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ABSTRACT
One of the techniques by vhich highly icnized plasmae can be
generated in the laboratory makes use of strong, ngne%im
driven ’sheck waves propagating into a cold gas. If a magnetic field
already exists in the undisturbed region these shocks will in general
not be gasdynaude in character but the curremt-carrying interface will

‘eoalesce with the ionizing fromt. The process has certain features in

common with detonation waves, end differs from previocusly analyzed hydro-
megnetic shoeks in that t;ne electric ficld in the u:ndisturbeﬁ region
need not vanish. If the initial magnetic field has & langitudinal com=
ponent the gas must be permitted to acquire a transverse veloaity. .
W, _since amh ghocks are almost alwvays compmssivé, the plasm
vill usually eleo have a forward velocity. In closedwend tubes, there-
fore, the front must be followed ty & rarefaction vave in vhich the
longitudinal flow 45 brought to rest egain.

In this paper the menomnm is analyzed as a m—dimnaﬁ.enal
single-flutd hydromagnetic problem, neglecting dissipation behind the
wBve. Zero eénduetivity 1s ageumed for the regiem in fromt of the wave,
and themoﬁymme equilidbrium is required behind. The problem is not
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detem!.ne& unless an additional condition 1s imposed. We lvpo&heeiae

that the ruxefaction wave remsins attached to the front. In the limit

of essentially complete ionigation behind the front, the problem can be
solved analytically as long as the transverse magnetic field there remains
amall campered with the longitudinal f1eld. In this oase the fromt valoce
ity, placma &eneaéy and temperature, and the electric fiolds~-as well ac
the strusture of the rarefaction vave--can be expressed as simple functions
of the initlal megnetic fleld, the discharge current, the ionization ensrgy,
~ and the initiel gas density. It 4s of particular interest to note that

in this linit the compression is found to be very modect [ea = py(7 + /7
and the tmil.ing edge of the mfac’em wave propagates at hals ths spoed
of ¢he front. It is also possible to g@mmte noncanpressive lonizing
‘vaves, provided that the magnetic ficld in the undisturbed region has a
transverse component that is ‘baing approprintely redused by the driving
current flowing in the ioniging front.

mmmMitmsmmmwentuWMMthm
ionized plasmas by means of electromagnetically driven shock waves. A
great variety of shock tubes have bsen developed, and actunlly many pinch |
decharges and repid compression experiments fall fnto the same category.
In the enalysis of tbe dynamics of the phenomens it is usually sssumed
that the currentecarrying roglon can bo regerded as en impenetrable picton.
The assumpticon is strictly ,justiﬁed only if ¢he canﬂucti.vity there is
essentisally infinite and if no metic field exista in the mﬁistur_beﬁ
region. If a finite magnetic field ic present amw of the disturbanee
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however, 4n many cases of interest same of the current will have to £low
in the shock front itself. This is trus even if the confuctivity is
infinite, and irvespective of whether the gas is already conducting or
vhether it is fonized by the shock itself. '

| This means that the shock is a hydromegnetic phenomenon, and the

. first curront interface does not represant an impenctrable piston at all.
Moreover, if the initial magnetic field hae a component paraliel to the

direction of propagstion of the disturbance, no real megnetic piston cen
exist anywhere. . The piston-like discentinuity, or driving interface, in
thet case is replaced ty & continucusly expanding region of nonsteady

flow, a yerefaction wave, in which the applied magnetic £ield spreads at
a finite veloeity through the propelled plaama. The flow pattern of pmém
tn & shock tube under these conditicne has recently been analysed for the
case in vhich the gao ahead of the shock is alresdy highly conducting.”
In this papsexr we mestimte the phendmenon for caees in which _the m

aleed of the shock is not yet iomiczed, i.e., xmam the wndisturbed region
has essentially zexo conductivity and the lonization is assuned to take

place in the front itself. Ve will use the term hydremgnetic lonizing
front. | | | |

From the theory of gasdynsmics it 4c well kmown that the speed of &
plane shock, or the retio in which the energy is distributed between

internal energy and més motien,‘ia not uniquely determined by the cone

‘gervation lews slone. In addition to the state of the undisturbed gas

either the chock spoed or the fiowvvexo?city or the pregsure of the gas
behind ¢the chock must be specified. The ensrgy driving the shock end
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 heating the gas ean then be comstdered ss being supplied by the flow ite

e2lf (or Yy the piston). If, on the other hand, the shock is driven

primrily ty en independent energy release in the front itself, as for

ingtanee in the case of detonations, neither the shock speed nor the flov

veloeity er the gas pressure behind the shock ¢an be specified es given

conditions. Therefore some whe‘r eriterion must be fouwmnd to render the
problem wniqua. In the theory of gaseous detonations the Chapman~Jouguet
hypotheeie is used aceardixg to whieh the gas leaves the combustion zone

, atmuywnicsmd

tics the electrémagnetic energy driving a slmek. is
likewise releasef in the front itself. In thess phenomenz either the
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flow conditions or the menetic £ield behind the ehock, but not both,

msy be considered as ’speéxﬁea The sdditicnal eonstraint needed to

determine the byﬂm@xetie shoek flow uniquely, in m.mcst all analya@s
to Gate, has been the requirement that the electric field must vanish in
tmmaftmmmwammwwnwmmmm In other
vords; the gas has been assumed cmﬁucemg in the wndisturbed as wail as
in the shocked region. A very ccmplete Mecuasi'on of all the different
types of shocks that may exist under these ennditim hae bean given by

. Bager and QO.5

If, on the other hand, the undisturbed gas has negligible conduce
tivity, the eleetric field there may be finite and cannot be specified
@ griort. We conclude that in the analyses of hydromagnetic lonizing
fronts, just as in the theory of detomations, amother criterion must
exist that detexmines the phenomenon uxiiquely- Ve repsit: hydromagnetie
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jonizing fronts differ from ordinary hydromagnetic ghoeks not (mly because
saue energy must be invested in ionization {and parbaps dissocistion of
molecules), but primarily because the electric field in the undisturbed
‘region cannot be directly related to the shock velocity and the megnetie
field. The last statemsnt is equivelent to pointing out that the wn=
ionized medium ahead of the ionizing front does net permit any propagation
of hydromagnetic signals. It 4s thess latter features, mnd not the energy
conversion in the ionization process, which mske the phenomsnon similey -
to gaseous' detonations. , |

In this paper, then, ve limit our discussion to ma@etically &z?iven
tonizing shocks under the condition that o magnetic field exists in the
‘undisturbed region ahead. Motemﬂ ve foous our attention on ceses A
vhere the field is not parallel to the plane of the fonizing front. It is
eem.ﬁm possible ¢o devise experiments in the ladboratory in which e
hyGromagnetic drimf, 1a constrained to move in-a .dimetion vith & compon=
ent parallel to & magnetic Pield existing ahead of 1t;" in scme expsriments
the propgation 15 emctly along the mgnetic Pleld ahesd of 1t.° Ve will
show that mhanimizingmvamymvﬁeémimm&mxwwﬁlw
of produeing a magnetized uniforam puwm 1f certain requirements are fule
£illed. - In fact, this latter aspect has motivated the present investigation.

THE MODEL
In the amalysis we restriet ourselves to a simplified one-dimensional
- model. The geomstry is best explained with the help of Fig. 1. The gas
1s concidersd to be confined between ¢wo infinite conducting planes, both
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parallsl to the xz plane. The initial mgnetic field 1s also parellel to
the xz plane, the applied eleotric £isld is alvays pazellel to the ¥y axis,
and everything is assumed ¢o be independent of both the y and g coordinates.
This means we are looking at plane wave mtion.anﬂmehoesmg our 'z
coordinste along the direction of propegation. It elso impliaes that wa
ignore viscous drag afc the flow boundaries, and any verietion of the ﬂﬁid
properties, suth as the electrical confuotivity, that might appeer in the
neighborhood of the surfaces. ' |

The gas ashead of the wave is assmnad'eo be ot rest, in equilibrium,
and noncondusting. Purthermore, we assume that immdistely behind the
shock the gae 18 again in thermodynamic equilibrium, so that it obeys en
equation of state and so that its relevent physical properties such as
composition, clectrical conductivity, etc. can be computed from equilibe
riun considerations. This meané we are limiting cureelves to demeities
high enough ¢0 ensure sufficiently repid equilibration mtes. We neal
not make any assumpticne concerning the ehock structure in this cage,
other than ‘zgqun-ing that the shook thickness is finite and constent.
The exact mechaniem of ionisation is not under discuseion here. The re-
quirement of equilibrium behind the front 1mpliéa that the current there
16 zero 1f the flow is steady. This means that the electrie field must
be zeyo in the freme of the moving gas behind the fromt, even if the gas
had finite resistivity tﬁem. Therefore, the shock junp relstions ayve
alwvays autamtically independent of the transport propertiss, mh 28
the eonduetivity.é

It 1s not immediately obvious that a stesldy wave should alweys
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propagate in & shocketube experiment in vhich, for instance, the current
input is kept constant. Becsuse shocks are ususlly compressive, the fromé
must ordinarily be followed bty an expansion wave with its mm&vﬂw,
uniless & suitable additional driving pistom is provided. Rowever, it lhas
been shown that in the limit of negligible Gispipation, f.e., 18@%%6.
conditions in the cupansion region, the flow there can be aeseriiad as &8
"centered rerefaction vave”.! This mesns thet, in this approximtion at
least, the entire flow pattern spreads at a uniform rate and draws cone
stant total current, aotha%aateaaymmmdeeabem'mnemm

of 1t. Accordingly, we treat the problem in two steps. First we adccuss
the shock relations under ¢he assumptions of steady flov. Here we inelude
the effects of dissoeiation and ionization and point out the conditions
under vhich steady propagation should be poseible. Then we look at the
expancion wave, assuning negligidle resistivity, viscosity, end thermal
conductivity. Finslly we coxbine the two regions to deecribe the entire
phenomencn. The model is dspicted schemmtieslly in Pig. 2. The .aﬂ.-t\mtion
and the amlyeea here exe therefore very similar ¢o those trested Ly Kemp

and Petschek,t

¥he only difference being that the latter assume complete
dissociation and ionization ahead of the wave, whereas we require negli-
gible electrical comdustivity. |
| GHOCK RELATTONS
In accordance with Fig. 2, we distinguish guantities in f:he regions
Rlandnaaheaaofmdbehmﬁtha shock by the subsmmsxmaa, mapeen
tiw;.y.‘ Since we assume the shock to be steady, it 48 most convenienmt to

start out by desoribing the flov in a frame of reforence in vhich the front
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is stavionary (sse Fig. Ja). The hasic equstions are then independent of
time and, in our one-dimensional probdlem, may be immediately integmted
to give the familiay'symmetric jump eonditions conneeting the quantities
in region R, sud Ry. It 15 easily shown that these relations do not de
pend explicitly on eny of the ixreversible processes occurring in the
transition as long as no energy is lost by raddation, i.e., they are true
consexrvation laws. If we denote the velocities in this frame of reference
hy emall letters ’i‘r’lle'(ui, 0, o) and '172 = ("’2’ o, wg), vhere u, and w,
will be considered negative as indicated in Fig. 3a, the comservation lavs
are: | -

for the mass,

byt = Ayt | S
. for the x-mﬁmm\m, ,
op® e my + B o a4+ my 2By (2)
- for the g-momentua, : _
Ry = agtvp < HRH ‘ (3)
for the eneray, | |
Pyt + EH = opughy + E 8 5. M
Here we have ‘expressed the totel enthalpy per unit mass as -
hme°¢-;_z_i§+%u2+%va. . ' (5)

Equation (4) is most easily derived from the complete energy equation as
given by Pa1.8 We have retained ¢he symbol E_ for the electric field as
measuzred in this frame of reference, howaver, becsuse the quantities in

region Rl are not directly related to'Es, It should also be noted that
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onwinthisfmmedowehavemalmﬁsanﬁsjmwmmmmm

| aleng the x~divection, therevin.beaﬁiffemneemmlandlga

(unless B, = B,y of course). Mh.emore,‘ we have expressed the dnter-

nal eneray per unit mass Of the gac by two berms: e = ey + P/l(7=2)e]-

This means that we are assuming we een describe the plasma as a polytropic

1dea) gas with an edditional "frosen-in" internal energy e,, as for in-
stance stored in dissociation and fonization. The reason for this Heallzas
tion will become clear later on. In general, of cource, both y and e,
wui be i\mc'tiorns.of p and p, depanding on the composition to be determined
from equilibrium considerations.

In addition, ve nsed the field equations for the magnetic and electric

quantities. These axe

B, - E =& | . " (6)

[Bq. (6) wes already used in the derivetion of (2), (3), ana (3)1 and
By = u(ul,p = "eﬂx)’ (7

“which follows frem the assumed condustivity and absence of eurrent in

region R,. If region R, were also oconducting, we would obtain an adiie-
1

ticnal relstion, 1.e.
By = wwE,. | | | (8)
It is instructive, and in .faet &lgabmieau.v economical, to express
the set (1) to (7) in a coordinate eystem fixed in the wndisturbed une
ionized gas, before we diseuss the eonsequences of elandoning Eq. (8).
As indicated in Flg. 3¢, we accomplich this by substituting w = -,

ua""(u" 2), Wec'v?;El=Es+uUHZJ_,'anaE2‘aEs{u%. The chock
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relations can then be written in the form

Pyl = pa(u - va), ,. (9)
-p +4 (ﬁ,‘, ), -~ (10)
oy vy = "331(322 - ) (1)
pyUle, = "1."% Va "'5 2 %) "%g (32
e my ¢ B, e BE, - (22)
and
By = By +u0(Hp « Byy) = u(vyR, = R ). (23)

Equation (12) 1s the interesting cne. It states that the work done
on & wnit volume of the undisturbed gas, ineluding the enseygy change in’
the magnetic £1eld, has to be provided by both o piston moving with the
gas velooity v, and the negative divergence of the Poynting vecter in the
tube. It is the divergence of the Poynting vector which, at least in
part, takes the place of the chemical ensrmy relsased in a combustion mve.'
The mm, of vhich efther Py O v, may bz specified as the edditional
Getun mentioned bofore, 1s necessary to ensure the scsumed steady Flow.
 We shall show, hmmmr, that here, as in the case of detonation mvaa,
the flow 4is enlvmimmeﬁ uniform by such a piston if its emde@mg .
or exceeds & cortain mintmm.® Xf no such piston 15 provided <

Plston ic t0o alaw, & region of noustesdy flow in the mammew of & rares

faction wave appears between 1t and the mopegating shock front, and the
quentitly p,v, in Eq. (12) 1e not determined by the physical piston tub
by the Gynamies of the expansion wave, i.2., the cnergy is teken from the



expanding gas itself.
The system of Bg. (9) to (13) must still be supplemented ty a et
of equations waich determine |

ey = 8, = -7-:;;-1 g’g v | (14)
as a funetion of Py 808 p,y. This mqume' nunerical medns, and &l*thtmgh
for hydrogen it has eséentm.uy been done already,g in the analysis dis-
cussed hexe we shall simply consider both 8, and 7o 86 given fixed
 quantities. The latter ls, in fact, a valld appraximtion 17 the gos 16
hot enough to be mractically fully dissoeiated end fully fonized. In ‘i'.his‘
case, we simply have S = @y + 4y ths total energy of 19nizats.en and
dissoctiation por unit mess, ant 7y = 5/3. For hydrogen éhe approximation
is good if, for instance, Py is less then ono atmosphere and the {enpera-
ture exceeds 30 000%K, i.e., 92/92 is greater than 5 x 10° 22/ sea®.9

If we sot By = 0, e, =-0, snd 7, = 7, the system of equations (9)
through (14) e 1demtical with the one derived very elegantly ty List for
or@inary noarelativistic hydromgnetioc shooks,l® the solutions of which
have been adequately stuiied.’ Since we have to abandon the condition
Ey = O for our lontaing fromts it 1s cbviows that the set of algebraic
equations (9) to (14) 1s insufPleient to dotormine the solutiens ocme
Pletely. Just as is done in the discussion of gasaous detonations we
m Gerive a relation between any two dependent variables, eliminating
all the others with the help of the shoek equations. This yields the
locus of ell possible solutions, thus effording us considerable insight
into the natwre.of the phencmenon. |
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SIMPLIFIED SQIUTION .
In the treatment of detonations, relations botween B, and 1/p2,
the so-called Hugoniots, are usually derived for purposes of &iscussion.
- In our ease it is more instructive and convenient to find the relatione
ship wmn U, the shock veloecity, and v,, the ¥ component of the flow
velocity behind the fromt. We use Hgs: (9) to (14) o express U, wy,
Bys Ops Ly, ond hence also By, as functions of oy, By) 7y, K,y Ky, and
of ﬂzﬂ’ g 2and gy 88 well as of. Ve Physicslly, -%Ms--measns thait we are
~ specifying the oinditions in the wndisturbed gas and the current, mm
the electric field. If we eliminate in Eg. (12) the quantities Vs ps
Pps Pps By, and By with the help of Egs. (9), (10), (11}, (13}, end (14),
wo obtain & relation of the fourth degree which s cubie in U and quade
ratic 1n v, We could solve this fér v, end study the behavier of v,(U).
Algedreleally, however, 1t turns out o be much more econvenient to intro-
duce & set of nev dimensionless varisbles which oluplify the expressions
_considerably, apd permit & much move irect inspection of the character
of the solutions. |
Lot us define the following new variables:
| MR=H, =0, 40
e e
u(at)®
ol
w(ag)
pyMy
u(am)?

o

Y =

AR ) (15)




¢ (25)

Qe ==

Baa * By

PAY:

p=

o/
%mnotiﬁteme%edihthamae&ﬂaebemuse this 1s the ordinaxy
gasdynamic shock. mmrembamwvm in prinetple. In
particular, £ o lmmieeﬁue 0, 5@4%38@25_0, and § = 0
refers to nég = -xzi. In analogy to the mmm introduced for
ordinary hydvamagnetie shoeks,! we ehall call $hese cases mgnetic "svitahe
am'; “switcheoff", am_&- "transverse” ionizing fronts, respectively. With
the above substitutions, the solution takes on the form |

(7, + 12 + (rp~1-8+ ﬂrgxa)x «tj(:va - 1)of

Y- (16)
Z+2rg - e +yy-1-p-2m(y-7)/ir-1)
2= «q i o (17)
el et/E-nm | - (9)
Ty=%-p/2+1, - 3 - (19)
E P+ 11 + p)x | -
2. . il (20)
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Although this form is still implieit since X comtains the dependent varie
able U, many features of the solutions are easily demonstrated. When Eys
e, and 7, « 7, are all set equal %o zoro, these egquations are sgain ree
duced, of course, to the ones investigated by Baser and Ericson.> In
rarticular, it s readily chown thet in such & case X commot be negative
1 the entropy s not eupposed to diminish across the shock. Also, it
18 easily scen thot under these eircumstances ¥ can cnly be zevo if B =0,
and then ﬁaha.ve Yo oza, and T, = I, i.e., the noncampressive so-called
symmetrical or Alfvén shock.

Hone. of these inferences can be drawn from Egs. (16) to (20) 1¢ B,
15 alloved to G1ffer from zero. This is the Pirst important conclusion.

Wo shall mow point out eome of the genersl features of Eq. (16),
vaieh 1s plotted for various a's in Fig. b. Of course we are culy inter
ested in the region ¥ < of + (1 4 B)X eo that R, never vanishes.

(e) Equetion (16) deceribes hyperbolas in the zy plane. The &symp-
totes are:

X=3(1 +8-75) = (ry =~ Ve + My, = 7,)/(r~ 1) (1)
and '
Yo, + DX + oy = 1 ¢ 8- 7,) - 3,2 - e
+ {7y = VM (ry + 7,07 = 1)/, = 1) (ewv)

i.e., thay do not depend on the paremeter q.

(v) When X is very large compared to o, B, 7, €, and W, we have
Y- %(72 + 1)X. Thie is the ordinary ges dynamic strong shock. We
should expect this property because it is clear that the piston in Eq. -
(12) is doing practically all the work in this case. '

(¢) The curves ¥(X) have minima. The minims have as loei the
straight lines | |
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Y, = (7, +1)X-%(1+B~78)+72n1o : (22)

These are seen to be mdependent of x and e¢. The fact that the
Y(X) have minima means that for each set of given co:nditiona Pys Py, AR,
ete. the resulting relation U(v 2) bas & minimm. Agam, this featum 1e
reminiscent of the behavior of detonation waves. One might, for 1netance ’
be tempted to identify the minfimm with the familiar Chapman-Jouguet
point in the theory of gaseoue detonstions, although the analogy should
not be stretched too far. |

The analysis of gaseous detonation vaves showa that at the point of
wintmm propagation speed the flov velocity of the gas behind the front
relative to the front is always exactly sonic. That s, at that point
the rarefaction wave follows the ﬁimt immediately. Noreover, the engmmr
behind the front is & minimm when compared to valuse ofeﬁtmwohother
. points along thevu(va) eurve. The analogous eonﬁiﬁons are generally not
fulfilled for the propagation speeds ¥, of our hydromagnetically driven
lonizing fromts. However, in the special case B = -1,the magnetic switohe
off wave, we can show that the analogy is almost complete. This {s the
second important conclusion. |
' The proof is elementary. We merely have to express the relative
velocity W, = - (v - 2) in texﬁs of our new variablea;

"a"g , :
;—(—A?)é s Y e X. | | (23

Substitution from Eqs. (19) and (22) yields for the yelative gas speed
at the mintmm of U



16 UCRL~9936

(\122) s (U - va)a = %;[721;2 + 31 +B)(y - i)u(Aﬂ)a]. (2k) |
2% | |

If diseipation can be neglected, the propagation speeds N along the x

direction for small _ﬂisturbances in the plasmz in region Ra axre given by
1 .

lgerw- ] 25w @

ommglymnano,wehaveﬁwul,andheme

the relation'’

0*2 = 7ampley = o'

Likewise, 1t can be readily shown that the change of entropy per unit
mass ds = 1/T{de + pﬂ(l/p)] teken along the eurve Y(x) at the point where
&Y = 0 is given by

(zye) = g~ (14 B)(H - 2,,)* & , (26)

which again 1sb zero for B = -1. We shall therefore call this point in
this special case the C-J (cm;;‘mn-uougu&) point, and the mode of operee
tion of the lonizing front at this point the C-J lonizing process.

This msult 48 not too surprising because hare tm mgnetie £ield
has no transverse componeht behind the f‘rcmt 80 that the gas flow in the
% direction is purely acoustic. The entrogy produced in a switch-off
ionizing wave can dbe shown to be & maximm et the C-J point rathei' than
8 minimm;\ it is therefore not clear whether the phenmenon is stable at
this point.

In the theory of simple gaseous detonation, as pointed out before,



«17=- UCRL~9936

1t 15 usually axgued that the CJ mrocess mist oceur vhenever there 1s fo
piston added that moves wiﬁ: e speed Vo > (ve);n, the gas flow veloeity in
the x direction correspending to the CeJ mint.a The same ean be demone

strated heve. It is easily verified that, in the case of B = -1, we have

7aPp > 0p(U - Va)a
existing behind the shock will eateh up with and weaken the chock, reduce

for v, > (va)m. This means that any ravefaction wave

ing both U and v, either until the flow behind the front is wniform, or
unﬁil v, equals (va)m, whichever is reached first. In that case, therce
- fore, the situatien v, < (va)m is nevey o&ained. Basidéa, situations
vith v, < (vgﬂ)ﬁ, B = -1 are believed to be unstable, becsuse they involve
supersgnic flow noxmal to the frout on both sides of the shock. As a
result, we can use Bq. (22) for B = -1 to express the additional condi-
tion for the C-J procees. Henmce we can eliminste either Y or X from
Eq. (16) so that the problem of the switch-off wave is completely detere
mined provided the C-J process itself is stable. In this eomnection see,
for instance, the recent obgervations by White.l2 |

In order to extend the solution to the ‘general case -~ @ < B < 4 0,
ve shall pastulgte here that the relevant physieal condition Getermining
the mode of operation according to the arguments f{n the previous paragraph
b {:] | '

Us=vye e : -{27)

This means regiomﬁa in Pig. 2 15 assumed alwa?ye‘toba shrunk ¢o zero |
length. Here ¢y 15 given by the mallest positive root of Eq. (25),
because & magnetosonic expansion is a slow wave.t

It does, of eourse, seem possiblo that the actual propagation of
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ionizing fronts ie governed by b:he jonization yate rather than by the
magnetosonic conditions analygzed here. In particulay if may be ergued
that Ey mist be sufficlently small so that no eleetrie bmakdowu ogeurs
in region Rl. In that ocass, hmver, a steady phenomsnon can cmly result
if v, 18 equal to or emaller then given by condition (27), because othere
wise the expansion wave will overtake the front, causing a nonstesdy or
nonequilibrium flow, Equation (27) can therefore be regarded as &
limiting condition on Vs for steady propagation. In experiments where
steady ionizing switeh-on fronts have actually been observed,s one of
the two electrofes (conducting plates) shown in Fig. 1 does not extend
mto region Rl’ 80 that the elsetric fiald E is, as it were, convected
along with the spee@ U and attenmustes with increasing distance from the
gront. This means the gas in region B, 1o exposed to eleetric fields of
the magnitude of El only for s chort time and a ﬁnite 1onizaticm ‘
rate is8 coneistent with a steady propagation speed. Sinece & completely
self-consistent calculation of lonization retes and hense of the struc-
ture of the hydromagnetic fromt is a.némedmm complex problem, we
keep this discussion simple ty assuming that condition (27) can be used
as a good approximation for all cases of interest.
Equation (27) can be combinsd with Eq. (25) and rewritten with the

help of cir nev variables (15) to read
(-0 [Frtt+p-702]emf - Y4B (28)

Because of Eq. (19), and after some rearrangement, we finally obtain

our general subsidiary equation
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»(léa')a(!r-x) =X +X Yo tyBrr )i ox-y).  (29)

The solution of the simultaneous equations (16) and (29) is etild a.l._,?*fe-

braically cumbersome unless 8 = <1 or q = 0. . _
First ve examine the case vhere o = 0; 1.9.; B, = 0. mttif.scaee

the amallest root of Eq. (25) vanishes and ¢y = 0. This means that

bp = @, and Y = X, L.e., e got a tbo-called "snowplow’ solution and,

of course, thére i8 no expansion wave. In particulsar we find, neglecting

o

Us vy = (aeo)% | | (30)
Py = 2080 = 4 u(El, - Hél) | | (31)
E, = ull,,U | - (32)
B - wHU. | (33)

These results differ from previous “smowplow" solutions, bacsuse in the
earliey treatments the energy equation was not used. We obtain the éonf-
ventional form of the plane snowplow solutiom if we eliminete e, betwesn
Eqs. (30) and (31) and arbitrarily set p, = 0. In view of the predicted
infinite deneity and the possible negative mssurés, according to Eq.
(31), it is quite clear that our model is not any better than the earlier
one. In faet; we must eonclude that an jonizing fromt will pot be steady
if o= O and Eq. (27) applies.. |
If Eq. (275' is abandoned, of course, steady solutions are possible.
Since there cannot be an expansion wave when @ = 0, thé flow is similaxr
to that driven Wy a cénventienal impenetrable piston. This situation
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has recently been studied in more detail by Lyubimov and Kulikovekiil>™1o
wno deeided that they had to supply informstion concerning the shock
structure end dissipative effeets in order %o arrive at unique solutions.
It 1c interesting to note that they found conditions under which currente
free, i.e., ordinary gastynamic ionizing shocke should propagate ahesd
of the eurrent-carrying interface. The question of stability wes not yet
eoneidemg,, howgver. Clearly, the spscial case of ¢ = 0 and B = +1, L.0.,
R, = K, = 0, gives no trouble if the conductivity 1s sufficiently high
behind the front bocauss in thst case E, 1s certainly vanishingly amall
and the usual model of the idealized flow in o magnetieslly driven shock.
tube should be valid. The expressions for the velocities, pressures,
and Qleetric fields in all these cases differ scmovhat from those given
in Eqs. (30) to (33), of course. We shall not azms these here, btut

rather limit the treatment ¢0 the range of velues of ¢ > for vhich

Cerit
the speed of the expansion wave is fast enough €0 rule cut the possibility
of purely gas@ynanic shocks even if the eonbuctivity were infinite. In
this case Eq. {27) can certainly be used ss s limiting condition.

For simplicity we exemine the important case vhere

3> (1492 | (38)
80 that we cah use as a good approximetion - '
| Yo7y + 10X =198 ¢ 7 . | - (35)

A plot of Bq. (35) 15 also ineluded in the example on Fig. b. For g = 1,
both Bqe. (29) and (35) are identical with Eq. (22), and then Eg. (35)
is valid for all a > 0. Certainly for experiments in which Bx > Hz‘l

and B >> B ,, Eq. (35) e adequate. We may, moreover, slweys neglect
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I,, because we will certainly need I, << 1 in ionizing hydramagnetic
wBves; IIl was only earried in our equations for completeness sake. The
subseript of y, may then also be dropped. If we now uee Eq. (35) to
eliminate ¥ from Eq. (16) we obtain the solution for the wave speed

N .
Y= (A+7) B (36)
wvheye )
2 \ 2 1
A= (" «2)ad + 3873 By +7-1-=8)
and ,
Be (P -1)e+}rr-1-8).
The terms conmtaining P in this expression ars strictly Jjustified only for
2 - '
(1 + B) << 1, because of condition {34).

For A >> ¥, l.e., uEAH > preg, ve find

W = (u/oyBAEGP - 1)E. (s7)
For % >> A, on the other hand, we have

RS uﬁxﬁ/pl(ﬂeo)%:o (38)

In Flg. 5 we show & plot of ¥ a5 a function of @ for B = =1, 7 = 5/3,
and a variety of values for g.... i - o

" The other guantities of interaest =« Vas Ppr Py and EE e Qe DOSY
eagily expressed in terms of U, the vave speed, by using Eqs. (35),(18),
(19), and (20). In these, too, we shall ignore P, everywhere and drop
the subseript of 7,. Fram Eq. (35) we obtain immediately

v2=731(1+%) | (39)




22 UCRL-9936

and, by using Eq. (18),

By = pll"y)

According o Eq. (19), P, 18 given by
¥ s\
7+ 2y : ‘
This eleo determines the temperature behind the fromt as

1- ’1) ()

oy, -2 EF : (he)
2 o (7*1)( ar)'

Finally, the electric P161€ in the vegiom R, is determined frem Eq. (20) to

bo
“%-“[’z‘-;ﬁf*%ﬁ-?lr"’} 1*%}]- N

BPECIFIC CONCIUSIONS
We have shown that many of the meviously drawvm conclusions concerns
mmwwzcmammmmwsmmmﬁmwm
inpartant case where E, is alloved to Qiffer from sero, Also we have

shown that the magnetic ewitch-off fonizing wave is almost in complete
analogy with Chapmn-Jouguet detonation theory.

From the set of relations (36) to (43) further conelusions concern-
ing these hydromagnetic mmzing fronts may be dravn imedistely. Firet
of all, it 48 easily d@mnstm‘bed, with the help of Eq. (16), thet
3> ¥5> 1 12 both o >> (1 + 8)2 and o >> 1 ave fulfilled. Equations

(36) to (43) therefore show that under these ecircumstances va, Par Pps
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&ndﬂadmm&epend strongly on B. Alto, we see that in this case the
d1fference between conditions (22) and (35) ie negligible. In other
words, 1f the longitudinal magnstic field E 1s much stronger then both
E,, end ﬁ@, Bgs. (36) through (#3) can be expected to describe the
phenomenon rather well, even if the postulate (27) is not the correct
one. This is the third impoxrtant conclusion.

Parthermore, cortain interesting festures pertaining to the extreme
case mentioned above are worth pointing out. REquation (40O) in this limit
 states that p,/p, 45 remarksbly insemsitive to changes in the independent
variables, the value being surprisingly low. For example, for y = 5'/3,‘
we have p,/p; ~ 1.6.

Substitution for U from Bq. (36) in Eg. (43) shows that E, varies
only slovly with AH. In fact, for uE AR << pye, Eq. (38) appliece, and
we have | |

B ~ uE, (2eg) ()
which 15 independent of the current and gas Gensity. Equation (bh) as
' woll as 'Eq. (30) resemble the Pindings ty ALfvén'® and Fenleson,”
slthough the experiments described by them apperently did not involve
distinct fronts produeing full fonigstion, as assumed in our model,
Bquation (38), when combined with Eq. (11) ean also be written

Actually, when Eq. (38) applies, the tempersture T, is often t0o lov %o
Sustify the original assunption of eomplete ionlzation.
In Pig. 6, Bg. (43) ~- for the case of B = «l »- is plotted in a
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non@imenaional form, :l.e.,' expressing the guantity Ea/ [uax(ae'o)l/ e] a8 &

1/2

function of Aa[u/ (pleo)] for verious values of ax[u/(plee)] 1/ 2, he

solid curves are fair epproximations aleo for B # 1 provided that

(1 + )% <« 6. The predictions of Egs. (36) through (b3) may bo com-
pared with the experimental findings of Wilcox et al. in which § = +1.°
Their geametry 1s not cne-dimensional but cylindrical, as indicated
schematically in Pig. 7. Nevertheless their observations agree fairly
well with some of the major comclusions arrived at here (elow uniforn
propagation speed of a distinet front, veltage regulations, ete.).w More
extengive comparison between theory and exyeriment ic planned for the near
future.

Whereas the magnetie "gwiteheon” wave ig of particular interest to
the experimentalist because of the simplieity in instrumentation, the
"suiteb-off" wave is more attractive from the analytical point of view.
In addition o the close eorrespondence to gassous detenation waves, in
the switch-off case, we note that both Ege. (16) and (20) become simplie
fied. In particular, 11:. is interssting to see that, for 8 = -1, Ege.
(36) through (13) are examet, the only restrictien being o > O.

Finally, we investigete¢ under what eonditions v, can be zeye, i.e.,
Py = py+ As pointed out before, Egs. (16) through (20) do not restrict
X to values greater than serc 1f p is permitted ¢o take on values lees
than zero. In our model of a closed input end of the gu‘be, Vv, can never
ba negative. If conditions in the fromt call for Vg < 0, a precomprose
sion shock 1 set up, violating the assumption of gas at rest in region
Rl" If the precompression shock is strong enough to lonize the gas, the

front will change its character so that Vo is greater than zero. In
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a very eimilar manner, deflagrations are changed into detomations in the
case of closed gas-coambustion tubes. We certainly may set X = O in both
Egs. (16) and (29) and obtain two simultaneous equations in ¥, 8, and o

3

(7 - 1) |
Yﬂa'é(ralge*yvnl-ﬁ ) (46)

and

- (1 + 8% > 2087, + BEE - ¥ (7)

We use the symbol > to allow valuss of ¢, > U in Eq. (27). If we eliminate
Y, betveen Eqs.. (46) and (47), we find the mwinimm condition for -p as &

function of @ and ¢ that makes v,
here, because it is lengthy and not particularly instructive. However,

= O possidble. We shall not do this

ve may &lso ask what can be the maximm a for which a switch-off wave,
p = -1, does not yet bring about a compression. This means that, after
imposing B + 1 = O in Eqs. (%6) aund (47), we solve for a. The result is

dg < 7[& + -E-G-L:-D':]- : (43)

We may, of course, express this relation as a condition for the minimum
admiesible valua of Hal it xx, YN end y are all given:

él > 2(y - J.)[H,I2 - (r/u)peo]hao ' (49)

The propegation speed of the front is then given &irveetly by Eq. (46).
The trensverse velocity becomes independent of H: '

e
w? = 2oy + L 1) (50)

The expressian‘for the pressure is simply

B = # iy | | (51)
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vhich imposes a required minfimm on 321. to ensure adequate ionization.
The electric fields are .

Ea Ll M’aﬁx (52)

5 - 32(1 .ﬂf,).

Ey
The situstion s particularly stuple for ui° >> yps,. In that case,
Eq. (49) reduces to ’

m /A > [20 - D] 2pe0r | (53)
for y = 5/3. Moreover, both U end the impedance -Eo/H,, become independ-
ent of current (the minus sign refers to the faet that, for B < 0, E 12

negative 1f H , is positive):

v ~ -(L%Em Hf | (5%)

| 1/2 ‘
Ea m 731 o - [«(;-E&m] uﬁxﬂgla : (55)
While
7 2yp
o . = 2. .. 56)
"2 (r -1 2 (7.1 (

We feal that such a switeh-off lonizing wave would be a very sulte
able means of generating a uniform magnetized plasma. After the plasms
is formed, the resulting transverse motion is easily arrested by shorting
au.t.' B, through a suitable resistor so thet a simple Alfvén-vave relazae
tion will take place without disturbing the state of the gas. It would
be interesting to try to realize this situation experimentally end to
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teet the various coneclusione arrived at in this analysis. |

For Yy > 0, however, tbe front must be followed Ly & rarefaction
veve. A brief discussion of this phonomenon is presented in the next
section.

RAREFACTION VAVE

As pointed out before, in the analysis of the nensteady flow behind
the front, we shall have to assume isentropic motion. Otherwice the
analysis wculﬁ become very complicated. This problem has alyeady been
treated by several auth@rs,l’ 7, 19 end, in the main, wa ehall merely
sumarize the results. If we assune plane motion, we ean eliminate the
time and spece differentials in the basic equations of magnetohydrody-

namies by the formal operator su’bstiwtimm
da%cr(vic)%. - (57)
As 8 reesult, we obtain the so~called “charasteristic equations” for the

motion, which for our geometry teke the following form corresponding to

the conservation laws:

Mass :

+edp = pdv | ‘ (58)
x-gomentumn |

+ cpdv = a,f dp + uE 4N _ (59)
gemomentum

4 epdw = - uH &R | | | (60)
Energy | -

.

po ! = cometant. - (61)
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Here we have written a 8 for the speed of ordinary sound:

4 2
-—d%u-pmaas (&)

The field equations are:

R, = constant (63)

+ @dﬂz = sz‘v - Bxdw (&)

E = u(vﬂm - wﬂx). (65)
20

Some authors have used the texm "simple magnetosonie¢ waves' for this ease.
The fact that the substitution (57) indeed eliminates both independent
variables from the equations implises that the dependent variablee are all '
aonstant for given "phases” Xy = X - (e + v)t. In our particulsr case

of the rarefsction wave, all pheses coincide at, say, x = O for ¢ = 0,

s0 that we may set %o = O for all variables. Such & phenomenon s called
a centered mva It means thet the ecordinate of a constant conditionm,

& "phase”, 4s given by x = (& + v)t. Inspection of the character of hydro-
magnetie wvaves shows that the quantity ¢ bere in the case of & rarefection
vave 1s given by the emallest poeitive root of Eq. (25). In iine with

our earlier treatment, we shall Qeseribe the wave in the laboratory frame
of reference.

The simltaneous solution of Egs. (58) to (64) is complieated only
because of the complex nature of the condition (25). The set 1s easily
reduced to two simultansous equations. In order to obtain explicit answers,
howvever, numerical means bave to be used eventually. This has alveady

1

been done rather completely by Kemp and Petschek,” and therefore shall

not be repeated here. We chall only demonstyate the almost obvious faet
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- that, for large ratios KK/HB, the flow ean be spproximated by the femilier
acoustic solution, in vhich case an enalytic treatment is p@eafble.a
These solutions will be exset for the switech-off omse, vhere 332 = Q.
Iet us suppose that, in an actual experiment vhere such a wave is
propagated, the input current is given and ¢onstant in txmé. According

model, this determines H,, . Equations (58) to (64) then indicate

to our )
that at any point x moving with constant veloeity z/t, 8, 1s constent.
Particularly et a point moving immediantely behind the front, x = Ut, the
trangverse field is given ty Bza and also is constant in time. Bince we
alyeady knov the relationship between U &nd Kza from our shoek analysis,
it is camaler to pretend that N, is given, eo that we may cwmta U, vé,
Vo Bys Pps be. in order to epply them as boundary conditions for the
solution of Eqs. (58) to (64). The only other condition we lmew is that
at x= 0, efther v=v) =0 orp= p = 0. {In our acoustic spproxima-~
tion, of course, we will never £ind p = 0.) Integration of our equations
then will determines Ho»s Wy By f» ote. This approach s a standard
technigue for treating ravefaction vaves.

Using Bq. (62) and Qropping the subseript 2 which only refers to
region R,, we can write Eq. (25) in the form ‘

6 2 g 2 pe?

-‘a-‘m 1 & 2 (1 - )' (66)
ﬁ j

e Be | ub

For the slow-wave root vhere we limit ocurselves to cases m‘a << uﬂxa P

we mRy ihsmfm alco approximate

® ~ af, = y9/p ' (67)
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and al - &~ cf(a?/mB . (68)
as long as we have B, << B (a>> 1). |
For Eq. (58), we obttain in that case the well-known acoustic solue
tion using Eq. (61) to eliminate pi ‘
cmey+d (r=1)(v vy (69)

If the expaneion wave is attached to the shock, as postulated in Eq.
(27), we therefore find

e=2U=-2(r+ J,)'trg +3 (y = 1)v. (70)
For e, where v = v = 0 with Eq. (39), we have

¢, = $ U1 - py/2v). | (1)

In other words, the tail of the expansion wave mévee at roughly balf the
speed of the fromt. The density @, 18 odtained from Eqe. (27), (39),
(61), and (67) using Bq. (71): |

2/(y-1) (r+1)/(r-1)

mapl%i

y +1

- (72)

Py ™ Pp

where the valus of p, was substituted from Eq. (40). For y = 5/3, this
ylelds gy ~ 0.8 p,. | |
Therefore it appears that the expansion produced ty & hydromsgnetic
ionizing wave is very mild if Hz is much less than Hx and ebout half the
length of the generated plasma $& uniform and without longitudinal motion.
Pressure and tempersture in region F, may also b Lmediately cam-
puted from Eqs. (61) and (72). The results axe '
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- 1> 1\27/(r=1) . ;’}f y + 1\(741)/ (1) -
2 2y 8 \ 2y '
ond |
e
(R1),, ~ (RT) | Z22 13; | o (74)

vhere the values of B, and (RT), are substituted fram Eqs. (b1) ana (b2).
Finally, we wish to caleulate H , and B, {ox Wh) in this approximse
tion. Using Eqs. (58), (59), (67), end (68), we find

-
“‘Hx dﬂz g szp

sc that we have

- | :
ha g 0 |2 s - )
p 4 . .
. 1 ’
~ H,, [l +=55 (p, - 1)} : (75)
| B | -
Sinilarly, we deduce from Bqe. (60) and (64) the approximate solution
R
R Y
. Hx
80 that wo have _
By = -wniy > B (7€}

For le.rgen#/xw the net impedance of the shook tube, which ve may
exXpress as E, (H " nzl)"l, 1s then essentially computed from Eq. (h3),
vhere U must be evaluated from Eq. (36). That 4s, the expsnsion wave does
not contribute appreciably to the eleetrical behavior. This is fortunate,
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in retrospect, einge large cuwrrent densities st finite conduetivity in
region RB would certainly conflict violently with the assumption of isenw
tropic flowv there. We conelude that the major devistion from this
idealized model will be caused by the Ffinite viscosity of the Plagma,
which must definitely cause considerable d@issipation. It is therefore
esgential that the cthannel in meh.swxh & plasma is generated is not too
narrov in the direction of the electric field. |
This discussion may cuffice to outline the prineipal Festures of
hydromagnetie fonizing waves and of the plasms which can be generated
by them. It is felt that a more precise analysis is not warranted at
this point because of the drastic simplifying assuuptions that hed to
e made at the outset. The main problems that still need to be investie
gated most urgently center on the ionizing mechanism itsel?, whioch is
active in the propagating front end mch controle the shock structure
and governs the approach to the equilibrium assused in this paper.
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FIGURE LEJENDS

Idealized experiment with plane hydromagnetie ionizing waves.

RN

B&o&el for analyeis of hydromagnetic fonizing waves.
Schematic for shock comditions. Note that in this example
the cwrrent 1s in the +y direction so thet the velooity w,
is negative (-z direction). o
Plot of ¥(%), Bq. (16)} for verfous values of &7, This
inciudes plots of Eqs.. (21) and (35).

Plot of Y(a) for various values of ¢ and B.

Plot of Eg(AH), Eg. (%3), for warious valuee of u&f/pl
(made nondimensionsl). |

Plasma generation by means of & hydromag

ionizing front.
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