that 

of the body-centered cubic phase appears and increases to 25%  to 50% 

of the total at low temperatures, the amount depending on sample 

history. Barrett has shown that the amount transformed approaches a 

constant value at low temperatures and in particular that no further 

8 
transformation occurs at liquid helium temperatures. This behavior 

is typical of martensitic transfOrmations in general and makes it seem 

unlikely that the anomaly reported by Rayne at 0.9 0 K could have been 

associated with the transformation. The present experiments show no 

sign of an anomaly between 0.15 and 1.4 °K. It seems most probable 

that Rayne t s anomalous results were connected with the use of helium-

exchange gas, although the possibility that it is due to a difference 

in sample history or purity is not excluded. 

The values of i  and 0 calculated from the heat-capacity data are 

l.l-li- millijoules mole -1  deg 
-2 
 and 156.5 oK. These figures of course 

represent an average for the two phases present, but the experiments 

of Martin32  suggest that they are approximately the same for the two 

phases. Therefore they may be taken as rough values for the cubic 

phase for which most theoretical calculations have been made. This 

result might be anticipated for y from the fact that the atomic vol-

umes of the two phases are equal. The value of 0 0  is in good agree- 
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ment with that calculated from elastic constants. The value of y is 

discussed below, along with the i  values of the other alkali metals. 

2. Electronic Heat Capacity 

The values of i,  the coefficient of the linear term in the heat 

capacity, have been obtained, as described in the previous section (B), 

and are collected in Table IX. Robert ' s , experimental data for lithium 

are included as well as certain theoretical predictions. 9  

The electronic heat capacity is determined by N(EF),  the density 

of states at the Fermi surface. 

1  
F; 8ic3 )) JgradEJ 

in which dS is the element of surface, E the. energy, k the wave vector, 

and the integration is extended over the Fermi surface, The thermal 

effective mass ratio, mt/m,  is defined by m*t/In = r/rf  where rf  is the 

value of yfor ±ree electrons at the density that exists in the metal. 

This ratio is thus a measure of the difference between the actual den-

sity of states at the Fermi surface and that which would be obtained 

for free electrons. 

Theoretical calculations of the electronic structure of metals 

• ., usually treat separately the various cdntributions to the departure of 

the effective mass ratio from unity. These contributions are: (a) 

• the periodic field of the ions at the lattice sites, (b) the electron- 

• electron interactions, and (c) the electron-phonon interactions. 

The lattice field has been treated by a ruinb.er of authors in 

varying degrees of approximation. The most exact calculations are those 

• 	 36 
made by Brooks and co-workers using the Quantum Defect Method. 	In 
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-this method, the lowest state of the band. is found by a cellular calcula-

tion in which a single conduction electron moyes inthe potential of an 

ion, core located at the center of the unit cell. The potential is taken 

to be that of the free atom and the energy is obtained by comparing free-

atom wave functions of known energy (the atomic energy level.) with wave 

functions satisfying the appropriate boundary conditions (zero normal 

. deivative.) over the surface. of the unit cell, - The higher energy levels 

are obtained only to terms ink2 . The resulting E vs k relationship is 

* 
characterized, by a single parameter, which may be taken as m/m. The 

values, shown in Table IX, should be coared with m*t/rn only if the 

parabolic dependence, of E on .k continues up to the Fermi energy. For 

large k values the surfaces of constant energy may become anisotropic, 

in which case, the Fermi surface-will develop bulges. There will then be 

an increase in the density of sates,,.and in m/m, as long as the Fermi 

surface does not actually touch th. zone face. If it does touch, there 

may be a decrease resulting from the- decrease in area of the Fermi sur-

face. A considerable body of theoretical and experimental evidence ex-

ist's that for sodium. and.potassium the Fermi surface is close to spheri-

'cal, but that for other alkali metals it is appreciably distorted, and 

- 	 15 
that it may touch incesium, and probably does touch in lithium. 

A .spherical shape for the Fermi. surface in sodium and potassium.is 

suggested .by.a qualitative estimate of the size of the energy gaps at 

the boundary of the first Brillouin zone 15, and by the temperature depen-

dence of the thermoelectric power. 37  The most direct evidence bearing 

on 'this point is the cyclotron resonance experiment on potassium by 

Kip and Grimes, in which the cyclotron frequency was found to vary by 

only 1%  as the orientation, of the sample,was changed. 8  In view of this 
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evidence that the Fermi surface is approximately spherical in sodium and 

potassium, it is reasonable to compare the obseed m*/m  with Brooks 

values for m*t/nl.  In each case the experimental v.lue is approximately 

30% higher, and the difference can be taken as a measure of the effects 

of the electron-electron and the electron-phonon interactions. In the 

case of sodium, this conclusion depends on the assumption that the cubic 

and hexagonal phases have the same I  values. If we assume that the 

effects of electron-electron interactions and electron-phonon interactions 

can be treated separately in these metals, the experimental m*t/m values 

must be considered to be in reasonable agreement with the theoretical 

predictions. For example, if the contributions to the effective-mass 

ratio of the three effects are simply added together, the results agree 

with the experimelital value within 10% for most combinations. Of the 

two calculations of the electron-phonon interaction, that of Quinn gives 

alnibst exact agreement for sodium, while that Of Buckingham and Schafroth 

gives the better agreement for potassium. 

For potassium, the value of m*t/m 'can be compared with the prelimi-

nary results of cyclotron resonance and de Haas van Aiphen 39  experi-

ments which give, for the former, 1.25 and 1.30 for difference directions, 

and, for the latter, 0.9 for a single' unknown direction. One might ten-

tatively conclude that the electron-electron and the electron-phonon 

interactions affect the heat capacity and cyclotron resonance frequencies 

in the same way, and the de Haas van Alphen period in a different way. 

It will be of considerable interest to compare the results with the 

complete cyclotron resonance data and the de Haas van Alphen data when 

they become available. 	' 

For rubidium and cesium, the uncertainty in the shape of the Fermi 
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surface makes a comparison of the m/m ratio with theory much less 

meaningful, although in fact the agreement is comparable to that ob-

tamed for sodium and potassium. Presumably, cyclotron resonance and 

other experiments relating to the geometry of the Fermi surface will be 

extended to these metals in the future, and then the heat-capacity data 

will be useful in determining the role of electron-electron and elec-

tron-phonOn interactIons. 

3. Lattice Heat Capacity 

The lattice heat capacities of potassium, rubidium, and cesium 

are shown in Figs. 11, 12, and 13 as plots of effective Debye tempera-

ture 0, vs T. The 0(T) is defined by equating C-y9 to the Debye heat- 

capacity function. Beattlé's table of the Debye heat-capacity function 

was used. °  In the liquid helium region, the individual heat-capacity 

points.were used. In addition, a smooth curve is given which is in 

each case the equivalent of the straight line used to fit the plots of 

(C-yT)/T3  vs T2  at lower temperatures. Figure 14 shows smooth curves 

of 0/e
0 
 vs T/00  for potassium, rubidium, and cesium, together with  

smoothed points obtained by other workers at higher temperatures. 

De Launay has given expressions for the T 3  and T5  terms in the 

lattice heat capacity for cubic metals. 21  The model used assumed cen-

tral forces between first and second neighbors, together with a volume 

force representing the contribution of the conductiOn electrons. The 

three parameters introduced are determined in terms of the independent 

elastic constants for cubic crystals, and tables are given permitting 

evaluation of coefficients A and B in Eq. (2) in terms of these 

constants. De Launay distringuishes two cases: Case I, in which the 

contribution of the electrons to the elastic constants is assumed not 
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triangles were calculated from the data of 

• •. McCollum (Ref. 33). 
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to contribute to the restoring forces involved in thermal excitation, 

and Case II, in which it is assumed that the electrons follow the thermal 

vibrations of the lattice. The heat capacity calculated in the two 

cases is not very different, presumably because the longitudinal vibra-

tions, the only ones affected by the bulk modulus of the electron gas, 

make only a minor contribution to the low-temperature heat capacity. It 

seems evident that for the lowest frequency modes that determine the T3  

term the electrons must follow .the motion of the ions, and therefore 

Case Ii must apply. On that assumption, 0 is related tothe elastic 

constants as in the Debye continuum theory, and the agreement generally 

foiind between calorimetric and elastic constants data does not confirm 

the validity of the model. At slightly higher temperatureswhere dis-

.persion introduces the T 5  terms the theory has not been tested, because 

fdr most cubic metals the T5. term is impotrit only above 4 °K where 

there are no heat-capacitydata available, and the theory hasalso not 

been applied to any non-cubic, metals for which some data are available. 

The coefficients of the T3  and T terms in the lattice heat capacity are 

compared with de Launay's calculations in Table X. For potassium, ru-

bidium, and cesium, only approximate values of the elastic constants are 

available, and the ones used in the comparison were taken from the com- 

41  
pilation by Huntington. 	The atomic volumes used in the calculation 

were taken from Barrett 's low-temperature x-ray data. 8  In this table, 

f' is a parameter introduced by de Launay and is given by: 

12  
C = 	- 

7tR [(Fs) + ' 

 

The "discrepancy between the calorimetric and elastic constants data for 

the 00 Ts of rubidium and cesium probably reflects the error in the 
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Table X. 	Comparison of the T3  and T5  terms in the lattIce heat 

capacity derived from this work, with de Launayts results. 

ft f'millijoules '\ 
I. 	j 

,o 
u 	Ci 

(millijoules 
B 1 6 \mole 	deg J 

- i \ole 	deg 

K. .2.5 110 91.5 0.0540 	. 178 Thiswork 

K 2f 1138. 92.7 . 0.0262 	.. 92 de Launay 

Rb 11.40 55 , 5 0.636 172 This work 

Rb 14.44 51.3 0.577 105 de Launay 

CS 31.25 39,6 2.83 114.2 This work. 

Cs 33.81 38.6 2.33 103 de Launay 
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calculated elastic constants. For potassium, the elastic constants were 

measured at 77 °K and extrapolated to 0 °K, and the agreement is reason-

able. 

The observed coefficient of the. T5 term is'in poor agreement with 

theory. For potassium, the comparison is clear: the elastic constants 

are relatively well known and, predict 9 accurately, but there is a dis-

agreement by a factor of two in B. For rubidium and cesium the elastic 

constants are less certain, and it is not clear whether comparison should 

be made on the basis of B or f', but in either case.the disagreement is 

significant. The difference between the calculated and observed T 5  terms 

is probably caused by the inadequacy of a model that includes only second-

neighbor interactions. Dispersion curves obtained by neutron diffraction 

techniques have also required the inclusion of more than second-neighbor 

interactions. 	... 	 . . .. 	 . 

D. Conclusion 

It can be said that the present theoretical treatment of the elec-, 

tron-electron and electron-phonon interactions in the alkali metals are 

in qualitative agreement with the observed electronic heat capacity, if 

it is assumed that those effects can be treated separately. The princi-

pal additional uncertainties in this interpretation are associated with 

the lack of detailed information about the shape of the Fermi surface in 

lithium, rubidium, and cesium, and with the validity of the models on 

which the various theoretical treatments are based. The observed lattice 

heat capacity is not in agreeme'nt with de Launay T s calculations, presuni- 

ably because a model employing only first- and second-neighbor interactions 

is inadequate. 
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PART II: SMALL PARTICLES OF MAGNESIUM OXIDE 

I. HEAT CAPACITY OF SMALL PARTICLES OF MAGNESIUM OXIDE 

A. Introduction 

For most purposes, the thermodynamic properties of solids can be 

assumed to be proportional to volume. For very small particles, however, 

'this assumption must break down, and in recent years there has been both 

theoretical and experimental interest in surface contributions to ther-

modynamic properties. Experimentally, the surface contributions to 

thermodynamic properties can be determined by measuring the heat capacity 

of a material with a large specific surface area and comparing this with 

the heat capacity of a macrocrystalline sample of the same materIal. 

The theory discussed below.shows .  that even for the smallest obtain-

able particles an appreciable effect on heat capacities would be found 

only at liquid helium temperatures. Because of the large surface area 

of the samples it would be impossible to use helium-exchange gas, and 

without exchange gas long thermal equilibrium times could be expected0 

In an apparatus of the mechanical switch variety already described 

(Sec0 I-B of Part I), in which the residual heat leak is very small, 

long equilibrium times could be tolerated0 A preliminary experiment was 

carried put to determine the time necessary for thermal equilibrium 

without exchange gas. Heat was introduced into the interior of a loose-

ly packed, thermally isolated sample of magnesium oxide powder at 

liquid helium temperatures. The temperature changes at the surface of 

the sample were observed. The surface temperature followed changes in 

heater power with a time lag of approximately 5 minutes showing the 

feasibility of heat-capacity measurements at these temperatures. 
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Heat-capacity measurements were then made on two samples of inagne-

sium oxide with specific surface areas of 166 2/g and i3l  m2  rn 	 /g Mag- 

nesium oxide was chosen, partly because of its ease of preparation, and 

partly because measurements at higher temperatures by Giauque and Archi-

bald sggested that a large sui'face contribution would be found at liquid 

helium temperatures0 42 

Three theoretical investigations have been made on this problem 

Montroll and Dupuis both c1cu1ated the contribution to the heat 

capacity of the surface for particle sizes and temperatures at which an 

elastic continuum model is valId0 Jura and Pitzer discussed a contribu-

tion to the heat capacity by the external movements of the small parti-

des, and also pointed out that for very small particles the breakdown 

45 of the elastic continuum approximation becomes of practical importance0 

Montroll treats the case of an elastic solid on the assumption that 

the surfaces are perfectly reflecting0 This simplification makes 

possible an analysis of the modes of vibration in terms of pure-longi-

.tudinal and pure-transverse acoustical waves0 He used the frequency 

spectrum ôalculated by Bolt and Maa, which contains a term proportional 

to the surface area and the first power of the frequency in addition to 

the usual term proportional to the volume and the second power of the 

46 
frèquency0 	Therefore in addition to the usual Debye T3  term in the 

heat capacity, there is also a T2  term that is proportional to the sur-

face area0 For the case of very small particles, a term in the heat 

capacity proportional to T and to the total length of the edges of the 

particles becomes important0 The volume-dependent term is 

	

C = 96v k  4  ~ (4) (-1 	—2 	3 	12 
 " 4~,  (T  ) 3 	

(8) 
h3• 	C 	Cj 
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where ()-i-) is the Rieman zeta function of argument 4,  C the longi-

tudinaL sound velocity, C the transverse sound velocity, V the molar 

volume, R the gas constant, and O.theDebye. characteristic temperature. 

The surface-dependent term is

2. 

	

C 
= 3 	 + 	S. T.,. 	 (9) 

h 	.C2 	C) 

where S is the total surface area. The edge-dependent termis 

	

Ceage  = 	(2) 

 ( +
F)L T 
	 (10) 

where L is the total elngth of the edges., 

Dupuis computed the surface specific heat of an isotropic solid for 

the case of stress-free surfaces, so that the normal modes of vibration 

are neither pure-transverse nor pure-longitudinal waves, as this type of 

surface "scatters t' and mixes the waves. He points out that this type of 

surface is physically realistic in contrast to that considered by Mon-

troll. He calculated a surface specific heat with the same surface area 

and temperature dependence asMontroll's, but with a coefficient 

approximately 50% larger. Dupuis interprets his result by saying that 

the surface contribution arises from the energy associated with Ray-

leigh surface waves, and from the phase shift of the waves at the 

boundaries. His equation for the surface heat capacity is 

3 	2Ct 3CC+3C 	2 
C = 	- (3) 	2 2 , 2 	2\ 	

ST 	(11) 
h 	.. 	Ct _t) 

• Dupuis' result should hold as long' as 23  the• smallest dimension, of the 

particle, is not too small. From the approximations made in his calcu-

lations, 47rl3TA C must be greater than 10 For maesium oxide then, 
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T must be greater than 6 .x 10 _6 cm-deg, or 600 A at l °K. 

Jura and Pitzer have pointed out that for very amall prticles 

some long-wave-length normal modes are eliminated from the frequency 

spectrum, with a consequent reduction in heat capacity associated with 

the internal degrees of freedom0 At7 ,tempei-'atures . low coiared with e, 

the lattice vibrations contributing most to the heat capacity of, a solid 

have a wave leiigth of the order of aO/T, where a is the lattice constant. 

For magnesium oxide, it follows that at liquid helium temperatures the 

volume-dependent part of the heat capacity of particles with linear di-

mensions of 1000 A or less is less than that of macrocrystalline samples 

of the same material0 This also means that heat-capacity calculations 

on particles smaller than 1000 A must sum over all possible modes of vi-

bration, rather than making use of a continuous frequency spectrum. 

Jura and Pitzer also show that the heat capacity associated with the 

external motion of the particles can be important0 They treat these 

motions as behaving classically to give a constant heat capacity con-

tribution of 6 k per particle,. They have calculated the heat capacity 

of a m.terial with a Debye characteristic temperature of 400 °K, and 

which is in the form of cubes measuring 100 A on an edge0 The bulk 

elastic constants were used in calculating the frequencies associated 

with the internal degrees of freedom0 The two terms in the heat capacity 

are of comparable size at 3 °K, but the constant term dominates below 

l5 0
K0 As the particles become larger, the contribution of the gross 

motion becomes smaller0 However, their, calculations shown an appreciable 

effect -of particle size up to cubes 600 A on an edge. The effect be-

comes especially marked as the cube edge becomes less than 200 A. 
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B. Results 

The first sample of magnesium odde on which heat-capacity measure-

ments were made had a specific surface area of 166 m2/g, as determined 

by nitrogen adsorption isotherins at 77 ' °K. This surface area corresponds 

to an edge length of 101 A. assuming that the particles are cube shaped. 

The sample was prepared by dehydrationat 350 °C of laboratory-prepared 

magnesium.hydroxide. The powder had an average density of 0.12  g/cm3 , 

compared with the crystal density of agnesium oxide of 3.58 g/cm3 . A 

62.51 g sample was placed in a calorimeter constructed from 0.002-in. 

copper. The calorimeter was a 1 1/2-in. -diem/cylinder 3 1/4 in. high, 

and containing copper vanes to enhance the heat transfer between the 

heater and the powder. It weighed 15.03 g, and was mostly copper. The 

heat capacity of the empty calorimeter was also measured, and graphic 

means were used to subtract its heat capacity from the total. 

The second sample measured had.a specific surface area of 13.1 

which corresponds to an edge length of 1280 A. It was Baker and Adamson' 

reagent special, magnesium oxide powder. It had an average density of 

0,52 'g/cm3 , A 94,85 g sample was placed in a calorimeter constructed 

from 0,001,-in, copper. The calorimeter was a. cylinder of 1 7/8 in. in 

diam, and was 6 in. high, and also contained copper vanes. It weighed 

10.74 g, and was mostly copper. Its heat capacity was also measured 

separately, and graphic means were used to subtract its 1eat capacity from 

the total. 

The 'experimental values for the 166.m2/g sample are' given in Table 

XI, and those for the 13.1 m2/g sample in Table XII. The heat capacity 

of the empty calorimeter was approximately 140%  of the total in both ex- 

periments. 



Table XI. Heat capacities of maesium oxide with a specific 

surface area of 166 m2/g, Values are in millijoules 

-1 	-1 niole 	deg 

T  T C 

1.612 0.1627 1.431 0.3053 

0.1675 1.587 0.3810 

0,5700 1.707 0.4806 

1.008. 1.77 0.5384 

1.213 J.858 0.5978 

1.469 1.968 0.6557 

1.60 2.091 0.7286 

2.002 2.180 0.8098 

• 	2.627 	• 2.336 0.9620 

3.194 2.586 1.168 

• 	

• 

2,753 1,340 

2.895 1.565 

3 , 06 11. 168I1. 
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Table XII. Heat capacities of niaesium oxide with .a specific 

surface area of 13.1 	2/g. 	Values m are in millijoules 

-1 	-1 mole 	deg 

T C C T 

1.315 0,08111. 2.724 0.4745 

1.371 0.1280 2.684 0.14.531 

1.4.10 . 	 0.1517 2.226 0.3238 

1.819 	. 0,221 4 2,341 0.3661 

1.932 0.2318 . 2.458 0.3921 

1.267 0,0841 2.674 0.14498 

1.335 0.1022 2916 0,5732 

1.396 0.1070 3.135 0.6826 

1.525 	.. . 	 0 , 1578 3.355 0.7819 

1.559 0.11 3.504 0.8565 

1.819 0.2061 3,794 1.039 

1.853 0.2116 2.971 .0.5769 
2.099 0.2728 3.176 0.7082 

2.177 0.2777 3,14.11 0.7901 
2,161 0.2809 3.666 0.9676 

2.282 0.3051 3.923 1,207 

2,66 14. 0,14.616 . 
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Figure 15 shows the heat capacity of 166 m2/g säiile as a plot of 

/T3 vs T. This plot emphasizes the difference between the small and 

macroscopic crystals, for which c/T3  would be constant over this tempera-

ture range and equal to 0600459 millijoules per mole deg -. This,, value 

is from the heat-capacity measurements of Barron, Berg and Morrison, 47  

and from it they calculate a value of 946 °K for the Debye characteris-

tic temperature of magnesium oxide. 

2 Figure 16 shows the heat capacity of both samples as plots of C/T 

vs T. These plOts indicate for both Samples that the data can be repre- 

2 	 3 sented reasonably well by a T term plus a T term. Using 0,001+6 nnlli- 

joules mole deg 4  as the coefficient of the T3 term, a line of that 

slope was fitted to'both sets of points. The intercepts of these lines 

2 then determined the coefficients of the T terms Thus the data for the 

166 m2/g sample can.e represented by C = O,163T 2  + O.0011.6T3  millijoules 

mole 1  deg, and the data for the 13.1 th2/g sazle by C = 0.05 11.T2  + 

O.0046T millijoules mole deg 	However, in view of the limited 

range of temperature over which these measurements have been made, and' 

the relatively low precision, this analysis of the data must not be con-

sid.ered unique particularly for the 166 m 2/g sample0 

Because of the long equilibrium times (approx 5 mm) involved in 

these measurements, and to the rather small total heat capacity, the 

accuracy is not nearly sO good as in the case of the measurements on the 

alkali metals reported in Sec. II of Part I. An estimated upper limit 

of 10% error is placed on the over-all accuracy of the measurements. 



-61 

j 	' 	 I 

S 

a 

S 

S 

S 

S 

0 

a 
•• 

S • 
S 

S 
S 

S 

0 

IllIllIllIllIl 	 I 

2.0 	2.5 	3.0 	5.5 	'R) 

T( ° K) 
MU-15,842 

II 

w. 

- 	.10 

0 
E 
q .09 

0 
.08 

,, 	.07 
F- 

.06 

CL 

0 .05 
4- 

0 
0 

.04 
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The thermal conductivity of the 166 m 2/g sample, as estimated from 
-8  the thermal eq.uilibriuni times, is about. 5 x 10 w.cm. deg . This 

value is considerably larger than.had been expected .on the basis of 

what is known about heat transfer between macroscopic surfaces and in-

dicates the possibility that motion of the individual particles may 

have contributed to heat transport. 

C. Discussion 

On the assumption that the 166 m2/g .sanle of magnesium oxide con-

sists of perfect cubes, we find that the edge length is 101 A and that 

there are 1.09 x 10 particles per mole. At . k per particle, this 

means that there should be a constant term in its heat capacity of 

0.906 millijoules mole 1  deg* However, Table XI shows that the heat 

capacity is smaller than this at 2 °K and continues to decrease with 

temperature. Also, Fig. 16 shows that the data are represented rea-

sonábly well by a T2  and T3  term, so it appears that the constant term 

in this case is less than one-tenth of that calculated. A very plau-

sible reason for this discrepancy is that the particles are 'not perfect 

cubes but have rough surfaces and cracks or fissures that add to the 

surface area and therefore lead to an overestimte of the number of 

particles.' An electron micrbscope examination showed clusters of 200 A 

diam/ particles, but it was impossible to determine whether or not they 

were truly independent units. X-ray diffraction-line broadening indica-

ted a particle size of 71 A. 	. 	 . . 

If we take for average sound velocitiép in maiesium oxide the 

values computed by Dupuis, and use Eq. (11), the 'surface heat capacity 

2 	-1 	- 	. 
is u.--t x 10

-  6 T ergs mole deg , where S is the surface area in 
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2 
cm /mole. 

For the 166 rri2/g sample, the computed surface heat capacity is 

2 	 -1 	-1 	 2 O.0L-3 T millijoules mole.. deg ., as compared with 0.163 T millijoules 

mole deg 1  taken from Fig. 16. Of course, particles of 101 A at 

liquid, helium temperatures are clearly smaller than the lower limit 

Dupuis has established for the validity of his theory, so the.disagree-

ment is not surprising. Also, for particles this small, edge corrections 

. should be important and Eq. (9) gives.a contribution of 0.068 T 2  milli-

joules mole deg .to the heat capacity, but this is not observed. 

For the 13.1 m2/g sample, the computed surface heat capacity is 

0.003 11 T2  millijoules mole deg, as compared with 0.054 T2  milli-

joules mole degtaken.from Fig. 16. This discrepancy of a factor of 

16 seems far outside the limit of error of the heat-capacity measurements 

and the uncertainties in the data analysis. Again, however, the fact 

that the surface is rough and made i.Ip of cracks or fissures in the 

particles might lead to.a very different surface heat capacity than that 

computed by. Dupuis for a plane surface. 

A factor that could be iinportant.in explaining the discrepancies 

between experiment and theory for surface-heat capacities of small 

particles is that the theories have used the macroscopic elastic con-

stants in their calculation of the frequencies of small-particle modes 

of vibration. In light of Dupuis' result that Rayleigh surface waves 

are an important contribution to the surface energy, and since the re-

storing forces acting on atoms on the surface would be smaller than 

those acting on atoms in the interior, it seems that the use of macro-

scopic elastic constants would give a low estimate of the surface heat 

capacity. 
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Related to this effect is the pOssibility that the surface is 

chemically different from the interior, which would also change its 

elastic properties. The tendency of magnesium oxide to adsorb water 

makes it a poor choice for experimental work for this reason. The 

166 m2/g sample contained a total of 6% water; no analysis was inadeon 

the 13.1 m2/ sample. 

In summary, these experiments demonstrate the feasibility of in-

vestigating the heat capacity of small particles, but an adequate test 

of the models involved in the calculations will require measurements on 

regularly shaped particles with uniform chemical composition, over a 

wider range of temperatures. 
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APPEINDIX. Heat-Capacity Anomaly in Solid Air 

The heat capacity of the air is shown in Fig. 17. There is an 

uncertainty of perhaps 5% in the amount of air present, and therefore 

in the values plotted in the figure. In this temperature range, the 

heat capacity of solid air is as much as 400 times as great as that of 

48 solid oxygen. 

It seems probable that the large heat capacity is associated with 

an antiferromagnetic ordering of the electron spins of the oxygen mole-

cules at about 3 °K. From a comparison of the spectroscopic entropy of 

oxygen gas with calorimetric measurements on the condensed phases, 

Giauque and Johnston showe,d that in pure solid oxygen the spins are 

49 	 49,50 largely aligned at liquid hydrogen temperatures. 	Calorimetric 

and magnetic50 ' 51  susceptibility data suggest that a tranformation to 

an antiferromagnetic state is coincident with the y-P crystallographic 

transition at 43.8 °K. Dilution bf an antiferromagnet with a diamag-

netic material reduces the enerr of interaction between the spins. 

Consequently, the alignment of the spins in solid air can be expected 

to take place at a lower temperature than in pure oxygen. Further 

support for this point of view comes from magnetic susceptibility mea-

surements on liquid oxygen-nitrogen solutions. Between 611- and 77 °K 

these solutions follow a Curie-Weiss law with antiferromagnetic Weiss 

constants4 52  The Weiss constant for.a composition corresponding to 

the present sample would be about 7 °K, within the usual range of values 

that might be expected for a material with a Neel temperature of 3 °K. 

The fact that the heat capacity does not exhibit the ?..-anomaly character-

istic of antiferromagnetic transitions in pure compounds is to be 
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Fig. 17. The heat capacity of solid air. 
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expected on general grounds, and also by comparison with magnetic 

susceptibility measurements on solutions. which show a broadening of 

the antiferroinagnetic transition.53 
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