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One of the techniques tr tqhioh highly ionized p1anae can be 

generated in the labozator'y mkea use of strong, electromagnetically 

driven ohock vavea progating into a cold gas. If a iignetie field 

already exists in the undiwtuxbed region theee shocks Will in general 

not be gaadynamic in charactez but the cu'rent.carrying interface viii 

coalesce vith the ionizing 'ront. The process ban certain fatureo in 

con with detonation vavea, and diffOrs from previously analyzed hydro. 

nagnetic shocks in that the electric field in the undisturbed region 

need not vanish. If the initial zgnetjo field has a logitudinal corn.. 

ponent the gas must be pernitted to acquire a transverse velocity. 

Moreover, since such Shock a are almost aiv'aya compzeaive, the p1ana 

will usually also have a forvard velocity9 In oiosedu.oM tubes, thareiw 

tore, the front must be followed by a rarefction vave in v2ich the 

longitudinal flow is brought to rest e4nin. 

In this ipsx the Phenomenm is analyzed as a. one'dinewionaj 

singlef1ui4 hrdragnetjc problem, neglecting dissipation behind the 

wave. Zero conductivity is aasmed for the region in front of the wave, 

and therrno6ynam1 equilibrimi is required behind. The problem is not 
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determined unless an addittonal condition is imposed. We Ipotheaize 

that the xrefetion 'wave remains attached to the front. In the limit 

of essentially complete ionization behind the front, the problem can be 

solved anal4tica3i.y as long as the transverse magnetic field there remains 

seall eamre6 with the longitudinal field. In this case the front veloc' 

ity, plum density and tompomture, and the electric fieldsaa well as 

the structure of the rareftotion 'wave-aan be expressed as simple functions 

of the initial magnetic field, the discharge current, the ionization energy, 

and the initial gas density. It Is of particular interest to note that 

in this limit the coasion in found to be very modest 	 + 1)17], 

and the trailing edge of the rarec ion 'wave popegates at halt' the speed 

of the freut. It is also possible to generate noneampxesstve ionizing 

vase, provided that the magnetic field in the undisturbed region has a 

transverse component that is being appropriately  reduced tr the driving 

current floing in the ionizing front. 

In recent years it has become convenient to produce and heat highly 

ionized pisemas by means of electriagnetica3iy driven shock vavee. A 

great variety of shock tube n have been dovelopod, and acttrnlly mamy pinch 

discharges and rapid compression exporimante tU into the same category. 

In the analysts of the dnamics of the phenomena it is twtl1 1y asaumed 

that the currentcarrying reion can be regarded as an .lmpanetrable piston. 

The assumption is strictly justified only if the conductivity there is 

essentially infinite and if no magnetic field ex.iste in the uudisturbed 

region. If a finite magnetic field is present ahead of the disturbance 
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Io'sver, in many cases of intereit coins of the cnrrent will have to flow 

in the chock front itself. This is true even if the conductivity is 

infinite, and irrespective of vhether the gas is already conducting or 

'whether it is ionized by the shock Ltcelf. 

This means that the shock is a hydrguetic penoinenmt, and the 

first current intez'ftce does not re'e sent an impanetrebla piston at all. 

4oreover, if the initiol magnetic field has a ccnponent peraUel to the 

direction of pivpegtion of the distm'nce, no real manettc piston can 

exist anywhere. The piatofr'.like discontinuity, or driving interface, in 

that case is replaced by a óontinuoucly e3candi.ng region of nonatendy 

flaw, a r faction 'wave, in which the applied magnetic field spreads at 

a finite velocity through the psmpalled p1a. The flow pattern of plasma 

in a shock tube wider these conditions has recently beau analyzed for the 

case in vhIeh the gas ahead of the chock is already highly conducting. 1  

In this paper we investigate the phennon for cases in which the gas 

ahead of the shock is not yet ionized, I.e., where the umliaturbed region 

has essentiaiir zero óo &uctivity and the ionization is assnsd to take 

place in the front itself. We 'will use the tein IromaguetiC Ionizing 

front. 

Proe the  theory of Saskmanics it is well known that the speed of a 

plAne abocko  or the ratio in 'which the ener' is distributed between 

internal enerr and nasa motion, is not un q.uely deternined by the ccn 

serve tion laws alone. in addition to the state of the undistuz'bed gas 

either the shock speed or the flow velocity or the pressure of the gas 

behind the shock must be specified. The enargy driving the shock and 



heating the gas can then he amaidered as being supplied by the flow it 

self (or tr the iston). If, on the other band, the shock is driven 

pinarily br an independent onersy z'el.eaee in the frnt itself, as for 

instance in the case of detO1EtiOns, neither the shock speed nor the flow 

velocitr or the gas pressure behind the shook Can he spegifled as given 

cOnditions. Terefbre c other criterion must be foinid to render the 

problem uni. In  the theozr of gaseous detonations the Chapin4ouguet 

1potheeis is used according to vhich the gas leaves the cCbzst ion sane 

at exactly sonic speed • 2 

In bydronagneties  the electrwagmetli.,  energy driving a hoàk is 

likewise z'eleaeod in the front itself • in these phennena either the 

flow conditions or the nanetic field behind the shock, but not both, 

MW be considered as speetfied. The additional constrnint needed to 

detennine the bydromgnetic shook flow uniue1,' in almost all analyses 

to data, has been the requirement that the electric field most vanish in 

the frame of the madim ahead of the shock as well as behind it • In other 

words, the gas has been assumed conducting in the tmdietur'bed as veil as 

in the shocked region. A very complete discussion of all the diffrent 

teo of shocks that vmy exist under these conditions has been given by 

ser and MAcscm. 3 
 

If, on the other band, the undisturbed gas has negligible conduc" 

tivity, the electric field there may be finite and cannot be specified 

a piori. We conclude that in the analyses of bdramagnetiO ionizing 

fronts, just as in the theory of detonations, another criterion must 

exist that determineè the ienomenon unique1r. We repeat: )dromsgnetic 
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ionizing fronts differ from or&inar.y bydroegnetic shocks riot only because 

some enerr must be lrwested in ionization (and perhaps dissociation of 

molecules), but prinari]y because the electric field in the undisturbed 

region cannot be directly related to the shook velocity and the szegnetic 

field. The last statement is equivalent to pDinting out that the un 

ionized meditun ahead of the ionizing front does not permit a:W propagation 

of bydromagnetia signals. It is these latter features, and not the energy 

conversion in the ionization process, which meke the phenomenon em(ie.r 

to gaseous detometions. 

In this paper, then, we limit our die ussion to maietioaUy driven 

ionizing shocks under the condition that a magnetic field exists in the 

undisturbed region ahead. i1oieover, we focus our attention on eases 

where the field is not parallel to the plane of the Ionizing frct. It Is 

certainly poasihte to devise experiments in the laboretory in which a 

Iriagnetic driver, is constrained to move in a direction with a ecarpen 

ent parallel to a nagnetto field existing ahead of it; 1' in some experiments 

the propagation is ectly along the nsgnetic field ahead of it . We will 

shov that such an ionizing vave may provide a unlqwe and very useful va 

of producing a magnetized uniform plaema if certain requirements are fe1. 

filled. In fect, this latter aspect has motivated the present investigation. 

THS MDDFL 
a 

In the anaIysis we restrict ourselves to a simplified'  one-&tineional 

model. The geometry is best explained with the help of M. 1. The gas 

is considered to be confined between two infinite conducting planes, both 



jaraUel to the xz. plane. The initial magnetic field is also pazUel to 

the tz plane, the appUed electric field is almye gwalel to the y anie, 

and overthing is asad to be independent of both the y and z coordinates. 

This means we are looking at plane tave notion and are choosIM ourx 

coordinate along the direction of n'opogation. It also inUoe that we 

ignore viscous drag at the flow boinidariec, and any variation of the fluid 

properties, such as the electrical conductivity, that might appear in the 

neighboitood of the surfoces. 

The gas ahead of the wave is assiued to be at rest, in eqilibz'ium, 

and nonconducting. Purtheraiore, we asowne that iimw4iately behind the 

shock the gas is again in thezmod'nie equilibriil, so that it Obeys an 

eqtt ion, of state and so that its relevant physical propert tee such as 

ciposition, electrical conductivity, etc can be cputed fri equilib.. 

riwn considerations. This means we are limiting ourselves to densities 

high enough to ensure sufficiently rapid equilibration rnteo. We need 

not meke ar assumptions concerning the shock structure in this case, 

other than requiring that the shock thickness is finite and constant. 

The ect mechanism of ionization is not wider discussion here. The  re-

quirment of equilibrium behind the front implies that the current there 

is zero if the flow is steady. This means that the electric field must 

be zero in the freme of the moving gas behind the front, even if the gao 

had finite resistivity there. Therefore, the shock jump relations, are 

always autatically independent of the, transport properties, such an 

the conductivity. 6  

It is not I xe&1atoi,.y obvLous that a steady wave should always 



progate in a ChOCkotubS ezperiment in whicb, for instance, the current 

input is kept constant. Eecauaa shocks are usual1r cpzeeaive, the front 

rnlees a suitable a46..itional driving piston is prided. However, it has 

been shown that in the L1,'lt of negligible dissipation, is., isantropia 

conditions in the exponsion region, the flow there can be described as a 

"centered zarefection wave".7 This means that, in this apprcntiition at 

least, the entire flow pattern spreads at a unifeun rate and draws con-  

stant total ctu'rent, so that a steady shock can indeed be driven ahead 

of It, Accordingly, we treat the problem in two steps. First we discuss 

the shock relations under the aesunptiona of steady flaw. Here we include 

the effects of dissociation and ionization and point out the conditions 

under which steady propogation should be possible. Then•, we 3.00k at the 

expansion wave, sasunzing negligible reaiattvity, viscosity, end thenl 

conthiotivity. Finally we cornbine the two regions to describe the entire 

phennenon. The model is depicted schnattcally in Fig. 2 • The situation 

and the enalysca here are therefore very similar to those treated by Kemp 

and tschek, 1  I the only difference being that the latter assume ccnplete 

dissociation and ionization ahead of the wave, whereas we i'equira negU-' 

gible electrical conductivity. 

In accordance with Fig. 2, we distinguish quantities in the regions 

and ahead of and behind the shock by the subscripts 1 and 2, retapoc' 

tively. Since we assume the shock to be steady, it is most Convenient to 

start out by describing the flow in a frame of reference in which the front 
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is statiOnarr (see Fig. 30. The basic eqtions are then indendent of 

time and, in mwone-dimenisional pi'oblem, mey be iiusdiste1r integrated 

to give the fini11Ar syvnetrio jump sonditions oonxcting the uantitiea 

in regiøn R1  and B2. It is esaUr shown that these relations do not do. 

pezid ex.ieitly on ejW of the irreversible processes occurring in the 

titian as long as no anerg 	 they are true 

conservation lava. If we denote the velocities in this frsae of  reference 

r SMS21 letters 
V,

(u1, 01 
o) 	it2  (un, o, we), wtzere uland 

will be eonsi4iored negative as indicated in Fig. 3a, the conservation lava 

ares 

for the mass, 

plul =pu 	 (i) 

for the z'.monentisa, 

Plul + P1 2 41 P2u2 + P2 + 	
(2) 

• for the z-mnent'imi, 

(') 

for the enez'', 

+ 1109zl  pgu2b2  + E5E2. 	 () 

Bore we have expressed the total enthalpy per unit mass as 

(5) 

Equation (1)  is most eaei1y derived from the canpiete energr equatiOfl as 

given by .i.8  We have retained the symbol R for the electric field as 

measured in this frame of reference, however, because the quantities in 

region B1  ax's not directly related to E5. It should also be notød that 
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only in this frame do we have 	 in any other fram ziving
81  

along the xi.direction, there will be a difference between Ej and 11 2  

(unless Hz1 = 
Rz2I of course). Thirthermore, we have exre seed the inter-

nal enei'r per unit mass of the gas by two terms: e = e 0  + p/ (yi)pJ. 

This means that we are asatmiing we can deècribe the plama as a pelytropic 

ideaj. gas with an additional "frozenin" internal enerr e, as for in.. 

stance stored in &tsaooiation and ionization. The reason for this iealiZa-

tion wiLt beecns clear later on. In generel, of course, both y and 

will be functions of p and p, depending on the composition to he determined 

fron equilibrium consideretiono. 

In addit ion, we need the field eqjations for the magnetic and electric 

quantities. These axe 

S 	 '(6) 

tIc. (6) was already, used in the derivation of (2) 0  (3), and (41 and. 

Es  M .  p(u; - 	 (7) 

wnioh follows from the assumed conductivity and absence of current in 

region H. If region H1  were also conducting, we would obtain an ad&t. 

tional relation, i.e. 

Be = 
	 (8) 

It is instructive, and in ict algebmicaUy eonomical, to ez'ees 

the set (1) to (7)  in a coordinate mystm fixed in the wdioturbed Un-

ionized gas, before we discuss the conseqrLces of 	doning q. (8). 

As Indicated in Pig. 3c, we ,accomUeh this by subst4tuting U1 = U, 

The shock 



relations can then be written in the forn 

PIV = p2 (U 	'2), 	 (9) 

(10) 

= 	- %1)$ (u) 

_ e1  + 1 v2  + 	+ V *  (i, - 1?j) 

10 
v2+6 dIYr 	 (12) 

TM 

(13) 

Equation (12) is the interesting one0 Xt states that the work done 

s velocity v2  and the negative diverence Of the ftyntIng vector in the 

tube. it is the divergence of the ?Gynting vector which, at 'lcaat in 

• 	The piston, of which either P2  or V2  =W be specified as the Sdditionai 

datwu mentioned befote, is necessary to ensure the assunmed fltea flow. 

We shall show, hewever, that here, as in the case of' detonation waves, 

the flow is only matmtalned tàtifoin by such a piston if its speed equals 

or 	 If no Such piston is jummided or if the 

piston is too slow, a region of nonstea&r flow in the znnsr of a z 

i'ction wave apeare bsten it and the NoyWating shock front, and the 

uantItiy p2v2  In 	 (12) Is not deteiniated by the pbysical piston but 

by the 8mamnics of the expansion wave, i.e., the energy is token frcn the 

ft 
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The crstn of Eq. (9) to (13) must 'stiU be su&lQnentetti ixy a set 

e0  c ,3. 

as a ftmetion of p2  and p2 . This requires nunarical náns, &nd although 

for hrdrogen it has essentially been done alvmdZr,, 9  in the analysts dis. 

cussed hero we sbaU simply consider both e andy2  as given fi 

qinr1tttiee. ?he latter is, in fet, a valid approxition if the gas Ia 
hot enough to be PmeticaUY fully dissoeiatod and fully ionized. In this 
case, we sinb- heve eo  = el + 	the t" enerr of Ionization and 
dissociation per unit maSs, and 	5/3. JPer hyLrogen the aponimation 

is good if, for instance, P2  is iesü than one atmosre and the te 

turo eceeda 30 OOOI, i.e... p2/p2  is greater than 5 x 108 rn2/sø2•9 

If we set 	0, a0 	and y2 	the srstem of ettous (9) 
through (14) is identical with the one derived very egant] t IiList for 

ordiLnaay nonrelativistic bYdromagnetio shocksp lo  the oolthns of diich 

have been adecuntely Stwlied. 3  Sinee we have to abandon the con&tt ion 

0 for our ionizing fronts it is obvious that the Set of algebraic 

eqtiO21A (9) to (14) is inuffic tent to determine the solutions oon 
p1ete37. Just as is done in the discussion of gaseous detonations we 

can derive a zeiition between any two de ndent variables, eUminstin 

all the others with the help of the shock equations. This Vields the 

locus of al]. possible solutions, thus affordizg us considerable insight 

into the nature of the PhencMUM. 
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In our case it is more instructive and convenient to find the re1ation 

ship betseen U, the shock velocity, said v, the x ooirponent of the flaw 

velocity behind the front. We use qa. (9) to (i)) to express U, v, 

p, ç, E2., and hence also E1, as functions of p1, p,, 

of B5, 2' and  e,  as U as of v. Thysicfly, thiamoans tbt e exe  

s,eoifjjn.g the cc. itions in the und.tetuxbed gas and the curzent, but not 

the eieotx'ic field. if ve elindnate in Eq.. (ia) the ajmntities v, ' 

'2' P2 F, and 21  with the help of Eq.s. (9), (10), (II), (13),  and 

e otftaiñ a relation of the fourth degvee Ynich is cubic in U and quae 

ratio mv2. We could solve this fbr 12  and studrtbebehaviorofv2(U). 

Algebraically, ha, it turns out to be nnxcb more convenient to intro- 

TIT 

of the aoluUons. 

Let us define the foUodng new vexiablesi 

12 

u2  

405) 
—.—Th 

I 	
(15) 



(i5) 

at - 

We are not interested in the case AN = 0 because this is the o1i 

g.snic ehoc. The p3rameter 13 can bave anr valm in '1nci.e.  In 

inztiou1a, 	1 ImplIes L 	0, a .1 means 	0, and 	0 

refers to 	 in 	j Xo to the nomenclattire introduced for 

ordinary bydrnetie shocks, 7  e c3h.3l call the.ae cases megnetic 

on", "itchoff", end 	nsverse' ionizing fronts, respctive1y. with 

the above substitutions, the solution takes on the form 

(7 +i)z 	 t3+2i2L)Z +( 

(16) 
2Z + 2(72 i)e +Y2 -  1  

Z-a 	 (17) 

 

 

E. 	S1 	d+-(l+) 
 

Aw ptE 	 Y 

p 
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A1thugh this ford is still implicit since X contains the deDendent vari 

able U, nenr ftates of the solutions are easily donstz'ted. When Eli 

€, and 12 o 71 are all set eojat to zero, these ouE1tions are ain re-

duced,, of course, to the ones iw7estigated by Sawr and Eriescrn. 3  In 

p3rtieular,, it is res.dily sbotn that in such a case X cannot be negative 

if the entror is not su.aed to diminish aeroas the shock. Also, it 

is easily seen that under these circuzstaxieec Z can only. be  zero if 13 = 0, 

and then 	 and 1T 	JT, i.e., the nonconj salve 

symmeti'tcal or Alfv'e
,
n shock. 

None Of these lnfrences can be dravn from Eqs. (16) to (20) if 

is aUofed to differ from zero. This is the first important conclusion. 

We shau now point out soine of the general features of Eq. (16), 

vbich is plotted for various a' a in ?i. 4, Of course e  am. only interD 

sated in the region y < UP  + (i + 	so that E1  never vanishes. 

(a) EquatIon (16) describes hpperboiae in the xy plane. The aayinp.. 

totes aie: 

z = (t +13- 72) 
 - 	

- 	
+ 	

* 
i'i:" i) 	(21a) 

and 

+ l)x + 	1)(1 + 	 - 

	

+ (7L, . 1)ltj(v1 + 72)(72  1)1(71 	 (21b) 

I • e •, they do not depend on the parmaeter a. 

(i,) When X is very large cainpared to a, 0, y, a, and 111 %io have 

+ i)x. This is the ordinary gas dmmic strong shock. We 

should expect this property because it is clear that the piston In Eq. 

(12) is doing practically all the work in this case. 

(C) The curves Y(x) have roinima. The minizna have as tool the 

straight lines 
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ym = (2 + i)x.. (i + 	
72) + y1r1 . 	 (22) 

These are seen to be independent of a and a. Th e  fact that the 
Y(K) have  minim means that for each set of given conditione p1, p, R, 
etc. the resulting relation U(v2) has a minimum. Again, this feature is 

reminiscent of the behavior of detonation oavea. One might, for instance, 
be tempted to identify the rdnlmtun with the ftmiljar.  •Cbapn-Jout 

point in the theory of gaseous detonations, although the analogy should 

not be stretched too fur. 

The analysis of gaseous detonation seavss above that at the point of 
znintmtmi propagation speed the flow velocity of the gas behind the front 
z'elatjve to the front is alveys exactly sonic. That is, at that point 
the rareftetion wave follove the front i1mnediate.y. Moreover, the entropy  

behind the front is a minimum when compared to values of entropy on other 
point a aLong the U(v2) curve. The analogous conditions are generally not' 

fulfi11d for the propegatton speeds Y 2  of our bydronaetieally driven 

ionizing fronts. However, in the special case p = l,the magnetic switch.. 

off wave, we can show that the ana1or is almost complete This is the 

second important conclusion. 

The proof is elementary. We merely have to express the relative 

velocity u2  - (u - v2) in texs of our new vc,riabi.es 

2 

AR c 

	
(2 

Substitution from eqs. (19) and (22) yields for the' relative gas speed 

atthemjnimumofU 



..16.. 	 UORT.9936 

(u22)m  (U  V2) 	 + 4(i + )(y 1)(E)2]. 	(211) 

If diasiation can. be  neglected, the propagation speeds 02  along the z 

direction for sn1l disturbances in the plasma in region R2  are given by 

the relation7' 

.2  [ IL (ç2  +) 	 (25)  2] 

ObViOus1y for c2 = 0, we have 0 = -1, and hence 

(2) 	
72z'2/ = 

Likeise, it can be readily shown that the change of entropy per unit 

mass de l/!rt do + pd( l/p)] taken along the curve Y(x) at the point where 

dY 0 is given by 

(T2da2) = ,i (1 + o)(t - 
H 1)2 	 (26) 

which again is zero for 13 = -1 We shall therefore call this point in 

this special case the C..J (Oh 	n.'Jougiiet) point, and the mode of opere' 

tion of the Ionizing front at this point the C4 ionizing process. 

This result is not too surprising because here the vmetic field 

has no tznaveree component behind the front so that the gas flow in the 

x direction is purely acouatic. The entropy produced in a eitch-off 

ionizing wave can be shawn to be a nnx2mtzn at the C point rather than 

a rnininrlm3; it is therefore not clear whether the phenomenon is stable at 

this point. 

In the theory of simple gaseous detonation, so pointed out before, 
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it is UBUS11Y azued that the C4 procees must occur whenever there is no 
piston added that moves with a speed v2> (V2)mi the gas flow velOcitY in 

the x direction corresponding to the C4 point. The same can be demon. 
etrated here. It is eazi2y verified that, in the case of •1, we have 

> 	- 2)2  for v2  > (v2). This means that any rarefaction wave 

existing behind the shock will catch IT with and weaken the shock, reduc 

trig both U and v2  either until the flow behind the front is uniform, or 

until v2  equals (v2 )
m'  whichever is reached first • In that case, there. 

fore, the situation V2 
(Vdra is never obtained. Besides, situations 

with V2 <2)m) 13= -.1 are be1jved to be unstable, because they invOlVe 

supersonic flow nor,ii1 to the front on both sides of the ehock. As a 

result, we can use Eq. (22) for = -.1 to express the additional condi. 

tion for the C.4 process. fence we can eliminate either Y or X from 

Eq. (16) so that the problem of the switchoff wave is completely detor. 

mined provided the C$ process itself Is stable. In this connection see, 

for instance, the recent observations by IThite. 12 

In order to extend the solution to the general case w < p < + 

we sh.11 postulate here that the relevant physical condition determining 

the mode of operation according to the arguments in the previous poragraph 

is 

U * V2 02- 
	

(27) 
This means region 	in Pig. 2 is asstned aiwerc to be shrunk to zero 

length. Here 	is given by the smallest posItive root of Eq. (25), 

because a magnetosonic exponsion is a slow wave. 1  

It does, of course, seem possible that the actual propagation of 



ionizing fronts is governed by the iOnizatiOn rate rather than by the 

magnetosonic conditions analrzed heree In particular it nep be argued 

that 91  must be sufficiently small so that no electric breakdown occurs 

in region R1. In that case, however, a steady 'phenomenon can only result 

if v2  to equal to or smaller than given by. condition (27), because other* 

vtse the exnsion wave will overtake the front, cautng a' nonstesdy or 

nonequilibriurn flow. Equaton (27) can therefore be regzrded as a 

limiting condition on for steady propagation. In experiments v'here 

steady ionizing swttch.On fronts have act3.y been observed, 5  one of 

the two electrodes (conducting plates) shown in pig.  I does not extend 

into region R1, so that the electric fjeld 	is, as it were, convected 

along with the speed U and attenuates with iMleasIM distance  from the 

front. This masne the gas in region R1  is expcsed to electric fields of 

the magnitude of E1  only for a short time and a finite ionization 

rate is consistent with a steady propagation speed. Since a completely 

self-consistent calculation of ionization mates and hence of the struc-

ture of the bydromagnetto front is an exceedingly complex problem, we 

keep this discussion simple by aastvsing that condtion (27) can be used 

as a good approximation for all cases of interest 

Equation (27) can be combined with Eq. (25) and revritten with the 

help of our new variables (is) to read 

(Y - )[2 + *(l + 
	y + x]= 7rr2 (ex2  - y + x). 	(28) 

because of Eq. (19), and after some rearrangement, we finally obtain 

our general eubsidiaiy equation 
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(1+)2(yx) 4(7x+xr.. 	 (29) 

The solution of the 6111taneous equationa (16) and (29)  is still a1je.. 

	

braicalLy cumbersome unless p 	or a 0. 

• 	 First we examine the case where a = 0, i.e •, 	0. In this case 

the smallest root of Eq. (25) vni.shes and c2  = 0. This zans that 

a, and Y K, i.e., we get a 	d 	 so3.ution and, 

of course, there is no expansion wave • In particular we find, neglecting 

pip 

''2 	(2e) 	 (30) 

	

2e0 	 . 

	

E2=ILBz2U 	 S 	 (32) 

1u. 

These results differ from pmvioua llsnawplov ,,  soiution, because In the 

earlier treatments the energy equation was not used. We obtain the eon.. 

ventional form of the plane snowplow solution if we si dnate 

Eqs. (30) and (31) and arbitrarily set p2  = 0. In view of the pedieted 

infinite density and the possible negative pressures, according to Eq. 

(yi), it is quite clear that our model is not any better than the earlier 

one. In fact, we must conclude that an ionizing front will not be steady 

if a = 0 and Eq. (27) applies. 

If Eq. (27) is abandoned, of course, steady solutions are possible. 

Since there cannot he an expansion wave when a = 0, the flow is similar 

to that driven hy a conventional Impenetrable piston. This situation 



has recently been studied in more detail tr 1rUb1rnOV and Kulikovski:1 13-15  

structure and dissXtive efte4to in orer to arrive at unique solutions. 

It is interesting to note that they found conditions under which currt 

free, i.e., ordinary gasdynaznic ionizing shoOke should propate ahead 

of the curient.carrying interface. The question of stability was not yet 

considered, however. Clear&y, the special case of cx 0 and 13 = +1, I.e., 

Eal 0, gives no trouble If the conductivity is sufficiently high 

behind the frt because in that case E 1  is certainly vaniehingly anaU 

and the usual model of the Idealized flow in a magnetically driven shook 

tube should be valid. The expressIons for the velocities, pressures, 

and o].ectrio fields In all these cases differ sans, hat from those given 

in Eqs. (30)  to (33), of course. We shall not discuss these here, but 

rather limit the treateent to the range of values of a > acrit  for vttith 

the speed of the expansion wave Is fast enough to rule out the peasibility 

of purely getrno shocks even it the conductivity were infinite • In 

this case Eq. (27) can certainly be used as a limiting condition, 

For simplicity we examine the Important case where 

() 

• 	 so that we can use as a good ap'oxIxiiation 

+ i)x 	+ y21r1 . 	 (35) 

A plot of Eq. (5) is also ln1uded in the example on Fig. Z • For 0 .1, 

both Eqs. (29)  and (35) are identical with Eq. (22), and than Eq. (35) 

is valid for all a> 0. CertaInly for ezpex'iments In which RX )> 

and 	)> H, Eq. (35) is adequate. We may, moreover, aiweys neglect 
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beesuas we will certainly need fl1  <<1 in ionizing bythugnettc 

waves; 111  was only carried in our eations for crnpletone as sake • The 

abacript of y2  may then also be dropped. If we now use Eq. (35) to 

e1iuinate X from Eq. (16) we obtain the solution for the wave speed 

I (A + B2)+ B 	 (36) 

A (2 - 1)c? + 7Q y +y 

B= (2 	L) + Ij '(r i - a). 

The terms containing A in this ezpreweion are strictly justified only for 

(1 + )2 <<i, because of condition 

For A >> B2, i.e., 4Hx,,R>> p1e0, we find 

t). 	 (57) 

For B2  >> A, on the, other hezd, we have 

U 	I!AU/p1 (2e0)
1

. 	 ( 38) 

InFig. 5we shovaplot ofIaeafrnction ofafor 	.1, 	5/3, 

and a variety of values for a • :. 	:. 

The other qntities of interest 	v2, P2,P ' 

easily expressed in terea of TI, the wave speed, tr using Eqs. (35),(18), 

(19), and (20). in these, too, we shail ignore p,,  everrwhere and drop 

the subscript of 	From Eq. (35) .ve obtain iadiately 

V2j 
(1+) 	

(39) 



5 t 

and, by using Eq. (18), 

P, +i 
	

(iiø) 

Acaord.tng to Eq. (19), 	is given by 

7+1. 	2Y 

This also deteznines the temperature behind the front as 

p2 	iT? 
	

(1.._) 	 (142) 

Pinal1j, the e1ectic field in the region B2  is determined fro!n Eq (20) to 

be 

We have shou that mwW of the previously dr.. aenclusions coneerna. 

important case ware E1  is alloWed to differ ftw zero. Also ve have 

shoin that the gnetic itch-off 10mizing wave is almost in complete 

Prm the set of relations (36) to (143) ftzrther conelusions concern-

ing these bydramagnetic ionizing fronts =Wbe dxain immediately. First 

of all, it is easily demonstrated, with the help of Eq. (18), that 

	

>> 1 if both di>> (1 + )2 and 	are fuUtUed. Equations 

(36) to (4) therefore shar that under these circumstances v-2, 2' p20 



ft 

and E2  do not deDend strongly on A. Also, we see that in this case the 

differenco between conditions (22) and (35) is negligible. In other 

words, if the longitudinal magnetIc field R  Is much stronger than both 

an a, qe. (36) through 3) can be expected  to describe the 

enuenon mther well, even if the postulate (27) is not the correct 

Furtherare, certain Interesting featuros pertaining to the extreme 

states that p/p, is remavlmW insensitive to chazges in the Independent 

variables, the value being aurpeisthg3.y 3.ow. For euiapLe, for y 513, 

we have 1.6. 

Substitution for U fran Eq. (36) in iq. (43)  shove that E2  varies 

only slowly with AR. In fact, for <<p1e0  Eq. (38) apliea, and 

we have 

L(2e0) 2 	 (144) 

which is independent of the current and gas density. Eation (144) as 

veil as q. (30) .reaeabie the findings W Alfv6J6  and Fthleeon 17  

distinct fronts producing full lonisation, as aseied in our medel. 

Equation (38), when conbined with Eq. (U) can also be written 

2e0. 

Actually, when Eq. (38) applies, the temperature 	is often too low to 

juatLir the original aemmption of cte ionization. 

In Fig. 6, Eq. (1e3) 	for the case of 	+1 	is plotted in a 
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nond1uenaioca1 foz, i.e., expressing the quantity E2/[H(2ea) 11'2 ] as a 

function of 6[i./(p1e0)]1/'2 for various values of i[&/(pje0)]u/2.  The 

solid curves are fair approxizations also for p V I provided that 

(1 	)2 <<a?. The  predictions of Eqs.  (36) through (43) my be eon- 

pared with the experinenta1 findings of Wilcox et al • in which 

Their gecetry is not one.dfmenaicnal but cy1indrical, as indicated 

scheMica11.y in Pig. 7. Nevertheless their observations agree fairly 

well with some of the rajor conclusions arrived at hem (slow unifors 

propagation speed of a distinct front, voltage regulations, eto.). 18 Xbre 

extensive conparteon between theorr and experiment Is planned for the near 

NA 

t1iereaa the m4petle 	itch'on wave is of particular interest to 

the experimentalict because of the simplicity in instrumentation, the 

"evitch.-ofr wave is more attractive from the analytical  point of view. 

In addition to the close oorrecpondence to gaseous detonation waves, in 

the zwiteh.off case, we note that both Eqs. (16) and (20) becone aimpli. 

tied. In paticular, it is interesting to see that, for 	-1, Eqs. 

(36) through (13)  are exact, the  only restriction being a> 0. 

1ine1iy, we Investigate wider what conditions v 2  can be zero, i.e., 

p1 . As pointed out before, Eqs. (16) through (20) do not restrict 

X to values greater than zero if 13 is pereitted to take on values lees 

than zero. In our model of a closed inntt end of the tube, v2  can never 

be negative. If conditions in the front call for v2  <0, a pa'ecpres.. 

zion shock is set up, violating the asswnicn of gas at rest in region 

If the precompreesion shock Is strong enough to ionize the gas, the 

front wiil change its character so that V2  is greater than zero. in 



a very aimi1r nanner, deflagrat ions are changed into detonations in the 

case of closed gaecombustion tubes. We certainly may set X = 0 in both 

eqs. (16) and (29)  and obtain two simultaneous equations in Y, , and a: 

(y!1)c? 

4j 

(i. + s)2r0 > 2(2Y0  + i)(d Y0). 	 (7) 

We use the symbol> to allow values of 022 U in Eq. (27). If we eliminate 

YO  between Eqs.. (46) and (47), we find the minimum condition for - as a 

function of a and € that ikee v2  0 possible. We shall not do this 

here, because it is lengtr and not particu1rly instrective. However, 

we may also ask what can be the maxim a for which a switch.off wave, 

-1, does not yet bring about a czeseion. This means that, after 

imposing+1 OthEqa. (6) and (7),  we solve fora. The  result is, 

48 

We may, of ocwse, ocpress this relation as a condition for the minimum 

admissible value of Rai if 	p, end y are all given: 

.  
4 > (y 4 II2 (/)J/v 	 () 

The propagation speed of the front is than given directly by Eq. 

The transverse velocity beessee independent of 

V2 	+ 17 - I)p 1 	
(So) 

The expression for the pressure is slmply 

(51) 



'which iiposes a required rninimui on RZ, to enaure adequate ionization. 

The electric fields are 

- 1iV2U 	 (52) 

and 

E1 E2  

The situation is particularly simple for PAX 
2 >> ype. In that case, 

Eq. (19) reduces to 

5i/? 
[2(y - )] 121Y 0.7 	 (53) 

for y = 5/3. m reover,, both U and the impedance wE2/al  bece independ 

ent of cuirent (the minus sign refers to the fect that, for 13 < 0, E is 

negative if R is positive):21  

(v*i)J& 

1 1/9  
' E1  = - [(v 	jp 	

(55) 

While 

vL 	 2yp _ 	 (56) 2 	• l)p 	('  

We feel that such a witch*off ionizing wave 'would be a very suit 

able means of generating a uniform megnetized pla. After the plasma 

is formed, the resulting transverse motion is easily arrested by shorting 

out :32  through a suitable resistor so that a simple Alfvn-wave rela-

tion will tace place without disturbing the state of the gas. It would 

be interesting to try to realize this situation experimentally and to 
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teat the vDrious conclusions arrived at in this ana1eis. 

For v2 > 0, however, the front must be fOUOwed by a rarefct ion 

wave. A brief discussion at this pheñenon is presented in the next 

ift 

	 section. 

RARFAOTXON WAVE 

As pointed out before, in the analysis of the nonsteady flow behind 

the front, we ahsl1  have to aeane isentropic motion. Otherwise the 

analysis wOu]4 becone very cp1ieated. This problem has already been 

treated by several authors," 	and, in the main, we shali merely 

euarize the results. If we assume plane motion, we can eliminate the 

time and epo.ce differentials in the basic eiimtions  of uietordrod. 

nainics by the formal operntor substitution19  

(57) 

As a result, we obtain the so.called "characteristic equations" for the 

motion, which for our geetry take the following form correspondiM to 

the conservation laws: 

mass 

.±0dP = pdv 
	

(58) 

+ cpdv = a2 dp + 
	

(39) 

cpdv 
	

(60) 

= constant. 
	 (61) 
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Rere we have written a for the epsed of ordinary sound: 

dp p 	$ 
	 (Es) 

The field eqiations are: 

constant 	 (63) 

- Hdv 	 () 

E = JA(vRZ  - 	 (65) 

Some authors have used the term "simple magnatosonic waves" for this case 

The fact that the substitution (57)  indeed eliminates both in4tepsndent 

variables from the eqnations implies that the dependent variables are all 

constant for given "phases" x 0  x (e + 'v-)t. In our porticular case 

of the rarefaction wave, all phases coincide at, say,  x 0 for t 0, 

so that we may set x0  0 for all variables. Such a pbenomsnon is called 

a centered wave • It nmans that the coordinate of a constant eoMiton, 

a phaso", is given by z ft (e + v)t. Inspection of the character of bydro" 

magetie waves shove that the quantity c here in the case of a rarefact ion 

wave is given by the smallest positive root of Eq. (25). In line with 

our earlier treatment, we shall describe the wave in the laboratory frame 

of reference. 

The simultaneous solution of Eqs. (8) to (64) is cplicated only 

ft 

	because of the cuptex nature of the condition (25). The set is easily 

reduced to two simultaneous equationa. In order to obtain explicit answers, 

however, nimerical means have to be used event"1 ly.  This has already 

been done rather conpietely by Kemp and Petschek,, 1  and therefore shall 

not be repsated here. We shall only demonstrate the almost obvious fact 



that, for large ratios HA, the  flow can be approximated by the familiar 

acoustic eolixtion, in which case an enei1ie treatment is poaaible. 91 

These solutions will be exact for the switch-off case, where R Z2  0 0. 

Let us suppose that, in an actual e jax'ianent where such a wave is 

propegated, the inpzt current is given and constant in time. According 

to our model, this determines g. Equations (58) to (64) than indicate 

that at any point z moving with constant velocity z/t, ç is cons. 

Particular3' at a point moving I ed.iateiy behind the frcnt t Ut, the 

transverse field is given by E and also is constant in time. Since we 

already know the relationship between U and R zg  fro our shook ana1ysis, 

it is easier to pretend that lL, in given, so that vs mey ai*ipite U, v2, 

v2, 2'  p2, etc. in order to apply tbam as boundaxy conditions for the 

solution of Eqs. (58) to (9e). The only other condition we know is that 

at x 0, either v v 	0 or p 	= 0. (In our acoustic approzima.' 

tian, of course, we will never find p = o) integration of our equations 

then will determine fl, v, m4, pb , etc. This approach is a standard 

technique for treating rareftotion waves. 

Using Eq. (6) and dropping the subscript 2 which only refers to 

region B2, we can write Eq. (25) in the form 

--l+--- l- 
a82 	E 2 	

M. 

F'or the alow.wave root where we limit ourselves to oases p02  <<JLR2  

we may therefore also approdmate 

a5, 2 = pp/p 
	 ME 
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and 	a52 c2  c2 (g 2/u 2 ) 	 (68) 

as long as we have 1 <<u (a>> i). 

For Eq. (58), we obtain in that case the weU-4nom aco'usttc solu. 

tUrn using Eq. (61) to elirnin&te p 

(69) 

If the expansion wave is attached to the shock, as postulated in Eq. 

(27), we therefore find 

c U - 4 ( + 1)v2  • 4 	1)v. 	 (70) 

For c4,, where v = v 	0 with Eq. (39), we have 

4 u(i fr/2r). 	 (il) 

In other words, the tail of the expansion wave moves at roughly half the 

speed of the front. The density p is obtained from Eqs. (27), (39), 

(61), and (67) using Eq. (71): 

+ 
	

+  

2y - 	2(7, 
 ) 	

(72) 

where the value of p1  was substituted from Eq. (io). For 7 5/3, this 

yields p 	008 p1 . 

Therefore it asars that the expansion pToduaed by a 1trgnetio 

ionizing wave is very mild if U is much tees than n and about half the 

length of the generated p1azma is uniform and without longitudinal motion. 

Pressure and temperature in region R msr also be imsdiatoly cem-

puted from Eqs. (61) and (72).  The results are 



p11i2 	+ 

	

• 	27 	27 

and 

(wr)11 	(n)2(72 !) 	 (7i) 
62 

vhez'e the valuea of 	and (RT) 2  are aubotituted from Eqa. (hi) and (42). 

Ftha1r, ve wish to calculate N.4  and E (or w) in this approx1n- 

tion. Using Eca. (58), (59), (67), end (68) 0  we find 

HX28HZ 	Hzdp 

so that we have 

a P 	( 2  

(75) 

S1mil&r1r, we deduce from Zqs. (60) and (6) the approximate solution 

VV-V2  

x 

so that we have 

	

E. 
	 (76) 

For 1age U/H,  the net impedance of the shock tube, which we near 

ezss as 	 is then eaaentiaUj ccLnpted from Eq. (13), 

whea'e U must be evaluated from Eq. (36). That is, the expansion wave does 

not eontrftnate appreciably to the electrical behavior. This is fortunate, 
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in zetrospect since large current densities at finite conductivity in 

region B3  would certainly conflict violently with the assumption of iaen. 

tropic flow there • We conclude that the major deviation fran this 

idealized model will be caused by the finite viscosity of the pla, 

which must definitely cause considerable dissition. It is therefore 

narrow in the directien of the electric field. 

This discussion may suffice to outline the princ1al features of 

Izydrornagnetie ioniztng waves and oi the plasma which can be generated 

by them. It is felt that a acre precise analysis is not warranted at 

this point because of the drastic sin4lif3ring aarnmzpticns that had  to 

be made at the outset The main problems that still need to be investi.. 

gated most urgently center on the ionizing mechanism itself, which in 

active in the pmpgating front and which controls the shock structure 

and governs the approach to the equilibrium assumed in this papor. 
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Pig. 1 	Idea1ied experiment with plane 1rdro1nagnetic ionizing wavos. 

Pig. 2 	Noe1 for anal.yaia of bydrmagnatic ionizing vaves. 

Pig. 3 	Schenatic for zhock conditions. Note that in this ezampe 

the current is In the .r diraction so that the vólocity 
1

2  

is negative (.z direction). 

Pig. 4 	Plot of f(Z) 1  Eq. (16) for variousvloesof. his 

includes lota of c. (21) and (35). 

Pig. 5 	Plot of T(c) for various values or e and 

Pig. 6 	Plot of 2(LT), E. (le)), for rious values of 

(rn4e non&lmnsionaj). 

Pig. 7 	PUsm geiieratton tv rans of a bydrms6netic switch'on 

ionizing front. 
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